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Summary

The hydrodynamic impact due to a two-dimensional (2D) liquid column or a 2D liquid droplet
hitting on a solid wedge is analysed. The problem is solved using the complex velocity potential
together with the boundary element method. A stretched coordinate system is used, which
is defined through the ratio of the normal Cartesian coordinate system to an appropriately
chosen time-varying length scale. Numerical simulations are first made for impact by a liquid
wedge. The results from the time-domain method are found to be in a good agreement with
the similarity solution. Simulations are also made for impact by an elliptic droplet. A condition
for bisection of the droplet is introduced, which is found to provide stable and converged results.

1. Introduction

Fluid—structure collision at high speed can be found in many engineering applications. Well-known
examples include green water on a ship deck, slamming, wave impact on offshore platforms and the
coastline, as well as impact of super-cooled large droplets and ice lumps in the aeronautical setting,
and applications in sports. An extreme example is the impact caused by a tsunami, which can create
large-scale devastation.

A solid wedge is often used in mathematical and numerical modelling for impact, especially in
the context of water entry. Typical examples include a rigid wedge entering water at constant speed.
This problem was solved by Dobrovol'skayH pased on the self-similar method and by Zhao and
Faltinsen 2) based on the time-domain method. ktal. (3) considered a similar case with an
elastic wedge. The fully nonlinear coupling between the fluid flow and the wedge deflection was
tackled through a semi-implicit scheme for the Bernoulli equation.atval. (4) considered the
water entry problem of a rigid wedge in free fall motion. The mutual dependence between the body
acceleration and the fluid flow was decoupled through the use of an auxiliary fungfiavdre
recently, Wu 6) considered the water entry problem of rigid twin wedges at constant speed through
a three-stage approach. A closely related problem is the impact by a liquid wedge on a solid wall,
which was solved based on the self-similar method by Cumberba)ch (

A common feature in the above problems is that the liquid has a flat surface. In many other cases,
however, such as impact by a steep water wave or by a liquid droplet on a structure, the liquid surface
has curvature. A problem of this kind was solved by Wuvhen he considered liquid column with
curved surface hitting on a flat rigid surface. A significant point noticed by him was that the choice of
the length scale used for the stretched coordinate system was crucial in the numerical solution.
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498 G. X. WU

A similar problem was solved analytically by Howisehal. (9) and Purvis and Smithl(Q) when
they used the small time expansion method and considered impact of a liquid droplet on a flat
surface covered by a thin layer of fluid.

In this work, we shall consider the problem of impact by a liquid with a curved surface on a
rigid wedge. As it has been pointed out 6, 8), a unique feature of this fluid—structure impact
problem is that the collision usually starts from a single contact point. At the initial stage of the
impact, the significant effect of the impact on the fluid flow will be confined in a small region near
the contact point. Within this region, the physical parameters, including velocity and pressure, can
change rapidly. An ideal approach for this kind of problem is to use a stretched coordinate system
(&, n), defined through the ratio of the Cartesian systetry) over a time-dependent length scale
s(t), or (&, #) = (X/s, y/S). This method was used id,(6, 8), and it was one of the major reasons
for the success of those analyses. A common featurtpfin these applications is that it is a
monotonic function oft, and it has to be suitably chosen for each problem. Here, we will also
choose a monotonic function for the length scale but with an upper $nbased orsp/d > 0,
whered is the typical length scale of the problem, such as the size of the droplet. This means if
s(t) > so whent > tg, we will simply takes(t) = sp. One reason for this choice is that when
the length scale is not a small quantity, the distinction betwéen) and(x, y) diminishes and a
time-independent length scale will make the analysis simpler. Another reason is that when a droplet
hits a wedge, one can expect that it will be bisected eventually. When that happens, the advantage
of a time-dependent stretched system disappears.

In the following sections, we will first outline the mathematical equations and the numerical
method. This is followed by the numerical results. The first example considered is the collision
between a solid wedge and a liquid wedge. The flow in this case is self-similar. This allows us to
compare the numerical results from the similarity solution and the time-domain solution. We then
consider the impact of a liquid droplet of elliptical shape on the wedge. The numerical simulation
is made over a sufficiently long period that covers the bisection of the droplet.

