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Abstract. In a two-dimensional space domain, we consider a reaction-diffusion equa-
tion whose diffusion term is a time convolution of the Laplace operator against a nonin-
creasing summable memory kernel k. This equation models several phenomena arising
from many different areas. After rescaling k by a relaxation time € > 0, we formulate
a Cauchy-Dirichlet problem, which is rigorously translated into a similar problem for
a semilinear hyperbolic integro-differential equation with nonlinear damping, for a par-
ticular choice of the initial data. Using the past history approach, we show that the
hyperbolic equation generates a dynamical system which is dissipative provided that ¢ is
small enough, namely, when the equation is sufficiently “close” to the standard reaction-
diffusion equation formally obtained by replacing k with the Dirac mass at 0. Then, we
provide an estimate of the difference between e-trajectories and O-trajectories, and we
construct a family of regular exponential attractors which is robust with respect to the
singular limit € — 0. In particular, this yields the existence of a regular global attractor
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of finite fractal dimension. Convergence to equilibria is also examined. Finally, all the
results are reinterpreted within the original framework.
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1. Introduction. Let Q@ C RY be a bounded domain with smooth boundary 09. A
very well-known equation ruling the evolution of a function u :  x [0,00) — R is the
semilinear parabolic equation

Ou — Au+ ¢(u) =0, (1.1)

where ¢ is a nonlinear smooth function whose typical form is an odd polynomial with pos-
itive leading coefficient. This equation, which accounts for diffusion and reaction effects,
serves as a model for several different phenomena arising, for instance, from Physics,
Chemistry, and Biology. Its mathematical properties have been widely investigated in
previous decades by a large number of authors who proved, in particular, several re-
sults about the asymptotic behavior of solutions (e.g., [2 @, 27, B0, BT, 40]). On the
other hand, from the physical viewpoint, equation (L)) presents somehow a major flaw
since, due to its purely parabolic character, it predicts an infinite speed of propagation
of disturbances, which obviously cannot occur in the real phenomena. A reasonable and
physically meaningful way to avoid this unpleasant feature is to assume a delay mech-
anism preventing instantaneous regularization effects, meaning that the actual value of
u(t) is influenced by its past history u(7), T < t, which produces an inertial effect. Along
this line, a quite interesting and mathematically challenging modification of (I]) is the
reaction-diffusion equation with memory

Opu — / kE(s)Au(t — s)ds + ¢(u) =0, (1.2)
0

where & : [0,00) — [0,00) is a nonincreasing summable kernel. This equation is hyper-
bolic in the sense that the energy of a initial given perturbation in a bounded subset
of Q2 propagates with finite speed (see [16] and references therein). In particular, in the
simple, albeit basic, case
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REACTION-DIFFUSION EQUATIONS WITH MEMORY 609

for some given e € (0,1], called relazation time, equation (L2) can be formally trans-
formed into the hyperbolic equation

edpu — Au+ (1 + ¢’ (u))Oyu + ¢(u) = 0, (1.3)

which, provided that ¢’ is bounded from below, becomes dissipative for small values of
. However, if k reduces to the Dirac mass at 0 (i.e., the past memory is lost), we recover
(TI). This suggests that () is a good approximation of (L2]) when the system keeps a
very short memory. If so, then it is reasonable to work with (L)) in place of (L2]), with
the great advantage of handling a much simpler equation.

Concerning concrete applications, (L2) has been proposed as a model of viscoelas-
tic fluids [8] M1l [35]. Alternatively, it can be viewed as a semilinear (hyperbolic) heat
equation based on the Gurtin-Pipkin heat conduction law [I8] 22| 34], or as a simple
model for chemosensitive movements [28] [29]. Its relevance has been further underlined
in a series of papers (see [10, B2, B3] and references therein). In those contributions,
the authors refer to (3] as a hyperbolic reaction-diffusion equation, and they show how
it can be used to describe a number of phenomena of biological and chemical interest,
such as chemically reacting systems, gene selection, population dynamics, and forest fire
propagation. Despite these attractive features, very few rigorous mathematical results
are available so far. Regarding existence and uniqueness, some theorems can be found
in [1], where ([2)) is incorporated in a phase-field system and ¢ is allowed to be a max-
imal monotone graph. In [6, [I8], the infinite time delay version of (LZ) is shown to
generate a dynamical system in the history space framework. In particular, considering
the rescaling k.(s) = e 1k(s/e) of the original kernel k, with a small parameter ¢ > 0,
the paper [6] establishes the convergence on finite time intervals of the solutions to (L.2])
to the solutions to (L)) in the limit £ — 0, provided that the initial data are regular
enough. Moreover, in the one-dimensional case, [21] proves the existence of the global
attractor for small values of €, exploiting the precompact pseudometric technique [23],
but without any regularity result. We remark that, in [0, 21], the phase space for w is
L?(2). In this functional setting, it seems particularly hard to find satisfactory global
asymptotic results, such as the existence of regular global attractors or of exponential
attractors. Nonetheless, if we work in the smaller phase space H'(Q), as [I8] does, then
we can appeal to a more familiar hyperbolic formulation, close to (IL3]). In which case, a
small relaxation time ¢ is needed in order to have dissipativity. This is motivated by the
recent papers [15], 86} 37], focused on (3] in different space dimensions, with 1+ e¢’(u)
replaced by a generic damping coefficient o(u) > o9 > 0. These papers shed a new
light on the approach devised in [18], based on the reformulation of equation (L2) as a
hyperbolic equation similar to (L3)), but also containing a convolution term.

The present work is devoted to a detailed investigation of the two-dimensional case,
which is of particular interest for biological and chemical applications. The main goal is
the analysis of the longtime behavior of solutions, with special regard to their dependence
on ¢, in the spirit of [0, [0, 14, 24]. More precisely, we compare in a quantitative way the
closeness of the global dynamics of (L2) and (IT]). As a consequence, it will be clear that
the latter equation can be viewed as a good approximation of ([[Z) when k is rapidly
fading (short memory), not only on finite time intervals, but also asymptotically. In this
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framework, we can no longer speak in terms of dynamical systems. Thus, we need to
rephrase some notions like, for instance, the one of exponential attractor. Nonetheless,
the past history approach, which allows the use of the semigroup language, is hidden in
the proofs, and all the results can be formulated for the infinite delay version of ([2]) as
well. Finally, we remark that the presence of an extra source term (even time-dependent)
in the equation can be handled without significant changes in the proofs.

We can now enter the details. Let 2 C R? be a bounded domain with smooth boundary
0%; then, for t > 0 and ¢ € (0, 1], we consider the following integro-differential equation
of Volterra type for the unknown variable u = u(x,t) : Q x [0,00) — R:

Opu(t) — /Ot ko(s)Au(t — s)ds + ¢(u(t)) =0, (1.4)
supplemented with the initial and boundary value conditions
u(z, 0) = up(x), xz €1,
u(x,t) =0, x € 00,t>0,

where ug is assumed to be known, and
1 /s
he(s) = =k (2)
=(3) € \e
is the rescaling of a nonincreasing and summable memory kernel & : [0,00) — [0, 00),
subject to the normalization condition

/Ooo k(s)ds = 1.

We also assume that &’ is summable and absolutely continuous on Rt = (0,00), and
satisfies the differential inequality

E'(s) +ak'(s) >0 (1.6)

for some a > 0 and almost every s > 0. This includes in the picture, among others,
exponential kernels. In the (singular) limit ¢ — 0, the kernel k. converges in the sense
of distribution to the Dirac mass at 0. Accordingly, (L4 formally reduces to (LI).

Plan of the paper. The next section essentially contains the basic assumptions on the
nonlinearity ¢. Section 3 contains the main results stated for the Volterra equation (4]
endowed with the initial and boundary value conditions (I]). In particular, Theorem [3.7]
is concerned with the existence of a family of sets with finite fractal dimension which are
compact in H{ (2) and attract exponentially fast any set of initial data bounded in Hg ().
Moreover, the Hausdorff distance between such sets and a suitable exponential attractor
of the corresponding limiting equation (II]) can be controlled by a constant times a
certain power of €. A useful continuous dependence estimate is proved in Section 4,
while Section 5 is devoted to establishing the equivalence of (L4))—(LH]) with a hyperbolic
integro-differential equation similar to (I3). The latter equation is analyzed in Section 6,
where, for any ¢ € (0,1], it is shown to generate a semigroup S.(t), acting on the
extended phase space which accounts for the past history. Sections 7 and 8 are concerned
with the dissipativity properties of S.(t) when ¢ is small enough, i.e., the existence
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of bounded absorbing sets. A particularly useful continuous dependence estimate is
obtained in Section 9, but the crucial properties are demonstrated in Section 10 (existence
of a compact exponentially attracting set) and in Section 11 (estimate of the difference
between e-trajectories and O-trajectories). In Section 12, we collect all the previous
results and prove the existence of a family of exponential attractors which is robust as
€ goes to 0. Section 13 is dedicated to some properties of the global attractor and to
the convergence to single equilibria via the Lojasiewicz-Simon inequality. Finally, in
Section 14, we rephrase all the main theorems obtained in the history space setting in
terms of the original problem (4)—-(T5H).

