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I. I¥T0DUCTION.

It was showvno [1] by using the Prime Number Theorem that the
set of binary representations of primes, P , cannot be recog-
zi{zed by a finite automaton and the question was raised whether
the set of primes could bLe recognized by a push-down automaton,
Shortly afterwards 4t was shown [2]), [3] by elementary means
that ne infinite set of primes can be recognized ty a finite
autonaton or a push-down autormaton. It w#s shoun furthermore
{3] that the set of primes can be recognized by an automaton whoee
mezory grows linearly with the length of the’ input sequence
(i.2. 2 linearly bdounded automaton) and 1t was conjectured that
this {s the least amount of memeory with which the set of prires
can be recogniced.

In this paper we show that the memory of a two-way auto-
zaten which recognizes the set of primes has to grow at least
Jogazizth=ically with the length of the input sequence, This
rate of growth 13, unfortunately, still far from :ha; originally
conjectured.

The second result of this paper 48 that for an automaton
with a one-way input tape the nemory for the.recognition of
orimes has to grow linearly and that this amount 1is also suf-
ficient. 1In terms of the states of the automaton, after reading
any two different input sequences (not representing even numbers)
the a2uto=aton has to be in d{ffercnt states and therefore the

one-way
nunber of states of any/primec recognizer has to grow exponentially

with the length of the input sequence.



I¥, PRELIMINARIES.

We are considering Turing machines with a2 resd-only 4{nput
tepe and read-write working tape [3]. At the start of the compu-~
tation a binary input string is written (between end narkers)

on the read-only input tape. e distinguish twvo models:

a) the one-way automaton can move the reading head on 1ts

input tape only in one direction,

b) the two-way automatou can move the reading head on 1ts

input tape in either Jirection.

Thus the one-way autonaton can scan the input sequence only once,
whereas the twvo-way automaton can scan it xmany tirces. Clearly
for any recognition process the two-way autoraton cancot iequire
more working tape than the one-way autozaton and the two models
require the same amount of tape for all recognition processes
which use on the two-way automaton at least as muc§ tape as 1is
required to write douwn the input sequence.

Ve say that & set A of binary sequances, A L (0 + 1)* |

is accepted or recognized by a cre-way (two-way) auvtomaton M

4f and only 1f M halts for every input w € (O + 1)* and
accepts w 1f it s in A and rejects w 1f it is not ia A
Ly entering an accepting or rejecting state, respectively.

We write

Ty = 4.



'le say that a one~way (tuo-way) automaton M accepts thea
set A with L(n)-taova 1if and only {f G (M) « A and M
processes every input of length n wusing no mofa thaa L(n)
tape squares of its worliing tape.

It should be noted that the actual organization of the auto-
naton’s memory ia the form of a tape is not essential for our
results and proofs. The results and proofs can easily be trans-
eribed for any automaton in which we can count the total nunmber
of &iffereat "states" or 'configurations”, S(an) , entered while
processing input sequences of length an . In all our results
L(n) and S(n) are logarithmically related.

‘ Finally, some cocments about notation. (0 + 1)* denotes
the set of 3ll finite length binary sequences. If w e 1(0 + 1)*
then ¥ <denotes the integer represented by w . The leangth
of w, weg (0+ 1)* , 13 denoted by 2(w) and vk denotes
the sequence obtained by concatemating w k-tizes. por integers P
and q k=(p,q) denotes the greatest common divisor of p and
q thus (p,q) = 1 4f and only 1f p and q are relatively

prize. w(n) denotes the nunber of primes not larger than n .

III. XEMORY BOUNDS FOR TWO--WAY AUTOMATA.

In this section ve recall two results from {3) and show
1]
how these results in conjunction with & result about the distrie
bution of primes yields a lower memory bound for two-way auto-

2ata which recognize the set of primes.
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The following result was derived in [3] using Fermat's

theorenm.

Lemma 1. If p = Wy Wy Vg is8 a prime larger than two and

2 w,)
2 27 # 1 (wmodulo v, v, v3)
then
v, wg Vs £ 0 (modulo vy v, uj) .

Thus whea we repeat a subsequence in the representa:io;
of a prime p we are guaranteed to obtain the representatioa of
a8 number divisible by p. This result immediately showed that
the set of primes cannot be recognized by a.finite automaton and
a slight extension of this result showed that it camnot be
recognized by a push-down automaton [3]. This result can also
be used to show [3] that with slowly growing memory anm autozaton
cannot accept ptimea'uhich contain sequences of zeros whose length
is proportional to the length of their representations. Stated
more precisely: )

Lemma 2. Let ! be a two-way asutomaton which works on L(z)

tape such that

lipg L{n) 0
log n

If there exists & > 0 such that G{M) contains an infinmite subser

of the set

Rg = {1 0% wlwe 0+ 1Y, t> 620w, ¢ =1,2,...}

then QT(M) 18 not a subset of the sat of primes.



Proof. Assume that sr(ﬁ) contyins an infinite sudset of
the set R6 for some § > 0 . Since

lin.&).—no

a+e log n ’

there exists t such that

108 we GG .t o> 800w

and every tine M scans the sequence of t-zeros it nust repeat
1ts total state (for detalils see proof of Theorem 4 in [3]).
This guaraatees that M will also accept certain sequences in

wvhich we have {nserted additional zeros, namely

1088k 4 e Gy . k= 5,1,2,... .