2. Governing equations and numerical procedure

We consider the hydrodynamic problem of a liquid column or a liquid droplet moving towards a
solid wedge with speedU. This is dynamically equivalent to the problem of a wedge moving with
speedJ towards the stationary liquid, as shown in FigA Cartesian coordinate systei@®, X, y)

is defined in whictx is in the direction of motion and the origin is located at the initial contact point

y=f(x)

Fig. 1 Sketch of collision between a solid wedge and a two-dimensional liquid column
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LIQUID COLUMN AND LIQUID DROPLET IMPACT 499

during the impact. The fluid is assumed to be incompressible and inviscid, and the flow is assumed
to be irrotational. A velocity potentia# can then be introduced, which satisfies

V24 =0 (2.1)
in the fluid domainR. On the body surfac&, we have

o¢

— =Un

an X
wheren = (ny, ny) is the normal vector of the body surface pointing out of the fluid domain. The
Lagrangian form of the kinematic and dynamic conditions on the free suaocey = ¢ can be

written as
dx o¢ dy 0¢

at = ox’ dt = oy 22)
d¢_8¢ _} _
= = E+v¢.v¢_ 2V¢ V. (2.3)

Without loss of generality (see, for exampl8, Conclusions)), we can assume that both the solid
surface and the liquid is symmetric abgut= 0. Thus, we havé¢ /oy = 0 ony = 0. Furthermore

at the moment of contatt= 0, the shape of the liquid is assumedyas: f1(x), x > 0, and that

of the solid face is

y= fo(x) = — X <0,

X

tang’

where f1(x) is single valued ang is the deadrise angle as shown in Fig.
When a time-dependent length scalie chosen, we can write

(X, y, 1) =Usp(S, 1, 1),

where¢ = x/s andy = y/s. Equation 2.1) obviously has the same form in the stretched system,
while (2.2) and @.3) become
dsd) _ 09 dsm) _ 09

= u— 2.4
dt &’ dt on’ (2:4)

d(sp) U
5 = Wit (2.5)

Similarly, the undisturbed liquid surface and the body surface become

1 1
m=g f1(s$), m= S fa(s¢ — Ut).

To solve the above velocity potential problem, it is convenient to adopt the complex potential
w = ¢ + iy, wherey is the stream function. The method has been previously used in many
free-surface-related problem&tp 6, 8, 11to 13). It is based on Cauchy’s theorem which gives

7{ Y dz=o, (2.6)
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500 G. X. WU

wherez = & 4 iy andzg is a point outside the fluid domaiR. The integration inZ.6) is along
the fluid boundary. On the fluid boundary, we divide the surface into segmentswithes. The
complex function can be written in terms of the interpolation function

w=>Y wiNj@, (2.7)
j=1

wherewj is the value of the complex potential on nofleWhen linear interpolation is used, we
have

(z—2j1))/(Zj — Zj+1),  Z € (2}, Zj11),
Nj(2) = { (2—2j-1)/(2j — Zj-1), Z€(Zj-1,Z)), (2.8)
0, Z ¢ (zj-1,Zj+1).
Substituting 2.7) and @.8) into (2.6), letting zg approach nodex and using the boundary condi-
tions, we have
n n n n
> AGoi e Hi D Ailies == D Aoilies —1 Y Akojlicsis.  (2.9)
j=1 j=1 j=1 j=1
where
Zi — 2 Zx — Z; Zjy1—2Z
j k + k j+1 In j+1 k
Zj —Zj—1 Zj—1— Z Zj —Zj41 Zj — Z

>

in which the two singularities wheki= j on the right-hand side cancel each other.

In (2.9), the terms on the right-hand side are known from the boundary conditions, while the terms
on the left are unknown. At the intersection of the free surface and the body surface in particular,
both the stream function and the potential are known, and they are both moved to the right-hand
side of the equation. In the equati®p is a control surface far away from the solid boundary.

A common feature during the fluid—structure impact is the development of jet. This is a thin layer
of fluid along the body surface, within which the fluid can move very fast. To capture the flow
accurately within the jet, elements used there must be small enough, which can increase the CPU
and memory requirement dramatically. Also wizgris on one side of the jet and is close to element
(zj, zj+1) on the other side of the jet, an ill-conditioned matrix can be created. This can increase the
number of iterations significantly when the matrix equation is solved. Thus, we use the following
procedure to deal with the jet. Assuming elem@nt zx- 1) is on the free surface of the jet, we have

=+ BT K g
Ck+1 — Sk
along the free surface of this element. We take a line ftém#y), which is perpendicular to the
body surface and intersects the body surface through ele(mgrtj1). Because the jet is very
thin, we can write the potential as

¢ = A+ BE+Cr, (2.10)

corresponding to elemefity, zx+1). The free surface boundary condition then gives

ok = A+ B&+Crnk,  okr1 = A+ Bks1 + Crkqa,
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LIQUID COLUMN AND LIQUID DROPLET IMPACT 501
and the body surface boundary condition gives
—Bmj+1—nj) + C(&j+1 — <) = —(nj+1 — nj).

