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We consider two classes of quantum generalisations of Random Access Code (RAC) and study
the bounds for probabilities of success for such tasksa. It provides a useful framework for the
study of certain information processing tasks with constrained resources. The first class is based
on a random access code with quantum inputs and output known as the No-Signalling Quantum
RAC (NS-QRAC) box [A. Grudka et al., Phys. Rev. A 92, 052312 (2015)], where unbounded
entanglement and constrained classical communication are allowed. We show that it can be seen
as quantum teleportation with constrained classical communication and provide a lower quantum
bound for the success probability. We consider two modifications to the NS-QRAC scenario: The
first, where unbounded entanglement and constrained quantum communication is allowed and the
second, where bounded entanglement and unconstrained classical communication is allowed. We find
a monogamy relation for the transmission fidelities, which — in contrast to the usual communication
schemes — involves multiple senders and a single receiver. We provide an upper bounds for the
latter and a lower one for the former. The second class is based on a RAC with a quantum channel
and shared entanglement [A. Tavakoli et al., PRX Quantum 2, 040357 (2021)]. We study the set
of tasks where two inputs made of two digits of d-base are encoded over a qudit and a maximally
entangled state. We show that such tasks can be seen as quantum dense-coding with constrained
quantum communication and explicit protocols, which give lower quantum bounds for the tasks’
efficiency, in dimensions d = 2, 3, 4. The employed encoding utilises Gray codes.

I. INTRODUCTION

Quantum information processing protocols offer an un-
precedented advantage over classical schemes [2] provid-
ing new resources for computation, communication or
cryptography [3]. Central to the study quantum com-
munication is the characterisation of possible protocols
based on signalling and non-signalling resources and clas-
sical and quantum resources, such as in teleportation [4]
and dense-coding [5], that allow for some quantum ad-
vantage.

However, in practical scenarios, one may face some
constraints such as a limited amount of available re-
sources (quantum or classical) that restrict the possi-
ble communication tasks that can be performed perfectly
[6, 7]. This is due to the Holevo bound, which says that
one cannot faithfully encode more than m bits of infor-
mation on m qubits. Quantum Random Access Codes
(QRACs) [8, 9] circumvent this by allowing imperfect
fidelity in return for the possibility to encode more infor-
mation.

a The published version of this work can be found in [1]

QRACs, a generalisation of classical Random Access
Codes (RACs), date back to 1983 (then named ‘conju-
gate coding’) [8], and have many practical applications
including network coding and cryptography. In QRACs
one party encodes a string of bits on a quantum sys-
tem sent to a second party who wishes to decode a sub-
set of the string. QRACs have been extensively studied
[10–14]. In particular, it plays a key role in formulat-
ing the principle of information causality [15]. Another
well-known generalisation of RAC, called Entanglement
Assisted RAC (EA-RAC) [16], studies encoding informa-
tion over entanglement-assisted classical channels.
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FIG. 1. Instances of RACs in the quantum regime.
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In this work we study the generalisations of RACs in
the quantum regime, which go, broadly speaking, in two
main directions: 1) RACs seen as constrained telepor-
tation, where Alice wishes to teleport to Bob one of two
quantum states unknown using constrained teleportation
resources and 2) RACs seen as constrained dense-coding,
where Alice wishes to dense code one of two classical
strings unknown to Bob using constrained dense-coding
resources.

Different generalisations of RAC in the quantum
regime can be understood with the help of the general
setup presented in Figure 1. Alice encodes multiple states
ρi into a message m with the aid of some no-signalling
resources. Bob wishes to decode ρc, given his choice c.
The following scenarios may be considered:

1. The inputs/outputs ρi, ρc are classical or quantum.
2. The message m sent is classical or quantum.
3. The parties share no-signalling resources, such as

shared randomness or entanglement.
4. The channel has (un)constrained capacity.
5. The no-signalling resource is (un)bounded.

The above options are classified in Table I.

Scenario Inputs Channel No-signalling Outputs
1 RAC Cl Cl SR Cl
2 QRAC Cl Q SR Cl
3 EA-RAC Cl Cl Ent. Cl
4 QRAC-SE Cl Q Ent. Cl
5 NS-QRAC Q Con. Cl Unb NS Q
6 NS-QRAC Q Con. Cl Unb Ent. Q
7 NS-QRAC Q Con. Q Unb Ent. Q
8 CNS-QRAC Q UnC. Cl B Ent. Q

TABLE I. Quantum generalisations of RACs. Here Cl stands
for classical, Q for quantum, Con. stands for Constrained,
UnCon. stands for Unconstrained, SR stands for Shared
Randomness and Ent. stands for entanglement, NS for No-
Signalling resources Unb for Unbounded and B for Bounded.

One class of quantum generalisations of RACs uses
quantum resources for the transmission of classical in-
formation. Such quantum variations of RAC include
three broad categories: 1) The communication channel is
quantum and the parties share randomness — Quantum
Random Access Codes with Shared Randomness (QRAC-
SR) [17] (Row 2 of Table (I)), 2) the channel is classical
and the parties share entanglement — Entanglement As-
sisted Random Access Codes (EA-RAC) [16] (Row 3 of
Table (I)), and 3) the channel is quantum and the par-
ties share entanglement [18] — which we will refer to as
Quantum Random Access Codes with Shared Entangle-
ment (QRAC-SE) (Row 4 of Table (I)). In Section III
B of [18] quantum upper bounds for the probability of
success were studied for a low number of inputs. In this

work we study lower quantum bounds for QRAC-SE for
higher number of inputs, which we will also employ for
our modification of the NS-QRAC scenario.

Another class of quantum generalisation of RAC con-
cerns the transmission of quantum states, rather than
classical bits, where the inputs itself are quantum, which
has been dubbed No-Signalling Quantum Random Ac-
cess Code (NS-QRAC) [19] (Row 5 of Table I). The
authors of [19] considered a restricted classical chan-
nel and unbounded no-signalling resources and showed
that it can be realised perfectly using PR boxes [20].
In this work, we establish a lower bound for the prob-
ability of success of NS-QRAC with unbounded entan-
glement resources (Row 6 of Table (I)). Then, we anal-
yse two modifications to the NS-QRAC scenario. First,
we consider a quantum channel instead of the classical
one shared between the two parties (Row 7 of Table (I))
and, second, we consider a constrained entanglement sce-
nario with unbounded classical communication, which we
call Constrained-No-Signalling Quantum Random Access
Code (CNS-QRAC). The latter (Row 8 of Table (I)) has
not been considered in the literature before.

Therefore, in this work we provide lower quantum
bounds for the probability of success of two different
classes of QRACs. We show that the considered tasks
are operationally equivalent to scenarios with constrained
resources.

A. Summary of the results

In Sec. II we consider, as a warm-up, the task of quan-
tum teleportation with constrained classical resources.
We show, using the notion of generalised Bell states, that
the maximal fidelity of a teleported state equals k/d2,
where d is the Hilbert space dimension and k ≤ d2 is the
number of bits of classical communication transmitted by
Alice to Bob.

Sec. III concerns the NS-QRAC scenario as presented
in [19], in which Bob aims at reproducing at his output
one of the two qubits possessed by Alice. In doing so, Bob
is equipped with two bits of classical communication re-
ceived from Alice, as well as two maximally entangled
pairs. We show that this problem can be seen as a con-
strained teleportation task. We provide a quantum lower
bound, PQM

succ ≤ 5
8 , for the success of such a task for the

qubit case.
In Sec. IV, we introduce and study the QRAC-SE

setup introduced in [18]. It concerns the classical infor-
mation to be encoded and decoded (like in the classical
RAC) while using both a quantum channel as well as
a shared entanglement resource. The QRAC-SE brings
together QRAC, which uses a quantum channel but no
entanglement [17], and EA-RAC which involves entangle-
ment but employs a classical channel [16]. We show that
this problem can be seen as a constrained dense-coding
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protocol, which is dual to the constrained quantum tele-
portation considered in the previous sections. Namely,
here the parties have more classical input than they can
send perfectly using qudit dense-coding [21]. We pro-
vide and analyse the efficiency of such protocols which
can be quantified in two ways by calculating 1) the min-
imum probability of success of decoding either of two
strings, each of which consists of two digits of base d
or, 2) the average probability of success of the protocol
(over all possible strings). We show that in the qubit
case both these measures coincide. The encoding by Al-
ice utilises the roots of the generalised Pauli matrices, as
well as Gray codes [22] and its non-Boolean generalisa-
tions [23, 24], which is an example of a single distance
code. We also present an analysis for higher dimensions,
d = 3, 4 and show that the two measures of efficiency
differ (in contrast to d = 2) — the interpretation of this
fact is also discussed. Doriguello et al. [25] have studied
RAC variations extended to Boolean functions denoted
by the prefix f−, including f−QRAC and f−EA-RAC.
We show a proof of concept of extending QRAC-SE to
encode Boolean functions of initial classical information
called f−QRAC-SE.

