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ABSTRACT: We present a comprehensive analysis of form factors for two light pseudo-
scalar mesons induced by scalar, vector, and tensor quark operators. The theoretical
framework is based on a combination of unitarized chiral perturbation theory and dispersion
relations. The low-energy constants in chiral perturbation theory are fixed by a global fit
to the available data of the two-meson scattering phase shifts. Each form factor derived
from unitarized chiral perturbation theory is improved by iteratively applying a dispersion
relation. This study updates the existing results in the literature and explores those that
have not been systematically studied previously, in particular the two-meson tensor form
factors within unitarized chiral perturbation theory. We also discuss the applications of
these form factors as mandatory inputs for low-energy phenomena, such as the semi-leptonic
decays B, — w7~ T¢~ and the 7 lepton decay 7 — 7~ 7°v,, in searches for physics beyond
the Standard Model.
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1 Introduction

The study of multi-meson systems is an interesting problem as they are universal in various
physical processes. An example of this is the B — K*(— Kn)u™p~ decay that is induced
by the flavor-changing neutral current. Such a process is highly suppressed in the Standard
Model (SM), and thus sensitive to physics beyond the Standard Model (BSM). As a result
it offers a large number of observables to test the SM ranging from differential decay widths
and polarizations to a full analysis of angular distributions of the final-state particles. Re-
cent experimental studies have led to some hints for moderate deviations from the SM [1-3].
Note that this process is in fact a four-body decay since the K™ meson is reconstructed from
the K final state. Therefore, to handle such decay processes, the narrow-width approxima-
tion is usually assumed in phenomenological studies. However, this assumption may lead to
sizable systematic uncertainties as it captures only part of the K final-state interactions.

To solve this problem, one should use a complete factorization analysis that can sys-
tematically separate the low-energy final-state interaction from the short-ranged weak tran-
sition. In semi-leptonic processes like B — M7 Ms¢*¢~, the final two-meson state decouples
from the leptons to a good approximation. Thus, it is guaranteed by the Watson-Madigal
theorem [4, 5] that the phase of the hadronic transition matrix element is equal to the phase
of My Ms elastic scattering below the first inelastic threshold. More explicitly, as pointed
out, e.g., in ref. [6], the decay matrix element is proportional to a two-meson form factor,

(M1 M]g(0)T'¢(0)]0) (1.1)

where the Dirac matrices I' = 1,+,,0,, correspond to the scalar, vector, and antisym-
metric tensor currents, respectively. The choice depends on whether M7 and M, are in
relatively S-wave or P-wave. The relation between vacuum-to-two-meson form factors as in
eq. (1.1) and those appearing in heavy-meson decays can occasionally be sharpened based
on chiral-symmetry relations [7].

One of the standard approach to calculating these two-meson form factors is using
chiral perturbation theory (ChPT), which is a low-energy effective theory of quantum
chromodynamics (QCD) that describes the interaction among light mesons and baryons.
The next-to-leading-order (NLO) ChPT calculation for the 77 scalar form factor was firstly
given in ref. [8]. Its two-loop representation and some unitarization schemes were discussed



in ref. [9]. After that, refs. [10, 11] performed more complete studies of the scalar form
factors in unitarized chiral perturbation theory (uChPT), where the results of the NLO
ChPT were extended to a higher energy scale around 1 GeV, which was realized by involving
the channel coupling between the 77 and the KK systems to impose unitarity constraints
on the form factors. The reconstruction of the scalar 7r and KK form factors based on a
Muskhelishvili-Omnes representation, relying on phenomenological phase shift input, has
by now a long history [12-16], which includes several dedicated applications in the context
of BSM physics searches [17-20]. Extensions beyond 1 GeV with a new formalism including
further inelastic channels were discussed in ref. [21]. Studies of the 77 isovector scalar form
factor (also coupled to K K) are much rarer [7, 22, 23], largely due to far less experimental
information on 7n scattering. The Km, Kn scalar form factors up to 2 GeV were given
in refs. [24-27] with a coupled-channel dispersive analysis. The two-meson vector form
factors for Km were first derived in ChPT [28], while it was mostly obtained by fitting
to the data of semi-leptonic 7 decays in refs. [29-31]. There is a number of works for
the pion vector form factor based on the Omneés dispersive representation [32—41], ChPT
calculations [9, 42-44], a model based on analyticity [45], and in the large-NN, limit [46].
Throughout the present study, we will work in the isospin limit, although also isospin-
violating scalar and vector form factors have been studied in uChPT or using dispersive
methods, such as in the context of ap—fp mixing [47] or for studies of second-class currents
in 7-decays [48, 49].

Unlike the scalar and vector cases, naturally the coupling with the antisymmetric ten-
sor current does not exist in the SM and conventional ChPT (the energy-momentum tensor
is symmetric, and has been built into ChPT up to NLO [50, 51]). However, in terms of
the research for BSM physics, for example in the Standard Model Effective Field Theory
(SMEFT), a number of high-dimensional operators including the tensor current are neces-
sary. Besides the conventional ChPT Lagrangian, additional terms with an antisymmetric
(antisymmetric is implicit in the following discussion of the tensor part) tensor source was
first given in ref. [52], which is crucial to calculating the tensor form factors. Recently,
dispersive analyses of tensor form factors in specific channels (77 [53], 7K [54], and for the
nucleon [55]) have been carried out.