Thus, we have
_ @1 = @) (€j+1 = &) + Onkrr = m) (1j+1 = 1))
(Eit1 — &) E a1 = &) + O — m) 41 — nj)

_ (k1 = o) (nj+1 = 1) = (nj+1 = 1) (ks = 71k)
(k1 — &) (i1 — &) + Opesr — m) (j1 — 1j)
Corresponding to.10), we can write

y =D —-C¢ + B,
in which D can be obtained from
D = yj + C¢&j — By
on the body surface. We then obtain on the free surface
yk = D — Ck + Brk.

As a result, both the potential and stream function are known on ngdend they can both be
moved to the right-hand side d?.Q).

We then draw a line from nodg in the normal direction of the body surface. Assume that this
line intersects the free surface af{ where the potentiahs can be found through the free surface
boundary condition. Using the body surface boundary condition, we have

a .
9] =¢S+\/(Xs—xj)2+(YS—Yj)2%- (2.11)

This means that both the potential and the stream function on hbdeome known and they can
be moved to the right-hand side &.§). The procedure above shows that there will be no unknowns
on both sides of the jet. Thus, the existence of the jet will not increase the scale of the computation
significantly.

When the solution ofZ.9) has been found, the pressure can in theory be obtained from the
Bernoulli equation

1
P=—pd = 5p(d5 + ).

The difficulty is thatp; is in fact still not known directly. It nevertheless is another harmonic function
as it satisfies Laplace’s equation. On the free surfpce,0 gives

dt = —%(¢§+¢§)- (2.12)
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On the body surface, we have4)
o _ |, 0bx
on on
To solve the boundary-value problem for the stretched coordinate system can also be used. In
fact, we can writepy = U2y (&, 7, t). Equations2.12) and @.13) then become

(2.13)

1
x= —5(405 +02),

ox _ 0p¢

én ~ én

, (2.14)

respectively. Similar to the procedure used #omve can define a complex potential= y + iw
and rewrite the boundary condition on the body surfac@ih4 as

W= @y.

This complex potential can then be solved in the exactly same way as thatfor .
To treaty in the jet, we can use the normal derivative of the pressure on the body surface. We
have

lop  o¢r Opx
pon  on an
Since fx = —ny/ny, this equation becomes

a¢y

P an

10
=P = Ny[U (= foxxx + dxy) — dx(—dxx Fox + dxy) — dy(—dxy fox + dyy)]

pon
= Ny[pxx(=U fox + px fox + dy) + dxy(U — éx + Py F2x). (2.15)
The body surface boundary condition ¢rcan be written as
¢y = (¢x — U) fox. (2.16)
Differentiating this equation with respectxaalong the body surface, we obtain
Pxy(L = T5) = (fx — U) Faxx + 2¢px Fx. (2.17)
Substituting 2.16) and @.17) into (2.15, we have

12p

yn =~ = Uy fau

It is important to note that this equation has been derived for general cases. Thus, it is valid even
for a solid body of curvature. For a wedge, we hdyg, = 0 and therefor@p/én = 0. In a way
similar to that in 2.11) we can then write

Pj = Ps.

220z 1snBny 0z uo 159nB Ad 61£8€61/261/7/09/9101ME/Wewb/Wwoo"dno-oiWwepeoe//:SARY WOy Papeojumoq



LIQUID COLUMN AND LIQUID DROPLET IMPACT 503

Sinceps = 0 on the free surface, we obtain

odj 1
L= _Zvg; vy,
ot 2V i Vi
This gives
1
Xi = —EV(/)J' - Voj (2.18)

on the body surface attached to the jet. On the free surface of the jet, we use an equation similar to
(2.1)) to obtain

owj
ws = wj — \/(Xs_ Xj)2 + (¥s — yj)z(TnJ

a .
= 0 = /06 =X+ (5 = y) 2L,

where the partial derivative of is taken along the body surface based ari§, or along the
direction obtained by rotating the normal of the surface 90 degrees clockwise.
Oncey is found, the force F on the wedge can be found from