In Sec. V we revisit and provide a modification for the
NS-QRAC scenario as presented in [19], in which Bob
aims at reproducing at his output one of the two qubits
possessed by Alice. In doing so, Bob is equipped with
one qubit received from Alice, as well as three maximally
entangled pairs. This modification is in some sense a
truly quantum RAC problem since the information to be
encoded as well as the channel shared by the parties is
quantum. We show that the quantum lower bound for
the success of such a task coincides with that of QRAC-
SE studies in Sec. IV (PQM

succ ≈ 0.728), which is a better
bound than the one obtained in scenario in Sec. III.

Finally, in Sec VI, we consider a second modification of
the NS-QRAC scenario from [19]. We study constrained
no-signalling resources while allowing unbounded classi-
cal information to be sent from Alice to Bob — we call
these Constrained-No-Signalling Quantum Random Ac-
cess Codes (CNS-QRAC). We provide an upper bound,
PQM

succ ≤ 3
4 , for the success of such a task for the qubit

case. We further generalise the protocol to the case of
N ≥ 2 inputs of d-level quantum systems and show that
PQM

succ(d,N) ≤ (N+d−1)/(dN). Furthermore, we discuss
an ‘asymmetric’ scenario in which the input quantum
systems are chosen randomly with probabilities {pi}Ni=1.
We present an algorithmic solution for this case using
constraints coming from entanglement monogamy by ex-
ploiting the framework of universal asymmetric quantum
cloning machines [26, 27]. However, as we describe later,
these monogamy relations are understood in a ‘reverse
order’ — with many senders and only one receiver.

We conclude, in Sec VII, with a discussion and open
questions related to the fidelity bounds for NS-QRACs
which are simulable via quantum interactions, and pos-
sible future studies of the QRAC-SE.

II. A CONSTRAINED TELEPORTATION
SCENARIO

In this section, we introduce the necessary notation
and, as a warm-up for our further considerations, we con-
sider a constrained quantum teleportation task, where
the parties share a classical channel with fewer inputs
than required for perfect teleportation [4].

Following [28] we start by introducing two parameters
describing channels and states — the singlet fraction (or
entanglement fidelity) F of a state and the fidelity of a
quantum channel Λ, called also the transmission fidelity
f . We shall use these parameters for describing the ef-
ficiency of the constrained teleportation and later in the
NS-QRAC game (Sec. VI). For an arbitrary bipartite
quantum state ρ the singlet fraction (entanglement fi-
delity ) [29] is its overlap with the maximally entangled
state |ψ+⟩ = 1√

d

∑
i |ii⟩:

F (ρ) = ⟨ψ+|ρ|ψ+⟩. (1)

Considering the local action of a channel Λ on half of
the maximally entangled state the parties create a state
ρΛ. The entanglement fidelity F (ρΛ) tells us how close
the input and the output states are. When one fixes the
channel Λ, the quantity F (ρΛ) is called the entanglement
fidelity of the channel Λ denoted as F (Λ). On the other
hand, we have also another quantity describing the qual-
ity of a channel transmission. For an arbitrary channel
Λ one can define the transmission fidelity f given as

f(Λ) =

∫
dϕ ⟨ϕ|Λ

(
|ϕ⟩⟨ϕ|

)
|ϕ⟩, (2)

where the integral is taken over all pure states distributed
uniformly with the Haar measure. Exploiting the prop-
erty of invariance of entanglement and transmission fi-
delity with respect to averaging over U ⊗ U∗, where U
is a unitary transformation and the star denotes com-
plex conjugation, one obtains the following dependence
for any channel Λ [28]:

f(Λ) =
F (Λ)d+ 1

d+ 1
, (3)

where d is the size of the Hilbert space that Λ acts on.
Now we are in a position to introduce the constrained

teleportation procedure. In the usual scenario for quan-
tum teleportation, as established in [4], see Figure 2, Al-
ice has access to all d2 measurements, and the telepor-
tation process is perfect — the entanglement fidelity F
equals to 1. In the constrained scenario, we assume that
Alice’s POVM (positive-operator valued measure) mea-
surements M (i)

DA on systems DA that have k ≤ d2 mea-
surement operators, satisfying the standard relations:

∀1 ≤ i ≤ k M
(i)
DA ≥ 0,

k∑
i=1

M
(i)
DA = 1DA, (4)
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FIG. 2. The schematic configuration for quantum teleporta-
tion task presented in the form of swapping of quantum corre-
lations (this picture will be useful for further considerations).
Two parties, Alice and Bob, share a d−dimensional maximally
entangled state ψ+

AB . In addition, Alice has two particles in
the maximally entangled state ψ+

CD. She wishes to swap the
correlations between BC and DC in the sense that at the end
the particles C and B should be maximally entangled like C
and D were before the protocol. The measure of her success
is the parameter F , called entanglement fidelity, calculated
for the joint state of the particles C and B after the protocol
(see the main text). To accomplish the task Alice applies a
joint measurement (consisting of operators M (i)

DA correspond-
ing to projections onto maximally entangled states) getting
an outcome ai, for 1 ≤ i ≤ d2, transmitted later by a classical
channel to Bob. To recover the state, Bob has to apply to
system B a unitary correction U

(i)
B , depending on the classi-

cal outcome ai. The entanglement fidelity F of the final state
of the particles C and B, in this case, is maximal and equals 1
which means that after the protocol Alice and Bob particles
are indeed maximally entangled as intended.

and we ask how well the parties can perform.
After Alice’s measurement M (i)

DA its outcome is com-
municated to Bob by a classical channel. Next, he
chooses unitary operation U

(i)
B depending on the trans-

mitted outcome obtaining the following unnormalized
shared state:

ϱ
(i)
BC = trAD

[
U

(i)
B M

(i)
DA(ψ

+
AB ⊗ ψ+

CD)U
(i)†
B

]
, (5)

where ψAB and ψCD are maximally entangled states, and
the final formula for the entanglement fidelity reads:

F ({M (i)
DA, U

(i)
B }) =

k∑
i=1

tr(ϱ
(i)
BCψ

+
BC). (6)

We would like to maximise each of the terms in the above
sum, each of which is smaller or equal than one, i.e. our
goal is to learn the following quantity:

Fmax = max
{M(i)

DA,U
(i)
B }

F ({M (i)
DA, U

(i)
B }). (7)

Proposition 1. In the constrained teleportation proto-
col, when the sender has k ≤ d2 measurement outcomes,
the maximal entanglement fidelity Fmax of the protocol
equals to

Fmax = max
{M(i)

DA,U
(i)
B }

F ({M (i)
DA, U

(i)
B }) = k

d2
. (8)

Proof. The proof is based on a straightforward calcula-
tion of the entanglement fidelity between the input and
the output state. The sender has access to k measure-
ment operators in the POVM, acting on systems DA,
satisfying equation (4). Then, denoting the teleporta-
tion channel from Alice to Bob by N , the entanglement
fidelity reads

F = tr[ψ+
CB(1C ⊗ND)ψ

+
CD]

=

k∑
i=1

tr[ψ+
CBU

(i)
B M

(i)
DA(ψ

+
CD ⊗ ψ+

AB)(U
(i)
B )†].

(9)

Now, applying the so called ‘ping-pong’ trick, which reads

(1A ⊗XB)ψ
+
AB = (Xt

A ⊗ 1B)ψ
+
AB , (10)

for an arbitrary operator X, with t denoting a transpo-
sition, we rewrite the second line of (9) as

F =

k∑
i=1

tr[ψ+
CBU

(i)
B (M

(i)
CB)

t(ψ+
CD ⊗ ψ+

AB)(U
(i)
B )†]

=

k∑
i=1

1

d2
tr[ψ+

CBU
(i)
B (M

(i)
CB)

t(U
(i)
B )†]

=

k∑
i=1

1

d2
tr[(U

(i)
B )†ψ+

CBU
(i)
B (M

(i)
CB)

t].