In this work, we will perform a study of all three kinds of two-meson form factors based
on uChPT and dispersion relations. Section 2 gives a brief introduction to ChPT and its
unitarization, where we will discuss how unitarized meson-meson scattering amplitudes
can be obtained by the inverse amplitude method (IAM). The coupled-channel IAM [56] is
modified by removing the imaginary parts of the ¢- and u-channel loops in order to restore
unitarity in coupled-channel systems, which is otherwise violated in particular around
the p-meson region in the isospin-1 sector. In section 3, we will calculate the two-meson
scalar form factors, which are then unitarized by the IAM. There, unphysical sub-threshold
singularities, related to the so-called Adler zeros, will show up. To eliminate these defects,
an iteration procedure based on dispersion relations is performed for each form factor,
so that the improved form factors behave well in a wide energy range 0...1.2 GeV. In
sections 4 and 5, we will apply the same procedure to the calculation of unitarized vector
and tensor form factors, respectively. Some of the form factors obtained in this work



are compared with those that have appeared in earlier works. For each kind of form
factor, we will also briefly introduce their applications in corresponding phenomenological
studies. This includes the application of the nm form factor for the S-wave-dominated
decay Bs — f0(980)(— mtn~)utp~, the application of two-meson vector form factors in
the two-body hadronic decays of a charged lepton [ — ¢¢'v, where ¢ and ¢’ denote light
pseudoscalar mesons, and the application of two-meson tensor form factors for the BSM
effects in two-body 7 decays 7 — ¢¢'v,. Finally, section 6 contains a summary. Various
technicalities are relegated to the appendices.

2 Framework

2.1 Chiral perturbation theory and its unitarization

ChPT [8, 28, 57] provides a systematic framework to investigate the strong interaction
at low energies. It is based on the spontaneous breaking of the global G = SU(3); x
SU(3)r symmetry of the QCD Lagrangian, in the limit of vanishing u, d, and s quark
masses, down to the global H = SU(3)y symmetry of the QCD vacuum. This spontaneous
symmetry breaking gives rise to eight pseudo-Nambu-Goldstone bosons (pNGBs), which
are the relevant degrees of freedom at low energies. In fact, it can be proven that the eight
pNGBs construct a space which is isomorphic to the quotient space G/H = SU(3)r x
SU(3)r/SU(3)y [58]. This isomorphism enables one to parametrize any of these quotient
elements U € G/H by the eight pNGBs as

U =exp [;i] , (2.1)

where Fj is the pion decay constant in the chiral limit, and

™ +n/V3  V2rt V2Kt
¢ =PI\ = V2r= =10 +n/V3 V2KY (2.2)
V2K~ V2K®  —2/V/3

contains the pNGB octet. Here, exact isospin symmetry is assumed, which turns off the 70-
n mixing for simplicity. We use the convention that under SU(3); x SU(3) g transformations
U behaves as U — RUL', with R € SU(3)g and L € SU(3);. With U as the building
block, the leading-order (LO) effective Lagrangian of ChPT is constructed as
F? F?
£? = I0<DMUD%LUT> + IO<XUT +X'U), (2.3)
where (...) denotes the trace in SU(3) flavor space, x = 2Bo(M + s), with M the quark
mass matrix, D, U = 0,U —ir,U +iUl,, and s,l,,r, are the scalar, the left-handed, and
the right-handed external sources. The parameter By is proportional to the QCD quark
condensate, 3F By = —(uu + dd + 5s).
Applying eq. (2.3) at one-loop produces ultraviolet (UV) divergences that can be reg-
ulated using dimensional regularization and then reabsorbed into the low-energy constants



(LECs) in the next-to-leading-order (NLO) Lagrangian [8, 28]:

LW = L(D,UD*UN? + Ly(D,U (D,U)' W DFU(DYUY + L3(D,U(D"U) D, U(D*U))
+Ly(DUD"UYNY XU + Ux') + Ly (D UDFUT (XU + Ux'))
+Le(XTU + UX)? + Lr(x'U = Ux")* + L (xUTXUT + UxTUXT)
—iLg(R, DU (D'U)' + L,,,(D*U)'D*U) + L1o(L,,, UR™UT), (2.4)

where L, and R, are field-strength tensors of the external sources
Ly =0ul, — 0,0, —illy, 1], Ry =0ury — Oy —ilry, ). (2.5)

The UV-finite, scale-dependent renormalized LECs {L]} are defined as L] = L; —I';\,
with the UV-divergent parts proportional to

1 [ 2
A= -
3272 |d— 4

—In(4m) +~v -1}, (2.6)

and the nonzero values for their coefficients I'; relevant to this work are

3 3 1 3 11 5 1 1
e Ty=— Ty=-, 5=, Tg=-——, Tg=—, Tg=", Tjg=—-. (2.7
32’ 2 16’ 4 5 6 8 9 10 4 ( )

Fl = ) ) ; ) )
8 8 144 48 4
The scale dependence of these LECs is given by

Ly () = L (1) — > In (“%> . (2.8)
3272 w3

Some details of the loop functions occurring in the one-loop ChPT calculations can be
found in appendix A. Table 1 collects the numerical results for the L] at the scale u = M,
that were obtained previously. The first column corresponds to the analysis up to O(p*) in
ChPT [28, 59], and the second refers to the fit with O(p®) corrections [60]. The third column
corresponds to the previous fit of meson-meson scattering phase shifts and inelasticities in
the coupled-channel IAM [56], which we will discuss further below.

The power counting of ChPT is organized according to the increasing power of the
ratio p/A, given in terms of a typical small pPNGB momentum p of the order of the pNGB
mass and the chiral symmetry breaking scale A, ~ 4wF; [61], where F; ~ 92.1 MeV
is the physical pion decay constant. Therefore, the perturbative expansion in ChPT is
expected to break down when p/A, ~ 1. Moreover, a perturbative expansion in powers
of momenta to any finite order cannot describe the physics of resonances, which are given
by poles of the S-matrix on unphysical Riemann sheets. Thus, the masses of the lowest
resonances in each meson-meson scattering channel limit the applicability region of ChPT
in the corresponding sector.