An application of Lemma 1 now implies that £f p 4is a

prize larger than two,

t+ktl+t1v t!

p = 10 and 2 £ 1(mod p)

then

10t+<k+p)t!w S 0(mod p) .

Thus ST(H) {8 not a subset of the set of primes, as was to he

shouva.



Next, using a refinenent by Inghan [4] of a result ¢
Hochelsel we show that there exist infin{tely mapy primes with

long sequences of zeros in their representations.

'S
()

Theorem {Inpgham]}, PFor small € > 0 and 8 =

~
~

n9+€

log n

0+¢

7{(n + n ) = n(a) ~

Lemma 3. There are f{nfintely many primes of the form 125w .
* 1
with we (041) and t >3 (w) .

43

Proof. It follows ‘from Inghan's Theorem (since 7

<

-~
wiN
~

that for all sufficiently large t there exist prinmes Pe

such that

Thus P, " 1n%w s, t > % 2(v) , which conpletes the proof.

Theorem 1 . If M works on L(n) tape and recognizes the

set of primes then

sup 22)_ 5 o

a+o log n

Proof. By previous lemma we conclude that for & = % there 2te

infinitely many primes with representations in



Ry (1c%]2e > 2¢v) . © = 1,2 ...} .

But then we know that

12 200 4o

avw log B

and therefore

sup

L(n
nvd log n >0,

as vas to Le showa.

It is interesting to recall that L(n) = log n 1s the
least aoount of tape on which the‘set of primes can be recognized
without zmaking several number theoretic conjectures false [3].
Furthermore, it still seens unlikely that L(a) = logm is
sufficient to recognize the sat of primes on a two-way device
and it would be interestinz to find the exact amount of tape
required for this recognition. In the next sectiom we find the
exact amount of memory required for the recognition of the set

of prices on a one-way device.

IV. MTMARY PEQUIREMENTS FC OME-WAY AUTOMATA.

e consider now one-way automata whoae inputs are binary

sequences

W - xnxn_l. . .xlxo



and the sequence is rcad from right to lefc. Thus

and M is reading the lcast significant digits firse.

We know [3] that with L(n) = a a one-way automaton can
recognize the set of primes and wa will show that this acount
of tnbg 418 also necessary.

If A 4is any set of binsry sequances. 4 c 0+ l)* N
define an equivalence relation omn o + 1)* as follows:

v, Tw, 1if and only if for all B c (0 # n*

Swl € A <=> sz € A .

Lat EA(n) denote the number of differeat equivalemce classes

defined by the above relation on
»
{wlw € (0 + 1) , &(¥) < n}

Jext, by a simple application of Dirichlet’s theorex (4if
(s,t) = 1 theo there are infinitely many prizes of ti:e form
s + kt , k= 1,2 ...) we show that for the set of primes

n=1
Epln) 2 2 . This yialds asnother procof that P 1s not a regulaz

set and, since for any A C (0 + 1)* a < E,(a) £ 2% |, we sce

that P 1s a vary complicated set in this measurs.
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”
Lec=a 4. Let a ¥ B and a,8 4in (0.+ 1) 1.
Then there exists a y in 1(0 + 1)* such that ye
1s a prime and YB 13 not a prime. Thus for the aset of

prizes E,(a) > 2271

Procof. First, we show that for an arbitrary o
*
ia (0 + 1) 1 the number Yo is infinitely often a prime,

*
Y in 1(0 + 1) . Clearly

yo = o+ y 24

aad (g, Zz(a)) = 1. Therefore by Dirichlet's theorem we
coaclude that ya is infinitely often a prime, Let Yo

be fixed such that yga is a prime., 1If yo8 4s not a prime
then the statement is true. Thus we assume that Yo8 .= q is
a price.

Consider now Yn such that

Yn - bnq Yo , with bn = pg, n= 1, 2, ... &

Then

- La2(yoa)
Yo =b _yoa = yeu + 22(Y0%) 4 P+ (g2 )n
2 ik 3 S — b1 §

and, since (p, q-2L<Y°u)) = 1, by Dirichlet's theorem Yo

48 {nfinitely often & prime. On the other hand

- 2(y08) - Lo X (YoB)
I&E Yof + 2 E&S q + (qe2 ) =n
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{s always a multiple of q and we conclude that there exists a

Yy such that Y& 4s a prime and Yis {s not a pricse. Thus

EP(n) > 2“’1 , as was to be shown.

From this result we obtain our last theoren,

Theorem 2., If & one-way autonmaton M recognizes the set
of primes with L{(n)-tzape then L(n) > cn for some positive ¢ 3
end for any ¢ > 0 there is an M which recognizes the set of
primes with tape bound L(n) = en .

Proof. The above result implies that M aust have at least
2“‘"l different total states and this implies that for large =u

n-1

L{n) > ey log 2 - cl(n-l) >en , ¢>0C .

Since P .can bde recognized with L(n) = n by using more tape
symbols per tape square we can recognize P on L(n) = cn.

for any given ¢ > 0 .
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