(11)

We are interested in the maximal value of the entangle-
ment fidelity F from (11), where the maximisation runs
over all possible sets of measurements {M (i)

CB}ki=1. To
do so it is enough to choose for every 1 ≤ i ≤ k − 1

unitary U
(i)
B to be one of the generating unitary for the

generalised Bell states. Indeed, to maximise (11) we
need to ensure that each term under the sum is equal
to 1/d2. Notice that each M

(i)
CB is bounded by the

identity operator and ψ+
CB are rank-1 projectors. Us-

ing this observation we conclude that their overlap is
bounded by 1/d2 already, and we must saturate the over-
laps. This can be done by defining the following mapping
(U

(i)
B )†ψ+

CBU
(i)
B 7→ ψ+

CB(i), where ψ+
CB(i) is the gener-

alised Bell state. Now to maximise the entanglement
fidelity, we choose the first k − 1 measurements (M

(i)
CB)

t

to exactly equal ψ+
CB(i), while the last one we take to be

(M
(k)
CB)

t = 1−
∑k−1
j=1 ψ

+
CB(j). Plugging the above to (11)

we get

Fmax =
1

d2

k−1∑
i=1

tr[ψ+
CB(i)]+

+
1

d2
tr

[
ψ+
CB(k)

(
1−

k−1∑
j=1

ψ+
CB(j)

)]
=
k − 1

d2
+

1

d2
=

k

d2
,

(12)

since for all 1 ≤ j ≤ k − 1 we have tr(ψ+
CB(k)ψ

+
CB(j)) =

0.
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III. RANDOM ACCESS CODE WITH
QUANTUM INPUTS AND OUTPUT

A. No-Signalling Quantum Random Code Boxes
(NS-QRAC)

The NS-QRAC was introduced in [19] as a quantum
version of the random access code, with qubits instead of
bits being encoded and randomly accessed. Consider two
space-like separated parties, Alice and Bob, who share
any No-Signalling resource, which may be quantum or
post-quantum, represented by the NS-QRAC Box. Alice
has two qubits ψ1, ψ2 at her disposal and communicates
to Bob two bits a = (a1, a2) of classical information. Bob,
using the received data aims at reproducing the qubit of
his choice ρx := ρx,b=a, with x ∈ {1, 2} parametrising his
decision1 — see Fig. 3

FIG. 3. (Left panel): In the classical RAC Bob aims at
reproducing at his output B one of Alice’s bits, a1 or a2,
given his choice x ∈ {1, 2} and a single bit a received from
Alice. (Right panel) In the quantum analogue Bob seeks to
reproduce at his output ρ one of Alice’s qubit, ψ1 or ψ2, of his
choice x ∈ {1, 2} given two bits of information a = (a1, a2)
from Alice and a NS-QRAC box[19].

In [19] it was shown that such a task can be perfectly
realised when the NS-QRAC box consists of two maxi-
mally entangled states as well as two no-signalling post-
quantum devices — the Popescu–Rohrlich (PR) boxes
[30]. This result relies on the fact that one can achieve
perfect RAC using PR–boxes [15, 31]. On the other hand,
it cannot be perfectly realised if Alice and Bob share
only quantum no-signalling resources, though the quan-
tum bound for the probability of success has not been
quantified so far [19].

We ask what is the probability of success in the sce-
nario where the NS-QRAC box consists only quantum
no-signalling resources (that is, entanglement) and Bob
is guessing one of two qubits (or, more generally, qudits),

1 In [19] Bob’s decision was encoded in a quantum input ωx. How-
ever, we are interested in studying the efficiency of quantum
information transmission from Alice to Bob, for which it is suf-
ficient to consider a classical 1-bit input x.

ψ1, ψ2. For fixed ψ1, ψ2 the probability of success is de-
fined as

PQM
succ =

1
2

(
F (ψ1, ρ1) + F (ψ2, ρ2)

)
, (13)

where F is the quantum fidelity [32].

B. A quantum lower bound NS-QRAC

Consider the generalised scenario (as compared to
[19]), in which Alice has two qudits and Bob has a choice
of which qudit to be teleported to him. Alice can send
at most 2 log(d) bits to Bob. Alice and Bob share a NS-
QRAC box consisting of two d-dimensional maximally
entangled states ψ+

Ã1B1
= ψ+

Ã2B2
= 1√

d

∑d
i |ii⟩.

Note that if Alice could communicate 4 log(d) bits,
rather than 2 log(d), then she could, using two shared
maximally entangled states, teleport to Bob both qudits
and hence Bob could perfectly recover the qudit of his
choice.

Therefore, this scenario can be seen as a teleportation
protocol with constrained communication channel, sim-
ilar to the warm-up problem considered in Sec. II. We

FIG. 4. The schematic description of the NS-QRAC scenario
with two parties with quantum no-signalling resources, i.e.
two d-dimensional maximally entangled states. In this sit-
uation Alice wishes to teleport either ψ1 or ψ2. Then Bob
chooses which state of these two he wants to recover by ap-
plying respective unitaries U (i,1)

B , U
(i,2)
B depending on classical

messages, indexed by i, sent by Alice.

are interested in the fidelity and we use an analogous
calculation to that in the Sec. II

If Bob has to output both qudits then one could
straightforwardly use the result from Proposition 1 when
considering the joint purified state ψ+

A′
1A1

⊗ ψ+
A′

2A2
, joint

POVM measurement operators MA1Ã1A2Ã2
i for i ∈

{1, ..., d2}, joint shared entanglement ψ+

Ã1B1
⊗ψ+

Ã2B2
and

joint corrective unitary UB1B2
i . The joint entanglement

fidelity of Bob having ψ1 and ψ2 from Proposition 1
would then be :

F =
d2

d4
=

1

d2
. (14)
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Note that the above result can be also achieved by con-
sidering product unitary correction UB of the form

UBi = UB1
i ⊗ UB2

i , i = 1, ..., d2, (15)

and classically correlated measurements on Alice’s side
of the form

M
(i)
A′

1A
′
2B1B2

=M
(i)
A′

1B1
⊗M

(i)
A′

2B2
. (16)

But Bob only needs to output one qudit of his choice
for the NS-QRAC problem, and we are interested in eval-
uating equation (13). Given that considering factorised
measurements of the form in equation (16) and factorised
unitary correction of the form in equation (15) was suf-
ficient to find the joint fidelity equation (14), we will
consider these for our scenario and one can show that
this is sufficient. Notice that this is equivalent to the
constrained teleportation protocol from section (II) per-
formed twice with a total of d2(< d4) inputs since Alice
can communicate 2 log(d) bits (or d2 inputs labelled by
i). If we assign k′ ≤ d2 inputs to teleportation of ψ1 and
if we assign (d2 − k′) ≤ d2 inputs to teleportation of ψ2

upon application of equation (12) we have:

PQM
succ

≥ 1

2

( k′∑
i=1

tr
[
ψ+
A′

1B1
U

(i)
B1
M

(i)

A1Ã1

(
ψ+
A′

1A1
⊗ ψ+

Ã1B1

)
U

(i),†
B1

]

+

d2∑
i=k′+1

tr
[
ψ+
A′

2B2
U

(i)
B2
M

(i)

A2Ã2

(
ψ+
A′

2A2
⊗ ψ+

Ã2B2

)
U

(i),†
B2

])

=
1

2

(
k′

d2
+

(d2 − k′)

d2

)
=

1

2
. (17)

Note that the value of k′ assigned to ψ1 does not matter
for the average success.

One can do slightly better by employing another strat-
egy with the same resources. In this case, Alice does the
standard teleportation measurements on her end to re-
ceive d4 inputs but sends the d2 inputs associated with
the first qudit. Then Bob’s guessing probability for the
first qudit would be 1 while guessing the second qudit
would be completely random with chance 1

d2 . The aver-
age success probability would then be:

1

2

(
1 +

1

d2

)
≤ PQM

succ. (18)

These results are not surprising considering here the
NS-QRAC box consists of two maximally entangled
states between Alice and Bob while in [19] it is shown that
the NS-QRAC box which consists of two PR-boxes and
two maximally entangled states can achieve Psucc = 1.
The presented protocol yields a lower bound for PQM

succ

given a fixed amount of shared entanglement (two maxi-
mally entangled states). It is not clear whether this pro-
tocol is optimal and whether the bound (18) can be im-
proved with the increase of the amount of shared entan-
glement (although intuitively the latter seems unlikely
given the difficulty of encoding d4 inputs into d2 inputs).