Unitarization (or resummation) is a systematic prescription intended to extend the
applicability of ChPT to higher energies, say 1 GeV, by modifying the perturbative expres-
sion such that it satisfies the full instead of only the perturbative unitarity requirement of
quantum field theory. Since unitarity is nonperturbative in its nature, in this way the low-
est meson resonances may also be described. Note, however, that unitarization comes with



L' O(p*) ChPT [28, 59] O(p®) ChPT [60] uChPT [56] uChPT Fit 1 uChPT Fit 2
Lt 0.440.3 1.114£0.10  0.56+0.10 0.5240.01  0.5540.02
L 1.35+0.3 1.0540.17  1.2140.10 1.0840.01  1.0740.03
Ls —35+1.1 ~3.824+0.30 —2.79+0.24 —2.7240.01 —2.7640.03
Ly —0.34+0.5 1.874£0.53  —0.36+£0.17 —0.2740.01 —0.2040.02
Lt 1.440.5 1.2240.06 14405  1.36+0.19  1.13+0.61
Ly —0.240.3 1.464£0.46  0.07+0.08 0.07 (fixed) 0.07 (fixed)
Ly —0.440.2 ~0.394+0.08 —0.44+0.15 —0.604+0.04 —0.5240.12
L; 0.940.3 0.65+0.07  0.7840.18 0.89+0.09  0.68+0.29
L; 6.94+0.7 — — — —

To —5.5+0.7 — — — —

Table 1. Low-energy constants L? (in units of 1073) at u = M,. For the description of the fits
given in the last two columns, we refer to section 2.3.

a price: as there are various unitarization schemes, some scheme-dependence is introduced.
Also, crossing symmetry is often broken in such approaches.

Let us start with a simple example. In the case of 2 — 2 multi-channel scattering with
the momenta of initial and final particles as p1,p2 and ps, p4, respectively, we can define
the partial-wave amplitude Ty(s) with total angular momentum J from the full scattering
amplitude T'(s, cos6) by

1 r+1

Ty(s) =5

5 Pj(cos0)T(s,cosf)dcosb,
—1

(2.9)
where s = (p1 + p2)? = (p3 + p4)? is one of the usual Mandelstam variables, 6 is the
angle between p3 and pj in the center-of-mass (c.m.) frame, and Pj(cos#) is the Legendre
polynomial of order J. If we consider only two-particle intermediate states, then the

partial-wave amplitudes should satisfy the following unitarity relation:

Im T S|, = T S|, (S /7@ S — St j S 15
[ J( )]'L] - [ J( )]zk’ kk 87\/5 ( h) [ J( )]k;

where time reversal invariance is assumed. The indices 7,7, k, and k' denote different

(2.10)

scattering channels, |pj| is the modulus of the ¢c.m. 3-momentum in the kth channel, and
sty = (Mg, + Mj,)? is the production threshold of the ith channel particles. Equation (2.10)
can be written in matrix form:

. Pi i
I [75(5)] = T/ )SITS0). (900, =05l 0(s—sh). (211
Multiplying 7! and 77 ~* on both sides leads to
1 . _ -~
5 7571 (s) = T (s)| = = Im T ' (s) = %(s). (2.12)



Figure 1. A Feynman diagram interpretation for the IAM method: summing up all the s-channel
O(p*) scattering amplitudes to all orders.

In a fixed-order ChPT calculation, the relation (2.10) is only satisfied perturbatively.
For instance, substituting the ChPT expression of T;(s) at O(p*) to both sides will result
in the breaking of the equality at the O(p%) level. There are many ways to recover exact
unitarity, and in this work we mainly adopt the multi-channel IAM outlined in ref. [56].
The procedure is as follows. First, the partial-wave amplitude T'; can be written as

Ty = (Re[T; "] - i2>_1 . (2.13)

Since ¥ is a known matrix, we just need to calculate Re[T ]1], i.e., the real part of the
inverse matrix T; * in order to obtain the full 7). The TAM is a way to calculate Re[T;"]
approximately [56, 62, 63]. The idea is to start with the perturbative expansion of T'y: T; =
T }2) +T }4) + ..., where the superscripts (2), (4) denote the order of the amplitude, which
are O(p?) and O(p*), respectively. The corresponding inverse matrix can be perturbatively
expanded as

Tt =T (- TP ). (2.14)

Next, using the fact that T}Q) is real (again assuming time reversal invariance), we have
Re[T;] = 77! (1= Re[T{) T+ ). (2.15)

Since both T' {52)71 and Re[T§4)] are calculable in ChPT, we have already achieved our goal.
However, we can further simplify the expression by plugging it into eq. (2.13), which results
in

Ty = [T (1= Re[Tf TP 4 ) - iE]_l

= T (1 = RelT{"] — T P14+ ) T
-1
= TP (17 = Re[1}"] — itm[T{V] +...) T
-1
~ 1P (1) - 1) T (2.16)

In the third line we have used the perturbative unitarity relation, which can be obtained
by power expansion of eq. (2.11). The last line is the central equation for the IAM at NLO.
It effectively implies that we can use perturbation theory to calculate T}z) and T§4), and
resum their effects to all orders. An advantage of this method is that the resummation is
a simple matrix inversion, and does not involve any extra integral equation. There is also

a simple Feynman diagram interpretation of eq. (2.16). As shown in figure 1, we simply



sum up all the s-channel O(p?) corrections to all orders:

T =73 470 4 7O @YW 4 PO EY-1p@ (T@H=1p@) 4
= 7@ 4 [1 4 TO@@) "1 4 7O(@@) D (@)=t 47

_ 7@ 4 (1 _ (4 (T@))—l)‘l 74
- (1 _ @) (T@))—l)‘l [(1 _ @ (T<2>)—1) 7@ | T<4>]

_ 7@ (T<2) _ T(4>>*1 el (2.17)

which gives exactly the IAM result. The explicit expressions for the scattering amplitudes
classified by definite isospin states can be found in appendix B.

An obvious shortcoming of the IAM formula is that it leads to a peak when the
determinant det {T(Q) — T<4)} approaches a minimum. This peak may be unphysical and,
in terms of dispersion relations, is due to the failure to incorporate the pole contributions
from the so-called Adler zero of the partial wave in the sub-threshold region. This problem
can be satisfactorily resolved in the case of the single-channel IAM [64] but not for coupled
channels, see appendix C for a brief explanation of the procedure. In section 3.3, we will
introduce an effective solution based on dispersion relations for coupled-channel systems.