2. Notation and basic assumptions. Given a Banach space X, we denote by d x
and Y™ the usual Hausdorff semidistance and the symmetric Hausdorff distance in X,
respectively.

Setting (H°, || - ||, (-,-)) = L?(£2), we consider the selfadjoint operator

~A:H* Q)N HYNQ) c H* — HO.

Then, for every r € R, we define the scale of Hilbert spaces

T

H" = dom((—A)?), (uy, ug)gr = ((=A)2uy, (—A)2uy).
In particular,
H'=HYQ), H'=H}Q), H?=H*Q)NH}Q).
The symbol (-, -) will also be used for duality.
Being in space dimension two, we will often exploit the continuous embeddings
H'cI?(Q), p>1,
as well as the Gagliardo-Nirenberg inequality
lullzze < Cllull? [Vall*™7,  p>1. (2.1)

Throughout the paper, the symbols C' and Q will stand for a generic constant and a
generic positive increasing function, respectively, both independent of ¢.
Assumptions on ¢. Let ¢ € C3(R), with ¢(0) = 0, be such that

liminfM > =), (2.2)

lu| =00 U

where A is the first eigenvalue of —A, and

¢ (u) > —, (2.3)
for some £ > 0. We also require that there exist L > £ and v € (0, 1] such that
6" (w)] < CIL+ ¢/ (w)]' 7. (2.4)
In particular, (2-4]) implies that
¢/ ()| < C(1+[ul). (25)

We can immediately assert that any odd polynomial vanishing at zero with positive
leading coefficient is an allowed nonlinearity. This includes the physically significant case

of the derivative of the double-well potential, namely, ¢(u) = u® — u.
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3. Statements of the main results. We first stipulate the definition of a (weak)

solution to (L4)—(TH).

DEFINITION 3.1. A function
ue L=([0,T],H")

is a solution to (L) —(LH) on the time interval [0, T if u(0) = ug and, for every ¢ € (0,T]
and every test function w € H*,

(Opu(t), w) + /o ko (s){Vu(t — s), Vw)ds + (p(u(t)),w) = 0.

Note that, by comparison, dyu € L>°([0,T], H'). Hence, u € C([0,T], H°), so that
the initial condition is well defined.

PROPOSITION 3.2. For any T > 0 and any ¢ € (0, 1], problem ([4)—-(TH) has a unique
solution w on [0,T]. Moreover,

dwu € L>([0,T], H°).

Due to this last control and the polynomial growth of ¢, we learn from (L4 that
t
/ ko (s)Au(t — s)ds € L>([0,T], H°).
0

As a consequence, we obtain the following straightforward corollary.

COROLLARY 3.3. A weak solution to ([A)—(LH) is also strong. Namely, it solves (4
almost everywhere.

The existence and uniqueness (in fact, continuous dependence) result in H' is well-
known to hold also for the limiting situation corresponding to € = 0, that is, for equation
(LI} with initial and boundary conditions (LH)). In that case, however, one has less
regularity for 0;u, namely, d;u € L>=([0,T], H~1).

In light of these facts, for every ¢ € [0,1], we introduce the one-parameter family of
operators

Ut): H* — H*
defined as

Ue(t)uo = u(?),
where u(t) is the unique solution at time ¢ to (L)) (to (1) if € = 0), with initial and
boundary conditions (). Note that, except in the limiting case e = 0, where Uy(t)
is a (strongly continuous) semigroup on H!, the family U.(t) is not a semigroup, due
to the presence of the convolution integral. However, we can state a weaker continuous
dependence result which holds for all € € [0,1].

PROPOSITION 3.4. For every € € [0,1] and every ¢ € [0,T], we have the estimate
U= (t)ur — Us(t)uzll < Q(T)|lug — us.-

The next theorem provides an estimate of the closeness of the trajectories of (L4)) and
(1), originating from the same (smoother) initial data, on finite time intervals.
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THEOREM 3.5. Let a < 1/4 be fixed. Then, for every ¢ € (0,1], t € [0,7], R > 0 and
ug € H? such that

[Auol| < R,
it follows that
VU (#)uo — VUo(t)uol| < Q(T + R)e“.

If € is small enough, the long-term dynamics are confined in a bounded set, uniformly
with respect to €. Precisely, fixing

g0 € (0,1] such that « — el >0,
we have

THEOREM 3.6. There exists a bounded set B® C H' satisfying the following properties:
for every e € [0,e0] and every bounded set B C H', there exists tg = to(||B||g1) > 0,
independent of ¢, such that

U.t)Bc B, Vt>t.
Moreover,
U.(t)B° c B°,  vt>0.
Then, we state what is perhaps the main result of the paper.

THEOREM 3.7. For every ¢ € [0,¢&¢], there exists a set K., compact in H! and bounded
in H?, satisfying the following properties:
(i) The fractal dimension of K. in H' is uniformly bounded with respect to e.
(ii) The set K. attracts any bounded subset B C H! with an exponential rate which
is uniform with respect to €; namely, there exists k£ > 0 (independent of € and of
the choice of B) such that

8w (U-()B,Ke) < Q(||B| gr)e".
(i) There exists 7 > 0 such that
0 (Ke, Ko) < Ce™.

The last theorems deal with the asymptotic behavior of single trajectories. We denote
by S the set of stationary points or equilibria of (I.1I), that is, the solutions to the elliptic
problem

—Au* + ¢(u*) =0,
{ul*aﬂ =0.
THEOREM 3.8. For every ¢ € [0,&0] and ug € H*, we have
Jim [uipefs VU (t)uo — vuﬂ ~0
and, if ¢ > 0,
lim U (0)uol| = 0.
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REMARK 3.9. In particular, if S is a discrete set, it follows that
lim ||VU.(t)ug — Vu*|| =0,
t—o00

for some u* € S, depending on ¢ € [0,&0] and on the choice of ug € H*.
Convergence of all trajectories to equilibria is, however, ensured, provided that the
nonlinearity ¢ is real analytic.

THEOREM 3.10. Let ¢ be real analytic. Then, for every fixed € € [0,&0] and ug € H*,
there exists u* € S such that

c

t_ga

for some 0 = 6(u*) > 0 and ¢ = ¢(e,up) > 0. If € > 0, we also have

IVU:(t)up — Vu*|| <

C
0:Ue (t)uol| < k

The remainder of the paper is devoted to the proofs of the stated results.

4. The continuous dependence estimate. We begin to show that the solutions to
([CA)—(T3H), if they exist, fulfill the continuous dependence estimate provided by Propo-
sition [34l We need a preliminary lemma.

LEMMA 4.1. For ¢ € (0,1] and u € L>([0,T], H'), set

J(t,s) = H /OS Vu(t — y)dy‘

and define the positive functionals

Bo(u(t)) = ke (t) T (1,1) — /O K. ()7 (¢, 5)ds

2
)

and .
1 1
W(ult) = K OT 0+ 5 [ KT s)ds
0
Then, for every t € [0, 7], the following equality holds:

t 1d
—/0 k() (Bu(t — 5), u(t))ds = 3 5 Wo(u(t)) + W (u(t)).

Proof. By direct computation, using the properties of k.(s) and integration by parts.
Note that all the terms are well defined, thanks to the regularity of u. O

PROPOSITION 4.2. Let € € [0, 1] be fixed, and let u',u? € L°°([0, T], H') be two solutions
to (L4) on [0,7] with initial data u; and wus, respectively. Then, for every ¢ € [0,T],

lu (8) = w? ()] < QT)Jur — ue].

Proof. Fix ¢ € (0,1] (the case € = 0 is well known), and denote (t) = u*(t) — u?(t).
Taking the difference in (4, we are led to

0yt — / ke (s)Au(t — s)ds + ¢(u') — ¢p(u?) = 0.
0
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Multiplying the equation by 4, and using the preceding lemma, we obtain the equality

[lal* + wo(@)] + T1(@) + (¢(u') — (u?), u) = 0.

N |
&

Due to ([Z3),

(p(u') = ¢(u®), @) > —L]al>.
Thus, using the fact that ¥o(a) and ¥y (@) are positive, we end up with the differential
inequality

@l + wo(m)] < 20|l + wo(a)

Since ¥o(w(0)) = 0, the conclusion follows from the Gronwall lemma. O

5. An equivalent problem. In order to proceed with the investigation, it is con-
venient to work with a reformulated version of the original problem (4)—([T3). To this
end, we differentiate () with respect to time, thus obtaining

t
Opu — k- (0)Au — / kL(s)Au(t — s)ds + ¢ (u)dyu = 0.
0

Choosing now
B € (0,a),
we multiply the equation above times €, and we add the result to (I4]) times 5. This pro-

cedure leads to the following integro-differential wave equation with nonlinear damping;:

edyu — k(0)Au + o (u)dpu + /0 e (8)Au(t — s)ds + Bop(u) =0, (5.1)

supplemented with Dirichlet boundary conditions, where we defined
p1e(s) = —ekl(s) — Bke(s)
and
oc(u) = B +ed'(u).