F=—p /SO <¢t +3ive. V¢) Nxd Sx,y)

= pUZS/SO (x +3Vp- Vw) n:dSe.y.-

3. Numerical results

The boundary of the fluid domain in the stretched coordinate system is first divided into small
panels. The problem is then solved based on the procedure described in section 2. Time-stepping
method based or2(4) and @.5) is used to follow the variation of the wetted surface of the wedge

and the deformation of the free surface. When the neighbouring nodes become too close or too far
apart, regridding is applied and interpolation is used to obtain results on new nodes from old ones.
The sizes of panels and the time steps have been reduced systematically until the convergence of
the pressure and the free surface profile have been achieved.

3.1 Impact by a liquid wedge on a solid wedge

We first consider the case in which the solid wedge collides with a liquid wedge. The length scale for
the stretched coordinate system is chosem-adJt. This problem is self-similar, which means that
¢ is not a function ot in the stretched coordinate system. The similarity solution can be obtained
through a numerical procedure i, €, 8) and the results are used below for comparison with the
time-domain solution.

At the moment of impact, the liquid surface is defined as

y = f1(X) = xtany.
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504 G. X. WU

The time marching can be achieved throgsghwe rewrite 2.4) and .5) as

dsd) dp d(sy) g
ds ~— o’ ds  on’
d(sp) 1
ds 2
Three cases witlf = 45°, 30°, 10° (y = 90° — p), respectively, are considered. The init&al
is taken as 10° and the time-domain solution given in Figgo 4 corresponding te = 1. It can
be seen that in all these three cases, the results from the similarity solution and the time-domain
solution are in good agreement. The disturbance to the liquid surface profile is mainly confined to
an area near the body. Whgns small, a jet can be developed along the body surface. The pressure,
which is non-dimensionalized yU 2, increases significantly near the jet then drops sharply to the
ambient pressure. This is similar to the results when a wedge enters a flat liquid sdjfacel (
when a liquid wedge hits a flat rigid surfad®.(

(0% + 9.

3.2 Impact by a liquid droplet on the solid wedge

We next consider the case in which the solid wedge collides with an elliptical liquid droplet. At the
moment of impact, the liquid surface is defined as

(x—a)?  y>
a2 [

If we consider only the upper half with > 0, this equation can be written as

y = f1(X) = 1v/2ax — X2,

whered = b/a. Attimet, we then usef1(xs) = f2(Xs — Ut) to obtain

1

_ Ut+ai?tar? g — itang+/a2i%tar? § + (2a — Ut)Ut
- 1+ A2tar? B ’

Xs

_ (Ut —a)itar? p + Atanf+/a2)2tar? § + (2a — Ut)Ut

¥s tang(1+ 22tar? §)

As discussed by Wu8j, the choice ofs = Ut for this problem would lead to an infinitely
large wetted surface in the stretched coordinate system. It would therefore be appropriate to choose
s = Ys. If we introduce a non-dimensional parameter

s (r—Ditar? p + Atang/A2tart f + (2 — o)t
a tang (1 + A2tar? B) ’

wherer = Ut/a, the equations for the surfaces of the liquid and the wedge become

A
n=oVAC— (ré)?,

c—1/r
tang -

r = (3.1)
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(a) 08 : : ; : -
—— Similarity solution
07t \ -~ Time domain solution |}
06} \\ 4
N
05} LY 4

04t \ :

02+ .

01t ‘ g

b) 5 ; : - : :
(b) — Similarity olution
45+ | Time domain solution |

y/s
ha
(4]

o
K

Fig. 2 (a) Pressure distribution along the wedge surfgce-(z /4, y = = /4). (b) Profile of the liquid surface
B=mrn/4y =m/4)

The free surface boundary condition 214 and @.5) can now be written as
drd) dp  drn)  odp
dr  o&’ dc  on’

dire) 1

dr 2

(0% + 0)).
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(a) 14 - - ; ————
—— Similarity solution
---- Time domain solution
a =
04+ 4 .
02F -
ot _
_02 1 L 1 L 1
0 05 1 15 2 25 3
yis
(b) 7 T T T T Er— T
—— Similarity solution
Time domain solution
6t -
51 -
4t i
w 3
™ |
it -
2l \\\\_/’ g -
N
1} N .
\\
N,
1 1 N 1 1 1
-2 -1 0 1 2 3 4 5
xis