2.2 Unitarity

Although the uChPT was constructed to fulfill the unitarity relation Im7 = TXT!, the
one-step TAM solution of the partial waves actually satisfies the exact relation only above
the highest threshold. In general, the unitarity relation below the highest threshold is
broken due to the mixing between the left-hand and right-hand cuts of different matrix
elements in T" during the process of matrix inversion. This phenomenon occurs since all
the particles in the initial and final states of the T¥)-matrix are treated as on shell [65].
Such a problem is well-known and also exists in other methods of unitarization [56, 66—
69]. However, depending on the values of LECs, such unitarity violation is usually very
small and would not cause any real problem in practical applications of IAM results. With
the LEC values reported in ref. [56], the only exception is the I = 1, J = 1 channel, see
figure 2. The imaginary part of the partial-wave amplitude in this channel is peaked at
Vs &= 0.77 GeV due to the existence of the p-resonance, and it turns out that the TAM
approach leads to a breaking of the unitarity relation by as much as 20% around the p-peak.

As discussed in ref. [56], this problem can in principle be solved by adopting a multi-
step unitarization approach, namely to take the dimension of the T-matrix as a function of
s, which changes by one unit every time s crosses a threshold. By doing so one explicitly
avoids the mixing of left-hand and right-hand cuts between different matrix elements below
the largest thresholds, and thus the unitarity relation is exactly satisfied in all regions.
One disadvantage of this approach is that one cannot study the scattering amplitudes (and
their associated form factors) below their respective production thresholds because their
corresponding matrix elements simply do not exist in the scattering matrix. It is therefore
highly desirable to search for a prescription that allows for a simultaneous study of form



50
a0 wl
— =
= L
E a0l 5T< 30}
L i &
E I X
5o » o 20¢p
~ oy g
10"
-20
, . . i ok ; ; ; ; ;
400 600 800 1000 700 800 900 1000 1100
E 75 -
40
30 F 50
E 20f &
R L o2st
E : X
=oob &
[N E T of
-10f
F —25f
=20
400 600 800 1000 700 800 900 1000 1100
Vs [MeV] Vs [MeV]

Figure 2. Check of the unitarity relations for several T-matrix elements in coupled-channel uChPT,
with the LECs taking the central values given in ref. [56]. The indices of T refer to the isospin I
and angular momentum J partial wave.

factors below and above thresholds, and at the same time avoids the mixing of left-hand and
right-hand cuts as much as possible. In the following, we demonstrate a simple procedure
that satisfies both requirements.

Let us focus on the (I,J) = (1,1) 7 scattering, which couples to the K K channel.
At NLO ChPT, the KK — KK scattering receives contributions from ¢- and u-channel
meson loops, where the Mandelstam variables ¢ and u are defined as t = (p; — p3)? and
u = (p1—p4)?. If the initial and final kaons are on shell, the branch point for the K K - KK
partial wave due to the 77 t-channel loop is at s = 4(M% — M2), which is below the K K
threshold, but above the w7 threshold. Similarly, the branch point of the t-channel mn
loop occurs at s = 4M% — (M, + M,)?, again above the 7m threshold. If the kaons are off
shell, such singularities would not be on the physical Riemann sheet of w7 scattering [65],
and would not cause any problem. However, in the IAM treatment, the kaons are on shell,
leading to an overlap between such left-hand cuts with the 77 right-hand cut and thus a
violation of unitarity. We find that if we remove the imaginary part of the troublesome t-
and u-channel loops, unitarity can be exactly maintained, see figure 3, where the curves for
ImT and TYTT coincide. These loops include the ¢-channel 77 and 77 loops in KK — KK
(both I =0 and I = 1), the ¢t- and u-channel 77 loops in nn — nn, the t- and u-channel
7K loops in KK — nn, and the t-channel 77 and u-channel 7K loops in Kn — Kn.



50
a0f wl
— =
= L
E a0l 5T< 30}
L ’ &
E » X
5o » o 20¢p
= or ik
10"
[ . | | of . . . . .
400 600 800 1000 700 800 900 1000 1100
75 |
40 L
i 50 |
T | g
T 20[ 1
I Lo2sf
E | X
e H g
~ 0 r T;" 0Fr
20f -5}
400 600 800 1000 700 800 900 1000 1100
Vs [MeV] Vs [MeV]

Figure 3. Unitarity relations are fulfilled exactly after removing the imaginary parts of the trou-
blesome t- and u-channel loops. Here, the LECs take the central values given in ref. [56].

2.3 Global fit of LECs

After the modification given above, the values of the LECs need to be refixed. We fit to
the following data sets using the MINUIT function minimization and error analysis pack-
age [83-85]: the 77 scattering phase shifts are taken from the dispersive analysis compiled
in ref. [70] (which is perfectly compatible with the alternative Roy equation analyses of
refs. [86-88] at the level of accuracy aimed for with the IAM);! the data for the inelasiticity
19 are taken from the analysis of ref. [81]; the 7 — KK data are from refs. [79, 80] (cf.
also refs. [90, 91]); the K7 phase shifts are taken from refs. [71-78] (cf. also the correspond-
ing dispersive analyses [90, 92, 93]); the data for the 77 invariant mass distribution are
taken from ref. [82], and the background is extracted from the corresponding curve in that

reference.

We notice that in the NLO ChPT amplitudes for 77 — 77, K7 — K7, and KK —
KK, Lg and L§ always appear as the same linear combination 2Lg 4 Lg. Since most of the
available data are on these channels, it is difficult to fix Lg and Lg independently. Thus,
we fix Lg to the central value given in ref. [56], and fit the other parameters to the above

!The table in appendix D of ref. [70] gives the w7 scattering phase shifts up to 970 MeV. The §] data
points above this energy were read off from the band in figure 15 of this reference, and those of §i were
taken from ref. [89]. The latter reference also provides an analysis of §3, which, however, does not match
exactly to the data given in ref. [70]. Thus, for §3, we only use those of ref. [70] up to 970 MeV.
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narrow bands are the results from Fit 2 with errors of all data pointed increased by adding 5% of
the central values. The dotted lines are from the best-fit values of Fit 1, i.e., fitting to data with the
original data errors. The results computed using the central values of LECs given in ref. [56] are
shown as dashed lines. The 7 phase shift data are from ref. [70]. For the K7 phase shifts, the data
are taken from refs. [71] (up triangles), [72] (down triangles), [73] (circles), [74] (pentagons), [75]
(rectangles), [76] (diamonds), [77] (left triangles), and [78] (right triangles). The n7m — KK data
are from refs. [79] (rectangles) and [80] (circles). The nJ data are from ref. [81]. The data for
doyy,/dy/s, as well as the corresponding background, are taken from ref. [82].
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data. The 77 invariant mass distribution is fitted with the following expression [56, 94]:
dory,
dy/s

where ¢ is a normalization constant to be fitted, gcy, is the 7 c.m. momentum, and the