We will see in Sec. (V) that if one modifies the NS-
QRAC scenario so that Alice can send a quantum mes-
sage (a qudit) instead of a classical message (2 log(d) bits)
one can have an improvement of the bound from equa-
tion (18). To this end we will employ the QRAC-SEs,
defined and studied in the following section

IV. QUANTUM RANDOM ACCESS CODES
WITH SHARED ENTANGLEMENT

In previous sections, we studied the NS-QRAC, which
— as we have shown — can be seen as a constrained
quantum teleportation task. In this section, we consider
a complementary bipartite task – a constrained quantum
dense-coding task – and we frame this task as a QRAC
with shared entanglement (QRAC-SE).

The (Q)RAC problem in the literature is denoted by
n

p7→ m, where n bits are encoded over m (qu)bits, where
any bit may be decoded with the probability of success
at least p, which should be more than the trivial guess-
ing probability with no communication. The principle of
Information Causality [33] states that the number of bits
that can be perfectly decoded in an instance of QRAC
is at most m. Since we also allow for shared entangle-
ment one can send more bits perfectly (reminiscent to
dense-coding). The QRAC problem of the form n

p7→ 1
has been studied in detail [17] where p is required to be
greater than merely guessing, that is p > 0.5.

Given that we are interested in including shared entan-
glement into QRAC, the principle of Information Causal-
ity does not restrict us since we can utilise dense-coding,
and thus we may decode multiple bits simultaneously.
Therefore, we require a new general notation for QRAC-
SE when n digits of base d are encoded over m qudits
with d′ dimension and l shared-entanglement resources
of d′2 dimension, and where k digits of base d are de-
coded with probability at least p, presented as:

nd
p,kd7−−−→ (md′ , ld′), (19)

Now that the notation has been established, we present
the problems we consider which are special cases of the
above general form. Here digits of base d are a gener-
alisation to bits, that suit the task of dense-coding with
qudits.
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A. Problem Statement

We consider the class of problems where we have
two classical strings {a(0), a(1)} each made of two dig-
its of base d which Alice sends over a qudit to Bob
and both share the maximally entangled state |ψ+⟩ =
1√
d

∑d−1
i=0 |ii⟩. Given the choice bit c ∈ {0, 1} unknown

to Alice, Bob decodes a(c). We use the fact that two
digits of base d correspond to d2 inputs in the notation.
This class of problems is denoted by:

2d2
p,1d27−−−→ (1d, 1d). (20)

Alice Bob

|ψ+⟩
a(0)

a(1)

b = a(c)

1 Qudit

FIG. 5. Schematic diagram for QRAC-SE problem of the class

2d2
p,1

d27−−−→ (1d, 1d), a bipartite task within which Alice encodes
two strings {a(0), a(1)} (each consisting of two digits of base d)
over a qudit, which is part of the maximally entangled state
|ψ+⟩ shared by Alice and Bob. Alice then sends the qudit
and Bob performs a measurement on the entangled state to
decode a string a(c) of his choice c.

For the purpose of this paper, the states encoded by
Alice through applying local gates on the entangled state
are pure |ψe⟩ and the measurements by Bob correspond
to projectors associated with the pure states |ψd⟩. Each
string value, as well as the choice c, is considered to be
equally probable. The probability of success is then given
by:

P
(
b = a(c)

∣∣a(0), a(1), c) = |⟨ψd|ψe⟩|2. (21)

There are two measures of success which we consider.
We will see that they coincide for d = 2 but will be dif-
ferent for higher dimensions.The first measure concerns
the average success of the protocol over the choice c and
the strings a(0), a(1),

Pavg =
1

2d4

1∑
c=0

d2∑
a(0)=0

d2∑
a(1)=0

P (b = a(c)|a(0), a(1), c). (22)

The second measure of success is defined similarly to
the (Q)RAC problem, where any string may be decoded
with the probability of success at least p, more formally:

Pmin = min
c∈{0,1}

min
a(c)∈{0,...,d2}

P (b = a(c)|a(c)), (23)

where P (b = a(c)|a(c)) is given by

P (b = a(c)|a(c)) = 1

d2

d2∑
a(c̄)=0

P (b = a(c)|a(0), a(1), c),

(24)

such that a(c̄) is the string not chosen to be decoded.
For the task of 2d2

p,1d27−−−→ (1d, 1d), we want the
probabilities to be greater than the trivial strategy –
within which one would send one of the strings perfectly
using qudit dense-coding and simply guess the other.
The success for such a protocol would be Pmin = 1

d2 and
Pavg = 1

2

(
1 + 1

d2

)
.

B. Qudit Dense-Coding

Note that the class of problems: 2d
p,1d7−−→ (1d, 1d),

where two classical digits of base d are encoded over a
qudit part of a shared maximally entangled state |ψ+⟩
can be achieved perfectly due to the application of qu-
dit dense-coding protocol introduced by Liu, Long, Tong
and Li in [21].

The qudit dense-coding protocol employs the gener-
alised Pauli matrices which have the following action on
the vectors of the computational basis |k⟩:

X|k⟩ = |k ⊕ 1⟩,

Z|k⟩ = exp

(
2π i k

d

)
|k⟩,

(25)

such that Xd = 1 = Zd and encodes two digits of base d
or d2 inputs on the maximally entangled state as follows:

|ψ⟩ =
(
Xa(0)Za

(1)

⊗ 1
)
|ψ+⟩. (26)

Since the encoded states span an orthonormal basis of
size d2, both digits can be sent and decoded perfectly.

To tackle the difficult class of problems 2d2
p,1d27−−−→

(1d, 1d) we will be utilising fractional powers of the gen-
eralised Pauli matrices for Alice’s encoding.

C. The case d = 2

We are now ready to tackle the 2d2
p,1d27−−−→ (1d, 1d)

for d = 2, that is, the problem of encoding two 4-
dimensional strings a(0), a(1) (since we can write a 4-
dimensional string as two bits we have a(0) ≡ {a(0)0 , a

(0)
1 }

and a(1) ≡ {a(1)0 , a
(1)
1 } where a(i)j are bits), sent over a

qubit channel with a shared Bell state, where one of the
strings is decided by Bob to be decoded b = a(c) (or
{b0, b1} = {a(c)0 , a

(c)
1 }) given choice c. This is denoted by

24
p,147−−→ (12, 12). We will show that the probability of

success is Pmin = Pavg ≈ 0.73. One may also want to
decode any two of the four bits encoded over the same
qubit channel and shared Bell state. This problem is de-
noted by 42

p,227−−→ (12, 12). We now present an explicit
protocol which gives a lower bound for the probabilities
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Pmin = Pavg. This task (24
p,147−−→ (12, 12)) has also been

studied in [34] where they show the optimum success is
bounded above by 0.75.

Alice Bob

|ψ+⟩
{a(0)0 , a

(0)
1 }

{a(1)0 , a
(1)
1 }

{b0, b1} =

{a(c)0 , a
(c)
1 }1 Qubit

FIG. 6. Schematic diagram for d = 2 QRAC-SE problem
24

p,147−−−→ (12, 12), within which Alice encodes two strings of
dimension d2 = 4 (or two pairs of two bits {a(0)0 , a

(0)
1 } and

{a(1)0 , a
(1)
1 }) over a qubit part of a Bell pair |ψ+⟩, sends a qubit

to Bob and Bob decodes a string {a(c)0 , a
(c)
1 } of his choice c.

Our protocol relies on Alice’s encoding using roots of
the generalised Pauli matrices:

√
X and

√
Z. We in-

troduce the 4-dimension encoding strings e(2)0 and e
(2)
1

defined in Table (II). Notice that the encoding in e
(2)
i

follows Gray code ordering in {a(0)i , a
(1)
i }. One may re-

call that Gray codes are also used in QRAC 2
p=0.857−−−−→ 1

and this is desirable here since we wish to have a coding
such that the codes pertaining to each encoded bit are
close to each other in distance. While Gray codes are not
always available for higher-dimensional bases nonetheless
we will continue to use an encoding that employs maxi-
mum closeness for all encoded bits through a single dis-
tance code. It is important to note here that lexicograph-
ical codes always underperform the form of encoding we
provide here.

e
(2)
i {a(0)i , a

(1)
i }

0 {0,0}
1 {0,1}
2 {1,1}
3 {1,0}

TABLE II. The encoding scheme by Alice involves a map
between the two strings a(0) and a(1) and two encoding strings
e
(2)
0 and e

(2)
1 where the superscript on e denotes that we are

considering d = 2 case.