Properties of p.. Calling
u(s) = —k'(s) — Bk(s),

pe(s) = éu (S>

3

it turns out that

The function g is summable, absolutely continuous and nonincreasing on R* (hence,
nonnegative and vanishing at infinity). Indeed, in light of (L6]), and since 8 < a,

1 () = —K'(s) — BI/(s) < —k(s) — ak(s) < 0.
Furthermore, setting
d=a—p£>0,
the differential inequality

W (s)+du(s) = —k"(s) — ak'(s) — 68k(s) < —k"(s) — ak'(s) <0

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



616 M. CONTI, S. GATTI, M. GRASSELLI, aND V. PATA
holds for almost every s > 0. Thus, for every € € (0, 1] and almost every s > 0,

p(s) + gus(s) <0. (5.2)
As a consequence, if s > so > 0,
1e(5) < pre(so)e” £ 750, (5.3)
Properties of o.. On account of ([23)) and (ZH]), we have that

oe(u) < C(1+ul7) (5.4)
and
oe(u) > p—el > —el. (5.5)
Hence, setting eq € (0, 1] such that
oo = —¢eol >0, (5.6)
we obtain the control
oe(u) > o9, Ve € (0, &)- (5.7)
Finally, by (24)), up to possibly enlarging C,
lot(uw)] < Clo=(w)]'™, Ve € (0, (5-8)

REMARK 5.1. In fact, since our scheme works for all 8 < «, any ¢¢ € (0, 1] such that
a — gol > 0 will do.
DEFINITION 5.2. A couple (u, 0;u) with

u € L>([0,T], H'), Oyu € L>=([0,T], H°)

is a solution to (5.1 on the time interval [0, 7] with initial data (ug,vo) € H* x H? if
u(0) = ug, yu(0) = vg and, for every t € (0,T] and every test function w € H*,

e(Opu, w) —k(0)(Vu, Vw) + (o (u)Oyu, w) —/0 pe(8)(Vu(t—s), Vw)ds + B{¢(u),w) = 0.

Again, due to the control dyu € L*([0,T], H~!), which is read from the equation,
together with the standard embeddings, the initial conditions make sense.
The next step is to establish a relationship between the two formulations.

PROPOSITION 5.3. Let (u,d;u) € L>([0,T], H') x L>=([0,T], H°) be a solution to (5.1
on [0, T] with u(0) = ug € H' and d,u(0) = —¢(ug) € H°. Then, u is a solution to (L)
on [0,T] with u(0) = uo.

REMARK 5.4. On account of this result and Proposition 4.2] Proposition B.2lis proved
once we exhibit the existence of a solution to (&I with initial data (ug, —¢(ug)). As a
byproduct, such a solution to (1)) is necessarily unique.

Proof. Let (u,0ru) be a solution to (B1I) on [0, T] with initial data (ug, —¢(up)). Given
any w € H', let us define

F(t) = (Opu(t), w) +/O ke (s)(Vu(t — ), Vw)ds + (¢(u(t)), w).
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Then, u is a solution to (I4]) with initial datum wug if and only if F(¢) = 0 for all ¢t € [0, T
and every w € H'. On the other hand, since u solves (5.)), we have that

d
S F(t t) =
Edt}'( )+ BF()=0

for all ¢t € [0,7] and every w € H'. Therefore,

F(t) = F(0)e =,
Since

F(0) = (81u(0), w) + ($(uo), w) =0,

we conclude that F(t) = 0. O

In fact, in the subsequent section, we will provide an existence and uniqueness result
for a system of differential equations of which (B is a particular case.

6. A dynamical system in the history space framework. For ¢ € (0,1] and
r € R, we introduce the L2-weighted space
MZ =L, (RY, H™),

endowed with the inner product

() tr = / " e (5) 1 (), ma()) e s,

and we denote by
T. : dom(7T.) € M2 — M
the infinitesimal generator of the strongly continuous semigroup of right translations on
MY, namely,
T.n=-Dn,  dom(T:) = {n € M : Dn e MZ, 1(0) =0},

where D denotes the distributional derivative, and the equality n(0) = 0 is understood
as lims 0 [[7(s)[|pmo = 0. If n € dom(7%), on account of (B.2), we have the relation (see
201)

1 [ 4]
Tonnaey = 5 [ wITs)Pds < =l (61)

Given T > 0 and
ue L>([0,T], H") nwh>([0,T], H),
the Cauchy problem
{amt = Ton' + dpult),  t>0,
1°(s) = mo(s) € M2,
in the unknown variable n = n'(z, s) : 2 x Rt x [0,7] — R, has a unique mild solution

n € C([0,T), M) in the sense of [39], which has the explicit representation formula
120, 33
nt(s) = {u(t) ~ult— ), O<s=t (6.2)
no(s —t) +u(t) —u(0), s>t
Observe that the variable 7, first introduced by Dafermos [7] to deal with problems with
memory, is ruled by the past history of u.
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At this point, for every e € (0, 1], we define the product Hilbert space
HE=H" " x H" x ML,
normed by

1w, 0,3 = Bllullzreer +ellollF + Inll34: -
It is convenient to extend the definition for € = 0 as

Hy = H™ x {0} x {0}.

Given ¢ € (0,1] and (ug,vo,n0) € HY, we consider, for ¢ > 0, the system in the so-called
history space framework

€Dt + 0o (w)Dpu — fAu — / e (8)An(s)ds + Bp(u) = 0,
0
ogn = T.n + Oy,

(6.3)

satisfying the initial conditions
(u(0), 9u(0),1°) = (uo, vo, m0)-
DEFINITION 6.1. A triplet (u,dyu,n) with
ue L*([0,T],H"),  Owue L>([0,T],H"), neC(0,T],M?)

is a solution to (63) on the time interval [0,7] with initial data (ug,vo,n0) € HC if
u(0) = ug, du(0) = vg, n° = no, and, for every t € (0,7, u solves the first equation in
the variational sense, and 7 is given by (6.2]).

We now dwell on the particular instance of ([@3]) with initial data of the form (ug, v, ug).
In that case, ([62) reads

t(s)_ u(t)—u(t—s), O<S§t7
T u(t), s>t

Accordingly,
¢

- /OO pe(8)Ant(s)ds = —[k(0) — B]Au(t) —|—/ e (8)Au(t — s)ds.
0 0

We summarize this discussion into the following corollary.

COROLLARY 6.2. Let (u, dyu,n) be a solution to (63]) on [0, T] with initial data (ug, vo, ug).
Then (u, Opu) is a solution to (Bl on [0, 7] with initial data (ug,vg).

Problem (6.3)) without memory, namely, the wave equation with nonlinear damping,
was studied in [36] (see also [37] for the three-dimensional case), under suitable assump-
tions on the damping term. The existence and uniqueness of a solution to (63]) for all
e € (0,1] is established in the following theorem.

THEOREM 6.3. For every ¢ € (0,1] and every T > 0, (G3) has a unique solution z(t) =
(u(t), Opu(t),n') on [0,T] with initial data (ug,vo,n0) € HC. Moreover, calling z* =
(u?, Oput,m'), with i = 1,2, two solutions corresponding to the initial data z; = (u;, v;, ;)
with [|z;[]30 < R, the continuous dependence estimate

12 () = 22 (D)o < QT + R+ 2) 21 — 22l
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holds for every t € [0, T].

Proof. Throughout this proof, the generic constant C' may depend (increasingly) on
T and R. The existence of a solution on [0,7] is established by means of a Galerkin
approximation scheme (cf. [I7), 38]), leaning on the energy estimate

z()llne < C, vt € 10,71, (6.4)

given by the subsequent Remark [[.3l Perhaps, the only nontrivial point in the passage
to the limit is to identify the term (o.(u)0iu,w). Indeed, we have an approximating
sequence u™ that, up to a subsequence, converges to u almost everywhere in Q x [0, 7.
Besides, u™ is bounded in every LP( x [0,77]). Introducing

S(u) = / ey,

and choosing any function ¢ € CZ5,([0,77]), we have (as n — 00)

T T
/ (0 (" (1)) D™ (), q(t)w)dt = / (@S (1)), q(t)w)d

0 0
- [ o). dua

0
T
-/ (E(u(t)), ¢ (tyw)dt

T
- /0 (o (ult))Dru(t), q(tyw)dt,

since ¥(u™) — 3(u) almost everywhere in Q x [0,7] and, thanks to (&4l), (u") is
uniformly bounded (with respect to n) in L' (Q x [0,T)).

The proof of the continuous dependence closely follows the analogous ones presented
in [36], [37]. For the reader’s convenience, we report it in some detail. Denote

2(t) = (a(t), dault), 7') = 2'(t) = 2°(1).

Integrating (6.3]) on (0,¢), the functions

solve the system

e0pw + B(u') — X(u?) — BAwW — /00 we(8)AY(s)ds = F+ G,
0
O = Tto + Ow + 71° — (0),

(6.5)

having defined

F(t) = —ﬂ/o [b(u' (7)) = o(u*(T))dr, G =Z(ur) — B(uz) + 8, (0).
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Multiplying the first equation of ([6.5) by d;w = @ and the second by v in MY, and using

([61)), we obtain
Ld, o 0 2 1 2\ 0 -
5 7¢I + 51l < —(E(u) = E(w?), @) + (77 — w(0), ¥) mao
d d
+ E<F7’LU> + E(G,w) — <6tF,’LU>,

where we set
(1) = (w(t), Bpw(t), v").