= ¢ qem|(Ty)wy—smn|* + background, (2.18)

background is extracted from the experimental analysis [82]. A direct fit to all these data
sets leads to a value of y2/dof = 7.76 with the LECs given in the column “Fit 17 in
table 1. The large x?/dof value is due to the inconsistency among the data sets. Following
refs. [56, 95], we increase the errors of the data points by hand, and find an additional error
of 5% (of the central values) to all data points leads to x?/dof = 1.21. The LECs from
such a fit are listed in the last column in table 1, labelled as “Fit 2”. A comparison of these
fits, as well as the results using the central values of LECs in ref. [56], to the data is shown
in figure 4. The errors propagated from the data in Fit 2 are plotted as bands, which are
rather narrow. One sees that the increase of 58 around the K K threshold is more abrupt
in uChPT than that from the dispersive analysis [70]. Other than that, the data are well
described using these different sets of LEC values.

An additional remark is in order. We find that when the LECs take certain values,
T —T® in the (I,J) = (0,0) channel can have zeros in the physical region using this mod-
ified version of coupled-channel IAM. These are not the Adler zeros in the single-channel
scattering amplitudes, and can lead to sharp kinks in phase shifts and other observables
at the zeros. Such unphysical singularities also exist in the original coupled-channel TAM.
However, in that case, due to the presence of nonvanishing imaginary parts from the un-
physical left-hand cuts, the singularities are in the complex s-plane, and thus lead to
smoother kinks.? Nevertheless, we checked that the best-fit LECs in both Fit 1 and Fit 2,
as well as those from ref. [56], do not have that problem. We will use the central values of
these fits (the three last columns in table 1) in the study of form factors in the following
to estimate the uncertainty of this method.

In what follows, we shall apply the idea above to calculate the two-meson scalar, vector,
and tensor form factors. We shall also consider a dispersion-theoretical improvement that
will get rid of the unphysical sub-threshold singularities due to Adler zeros.

3 Scalar form factors

In this section, we will give a systematic calculation for the two-meson scalar form factors
in uChPT, where the TAM approach is applied. Note that the unitarization of the two-loop
scalar (and vector) pion form factor was already discussed in ref. [9]. The scalar form factor
of a two-meson system is defined by the matrix element

BOFg,g(S) = <ai(pai)bi(pbi)| cj’q |0> ) (31)
where the subscript ¢ is again the channel index, {a;,b;} are the two mesons in channel ¢,
and s = (pa, + pbi)2. The unitarity relation of the scalar form factor reads

() = 3 (P (150, 00 - L), (32)
J

2See the kink around 800 MeV in the solid line of the 3] plot in figure 2 of ref. [56].
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Figure 5. The imaginary part of a form factor is caused by the on shell configuration (cutting
along the dashed line) of the intermediate states. In the elastic region, the phase of a form factor
is the same as that of the scattering amplitude.

where the subscript “0” at the partial-wave amplitude denotes the J = 0 component. A
sketch is shown in figure 5, where the imaginary part of the form factor is caused by the
on-shell configuration of the intermediate states. Furthermore, time reversal invariance
leads to (Tp)ij = (Tb)ji- Now, we can simplify the expression above by taking F7(s) as a
column vector in the channel space and write eq. (3.2) as a matrix equation

ImFI9(s) = Ty (s)S(s) F19(s) . (3.3)

This is the exact unitarity relation of the multi-channel scalar form factor. We can also
derive the perturbative unitarity relation by expanding F' ‘Tq(s) according to the chiral

power counting
Fs=F+F?+ ..., (3.4)

where the superscript ¢’q and the argument s are suppressed for simplicity. Here we define
the leading term of the expansion to be O(p°) because it is not suppressed by the chiral
expansion parameter. Meanwhile, Ty = T0(2) + T0(4) + .... Therefore, the perturbative
unitarity relation reads

mFY =0, ImFY =TPsr®, ... (3.5)
3.1 ChPT result

We have to first compute the ChPT results for the scalar form factor up to O(p?) as input
to the IAM formula. For that purpose, we need to express the scalar current in terms of
ChPT fields. The scalar current in QCD is defined as

Sij(x) = qi(2)q;(x), (3.6)
where ¢ = (u d s)T. To obtain the ChPT version of this current, we start with the QCD
Lagrangian and promote its quark mass matrix M to a general matrix X,

_ _ _ _ 1
Locp = quilaL + GriPar — GrXqar — L Xjar — 7G5, G, (3.7)

The scalar current defined in eq. (3.6) is then obtained by taking the partial derivative of
the Lagrangian with respect to matrix elements of X, which results in

6 (aLQCD 85Q0D>
N a(XQ)ij 8(X;[)Z]

(3.8)

Xq=M
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Figure 6. Feynman diagrams for a generic form factor at tree and one-loop level. The wave
function renormalization diagrams are not shown here.