The encoding by Alice in terms of e(2)i is given by

|ψ
e
(2)
0 ,e

(2)
1
⟩ = (

√
X)e

(2)
0 (

√
Z)e

(2)
1 ⊗ 1 |ψ+⟩ , (27)

where X,Z are Pauli matrices such that X2 = Z2 =
1. The encoding may also be presented visually as in
Figure (7).

Bob measures using projectors spanned by the basis:

|ψb0,b1⟩ = (X(−1)cb0+
1−2c

4 Z(−1)cb1+
1−2c

4 ⊗ 1) |ψ+⟩ (28)

where b0, b1 ∈ {0, 1} are Bob’s guesses associated with
the relevant projectors. We visually represent these mea-
surements for the case c = 0 and c = 1 in figure (8). Note

e
(2)
1 →

e
(2)
0 ↓

00 01 11 10

00

01

11

10

X0.0Z0.0 X0.0Z0.5 X0.0Z1.0 X0.0Z1.5

X0.5Z0.0 X0.5Z0.5 X0.5Z1.0 X0.5Z1.5

X1.0Z0.0 X1.0Z0.5 X1.0Z1.0 X1.0Z1.5

X1.5Z0.0 X1.5Z0.5 X1.5Z1.0 X1.5Z1.5

FIG. 7. Visual representation of Alice’s encoding in terms of
the generalised Pauli matrices aiding Table (II) for d = 2

that Bob’s measurement basis for c = 0 and c = 1 have
minimum possible overlap.

e
(2)
1 →

e
(2)
0 ↓

00 01 11 10

00

01

11

10

X0.0Z0.0 X0.0Z0.5 X0.0Z1.0 X0.0Z1.5

X0.5Z0.0 X0.5Z0.5 X0.5Z1.0 X0.5Z1.5

X1.0Z0.0 X1.0Z0.5 X1.0Z1.0 X1.0Z1.5

X1.5Z0.0 X1.5Z0.5 X1.5Z1.0 X1.5Z1.5

e
(2)
1 →

e
(2)
0 ↓

0, 0 0, 1 1, 1 1, 0

0, 0

0, 1

1, 1

1, 0

X0.0Z0.0 X0.0Z0.5 X0.0Z1.0 X0.0Z1.5

X0.5Z0.0 X0.5Z0.5 X0.5Z1.0 X0.5Z1.5

X1.0Z0.0 X1.0Z0.5 X1.0Z1.0 X1.0Z1.5

X1.5Z0.0 X1.5Z0.5 X1.5Z1.0 X1.5Z1.5

FIG. 8. Visual representation of Bob’s decoding for choice
c = 0 (above) and c = 1 (below). The black dots correspond
to the projectors and thus four measurement outcomes and
the rectangular shaded region displays which encoded states
are associated with with measurement outcomes given by Eq.
(28)

Due to the symmetry between the cases c = 0 and
c = 1, as well as between the bits, each term is equal to

P (a
(c)
0 , a

(c)
1 ) = | ⟨ψ+|X±0.25Z±0.25 |ψ+⟩ |2,∀c, a(c)i (29)

and thus Pavg = Pmin =
(

1
2

(
1 + 1√

2

))2
≈ 0.73.

Note that at Bob’s end one may also recover {a(0)0 , a
(1)
1 },

with measurement (Xb0+
1
4Zb1−

1
4 ⊗1) |ψ+⟩ or {a(0)1 , a

(1)
0 },

with measurement (Xb0− 1
4Zb1+

1
4 ⊗ 1) |ψ+⟩. We utilise

this by considering the related problem of 42
p,227−−→
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(12, 12), which is harder than 24
p,147−−→ (12, 12). Here

we have four bits {a0, a1, a2, a3} (previously we had
{a(0)0 , a

(0)
1 , a

(1)
0 , a

(1)
1 }) and we wish to guess any two of

these four bits. If we use the same encoding we used
for 24

p,147−−→ (12, 12) we have Pa0,a1 = Pa2,a3 = Pa0,a3 =
Pa1,a2 ≈ 0.728. Since a0, a2, a1, a3 are encoded as rows
and columns, we choose to measure one of the bits as
determined by the above measurements and guess the
other to get Pa0,a2 = Pa1,a3 ≈ 0.364. Thus we have
Pavg ≈ 0.607 and Pmin ≈ 0.364. For the trivial strategy
let us say that one sends a0, a1 perfectly and guesses the
rest, then we have Pa0,a1 = 1, Pa0,a2 = Pa0,a3 = Pa1,a2 =
Pa1,a3 = 0.5, Pa2,a3 = 0.25 and thus Pavg ≈ 0.542 and
Pmin = 0.25.

D. QRAC-SE for Boolean functions

The problem of f−RAC and its variations (f−QRAC,
f−EARAC) were studied in [25], where instead of guess-
ing the n bits Alice has, the task is to encode Boolean
functions f : {0, 1}k → {0, 1} defined over k of n bits that
Alice has. We briefly discuss a proof of concept for gen-
eralising f−QRAC to study f−QRAC-SE. Consider the
f−QRAC 42

p,127−−→ (12, 12), where f : {0, 1}3 → {0, 1},
i.e. k = 3, gives us four new bits to encode. We
can use the same encoding and measurements as given
for 42

p,227−−→ (12, 12) to map the f−QRAC-SE prob-
lem of 42

p,127−−→ (12, 12) to the QRAC-SE problem of
42

p,127−−→ (12, 12) (which is simpler than 42
p,227−−→ (12, 12)

as well as 24
p,147−−→ (12, 12). Then we can guess any bit

with Pavg = Pmin ≈ 0.728.

E. Higher dimensions

We have considered some variations of the d = 2 case
for the class of problems 2d2

p,1d27−−−→ (1d, 1d), and now
discuss a generalisation for higher d. Upon exploring
higher dimensions solutions we observe that the encod-
ing becomes combinatorially difficult. The solutions do
not retain the same symmetry between c = 0, 1 lead-
ing to Pavg ̸= Pmin. Nonetheless, we present a method
that generalises the protocols described so far that would
help to find lower bounds (should they beat the trivial
strategy success probabilities) and then provide explicit
protocols2 for d = 3 and d = 4.

The protocol would involve Alice’s encoding using dth
roots of the generalised Pauli matrices: d

√
X and d

√
Z.

2 The probabilities are computed using Mathematica codes that
can be found at https://github.com/nitica/QRAC-SE

e
(d)
i {a(0)i , a

(1)
i }

0 {0, 0}
...

...
d− 1 {0, d− 1}
d {1, d}
...

...
2d− 1 {1, x}
2d {2, x}
...

...
d2 − d− 1 {d− 2, y}
d2 − d {d− 1, y}

...
...

d2 − 1 {d− 1, 0}

TABLE III. Table presents d2-dimensional strings e(d)0 and
e
(d)
1 . The proposed encoding scheme to be employed by Alice

for the general problem from equation (20) involves a map
between the two strings a(0) and a(1) and two encoding strings
e
(d)
0 and e

(d)
1 where the superscript on e denotes that we are

considering the general d dimensional case. We subsequently
provide explicit encoding for d = 3, 4

The goal is to encode two strings a(0), a(1), each of size
d2, which can be expressed instead as two strings con-
sisting of 2 digits of base d: a(i) ≡ {a(i)0 , a

(i)
1 } where

a
(i)
j ∈ {0, ..., d−1}. The incomplete step involves defining

the encoding through the map between d2-dimensional
strings e(d)0 , e

(d)
1 and a(0), a(1). We define this map par-

tially using a notion of single distance code in Table (III),
which resemble the Gray codes used for d = 2. The prob-
lem is to complete this encoding chart and provide ex-
plicit protocols and bounds. The encoding by Alice in
terms of e(d)i then is given by

|ψ
e
(d)
0 ,e

(d)
1

⟩ =
(
(

d
√
X)e

(d)
0 (

d
√
Z)e

(d)
1 ⊗ 1

)
|ψ+⟩ , (30)

where X,Z are Pauli matrices such that Xd = Zd = 1.
Bob measures using projectors spanned by the basis:

|ψb0,b1⟩ ≡ (X(−1)cb0+
1−c
2 − 1

2dZ(−1)cb1+
1−c
2 − 1

2d ⊗ 1) |ψ+⟩ ,
(31)

where b0 and b1 ∈ {0, . . . , d − 1} are Bob’s guesses as-
sociated with the relevant projectors. Apart from the
encoding by Alice the protocol is completely described.
We provide explicit encoding charts by Alice for d = 3
and d = 4 below.