In light of (5.1,
—(S(u') — B(uw?), @) < eff|a]*.

Besides,
n° — u(0 < S 1Bl2.0 + ClEO)2
(° = 5(0), ¥y < 5191 + CI12(0) e

Thus, an integration in time over (0,t), with ¢ < T, leads to
1 _ b
SIC@ 50 < ClIZ(0) 1340 +€€/0 la(r)|[Pdr + (F(t),w(t))
t
+(Gw®) - [ 0P )

t
< M@ﬁg+ﬂﬁ@ﬁg+CAHQﬂ@ﬂT

|

t
+ C(IPO -1 + 16 + [ 1) -1ar)
On account of (1), (&4), and ([€4), we have

t - C t
IO +1G - + [ 10PE-1dr < Cla0)g + T [ 160 gar

Hence, we end up with the inequality

_ c [
IO < OV + T [ 16 g
and the Gronwall lemma yields
_ c
la@)l* < lIS®)13 < Ce= [12(0)[3,0-

Then, the analogous control on €||0;i| -1 = €||0pw| -1 is obtained by comparison in

the first equation of (G.H]). Finally, using the representation formula ([G2]) for 7, we easily

recover the remaining estimate for |7 1. O
In conclusion, for every ¢ € (0, 1], system (G.3]) generates a semigroup

Se(t) : HY — HY
defined by
SE (t) (u07 Vo, 770) = (u(t)a atu(t)7 77t)
We extend the definition to the case ¢ = 0 by introducing So(t) : H) — H] as

So (t) (UO, 0, 0) = (UO (t)’u,o, O7 0)
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In the next sections, we will analyze the asymptotic properties of the family of semi-
groups S (t).

7. Dissipativity. Our first result details the dissipative character of S¢(t). The value
o appearing here and in the sequel is given by (&.0)).

PROPOSITION 7.1. For every £ € [0,&], the semigroup S.(t) possesses an absorbing
set BY C H?, which is bounded in H? with a bound independent of . Precisely, for
any bounded set B C H?, there exists a time ¢ty > 0, depending on the norm of B but
independent of ¢, such that

S.(t)B c BY, Yt > t.
The result is a direct consequence of the following lemma.
LEMMA 7.2. There exists Cy > 0 such that, for any ¢ € [0, ],
1S (8)zlle < QUllzlle)e™" + Co.

Moreover,

% / |Ovu(t)|2dt < / (oo ((t)Opult), Bru(®)dt < Qlzlls).  (T.1)

Proof. We assume ¢ > 0, since the proof of the case ¢ = 0 is well known. Consider
the energy functional

L(t) = [1S: ()23, + 28(2(u(t)), 1),
with ®(u) = [ ¢(y)dy. In light of (22, there exists some ¥ > 0 such that
[Vull® + 2(®(u), 1) > 20(|Vu|]* - C,
IVull® + (¢(w), u) > 9| Vul® - C.
Hence, using (23], and assuming without loss of generality that ¢ < 1/2,
20[|S:(t)z]130 — € < L(t) < QIIS(t)2llne) + C.

Multiplying the first equation of ([6.3) by dyu in H® and the second by 7 in MY, thanks
to ([6]), we obtain

d 0
Keeping in mind (&), an integration of (2] yields
[5e()zllae < Qlll2llag),  VE20, (7.3)

together with the sought integral estimate ((C.I)). To complete the proof, for w > 0 to be
fixed later, we define

A) = L(t) + 2we{ult), duu(t)) + 20X (u(t)), 1),
with Y(u) = [, yo<(y)dy. Since (YT (u),1) > 0, it is easy to see that, for w small enough,
OIS (8)2ll30 — C < A(t) < QIS (B)z]lwe) + C-
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Then, multiplying the first equation of ([G.3]) by wu and adding the result to ([2), we
have

4
dt

Up to further reducing w, we find the controls

0
A + 209 Vul® + 2(00 — we)||Fyul]* + g\l??H?wg < —2w(n, u)pme + C.

w < §/2, 2(o¢ — we) > wie
and
0
—2w(muh g < o-lnllige + wIBIVull?,

which lead to the differential inequality

G A) + w5 (12l < O
A generalized version of the Gronwall lemma (see [3]) provides the existence of Cy > 0
and a time o = to(||z([0) > 0 such that

[[S<(t) 2] < Co, vt > to.

Combining this estimate with (Z3)), the conclusion follows. O
REMARK 7.3. In fact, an energy estimate on finite time intervals holds for all € € [0, 1],
namely,

[Sc()zll2e < QT+ R),  Vvie[0,T],

whenever [|z[[0 < R. This is obtained reasoning as in the first part of the proof above;
the only difference is the role of the term (o (u)0yu, Oyu) in (2)), which, due to (2.3), is
now controlled as

—(o-(u)Osu, Ou) < el Opul|® < L + C.

The Gronwall lemma completes the argument.

8. Higher-order dissipativity. A further step is to prove the existence of an ab-
sorbing set in a more regular phase space compactly embedded into H?. We first note
that, for ¢ > 0, the embedding H! C HY is not compact, due to the lack of compactness
of ML C M? (see [38]). Thus, following the lines of [6], [13], we introduce the Banach
space

L.={neM.ndom(T): sup,>; 2T (7) < oo},

where T is the tail function of 7, given by

Ty = | e ) V)| s,
(0,£)U(ex,00)

endowed with the norm

Inliz. = lInl3e + lInllZ,
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having se

il

Inl? = 2| Tonllo + sup T (a).
x>1

Finally, for € > 0, we consider the Banach space
Z.=H?>x H' % L.,

which, according to [6], is compactly embedded into H?. Again, we extend the definition
to e = 0 by setting Zy = H}. The following fact has been mentioned in [6, [13] without
proof.

PROPOSITION 8.1. Closed balls of Z. are compact in HC.

Proof. We just have to prove that closed balls of Z. are closed in H2. In fact, it is
enough to prove that closed balls centered at zero of L. are closed in M?. Let 1, € L.
be such that ||nn||2£5 < R and 1, — 1 in M%. Then, up to a subsequence, 7,, — 1 weakly
in the Hilbert space Ml N H}LE (RT, H'). Moreover, n(0) = 0, which can be argued by
using the fact that ||, (s)|| g1 — 0 uniformly as s — 0 (cf. [20]). Hence,

Il |l

Inli3as + 21 Tenl3ge < timinf [l + eI Temalteo]

The convergence in M2 implies that, for every y > 1,

yT; (y) = linrggf yT, (y) < liminf [sup xT; (x)} ,

n—oo z>1

and, taking the supremum,

sup 2T} (z) < liminf [sup xT; (m)}

r>1 n—00 Lg>1
Collecting the two estimates above, we conclude that

2 3 3 2 2
Inl2. < timinf [ 3q; +<2)

2 o e < limi 2 <
Tomlf] +limint | sup o, (] < i€ 2, < R
which proves the assertion. O

The higher-order dissipativity of S.(t) reads as follows.

PROPOSITION 8.2. For every € € [0,¢q], the semigroup S.(¢) maps Z. into Z., and the
restriction of S.(t) to Z. possesses a bounded absorbing set IB%; C Z., with a bound
independent of ¢.

The proof of this proposition will be carried out through several lemmas. In the
sequel, we will always assume ¢ < gg. We first report a generalized version of the
Gronwall lemma.

1 We take here the occasion to correct the definition of the higher norm of 7 adopted in [6 [13],
although the mistake was not influent in those papers. With this choice, the map n(s) — n(es/eo) is
an isometric isomorphism from L. into L., which is onto if ¢ > 0. Thus, for every r > 0 and every
e € [0,e0], the minimum number of r-balls of H? needed to cover the unit ball of Z. is equal to (or
less than, if € = 0) the minimum number of r-balls of ’Hgo needed to cover the unit ball of Z., (see [6}
Theorem A.2]).
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LEMMA 8.3. Let A : [0,00) — [0,00) be an absolutely continuous function satisfying

% A(E) + 20A() < h(E)A(E) + k.

where v > 0, £ > 0 and fst h(r)dr < v(t —s) +m, for all t > s > 0 and some m > 0.
Then,

A(t) < A(O)eme"" + ’“7

LEMMA 8.4. Let p,q > 1 be such that % + % = 2v, with v as in (5.8)), and let a,b € H!.
Then

(oL (@ [oe(w)] "a?, 1) < Cloe(w)a, @)~ [la]|# [b]] | Val| 7| VB> 5.

Proof. The Holder inequality with exponents (ﬁ, D,q), along with (58], entail

([ot(@)P[o=(w)] " a?,b?) = ([ol(w)Plo=(w)] " a* 7, b%a™)
< C{oe(u)a,a)' = |Ibl| 20 llall e
Exploiting (21,

B30 < ClIB]> VB>~
lallZho, < Clall?[Val|**~.
Collecting the estimates, and noting that 4y — % = %, will do. |
LEMMA 8.5. There exists 11 > 0 such that
18 (t)zll2e < Qllzllzez)e™" + Q(R),

whenever z € H! with ||z]j30 < R.