We can now derive the scalar current in ChPT by applying the formula above to the chiral
Lagrangian. We can write the scalar current as S;; = S’ij2 —|—SZ-(;~1) +..., where Si(f) is defined
as the scalar current derived from the chiral Lagrangian £(™). The outcome for the scalar
currents, up to S@, is

F2B
S5 = —=C 2 Ut + Ul
4
S = —2ByLy(0, U0 UM (Ut + U], — 2By Ls[Ut9, U0 U + 9,U0 U]

—8B3Le(MU' + UM")[UT + U], = 8BFLy(MUT —UM")[UT — U] ,

Ju

—8B3Ls[UM'U + UTMU'] .. (3.9)
In particular, the components of S are
au:BO-—F2+K+K*+L%+}n2+1(7r0)2+7r+7r* -
| 0 \/g 6 2 ceey
= . 070 ™0 Lo 1 40 -
dd:BO_—FOJrKK —%jtgn +§(7r) +rtTT | 4.,
[ _ 2
5s = By —F3+K0K0+K+K+3n2]+...,
_ [0 2
_ -y . K K n°
us = By | K7~ — — + ]—i—...,
°l NGV
- K% K7
ds = By| — — — + Kt +.... 3.10
0_ \/6 \/i ( )

The ChPT prediction for scalar form factors is then obtained by calculating the matrix
elements for the currents in eq. (3.10) with respect to two-meson states up to one loop, as
shown in figure 6. The full analytical results can be found in appendix D.

3.2 Unitarization

If we restrict ourselves to one single channel, the TAM unitarization formula for form
factors (scalar, vector, and tensor) can be derived rigorously from a dispersion relation in
complete analogy to the derivation of the single-channel TAM formula for partial waves,
see appendix C for more details (for an early application of the single-channel IAM to
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scalar and vector form factors, see ref. [62]). For coupled-channel form factors, a dispersive
derivation of the IAM is not available, so here we offer a more empirical derivation of the
unitarization formula, which we expect at least to work well above the highest production
threshold of the coupled channels considered here, which is sufficient for the applications
to most of the interesting processes we mentioned in the Introduction.

From eq. (3.3), one notices that a possible solution to this unitarity relation for the
scalar form factor is Fg = TpA, where A is a real vector. The proof is simple:

TiSFs = Ty SThA = (ImTh) A = ImF. (3.11)

In the second equality we have used the unitarity relation for Ty. So the question is how to
choose the form of the real vector A such that its expansion reproduces the ChPT result
up to O(p*). The correct choice turns out to be

A= (1) FY + Y -1 () EY) (3.12)

With this choice and a bit of algebra, we obtain the IAM formula for a unitarized scalar
form factor

1
Fs = FQ + 137 (137 - 1§")  FYY. (3.13)

Remember that as argued in section 2.2, the LHCs of TO(4) will be transferred into Flg.
Thus we also need to remove the imaginary part of the troublesome t- and u-channel loops
of T0(4) in this formula manually.

3.3 Improvement by dispersion relation

It is well known that the IAM generates spurious structures such as peaks that do not
correspond to any physical resonance. This happens in particular in the region below the
lightest two-meson production threshold. In fact, since Fg = Ty A is only a possible solution
for the unitarity equation (3.3) above threshold (more rigorously, above the highest two-
meson threshold since we are using a one-step unitarization for a coupled-channel problem),
it is natural that the outcome can only be trusted above threshold. For example, figure 7
shows the scalar nonstrange current form factor from the IAM calculation, where the LECs
are taken from ref. [56] (gray line), Fit 1 (red line), and Fit 2 (blue line), respectively.
Obviously it suffers from sub-threshold irregularities, such as unphysical peaks (the tiny
peaks near 0 GeV in figure 7) and nonvanishing imaginary parts, in all channels.

The unphysical sub-threshold singularities due to the IAM are studied extensively in
terms of dispersion relation for the case of single-channel scattering amplitudes [64, 96].
There, the existence of spurious poles in the scalar partial wave is identified as a consequence
of the failure to include the effect of the so-called Adler zero in the dispersion integral of
the inverse amplitude. This problem can be solved by appropriately adding back such
contributions in the TAM formula. Unfortunately, a similar solution is not available in the
coupled-channel case because there is so far no dispersive derivation of the coupled-channel
TAM formula.
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Figure 7. Real (solid lines) and imaginary (dashed lines) parts of Fg  from the original IAM
calculation. The LECs are taken from the original work [56] (gray line), Fit 1 (red line) and Fit 2
(blue line), respectively. In the sub-threshold region there exist unphysical peaks due to Adler zeros
in the scattering amplitude (pointed out by the black arrows) and nonvanishing imaginary parts
below the lowest threshold.

On the other hand, the dispersion relations of the form factors themselves are much
more straightforward. It simply takes the following form:

ReF'(s) = ijéoo dzw, (3.14)

th Z— S8

where F means the principal-value integration, and sy, denotes the lowest threshold. Here
it is sufficient to employ an unsubtracted dispersion relation because F(s) falls off as 1/s
or faster at large s as suggested by perturbative QCD [97]. This integral equation suggests
a better way to proceed: use the IAM-predicted imaginary part of the form factor as the
input to the dispersion integral, and obtain an improved real part of the form factor. The
obtained real part is then used to modify the imaginary part, which will be the input of a
subsequent dispersive analysis. Such a procedure can be iterated until the curves of both
the real and imaginary parts of the form factor are stable. In the following we shall depict
the actual procedure and outline some of the details of such iterations.

First, we use FI") to denote the form factor after n iterations (to avoid confusion with
the chiral order denoted by superscripts with parentheses, here we use square brackets). Ob-
viously, FI then represents the original IAM result without undergoing any dispersive cor-
rection. To start the iteration process, in the first step we set the imaginary part of FI ag

ImFM = 72 Fll (3.15)

which will be used later as an input to the dispersion integral to obtain ReF (1. However,
we have to apply one extra modification before evaluating the dispersion integral: the IAM
result F° which certainly does not apply to arbitrarily large s values, fails to reproduce
the asymptotic 1/s-behavior. We therefore need to introduce a smooth transition between
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the TAM-predicted ImF" at small s and the expected 1/s at large s by hand. This can be
achieved by defining a modified imaginary part InF! as

ImFM(s) = [1 — o(s)] ImFM(s) + a(s)a?, (3.16)

where al!l is a constant to be determined later, and o(s) is a monotonically increasing
activation function that satisfies o(—oc0) = 0 and o(+00) = 1. A simple choice of such a

o(s) = % (tanh {W} + 1> . (3.17)

This activation function is centered at so and has a width of §s. This means that TmF[(s)

function is

can smoothly transform from ImF!(s) to alll/s in the region (sq — ds/2, 59 + 65/2).