1. The case d = 3.

The protocol relies on Alice’s encoding using cube root
of the generalised Pauli matrices: 3

√
X and 3

√
Z. We

https://github.com/nitica/QRAC-SE
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e
(3)
i {a(0)i , a

(1)
i }

0 {0,0}
1 {0,1}
2 {0,2}
3 {1,2}
4 {1,0}
5 {1,1}
6 {2,1}
7 {2,2}
8 {2,0}

e
(4)
i {a(0)i , a

(1)
i }

0 {0,0}
1 {0,1}
2 {0,2}
3 {0,3}
4 {1,3}
5 {1,0}
6 {1,1}
7 {1,2}
8 {2,2}
9 {2,3}
10 {2,0}
11 {2,1}
12 {3,1}
13 {3,2}
14 {3,3}
15 {3,0}

TABLE IV. Table presents the 9-dimensional strings e(3)0 and
e
(3)
1 (left) and the 16-dimensional strings e(4)0 and e(4)1 (right).

The encoding scheme by Alice involves a map between the
two strings a(0) and a(1) and two encoding strings e(d)0 and
e
(d)
1 where the superscript on e denotes the dimension d = 3

(left) and d = 4 (right)

introduce the 9-dimensional strings e(3)0 and e
(3)
1 defined

in Table (IV) (left).
The encoding by Alice in terms of e(3)i is given by

|ψ
e
(3)
0 ,e

(3)
1
⟩ =

(
(

3
√
X)e

(3)
0 (

3
√
Z)e

(3)
1 ⊗ 1

)
|ψ+⟩ , (32)

where X,Z are the generalised Pauli matrices given by
Eq. (25), which satisfy X3 = Z3 = 1.

For c = 0 Bob measures in the orthogonal basis
{b0, b1} ≡ (Xb0+

1
3Zb1+

1
3 ⊗ 1) |ψ+⟩, where b0 and b1 ∈

{0, 1, 2}, with the probability of success P (b = a(0)) ≈
0.582. For c = 1 Bob measures in the orthogonal ba-
sis {b0, b1} ≡ (X−b0− 1

6Z−b1− 1
6 ⊗ 1) |ψ+⟩, where b0 and

b1 ∈ {0, 1, 2}, with the probability of success P (b =
a(1)) ≈ 0.386.

2. The case d = 4.

Similarly as in the 3-dimensional case, the protocol
now bases on Alice’s encoding via fourth root of the gen-
eralised Pauli matrices: 4

√
X and 4

√
Z. We introduce

the 16-dimensional strings e(4)0 and e(4)1 defined as in Ta-
ble (IV) (right):

The encoding by Alice in terms of e(4)i is given by

|ψ
e
(4)
0 ,e

(4)
1
⟩ = ((

4
√
X)e

(4)
0 (

4
√
Z)e

(4)
1 ⊗ 1) |ψ+⟩ , (33)

where X,Z are given by Eq. (25) and X4 = Z4 = 1.
For c = 0 Bob measures in the orthogonal basis

{b0, b1} ≡ (Xb0+
3
8Zb1+

3
8 ⊗ 1) |ψ+⟩, where b0 and b1 ∈

{0, 1, 2, 3}, with the probability of success P (b = a(0)) ≈
0.629. For c = 1 Bob measures in the orthogonal ba-
sis {b0, b1} ≡ (X−b0− 1

8Z−b1− 1
8 ⊗ 1) |ψ+⟩, where b0 and

b1 ∈ {0, 1, 2, 3}, with the probability of success P (b =
a(1)) ≈ 0.261.

3. QRAC-SE summary

To summarise, for the class of problems 2d2
p,1d27−−−→

(1d, 1d) we found lower bounds for two different mea-
sures of success probability, through explicit protocols.
The results are summarised in Table (V).

d Pmin P trivial
min = 1

d2
Pavg P trivial

avg = 1
2
(1 + 1

d2
)

2 0.728 0.250 0.728 0.625
3 0.424 0.111 0.539 0.556
4 0.261 0.063 0.445 0.531

TABLE V. The lower bounds for probabilities (given by Eqs.

(23) and (22)) for the class of problems QRAC-SE 2d2
p,1

d27−−−→
(1d, 1d), for d = 2, 3, 4.

Note that for d = 2, the probabilities Pavg = Pmin co-
incide, but for higher d the trivial strategy performs bet-
ter for Pavg, while the provided protocols perform better
for Pmin. While Pavg measures how well does a protocol
perform overall, Pmin is more focused at minimising the
error. This explains the need for multiple measures of
success probabilities and in different situations different
success measures may be relevant.

We have also established some further lower bounds,
presented in Table (VI), for other variants with d = 2.

Pmin P trivial
min Pavg P trivial

avg

24
p,147−−−→ (12, 12) 0.728 0.250 0.728 0.625

42
p,227−−−→ (12, 12) 0.364 0.250 0.604 0.542

42
p,127−−−→ (12, 12) 0.728 0.5 0.728 0.75

42
p,12(f)7−−−−→ (12, 12) „ „ „ „

TABLE VI. The lower bounds for the success probabilities
quantifying some variations of QRAC -SE for d = 2, in-
cluding the proof of concept for f−QRAC-SE (referred to

as 42
p,12(f)7−−−−→ (12, 12)).

V. QUANTUM BOUND FOR NS-QRAC USING
QRAC-SE

Let us present a variation of the NS-QRAC discussed
in Sec. III. As previously, Alice and Bob share some
no-signalling resource and Alice has two qudits ψ1, ψ2 at
her disposal, but now Alice communicates to Bob one
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qudit ϕ instead of 2 log(d) bits. Bob, using the received
data aims at reproducing the qudit of his choice ρx, with
x ∈ {1, 2} parametrising his decision — see Figure (9).

One may regard this game as a ‘truly quantum’ NS-
QRAC scenario in the sense that we are now trying to
encode two qudits in one qudit — exactly as in the clas-
sical RAC, where we encode many bits in one bit of in-
formation.

FIG. 9. In the quantum analogue Bob seeks to reproduce
at his output ρ one of Alice’s qubit, ψ1 or ψ2, of his choice
x ∈ {1, 2} given one qubit of information ϕ from Alice and a
NS-QRAC box [19].

We consider the strategy when Alice and Bob share
three maximally entangled states through the NS-QRAC
box. Alice performs the usual teleportation measurement
with d4 outcomes and wishes to encode these for Bob. At
this point Alice and Bob share one maximally entangled
state, as well as one qudit channel from Alice to Bob. Al-
ice employs the QRAC-SE 2d2

p,1d27−−−→ (1d, 1d) from Sec. IV
to encode the d4-inputs, which is two strings of two dig-
its of base d. Bob decodes this information to guess ψx,
with his choice of x.

For the qubit case Bob can guess ψx with the fidelity
that coincide with that of 24

p,147−−→ (12, 12) QRAC-SE,
that is Psucc = 0.728, which is better than the trivial
strategy P trivial

avg > 0.625 (see Table V). Incidentally, the
latter is equal to the lower bound (18) for the NS-QRAC
with a classical communication channel. It is not clear,
whether such a strategy can offer an improvement for
higher d.

VI. A CONSTRAINED ENTANGLEMENT
SCENARIO

One may consider another modification to the NS-
QRAC scenario. Now, instead of constrained clas-
sical communication and unbounded entanglement re-
source, we can consider restricted entanglement of size
d × d and unconstrained classical communication. We
call this modification the CNS-QRAC (Constrained-No-
Signalling Quantum Random Access Code). In this con-
text we ask the question: Can we compute, or at least

find a reasonable upper bound, on the probability of suc-
cess (13)?