Proof. Assume ¢ > 0. In the proof, the generic constant C' may depend (increasingly)
on R. Let z € H! be such that ||z[js0 < R. In particular, from Lemma [Z2, we know
that [|Se(t)z[|30 < C. For w > 0 to be fixed later, we introduce the functional

A(t) = |1S= ()23 — 28(¢(u), Au) — 2ew(yu, Au) + C.
Then, if w is small enough and the constant C' above is large enough,
1
SISe()2117 < A(®) < 20IS:(1)2]17, + C.
Multiplying the first equation in ([63) by —Adyu — wAu in H® and the second by 7 in

ML, taking into account (5.7) and (6.1), and taking w < /2, we obtain

dA o é
=+ 2Bl + Vol + ~nllie (8.1)

< —2B(¢ (w)Opu, Au) + 2w(o: (u)dpu, Au) — 2w(n,u) pmz + 2wB(P(u), Au)
— 2(0L(u)OuVu, Voyu) — (0. (u)Voyu, VOu).
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In light of [2.1]),
—28(¢' (w)yu, Au) + 2w (o (u)dyu, Au) < C||dyul|? || Voyul|? || Aul|
2Vl + Clopulll|Aul? +

IN

AN

S IvoulP + °’2—5||Au||2 + Cl0ul?A + C.

Moreover,
wp 9
20B(6(u), Au) < 2 Al + C,

and, up to reducing w,
2wl u)paz < el + 2 Au
M = g MHIME T
Finally, it is readily seen that
—2(0l(w)0yuNVu, Voyu) — (o (u)Voru, Vou) < ([of(u)]*[o(u)]  [0wm]?, |Vul?).
Hence, in light of Lemma B4 with a = dyu and b = |Vu|, we have
([l (w)]P[o=(w)] ™~ [e]?, [Vul?)
< C{o=(w)ru, Du)' = |Gyl + |V Dy 7 | A > 5
C||0yul|d 1 2
S N N A L W
(0c(u)Opu, Qpu)a
< 2NVl + Clo-(u)du. dru)A.
These computations entail the inequality

% + 411 A < C{o:(u)Opu, dru) A + C,

for some v1 > 0. The integral estimate (1)) allows us to apply Lemma [B3] which yields
the desired conclusion. The case € = 0 is treated in the same manner. (]
The subsequent corollary will be needed in the next sections.

COROLLARY 8.6. If z € H! with [|z]l3x < R, we have the integral control
t
/ IVou(r)|2dr < QR)(1 +1).
0

Proof. Set w = 0 and integrate (81]) on (0, t). O
LEMMA 8.7. Let n be given by ([@2]). Assume that 1y € dom(7%) and
ellVou®)|* < e,
for some © > 0 and every ¢t > 0. Then, 1 € dom(7;) and

112 < Ce™*||no|2 + C®.

Proof. Argue exactly as in [6], with minor variations. O
We are now ready to conclude our discussion.
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Proof of Proposition B2l Due to the existence of the absorbing set BY in H?, it suffices
to show that

18:(t)zllz. < Qllzllz.)e™" + Q(R),
whenever z € H! with [[z[|zo < R. In light of Lemma B3I we only need to control the
norm ||n']|.. On the other hand, after Lemma [R5 we know that

elVou®)]* < Qllllz. e + Q(R).

Therefore, assuming without loss of generality that v; < 4, the desired inequality follows
from an application of Lemma R.7] a

9. Continuous dependence for smoother initial data. With more regular initial
data, we can improve the continuous dependence estimate of Theorem In view of
further scopes, we will actually consider the more general system

e0uu + oo (u)Oyu — BAU — / we(s)An(s)ds + Bo(u) = f,
0
O = Ten + Oyu,

where f€ L2 ([0,00), HY), whose solutions can be described by means of a one-parameter

family of operators S/ (¢) on H? (just adapt the proof of Theorem [6.3).

PROPOSITION 9.1. Let € € [0,50] and f € LE ([0,00), H?), and let 21 € HY and 25 € H!
be such that

Iz1llag + [l22llaez < R

Then, we have the estimate
t
1S (t)21 = Se(t)22l3e < QRIS |21 — 130 + / 1£(7)%dr]
Proof. In this proof, the generic constant C' > 0 may depend (increasingly) on R.
Consider the differential system solved by
2(t) = (alt), du(t), 1) = SL(t)z1 — Se(t)z2,
namely,
(oo}
€0yt + o (ut)Oyu — BAT — / pe(s)An(s)ds =W + f,
0
Oy = Te1) + Oy,
having put
W = —Blp(u') — p(u?)] — o= (u') — o=(u?)]0ru?,

where u'(t) and u?(t) are the first components of S7(t)z; and S.(t)za, respectively.
Performing the usual products, we find

d
T2l + 200l100u]* < 2(W, 0vt) + 2(F, 0r).

Knowing from Lemma [T.2] that [|Z(¢)[|30 < C, and using the properties of ¢ and o, it is
easy to check that

2(W, 0,1) < ool|0,ul* + C[|Val® + CVouu®|*[|Va*.
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Therefore, we end up with the differential inequality

d, _ _ _

T 1Zl50 < Cllizllf + ClIVOw?|P|12130 + CIFI®
Since Corollary provides the integral estimate for u?,

/0 |Vo,u2(r)|dr < Q(R)(1 +1),

the conclusion follows from the Gronwall lemma. O

10. Exponential asymptotic smoothing. We now prove the existence of a com-
pact subset of H?, which is exponentially attracting for the semigroup S.(t).

THEOREM 10.1. There exists R, > 0 such that the closed ball
B ={z € Z.:|z]lz. <R.}
contains B! and is exponentially attracting for S.(t). Namely, there is v, > 0 such that
8310 (S=(t)B, BY) < Q(IBllng)e™",
for every bounded set B C HC.

REMARK 10.2. From Proposition B} the set B} is closed in H{.
We shall make use of the following lemma devised in [9], stating the transitivity of the
exponential attraction property.

LEMMA 10.3. Let S(t) be a semigroup on a Banach space H. Let B, B!, B> C H be such
that

63 (SH)B°,B') < Mie™™, 63 (S(t)B',B?) < Mae 72F,
for some 91,15 > 0 and My, My > 0. Assume also that, for all
2 € U5 S()Bi, ¢ €Bita, (1=0,1),
the inequality
1S(t)z = S(t)¢ N3 < Moe™ |1z = ¢lln
holds for some My > 0 and ¥ > 0. Then, it follows that
5#(S)B°,B?) < (MoM; + My)e™ ",

Y192

where 9 = Pot+01+02°

Proof of Theorem [0l In view of Lemma and Lemma [I0.3] it suffices to prove
the existence of a bounded subset of Z. attracting exponentially fast any trajectory
originating from the absorbing set BY of Proposition [Il Precisely, we will show that
any solution departing from z € BY can be decomposed into the sum

S.(t)z = S (t)z + S2(t)z,

2 In fact, the analogous statement in [9] is slightly less general. But a closer look at its proof shows
that our hypotheses suffice to reach the desired conclusion.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



628 M. CONTI, S. GATTI, M. GRASSELLI, anDp V. PATA

where
1S1(8)2 0 < Cet, (10.1)
152(t)2||z. < C, (10.2)

for some v > 0 and some C' > 0, depending only on the size of BC.
To this aim, we define

¢o(r) = ¢(r) + wr,
for some w > £ (note that ¢ > 0) large enough such that (cf. (23))

SIVel? + (@ = 20 ol (& w0y 20, e B

Then, we choose

Si(t)z = (v(t),do(t),9")  and  SZ(t)z = (w(t), dew(t), "),

where
€0uv + oe(u)dv — AV — /0 e (8)A(s)ds
Hoe(u) — o ()] + Bldo(u) — o(w)] = 0. 03
6t1/} = Tsw + 8,51},
(v(0), 0(0),4°) = 2,
and

0w + 0. (W)Opw — BAW — /00 e (8)AE(s)ds + Bdo(w) = wpu,

0
K€ =T.6 + Opw, (10.4)
(U)(O), atw(o)a 60) = (07 07 0)

The proof of [I0I)—([I02) recasts similar proofs of Lemma 4.1 and Lemma 4.2 in [306].
For the reader’s convenience, we sketch here the main steps, pointing out the differences
occurring in our case. Observe first that, arguing for (I0.3]) exactly as in Lemma [[2] we
easily obtain the boundedness of || SZ(t)z|l0, along with the integral control

t
/ 105w () ||PdT < w(t —s) + g, Vi >s>0, (10.5)

for any w € (0,1). Then, a repetition of the proof for Lemma B3 exploiting (1) and
(I0.5), entails the uniform boundedness of [|SZ(t)z||3:, which, in turn, allows us to apply
Lemma 87 thus proving (I0:2). We also obtain, for every w € (0, 1), the estimate

t
C
/ | VOw(r)||?dr < w(t —s) + = vt > s> 0. (10.6)