Now, we should use the modified imaginary part ImF! | instead of ImFI, in the
dispersion integral to ensure the convergence at infinity. The unknown constant al!! can
be fixed by requiring that F(s) reproduces the NLO ChPT result at s = 0, i.e., FII(0) =
ReF1(0) = Foppr(0). Once alll is fixed, everything in the dispersion integral is known
and we can use it to numerically determine ReF[!(s). The dispersion relation guarantees
that the outcome makes sense both below and above threshold.

The whole procedure above can be iterated until a stable result is obtained. At the
second step, we define InF? = Re{T*SF[N} where FIl = ReF!! 4+ iImFM, and then
modify its UV-behavior by constructing ImF [2](5). Notice that this construction will in-
volve a new unknown constant ol which is in general different from o' so that it has
to be re-determined. After that, we can plug ImF? into the dispersion integral to obtain
ReF2. This procedure will be iterated for several times so that we can obtain a series of
increasingly refined form factors FBI, Fl4l .. which will eventually stabilize. Finally, the
unphysical peaks such as those in figure 7 are completely wiped out after such a dispersive
improvement.

It is worthwhile to stress that the Watson’s theorem is still fulfilled perturbatively at
the fixed point of the iteration procedure, and this dispersive treatment is applicable to all

scalar, vector, and tensor form factors.

3.4 Numerical results

In this section we show the numerical results of the unitarized scalar form factors after the
dispersive improvement. To show the convergence of the iteration, as an example, figure 8
gives the first four iterations for the real and imaginary parts of Fg, ., with the LECs
taken from ref. [56]. It can be seen that the iteration successfully removes the kink due to
the Adler zeros of the scattering amplitudes, and the imaginary part vanishes below the
lowest threshold. The curves of all the scalar form factors after the iteration are plotted
in figures 9-12 within the plot region 0 GeV < /s < 1.2 GeV. Here, we use three sets of
LECs: the original one from ref. [56] (gray lines), the one from Fit 1 (red lines), and the
one from Fit 2 (blue lines) to plot the form factors. The solid and dashed lines correspond
to the real and imaginary parts, respectively. The parameters for the activation function
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Figure 8. Four iterations for the real and imaginary parts of Fg . with the LECs taking the
central values of those given in ref. [56]. Different colors distinguish various steps of the iteration
and the sub-figures zoom in to show the details.
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different types of lines is the same as that in figure 9.

o(s) are taken to be so = 1.8 GeV? and és = 0.6 GeV?, which implies a smooth transition
between the TAM result and the 1/s-behavior within the range 1.1 GeV < /s < 1.6 GeV.

In the n = (4u + dd)/+/2 channel and the 5s channel, the real parts of the form factors
generate sharp peaks around /s ~ 0.99 GeV due to the simultaneous existence of the
f0(980) resonance and the K K-threshold within a narrow region. Our results for F S s
F& s and F SgsK 7 are consistent with those presented in ref. [98] (barring differences in
overall normalization), the latter were obtained by a slightly different version of algebraic
unitarization formula, incorporating only the s-channel cuts of the partial waves. However,
the fo(980) region shown in figure 9 has a narrower structure compared with that given
in refs. [16, 21]. Other disagreement appears in the g i form factor. In particular, the
outcome of ref. [98] does not match the NLO ChPT value at s = 0. Our result, on the other
hand, guarantees such a matching as it is implemented during the determination of the

coefficient o). Also, we present the nm form factors that were not calculated in that paper.

In the us channel, the strategy adopted in ref. [98] therein is computationally involved
as one has to first discretize s — {s;} and solve the dispersion relation by inverting a huge
rank matrix (in the s-space) to obtain the discretized form factor F'(s;). Our approach is
much simpler because we are simply taking the IAM results above threshold as the input
of the dispersion integral, and the outcomes quickly stabilize after two or three iterations.
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In figure 13, our results are compared with those from refs. [24, 98]. All of them coincide
with each other below 0.8 GeV. The mismatch at larger /s can be understood because
the convergence of ChPT becomes weaker at higher energies, which inevitably causes more
uncertainties. One notices that there is a cusp at the K« threshold, signaling the opening
of the K7 channel in the S-wave. The second cusp appears at the K7 threshold, which
enters through the coupled-channel treatment.3

3.5 Applications of the scalar form factors

We end this section by discussing applications of the two-meson scalar form factors,
especially its s-dependence. Let us consider for example the decay Bs — fp(980)(—
7ta7)uT ™, which is a four-body decay dominated by the S-wave contribution fy(980) —
+ +r7)g

7=, To study this decay process, the main task is to evaluate the B, — (7

3The strength of the Kn threshold cusp in the Kn S-wave is likely overestimated in uChPT, as the
phenomenological inelasticity is very small below K7’ threshold [92]; see also refs. [99, 100].
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Figure 13. Comparison of F&%.  in this work using the original LECs in ref. [56] (gray solid line),
Fit 1 LECs (red dashed line) and Fit 2 LECs (blue dot-dashed line), respectively, with that from a
coupled-channel dispersion relation analysis [24] (magenta dot-dashed line) as well as that from a
Muskhelishvili-Omnes solution [98] (orange dotted line).

transition matrix elements, which are parameterized as

L _ —i M3 — M2
(77751577501 Bs) = 17 { P, — un]ffﬁ”(ﬂ/f?qu)
Bs q
M2 _ M2
o q2 = qN‘FOBSHﬂ-ﬂ(Mgfm QQ)},

_ - v >, ‘FBSA)”W(MgTHqQ)
((W—i_ﬂ )S‘Sa;wq 'YSb‘Bs> = MZ (MB + M ) |:(M%S - M727T>q,u - QZPH]a (3'18)

where M2, is the invariant mass square of the two-pion system. These Bs — 777~ form
factors can be calculated by light-cone sum rules (LCSR) and expressed in terms of the
7t~ light-cone distribution amplitudes (LCDAs) [101-107].