Fig. 3 (a) Pressure distribution along the wedge surfgce-(z /6, y = = /3). (b) Profile of the liquid surface
B=r/6,y =7r/3)

It should be noticed that in (3.1) increases initially withc. When it reaches = 4, it will then
decrease. This correspondsrte= A tang + 1. Thus, it would be more appropriate to define

ys/a, 7 < Atang +1,
r =
A, T > Atang + L.
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(a) 10 T T T T

—— Similarity solutio
Time domain solution

=2 I 1 ! 1 1 1 1 1

(b) 18 T T T T T - T T
—— Similarity solutio
————— Time domain solution

16

14 .

10+ 1

y/s

Fig. 4 (a) Pressure distribution along the wedge surfate< /18,y = 4x/9). (b) Profile of the liquid
surface f =z /18,y = 4z /9)

Simulation is first made for the case with = z/4 andl = 1. When the tip of the wedge
penetrates the droplet surface at the beginning of the impact, the computational domain covers
only small section of the liquid as the disturbance is confined in a small region. Wihereases,
the computational domain then covers the whole droplet. lsreases further, the tip of the solid
wedge becomes closer and closer to the other side of the liquid surface. An assumption is then made
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12 T T T T T T T

— =05
— - =30
10} =50 1

_-212 10 -8 -6 -4 -2 0 2 4

E-vr

Fig. 5 The surface of a liquid droplet at different time steps after impaet (1)

08 T T T T T
=05
— - 1=30 ||
=50
o
-01 1 1 1 1 1
2 4 6 8 10 12

Fig. 6 Pressure distribution over the wedge surface at different time stepslj
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510 G. X. WU

that when the distance between the tip of the wedge and the surface of theAidjiscsufficiently
small, the element node on the free surface is moved to the tip of the wedge. This node will then
slide along the wedge surface in the subsequent simulation.

Figure5 gives the shape of the liquid surface at three different time stepstwtii. It is assumed
when Ad is one per cent of the element size, the bisection of the droplet occurs. This corresponds
to ¢ &~ 3.53. Obviously, when a different value is chosen as a condition for the biseetiwiil
be different. However, this does not have significance on the numerical results as determined from
the liquid surface profile and pressure distribution. Figbigives the pressure distribution non-
dimensionalized byU? over the wedge surface at the same time steps as those iB. Aigis
shows that the pressure tends to zera &screases. This is of course expected. In fact, when the
liquid droplet moves towards a wedge, it has limited amount of momentum. When it hits the wedge,
its momentum will decline due to the pressure applied by the wedge on the droplet. If the pressure
was persistent and did not decay, the momentum in the droplet would become negative.

As 7 increases, one may speculate that there could be three possibilities for the motion of the
bisected droplet:

() there is no motion relative to the wedge;

(2) liquid will slide along the wedge while its shape remains unchanged; and

(3) the droplet will become thinner and thinner and spread more and more widely over the wedge
surface. From the result in Fi§, it seems that4.3) is most likely to happen.

Figure 7 gives the force history on the wedge gis= = /4, which is non-dimensionalized by
pU?a, due to impact by elliptic droplets with= 1, 05, 2, respectively. It shows that in these three
cases, the force will initially increase with time. When it reaches a peak, it will then decline and tend
to zero. When the liquid is longer and thinner, the force is smaller. Otherwise the force is bigger.

To further check the accuracy of the results, Bagives area of the droplet. It should remain a
constant and equal tor . In the figure, curves start at the instant when the whole liquid domain
has been included in the computational domain. It can be seen that the mass conservation law is
maintained to a high degree of accuracy during the entire simulation. In fact, the largest errors
throughout the simulations are 0.78 per cent, 0.56 per cent and 0.96 per éent 3t 05 and 2,
respectively.

4. Conclusions

The impact problem by a liquid column and a liquid droplet on a rigid wall has been solved based
on the velocity potential theory. When a thin jet is developed, it is treated through a local linear
approximation for the potential. As a result, both the velocity potential and the stream function are
known within the jet. Therefore, the presence of the jet does not lead to any major difficulty in
the computation or any significant increase of CPU. An equation has been derived for the normal
derivative of the pressure on the body surface, which becomes zero when the body surface has no
curvature. A condition for bisection of a droplet by the wedge has been introduced, which seems to
be rational and provides converged results.
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