In order to prove ([I0.]), we introduce the functional

A(t) = 152 ()25 + 28{bo(u(t)) — ¢o(w(t)), v)
= B{do(u(t))v(t), v(t)) + 2we(v(t), Oro(t)).
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Here, w € (0,00/2) is chosen small enough such that
1
HISH 0212 < AW) < CISH D=1

Performing the usual products in (I0.4]), A is readily seen to satisfy the differential
inequality
d wp 9 9 0 9
EA +wA + THVUH + o0l|Opv[|” + 2—€||7/’||Mg + 2wB(do(u) — do(w), v)
< —2w(h, v) pmo — 2([oe(u) — o= (w)]Oyw, Opv) — 2w(o-(u)d4v,v)
= 2w([o(u) — 0= ()]Byw, v) + 26([¢h(u) — ¢ (w)]dyw, v) — B{dg (u)yu, v*).
The first two terms on the right-hand side are estimated as

— 2w(, v) pmo — 2([oe(u) — 0c(w)]Oyw, Oyv)

wpf 1)
FHV’UH2 + guwni@ + ClVowwl[[[Voll[| 0]

N

IN

wﬁ ago 1)
5 IVol? + S0 ]” + -3 + ClIVOw]*A,

whereas the remaining terms, arguing exactly as in [36], are controlled by

w w
SA+ ?ﬁnwﬁ + 20wl + C (|10l + [ Vs ) A.

Hence, fixing w suitably small, we are led to the differential inequality
%A +wh < (|0l + IVauw]?)A.
The dissipation integrals (1)) and ([I0.6) allow us to apply Lemma B3] which yields
A(t) < CA(0)e™ .
This finishes the proof of ([IOT]). O

11. Estimate of the difference of trajectories. The aim of this section is to
compare the trajectories of S.(t) and Sy(t) originating from the same initial position
uy € H?, providing a quantitative estimate of their difference on finite time intervals as
e tends to zero. Given € € (0,1] and z = (ug, vo, 7o), we denote

Ss (t)z = (u(t)v 8tu(t)a 77t) and SO (t) (u07 Oa O) = (ﬁ(t)a 0’ 0)

THEOREM 11.1. Let a < 1/4 be fixed. Then, for all ¢ € (0,1] and z = (ug,vo,n0) € HL,
with 1y € dom(7%) satisfying

21132 + el Tenollme < R,

the following estimates hold:

IVu(t) - Va(b)] < Q(R)e2 e, (1L.1)
ellou®]? + I By < QR)[e™¥ +¢], (11.2)

for some p > 0.
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REMARK 11.2. For further scopes, we define the operator IT : H? — H{ as
(uo, vo,m0) = (u0,0,0).
Then, setting any ¢* > 0, and collecting (ITI)—({IT2]), we obtain the estimate
1S=(£)2 — So ()220 < Q(R)e% e, vt > ¢*. (11.3)

We first note that, in light of Remark [7.3] inequalities (ITI))-(IT2]) need to be proved
only when ¢ is close to zero. Accordingly, we assume without loss of generality £ € (0, &),
with €9 as in (56). Let then z fulfill the assumptions of the theorem. Until the end of
the section, the generic constant C' > 0 may depend (increasingly) on R.

The proof of Theorem [I1.] will be carried out through several lemmas, where, on
account of Lemma [R5l we will exploit the uniform bounds

1A + [|[Aull + VE [VOrull + [Inflam: < C,
which, in particular, imply
16" (@)l L + ¢" (W)l + 116" (W)L + [loe(u)|[L~ < C.
LEMMA 11.3. We have the inequality
11340 < llmoll3eee™ 5 + Ce.

Proof. Multiplying the second equation of (6.3) by 1 in MY, and using (6.1]), we obtain

Sl + S liaee < 2190 / () V(s < —laay < 5l +C
An application of the Gronwall lemma completes the argument. O
LEMMA 11.4. There exists o > 0 such that

e|lBpu(t)|? < Ce™ V5 + Ce.

Proof. Setting v = dyu and & = 9;n, we differentiate ([6.3)) with respect to time. Noting
that ol = e¢”, this leads to

0w+ 00w +6" (W — 00— [ 9)A(5)ds + 5 (u)o =
0
8755 = Taf + 8{0.
For w € (0,00/2), we multiply the first equation by 9;v + “=v in H? and the second

one by ¢ in MY. Recalling (5.7) and (6.1)), we find

2w
A + THWH2 +0ol|dv]* + _”5”.%\/12

< —2e(¢" (u)v?, Ow) — 2B(¢' (u)v, Oyv) —

2w
-

where we set

A(t) = BIIVu®) 1 + el o)1 + 1€ e + 2wVE (Bro(t), v(t)).

2w

“F =), v) — 2VE (6" ()

(&' (u)v, v) — zf—";@,vmo
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It is clear that, if w is small enough,

S0 < BT + (@) ? + I < 240)

We now estimate the terms on the right-hand side of the differential inequality. Exploiting
1) and the fact that e||Vv|| < C, we have

—2¢(¢" (w)v?, yv) — 2B(¢' (u)v, dyv) < C|jv|[|0w]| < %Ilf?tv\l2 + C|lv|?
and

({oe(w)dpv, v) + (¢ (u)v?, v) + B¢/ (u)v, v))

QH¥

< %(Ilvllllatvll +el|Volllol* + [lo]1*)

C
< 20wl + Z [0l

Finally, provided that w is small enough,
2w 0 2 wp 2
-== < — = .
NG (& vhame < o llElle + Wz Vol
Collecting the estimates above, we are led to the inequality
d 0 C
—A+ =A< v 11.4
GhE A< Tl (114
for some ¢ > 0. In light of the integral control for |[v[|? given by (ZII), the Gronwall
lemma yields

ellduul®)|? < 2A(t) < ge*% + % (11.5)
Indeed,

C
A0) < 2(8[Vwoll” + el 2 + 19:n° o) < -
The last inequality follows at once by the assumptions on z = (ug, vo, 10 ), observing that
the initial values of Oy u and 7 are read from (G3)) at ¢ = 0, namely,

€0y u(0) = —0oc(uo)vo + BAu — Bé(uo) +/ pe(8) Ao (s)ds
0
and
m” = Teno + vo.

Then, multiplying the first equation of [6.3) by d;u in H, in view of (5.7]), we have

oo|0wul|? < B{Aw, Oyu) — B(p(u), dyu) — (Dypu, Oy —|—/ e (8)(An(s), du)ds.

0
The right-hand side is controlled by
o
Cllowull + ellOuull|Opul| < 70||3tu||2 + O 9pu)* + C.

Therefore,
l0pu||? < Ce?||Ogeul* + C.
The desired result follows from ([T.3H). O
A crucial step is a suitable estimate of the norm of O u.
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LEMMA 11.5. Let a < 1/4 be fixed. Then,
|0 u(t)|* < CVe,
whenever t > 2¢2¢,

Proof. With the notation of the preceding lemma, we first observe that (cf. (ILH))

Alt) < ¢

= g2
and

lo@)] = Bu(®)| < C, vt >
Thus, for t > 2%, the differential inequality (L)) turns into

and the Gronwall lemma entails

_o(t—e29) C C _et—<2%) C
A SAE)e VT + =< GeT 4+ —

Consequently, if ¢ > 2¢22,

52||8ttu(t)||2 < 2eA(t) <

as a < 1/4. O
The next result provides the proof of (II]).

LEMMA 11.6. The inequality
[Vu(t) — Va(t)|| < CeCle®
holds for every fixed a < 1/4.

Proof. Let a < 1/4 be given. The difference u(t) = u(t) — 4(t) solves the parabolic
problem

B0~ 88T = [ (s)n(s)ds — 0~ Blo(w) - 6(a)] — ¢/ ()01,
a(0) = 0. '
Assume first that ¢ > 2¢2%. The product by d;u in H entails the equality
L BIval? + 20l
= —2(n, 0yu) po — 2(Duu, Optt) — 2B(¢(u) — d(a), Optt) — 2e(¢’ (u) Oy, D).
The memory term on the right-hand side is easily estimated by Lemma as
20, 04i) e < O Vsl [nll e < VEIVOE]® + CVE.
Using Lemma [ITT.5 we deduce that
—26(0u, Opt) < C?||0ul® + Bllosu|* < Cve + B0l
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Since ¢||dyul|? < C, we have
—2B(¢(u) — ¢(u), Opu) — 2(¢' (u)dyu, Opu) < C([|ul| + el|Dpul|) | Opull
< C||Val® + Ce + B|dyal*.
In conclusion, we obtain
d o2 112
il <
@ val? < C|valP +g,

where we set

Ve

g(t) = FHVﬁta(t)Hz NN

From Corollary B.6]
/t VOsu(r)||2dr < C(1+t).
Therefore, for every ¢t > 229, tohe Gronwall lemma gives
IVa@)|* < Ce* (IIVa(2e*)|? + ve ).