We show that this is indeed possible. We shall work in
a ‘distant-laboratories’ paradigm, which assumes no in-
teraction between the parties and only pre-shared quan-
tum correlations are allowed. We leave open the ques-
tion of optimal transmission via general quantum no-
signalling maps (see [35]), where interaction is allowed
but the no-signalling property is retained.

Consequently, the shared state together with the local
data of Alice and Bob can at most be subject to a prod-
uct of generalised measurements. This can be simulated
by a product of local unitaries (isometries), followed by
measurements. Finally, any shared mixed state can be
purified through an environment E that can always be
incorporated via some isometry for Alice or Bob. We
thus arrive at the following:

Observation 1. The quantum transmission of a CNS-
QRAC box in a distant-laboratories paradigm can be ef-
fectively simulated by the scenario with a shared quantum
state of dimension d× d dimension with local operations
and classical communication from Alice to Bob. In fact,
it is enough for parties to use pure states only.

The above observation shows that a CNS-QRAC box
can be viewed as a quantum channel with LOCC action.
This means that all properties of the box have to obey the
laws of quantum mechanics, in particular the monogamy
relations for entanglement. However, the ‘monogamy’ in
this picture has a slightly different meaning than com-
monly adopted, see Figure (10).

Having turned the CNS-QRAC into a monogamy rela-
tions problem, we can ask what is the maximal bipartite
entanglement which one can teleport from A′

1A
′
2 : A1A2

to A′
1A

′
2 : B, see Figure 11. The monogamy relations for

entanglement were intensively studied in the context of
universal quantum cloning machines [26, 27], and we shall
exploit these results here. We start by proving a result
concerning a bipartite scenario, as depicted in Figure 11.

A. The quantum bound for CNS-QRAC

We shall start this section with the following proposi-
tion:

Proposition 2. The probability of success PQM
succ in the

symmetric CNS-QRAC scenario with two d−dimensional
inputs ψ1, ψ2 satisfies the following bound:

PQM
succ ≤

d+ 1

2d
. (34)

In the particular case of qubits we have PQM
succ ≤ 3/4.

Proof. For simplicity, we shall first present the proof for
the case when the action CNS-QRAC comes from local
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FIG. 10. The usual quantum information scenario, where
the monogamy plays a key role is depicted in panel a) where
two spatially separated receivers are going to receive the same
quantum information. The present scenario, b), is different –
we can interpret it as a situation where two senders are going
to send different quantum information of a given dimension
d to a single receiver, the memory of which is restricted to
a single system of the dimension d. However, the senders
cooperate quantumly (their particles can interact quantumly)
and only one of them is supposed to succeed at a time, or –
in other words – only an alternative of the two successes is
required (which is depicted by the dashed contour of one of
the arrows). Despite significant differences, the monogamy
relation is known well to work in a) also bounds quantum
transmission in b). The open question remains whether the
latter bound can be saturated.

FIG. 11. The schematic description of multi-teleportation
scheme with an unconstrained classical channel. In this situ-
ation, two parties, Alice and Bob, share a d−dimensional pure
state ρÃB and Alice wishes to send to Bob one of the states
A′

1 or A′
2. Then Bob chooses which state of these two he

wants to recover by applying respective unitaries U (i,1)
B , U

(i,2)
B

depending on classical messages, indexed by i, sent by Alice.
This scheme can naturally be extended to N states on Alice’s
side. The presented scheme allows us to find an upper bound
on PQM

succ in the CNS-QRAC game in terms of monogamy re-
lations for entanglement.

operations on a shared maximally entangled state. Fi-
nally, we will show how the argument generalises for an
arbitrary shared quantum state. Consequently, for the
time being, let us assume that Alice and Bob share a

maximally entangled state ρÃB = |ψ+⟩⟨ψ+|ÃB , where
|ψ+

ÃB
⟩ = (1/

√
d)
∑d
i=1 |i⟩Ã|i⟩B . Alice wishes to send

one state, A1 or A2, to Bob (see figure 11). Using
the notation A := A1A2 and A′ := A′

1A
′
2, we write

ψ+
A′A = ψ+

A′
1A1

⊗ ψ+
A′

2A2
to simplify the notation. Our

goal is to estimate the entanglement fidelity F of the
whole process which, due to simulation argument from
Observation 1 and discussion below, is equal to PQM

succ, so:

PQM
succ =

1

2
(FA′

1B
+ FA′

2B
) (35)

=
1

2
(tr[ψ+

A′
1B
ρA′

1B
] + tr[ψ+

A′
2B
ρA′

2B
])

=
1

2

K∑
i=1

tr
[
ψ+
A′

1B
U

(i,1)
B M

(i)

AÃ

(
ψ+
A′A ⊗ ρÃB

)
U

(i,1)†
B

]
+

1

2

K∑
i=1

tr
[
ψ+
A′

2B
U

(i,2)
B M

(i)

AÃ

(
ψ+
A′A ⊗ ρÃB

)
U

(i,2)†
B

]
.

Here K as before is the index for the POVM element that
is communicated by Alice to Bob who then conditions the
choice of his local unitary using this. Since we have un-
bounded classical communication CNS-QRAC, K can be
arbitrary. For clarity let us focus on the first term in the
last line of (35), since the second one is analogous. Using
property (10) we can follow the same line of argumenta-
tion as in the proof of Proposition 1 getting

K∑
i=1

tr
[
ψ+
A′

1B
U

(i,1)
B M

(i)

AÃ

(
ψ+
A′A ⊗ ρÃB

)
U

(i,1)†
B

]
=

1

d3

K∑
i=1

tr
[
(U

(i,1)†
B ψ+

A′
1B
U

(i,1)
B )M

(i)t
A′B

]
=

1

d3

K∑
i=1

tr
[
ψ
+,(i)
A′

1B
M

(i)t
A′B

]
,

(36)

where ψ+,(i)
A′

1B
= U

(i,1)†
B ψ+

A′
1B
U

(i,1)
B , and t denotes transpo-

sition. Thus, we arrive at the following expression:

PQM
succ =

1

2d3

(
K∑
i=1

tr
[
ψ
+,(i)
A′

1B
M

(i)t
A′B

]
+

+

K∑
i=1

tr
[
ψ̃
+,(i)
A′

2B
M

(i)t
A′B

])
. (37)

Introducing tripartite states ρA
′B

i =
M

(i)t

A′B

tr(M
(i)t

A′B)
with the

factors αi = tr(M
(i)t
A′B) satisfying normalisation constrain
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i αi = d3, we rewrite equation (37) as follows:

PQM
succ =

1

2d3

K∑
i=1

αi

[
tr(ρA

′B
i ψ

+,(i)
A′

1B
) + tr(ρA

′B
i ψ̃

+,(i)
A′

2B
)
]

≤ 1

2d3

K∑
i=1

αi

[
Fmax(ρ

A′
1B

i ) + Fmax(ρ
A′

2B
i )

]
, (38)

where for j = 1, 2 we define

Fmax(ρ
A′

jB

i ) := max
ψ

+,(i)

A′
j
B

tr(ρ
A′

jB

i ψ
+,(i)
A′

jB
). (39)

Taking Fmax(ρ
A′

jB) = maxi Fmax(ρ
A′

jB

i ), for j = 1, 2, we
simplify expression (38) to

PQM
succ ≤

1

2

[
Fmax(ρ

A′
1B) + Fmax(ρ

A′
2B)
]
. (40)

It can be shown that for any tripartite quantum state
ρA

′
1A

′
2B the sum of the fidelities in the above formula

must be strictly smaller than two3. This is just a manifes-
tation of the famous quantum entanglement monogamy
phenomenon — the particle B cannot be maximally en-
tangled with A′

1 and A′
2 at the same time, or equivalently,

the two fidelities can not be equal to unity at the same
time. In the symmetric case, when all the entanglement
fidelities should be equal we can use the result from [27].
Namely, for a universal quantum cloning machine pro-
ducing N2 clones from N1 input states (N1 → N2) the
average fidelities of outputs are

f =
N1

N2
+

(N2 −N1)(N1 + 1)

N2(N1 + d)
. (41)

In our case we plug N1 = 1, N2 = 2 obtaining

fmax(ρ
A′

1B) = fmax(ρ
A′

2B) =
1

2
+

1

d+ 1
, (42)

so we produce the following equality

1

2

(
fmax(ρ

A′
1B) + fmax(ρ

A′
2B)
)
=

d+ 3

2(d+ 1)
. (43)

This, together with linear relation between the transmis-
sion fidelity f and the entanglement fidelity F from [28],

3 Let us consider a tripartite state ρABC with the respective
marginals ρAB , ρAC . Now assuming that the overlaps of the
marginals with respective maximally entangled sates are equal
1 means that ρAB and ρAC are maximally entangled and pure.
From this fact it follows that the state ρAB is product with the
system C. The same argumentation holds for the state ρAC .
The latter however, contradicts that there is no entanglement
between A and C. From this we conclude that indeed sum of the
two fidelities must be strictly smaller than 2.

which reads f = dF+1
d+1 , we can establish an upper bound

for entanglement fidelity in the bipartite scenario:

PQM
succ ≤

1

2

(
Fmax(ρ

A′
1B) + Fmax(ρ

A′
2B)
)
=
d+ 1

2d
. (44)

In the qubit case, when d = 2 we obtain the upper bound
3/4 from the statement. This finishes the proof.