On the other hand, if t < 2¢2?, we have
t 2 1
IVa()|? < (/ IVoya(r)dr) < 252‘1/ IVoa(r)|’dr < Ce>.
0 0

Thus, the sought inequality is verified for every ¢ > 0. (]

12. Robust exponential attractors. The main result concerning the asymptotic
properties of S.(t) is the existence of a family of exponential attractors &, which is
robust (in an appropriate sense) with respect to the singular limit ¢ — 0.

THEOREM 12.1. For every ¢ € [0,ep], there exists a compact set &, called exponen-
tial attractor, which is compact in H? and bounded in Z., and satisfies the following
properties:
(I) The fractal dimension of & in H? is uniformly bounded with respect to .
(IT) The set & attracts any bounded subset B C H? with an exponential rate which
is uniform with respect to €; namely, there exists £ > 0 (independent of € and of
the choice of B) such that

8100 (S=(0)B. £2) < Q([Bllus)e ™.
(ITI) There exists 7 > 0 such that
53_’&“ (&-,&) < CeT.
Moreover, &, is positively invariant for Sc(t); that is, Sc(¢)€: C E-.

This theorem is proved combining the abstract theorems of [6, [I4]. Indeed, in the
present model, we actually have to deal with a double singular limit (one on the velocity
and one on the memory component). To this end, we take the exponentially attracting
set BY of Theorem [[01] and we choose t* > 0 large enough such that

S. = S.(t*) : B: — B
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In view of the transitivity of the exponential attraction property provided by Lemma[I0.3]
we have the following result (see [0l 14]).

LEMMA 12.2. Assume that the following hold.
(H1) For some A € [0, 1) and for every 21,z € Bf, we have

Sez1 — Sezg = De(21, 22) + K (21, 22),
where
[De (21, 22) |20 < Al|21 — 2230,
[Ke(21,22)l|z. < Cllz1 — 22lp0-
(H2) For some a > 0, every t > t* and every z € B,
1< (t)z — So()I1z|30 < CeCe”.
(H3) For every t € [t*,2t*], the map
2 S:(t)z: B — B

is Lipschitz continuous in the topology of H?, with a Lipschitz constant indepen-
dent of ¢ € [t*,2t*] and of ¢.

(H4) For every ¢ € [0,9] and every z € B, the map
t— S:(t)z: [t7,2t"] — B

is %—Hélder continuous, with a Hoélder constant that may depend on &, but is
independent of z € B:. Again, B* is endowed with the topology of HY.
Then, the conclusions of Theorem [I2.1] hold true.

Proof of Theorem 21l In light of Proposition [@.J]and Remark conditions (H2)—
(H3) of Lemma [I2.2 are already proven, while (H4) is a direct consequence of the bounds
on the time-derivatives. Indeed, assume that 2t* > ¢; > to > t*. Then, appealing to
Corollary B.6, we obtain

ty
IVu(ty) — Va(ts)] < / IVosu(r)|dr < CVE —fa,

ta

while, if € > 0, we deduce from the proof of Lemma that
Ve [[0rulty) = dpu(ta)]l + [In" = 1" | pme < /tt1 Ve lldsu() || + 107 | pme] dr
C
Ve
Thus, exploiting (IT.2), it is possible to rewrite the latter estimate as
Ve |Owu(ty) — dult2) || + In"* =0 lpe < CVE —t2.

In summary, (H4) holds, even with a Holder constant independent of e. In order to
complete the proof of Theorem [[2.1] we are left to show the validity of (H1). To this

< (t1 —t2).
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aim, for z; € BY, we denote S.(t)z; = (u'(t),du’(t),n'), and we set

w(o) = L0 T )+ (- )

At this point, we exploit the decomposition devised in [I5], namely,

Ss(t)zl - Ss(t)ZQ = Cl(t) + C2(t)7

where
¢H(t) = (v(t), 0w(1), 0" and  CP(t) = (w(t), dw(t),€")
solve the problems
€0yv — AV — /oo pe(8) A (s)ds + oo (u)Opv + eVvdu? = 0,
oY =Tep + 3tv?
¢H0) = 21 — 22,
and
edyw — fAwW — /OO pe(8)AE(s)ds + oo (ul)Oyw + ePwdu? + Bo(ut) — Bo(u?) =0,
0§ =T:£ + dw, ’
¢?(0) =0.
Setting w € (0,00/2) small enough such that
SIC (e < AGE) = 6 (1) Beg + 2w(0(), 0(2)) < 201 D)l
and making (by now) standard calculations, we arrive at the differential inequality
9 A+ 28I + ool w0l + 2l
< —2e(VOuv, Oyv) — 2ew( Vo, v) — 2w(o. (ur)dw, v) — 2w(th, v) pmo-
We see that
—2e(WOuPv, Opv) — 26w (Tuv, v) < C||0u?||*A + %HV@HQ + %H(‘?ﬂ)“a
and, for w small enough,
205 ()94, ) — 2, v pay < DIV + T2 O + ol e
Thus, we obtain
%A + A < Clloa?|?A,
for some v > 0. From (7.I) and Lemma B3] we conclude that
16 () lg < gl = 22l
provided that we suitably enlarge t*. Similarly, knowing that, as ¢ € C3(R),
Ve < C,
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we have J
SN < CIC 1B, +ClIVut - V2P,
Using the Gronwall lemma, along with the continuous dependence estimate of Proposi-
tion @11 we end up with
13 (t) 2 < Cllzr — 22lp0.
Then, an application of Lemma yields
I3 (#)lz. < Cllz1 — 22[l900-

Therefore, condition (H1) with A = 1/4 follows by setting D.(z1,22) = ¢!(t*) and
KE(Z]_,ZQ) ZCQ(t*) (Il

13. Global attractors and convergence to equilibria. Theorem [I2.]] provides,
in particular, the existence of a compact attracting set. Therefore, from a classical result
in the theory of dynamical systems, we conclude that S.(t) has the global attractor (cf.
[2, 23, [40]).

THEOREM 13.1. For every e € [0,eq], the semigroup S.(t) possesses a global attractor
A. C &, whose fractal dimension is bounded, uniformly with respect to e.

REMARK 13.2. Due to the regularity of A., applying the same techniques as in [19}[24],
it is not hard to show the upper semicontinuity at € = 0 of the family {.A.}, namely,

lim 830 (Ac, Ag) = 0.

We now prove the existence of a Lyapunov functional for the semigroup S¢(¢). This
is a function L € C(H?, H?) satisfying the following properties:
(i) L(S:(t)z) < L(z), for every z € HY;
(i1) L(S:(t)z) = L(z) for every ¢ > 0 implies that z is a stationary point for S.(t).
REMARK 13.3. The set of stationary points of S¢(¢) is
S = {(uv*,0,0) : u* € S},

where S is the set of stationary points of (1) endowed with homogeneous Dirichlet
boundary conditions.
As in the proof of Lemma [[.2] we set

u
o) = [ o)y
0
PROPOSITION 13.4. For every ¢ € [0, 9],
L(z) = ||1z[30 +28(®(u), 1),
with 2 = (u,v,n) € H?, is a Lyapunov functional for S.(t).

Proof. Tt is clear that L € C(H?, H?). Besides, on account of (T.2)), L is nonincreasing
along the trajectories of S(t). This proves (i). In order to show (ii), we observe that,
again using (C2)), the equality L(S(t)z) = L(%z) for every ¢ > 0 implies that dyu(t) =0
and n* = 0. In which case, the first equation of (6.3]) reads

—Au + ¢p(u) = 0.
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Hence, S:(t)z = z for every t > 0. O

The existence of a Lyapunov function ensures that 4. coincides with the unstable
manifold of S (which, in particular, is compact and nonempty), and that the next result
holds (see [ 23]).

THEOREM 13.5. For every ¢ € [0,&0] and every z € H?,

lim [ inf 5. (t)z - Z*HHE} —0.

t—oo Lz
Thus, if € > 0,
Jim [[8u(0)]] + 17 se] = 0. (13.1)

Rephrasing the theorem, the w-limit set of 2 belongs to S, for every z € H?. In fact,
setting ¢ = limy_, o0 L(S:(t)2), it easily follows that

w(z) CS, ={z*€S:L(z") =1}
In particular, we have

COROLLARY 13.6. If S, is discrete, there is z* € S, such that S.(t)z — z* in H? as
t — o0.

On the other hand, in dimension two, S, can be a continuum (e.g., if ® is a double-
well potential [25]). Hence, the convergence of a given trajectory to a single equilibrium
cannot be predicted, and it is false in general. Nonetheless, if ¢ is real analytic, there is a
well-known tool which can be used in order to guarantee the convergence of trajectories to
single stationary states: the Lojasiewicz-Simon inequality. If we consider the functional
E: H' — R, defined by

Bu) = L[Vull* + (), 1),

we have the following version of the Lojasiewicz-Simon inequality, devised by Haraux
and Jendoubi [26].

THEOREM 13.7. Let ¢ be real analytic, and let u* € S. Then, there exist § = 8(u*) > 0
and ¢ = ¢(u*) > 0 such that

[B(u) = B@)| 7% < | Au — ¢(u) |11,
whenever u € H! fulfills ||Vu — Vu*| <.
Thanks to this inequality, we can state and prove

THEOREM 13.8. Let ¢ be real analytic. For every fixed € € [0, o] and every fixed z € HY,
there exists z* = (u*,0,0) € S such that w(z) = {z*}. Moreover,

. c
1S(t)z — 2" [lne < 0 (13.2)
for some 6§ = 0(u*) > 0 and ¢ = ¢(e, z) > 0.