Notice that the argumentation presented in the proof
of Proposition 2 holds for any shared pure state ρÃB =
|ψ⟩⟨ψ|ÃB acting on the (d′ · d)-dimensional space, where

|ψ⟩ÃB =
√
d
(√
σÃ ⊗ 1B

)
|ψ+⟩ÃB . (45)

Then, expression (37) reads

PQM
succ =

1

2d3

(
K∑
i=1

tr
[
ψ
+,(i)
A′

1B
M̃

(i)t
A′B

]
+

+

K∑
i=1

tr
[
ψ̃
+,(i)
A′

2B
M̃

(i)t
A′B

])
, (46)

with
∑k
i=1 M̃

(i)t
A′B = 1A′ ⊗ σB , where A′ = (A′

1A
′
2). Note

that the result for an arbitrary pure state extends by
convexity to any (d × d)-dimensional state ρÃB . The
argument that the latter can be chosen to be d × d is
straightforward: In fact the d̃ × d̃ case can easily be re-
duced to d̃ × d due to the final fidelity with ψ+

A′
iB

state,
which is unitarily equivalent to a d× d state. Note that
the latter fact means that in general the operators M (i)

AÃ

and M
(i)
A′B differ. Namely, the matrix representation of

the latter is the one of the former but constrained to
the d-dimensional subspace on the subsystem B. How-
ever, since they are all positive, this can only decrease
the probability of success, so we may define all of them
on the system B with the dimension d̃ = d and by sim-
ilar argument the shared state ρÃB can be constrained
analogously.

B. Multi-party and asymmetric scenarios

The CNS-QRAC game can be extended to the case of
N pure inputs ψ1, . . . , ψN , which are picked with some
given probabilities {pi}Ni=1. The probability of success
then reads

PQM
succ =

N∑
i=1

pi F (ψi, ρi). (47)

The problem reduces to finding the set of N fidelities in
equation (47) by considering the problem of asymmetric
universal quantum cloning machine producing N clones
from one input state.

In the symmetric case, i.e. when pi = 1/N , we can
again utilise the results from [27] to derive an explicit
bound for PQM

succ.
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Proposition 3. The probability of success PQM
succ in

the symmetric CNS-QRAC scenario with N inputs
ψ1, . . . , ψN of dimension d each, satisfies the following
bound:

PQM
succ ≤

N + d− 1

dN
. (48)

Proof. Suppose that Alice has at her disposal N maxi-
mally entangled states ψ+

A′
1A1

, ψ+
A′

2A2
, . . . , ψ+

A′
NAN

. Then
the goal of Bob is to recover one of the states ρA′

iB
, for

i = 1, . . . , N . In this situation we can again use the ar-
gumentation based on the monogamy relations, this time
for more than three parties. Indeed, plugging N1 = 1 and
N2 7→ N into (41), we have

1

N

N∑
i=1

fmax(ρ
A′

iB) =
1

N
+

2(N − 1)

N(d+ 1)
. (49)

Using the relation connection transmission fidelity and
entanglement fidelity we end up with the following bound
on PQM

succ:

PQM
succ ≤

1

N

N∑
i=1

Fmax(ρ
A′

iB) =
N + d− 1

dN
. (50)

This finishes the proof.

In order to provide a bound PQM
succ in the general case

with a non-uniform probabilistic distribution of the input
states one can employ the results from [26] connecting the
entanglement fidelities Fmax(ρ

A′
iB):

N∑
i=1

Fmax(ρ
A′

iB) (51)

≤ d− 1

d
+

1

N + d− 1

( N∑
i=1

√
Fmax(ρA

′
iB)

)2

.

With the notation xi :=
√
Fmax(ρA

′
iB), the quantum

bound for Psucc equals to

N∑
i=1

pi x
2
i . (52)

Hence, one has to maximise the quantity (52) over xi ∈
[0, 1], under the constraint

N∑
i=1

x2i ≤
d− 1

d
+

1

N + d− 1

( N∑
i=1

xi

)2

. (53)

Eq. (53) determines the interior of a rotated N -ellipsoid
in RN . Because the function (52) is increasing in all
variables xi it attains the maximum on the boundary.

Consequently, it is sufficient to seek its maximal value on
the hypersurface in [0, 1]N determined by the equation

N∑
i=1

x2i =
d− 1

d
+

1

N + d− 1

( N∑
i=1

xi

)2

. (54)

In particular, for N = 2 with p1 = 1 − p2 = p one finds
the bound

PQM
succ ≤

1

2

(
1 +

√
1 +

4 (d2 − 1) (p− 1)p

d2

)
. (55)

VII. DISCUSSION AND OUTLOOK

We studied two instances of random access codes us-
ing quantum information. The first one involved remote
access to one of the two given quantum states via an NS-
QRAC box implemented quantumly in the ‘distant labs’
paradigm. We considered (see Sec. V) a variation where
a constrained quantum channel is used as contrasted to
a constrained classical channel used in [19] . This, in a
way, is the most natural quantum version of the 2 → 1
classical RAC problem, because we have remote access
to one of two qubits transmitted over a qubit channel.
In this case, we found a lower bound for the probability
of success PQM

succ ≥ 0.728.
We also considered another modification — the CNS-

QRAC (Sec. VI), where we find that the trade-off
for information transmission corresponds to a typical
monogamy relation. In this case, we provided a reason-
able upper bound for the probability of success (48) for
a general CNS-QRAC with N input states of dimension
d. An interesting aspect of this scenario is that here
the transmission of quantum information does not in-
volve a single sender and two receivers, as it is the case
in the standard quantum channel capacity restrictions
based on quantum cloning (see for example [36, 37]).
Instead, the transmission goes from the composite sys-
tem of two ‘senders’ who cooperate quantumly to trans-
fer quantum information to a single receiver. Since the
‘senders’ are required to transmit different quantum in-
formation, which is also supposed to come as an alter-
native rather than jointly, there seems to be no a priori
reasons why the cloning bound should be obeyed. Nev-
ertheless, it turns out to apply in such a scenario as well.

An interesting open problem is to extend this analysis
to the quantumly simulable NS boxes, where the two par-
ties may interact (see [35], [38]). Clearly, when the labs
are far apart, such boxes are super-quantum. In fact —
as shown in a recent paper [39] — its subclasses with
classical inputs are even interconvertible with PR boxes
with the help of shared entanglement and local opera-
tions. Hence, at the intuitive level, it is possible that the
corresponding CNS-QRAC might allow both (all) fideli-
ties to be perfect, but this conjecture would need further
investigation.
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The second instance of random access codes, and to
some extent a complementary scenario, has been intro-
duced here to analyse the power of quantum entangle-
ment when aiding quantum random access coding. To
this end, we have defined and studied quantum random
access codes with shared entanglement and a quantum
channel. An interesting aspect of this problem occurs for
the class of QRAC-SE 2d2

p,1d27−−−→ (1d, 1d) problems, as the
encoding by Alice depends on the existence of generalised
Gray codes. This should be compared with the problem
of QRAC-SR [17], where Alice’s encoding depends on
finding some form of symmetric quantum states in the
Bloch sphere. The presented explicit protocols provide
lower bounds for the probabilities of success. It is an
open problem to find the relevant upper bounds, per-
haps using numerical methods similar to the techniques
involved in finding the upper bounds in [18]. Lastly, we
provided a proof of concept for extending the QRAC-SE
to f−QRAC-SE over Boolean functions, similar to the

studies of f−QRAC in [25], which may inspire an inter-
esting line of future research.
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