We will restrict to € € (0,e0]. The (easier) case € = 0, besides having been treated
by many authors (cf. [41] and references therein), can be easily recovered with minor
changes in the proof by setting e = 0. We begin with a weaker result.
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LEMMA 13.9. The conclusion of Theorem [[3.8 holds, with (I3:2]) replaced by the weaker
estimate
c
lut) =]l < -

Proof. Let z* = (u*,0,0) € w(z). In this proof, ¢ > 0 will denote a generic constant,
which may depend on e and z. In order to show that w(z) = {2*}, we follow the strategy
of [26] (see also [0, [12]). We introduce the functional

(1) = 2B[E(u(t)) — E(u)] + €| 0eu)||* + 0" Fae — 2we(Au(t) — ¢(u(t)), du(t)) -1,
for w € (0,00/2) to be chosen later, which fulfills the inequality

d )
ST+ a0 Quull? + = Inlfaen + 281 A — 9() 3+

< 2we(Opu, ¢ (u)Opu) -1 + 2w(0e (u)Opu, Au — G(u)) -1 + 2w(n, Au — ¢(u)) 1
Thanks to Lemma[7.2] provided that we fix w small enough, the terms on the right-hand

side are estimated by

2we (B, ¢ (1)) g1 < %H@tuHQ,
(o (), S () - < T 0wl + 2 A — 9(u) .

1) wp
2w(n, Au — ¢(u)) -1 < %Hnl\%g + 5 1A= $(u)|[ -1

Therefore, we obtain
d 2
ST+ po (Il + Inllaeg + 18w — 6(u)l5-+)* <0, (133)
for some pg > 0. In particular, T is a decreasing function, and so it has a limit (possibly

not finite) when ¢ — co. On the other hand, since 2* € w(z), we know that
lim Sc(t,)z = 2%,
n—oo

for some t¢,, — co. In turn,

lim I'(¢) = lim T'(¢,) =0.

t—o00 n—00

We conclude that T'(t) > 0. We now choose 0 and ¢ as in Theorem [[3.7 For ¢ large
enough such that |9;u(t)|| <1 and [|n*||xe < 1, from the very definition of T', we have

P75 < o(|B(w) = B@)| 75 + 0l + Inllae + 180 = 6]l ).
Besides, there is m = m(s) € N such that
(IVu(t,) — Vu*|| <, Yn > m,

and the inequalities [|0yu(t)|| < 1 and |[n*||x0 < 1 are satisfied for all ¢ > t,,. Defining
then, for every n > m,

tr=sup{t >t,: [|[Vu(r) — Vu*|| <, V7 € [ty, 1]},
we can apply Theorem [[3.7] thus obtaining, for every n > m,
BETS
rier < (|0l + [nllme + 1Au = ¢(u)lg-1), Yt E [tn, 1), (13.4)
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for some ¢ independent of n. Combining (I33)-([I34), we deduce that

d 1+26) d
18 < —cF‘fi—ﬁ)EF = —%ED&), (13.5)

for all t € [t,,t}) and every n > m. On the other hand, since I'(¢) — 0 as ¢t — oo, an
integration of (I3.0) yields

t;
lim. /t 18su(r)|ldr = o.

The next step is to show that ¢7 = oo for some n. If not,

+*

Jim (i) =) < i (Ju(t) =)+ [ o)) <o,

n

But the existence of the global attractor implies that u(t}) is precompact in H'. As a
consequence, u(tX) — u* in H', which contradicts the definition of ¢%. Thus, t = oo for
some n, and so dyu € L(t,,00; HY). This fact, together with the convergence u(t,) — u*,
imply that u(t) — u* in H° as t — oo. Recalling (I3.0)), this proves that w(z) = {z*}.

Finally, from (I33) and (I34),

%F+plr—2’fi§3) <0, V>t

for some p; > 0. Hence,

C
F(t) = #1426

Yt >t
which, by integrating ([I3.3]), entails

c

G V>t

u(t) —u*| < /t°° | Opu(T)||dr <

Clearly, the inequality holds for every ¢ > 0. |
Proof of Theorem [I3.8 In order to prove (I3.2)), we use the trajectory decomposition
of Section 10, namely,

Se(t)z = SE(1)z + S2(1)2 = (v(0), (1), 1) + (w(t), Druw(t), €.
Then, in view of [I0.1), we are left to prove that
IVw(t) — Vur]| + Ve o) + 1€ me < t% (13.6)
Setting w* = w — u*, we define
2(t) = BIVw* () + el drw@®* + 1€ 30 + 2we(w* (1), rw(t)),

with w € (0, 0¢/2) small enough such that

%H(w*(t),@tw(t)’it)llig < E(t) < 2/(w* (1), dew(t), €)I340-
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Multiplying the first equation of ([I0.4) by d;w + ww* in H® and the second one by ¢ in
MY, we are led to

92 4 2081w + aollg]” + 2 el
< =28{(p(w) — Pp(u*), Orw) + 2w B(v, Opw) — 2w (o (w)Jyw, w*)
= 2w(&, wh) pme — 2wB(P(w) — P(u), w*) + 2ww (v, w*).
Exploiting (I0.2)), the right-hand side is estimated by standard computations, yielding

d_ — 9 9 c
= TS s clwrl” + lvl%) < 5,

for some ps > 0, where the last inequality follows from the obvious estimate
lw*[|* < 2flu — u*||* + 2]jv]]?,

along with (I0I) and Lemma The Gronwall lemma entails the desired conclusion.
(]

14. Conclusion: Proofs of the main results. Theorem [6.3] along with Corol-
lary [6.2] ensure the existence and uniqueness of a solution to (5). In turn, Proposi-
tion [£.3] provides the existence of a solution to (L4]), whose uniqueness is established by
Proposition This completes the proof of Proposition and Proposition 3.4l In
particular, we find the relationship

Ue(t)uo = PS:(t)(uo, —¢(uo), uo),
where, here and in the sequel, P: H? — H', defined as
P(an Vo, 770) = Uo,

is the projection of H? onto its first component H*.

Proof of Theorem BEL The idea is to make use of the estimate (III) provided by
Theorem [[T.I] Unfortunately, this cannot be done directly, since ug does not belong to
dom(7;) (unless it is zero). This obstacle can be circumvented as follows: if ||Aug|| < R,
by Theorem [[T.] we learn that

IVPS. (£) (o, (1), 0) — VUp(t)uol| < QT + R)z". (14.1)
Then, we observe that
PS. (1) (uo, —¢(uo), uo) = PSL (t) (o, —(uo),0),
where we set .
f(t) = h(t/e)Aug, with h(t) = /t w(s)ds.

Indeed, by means of ([6.2), the third component n' of S.(t)(ug, —d(ug), up) reads

- 0, 0<s<t,
n'(s) = 17'(s) +{
ug, S$>t,
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where 7' is the mild solution to the Cauchy problem
Ot = Tenf' + Opu(t), t>0,
{ﬁo =0.
Accordingly, . .
[ near s = [ uts)ait(s)ds+ o).
which proves the clai?n. At this point, we c(;n apply Proposition [0.1] so obtaining
IVES. (£) (0, — (o), 0) — VU (t)uo (14.2)

< |IS(8) (w0, =6 (o), 0) — S (t) (w0, —p(uo), 0)ll3c

< Q(t+R)(/Ot[h(T/5)]2dT)%
< O(T + R)v=.

Collecting (I41]) and ([IZ2]), we are done. O
Proof of Theorem B.6l Due to Proposition [Z1] the set B! = Use[o,so] PBY is bounded

in H'. Moreover, given a bounded set B C H', we have
U.(t)B =PS.(t)B c PB? c B',
for every ¢ > to(|[Bllx0) = to(||Bll:), where
B = {(uo, —¢(uo),uo) : uo € B}
The desired BY is obtained by setting
BY = Ute[O,tl] U:(t)B,

with t; = to(||B'||z1). By Lemma [7.2] BY is bounded in H*. O
Proof of Theorem B.1l Define K. = PE.. Then, K, is compact in H! and bounded in
H?. Besides, thanks to point (I) of Theorem I2.1]

dimfrac(lca§ Hl) S dimfrac (56; 7‘12) S C.

Let now B C H' be a bounded set. Setting B as in the previous proof, and appealing to
point (IT) of Theorem [[2.1] we have

O (U-(1)B, Ke) = 81 (PS:(t)B, PE:)
< Oy (S=(1)B, E2)
< Q([IBll30)e™"*
= QB s )e"".
Finally, exploiting point (III), we learn that
O (Ko, Ko) = 651" (PE, PE) < 531;1(55,50) < Ce”,

which completes the proof. O
Proofs of Theorem B.8 and Theorem B.10. Apply Theorem and Theorem [I3.8 to
the vectors z = (ug, —¢(ug), uo)- O
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