According to the Watson-Migdal theorem, since the By — w77~ transition totally
decouples from the leptonic part at leading order, its amplitude must share the same phase
as that of the 77~ scalar form factor F; gfm(Mfm) below the lowest inelastic threshold
(which is that of KK since the four-pion channel is not considered, and the inelasiticity
is known to be negligible below about 1 GeV). Accordingly, in the framework of LCSR,
the S-wave mtn~ LCDAs are defined almost the same as those of a single scalar meson
fo but with the normalization factor taken as the scalar 77 form factor [6, 102-105]. For
example, the twist-2 LCDA is defined as

: L
((m*77)s]5(2)75(0)|0) = Firr (M) Bo pmr,u/o du ™ G (u) , (3.19)
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where FS »(M2.)By stands for the original meson decay constant f, in the definition of
the fo LCDAs. The definition of all the twist-2 and 3 S-wave 7+7~ LCDAs as well as the
explicit form of the resulting form factors [6] can be found in appendix E. As a result, the
form factors take the form

Fi(M2.,q%) = BoF& (M2)F;(MZ..¢%). (3.20)

Generally, the F; depend on both M2_and ¢%. However, in the case of B — K*(— Kr), as
shown by figure 3 of ref. [6], the F;’s have a much weaker dependence on M#_ than that on
¢?. Such behavior is similar to the case of By — w7 . This enables one to approximately
suppress the M2_ dependence of F';, which leads to a factorized form

E(MgﬂWq ) By STI'7T(M2 )Fi(q2)7 (321)

so that F; can be described by a suitable parametrization [108-111]. Practically, one can
first fix Myr = My, (950) to extract Fi(¢?), and then multiply it with F SM(MEW) again
in the form of eq. (3.21) to recover the complete transition form factor F;(M2,,q?). The
detailed calculation can be found in ref. [110]. On the other hand, instead of the S-wave
77~ LCDASs, one can firstly use the LCDAs of the fy to get the transition form factors
Fi(q?) of By — fo, then due to the approximation leading to eq. (3.21), one can write the
total form factor as

Fi(M2q?) ~ 2 FE (M2 ) (). (322)
0
Equations (3.21) and (3.22) explicitly reflect that the 77 distribution of the S-wave-
dominated decay Bs — f0(980)(— 77~ )utu~ is determined by the distribution of the
77 scalar form factor.
All these scalar form factors are also required in the study of three-body B decays,
which have been studied using dispersively reconstructed form factors or phenomenological

parametrizations, see for instance refs. [16, 21, 112-117] and many references therein.

4 Vector form factors

Next we discuss the vector form factors. The matrix element of a vector current with

respect to a two-meson system can be parametrized as

(ai(pa,)0i (P5,)| TV 10) = FEL (5)(Pa; — Po,)" + FE21(5) (pay + oy, ). (4.1)

Notice that we label the form factors Fy 4 as above because they are more commonly defined
in the t-channel, where p,, will switch sign. From the equation of motion 9,(¢'~v"q) =
i(mg — mg)q'q, one sees that the form factor Fy _; is not independent since it can be
expressed in terms of Fy y ; and the scalar form factor Fs; according to

Fi14(5) =~ [Bolmy —my) FL3(s) — (m2, —m3 L2 (5)]. (42)

Therefore, it is sufficient to concentrate only on F‘g_‘f_ i

— 21 —



The unitarity relation of Fgl_‘i,i is most conveniently expressed in terms of
Fil(s) =PFyi(s), (4.3)
where P;; = [p;|0;; . One can then straightforwardly express the unitarity relation as
ImFy | =Ty SF) Y . (4.4)

Notice that F is associated with the J = 1 partial-wave scattering amplitude. However,
the relation above is rigorously true only above the highest threshold, where all elements
of P are real. When s is between the lowest and highest thresholds, a more rigorous form
of the unitarity relation is

ImFL? = (P T SPFRLY. (4.5)
In particular, at the right-hand side of the equation above we have (P~!)* instead of P~!
so that the kinematical imaginary part of 7} (i.e., the imaginary part due to |p;|) below
the highest threshold can be canceled by that of (P~1)*.

4.1 ChPT result

There are two kinds of vector currents: the SU(3)-octet current Vi (a =1,...,8) and the
singlet current V/B due to the SU(3)y and U(1)p (B stands for baryon number) symmetry,
respectively. They can be defined as

VY =qyua, Vi =qT g, (4.6)

respectively. The easiest way to obtain such currents from the QCD Lagrangian is to first

promote SU(3)y and U(1)p to local symmetries by introducing external fields v, = T
(s).

and vy :
_ 1 _ .
L= E%GD + Lext = E%CD + qvu <v“ + gvé) + 75&“)(] —q(s — 1y5p)g. (4.7)
Taking the derivative of the Lagrangian with respect to the external fields gives the currents
oL oL
VY =3 , Vi=_— ) (4.8)
K ov o Oul |l y—w, =0
(s) v=0(5)=0 (s)

Again, we can apply the formulae above to obtain vector currents in ChPT. The strict
SU(3) symmetry of the ChPT Lagrangian up to O(p*) leads to a vanishing VS. It should be
noted that at O(p°®) a certain SU(3) breaking term can be introduced so that VS no longer
vanishes. However, at O(p*) we will not consider this effect. For the octet currents, we have

iF2
Va(i) = _TO</\ [Ua aﬂUTD,

VW = —2iL,(0,U"UTY(N[U, 8,UT))
—iLo{ (0, Ud,UNYNU,0"U) 4 (9,Ud,UNY (N [UT,0"U)}
—iL3 (X%, U)0,UT + 8,U[ N, U, U UT) — 2i B Ly (\[U, 8, U ) (MUT + UMT)
—iBoLs(([\, U0, U + 9,U[N\e, UN)(MUT 4 UMT))
+iLg(\*0, (0" U8, U — 9,U8"U")). (4.9)
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In particular, the components of Va(i) in ChPT are (making use of the fact that

Vf = Uy, u + nyud + 57,5 = 0 in the meson sector):
< <
uytd = VI + iVl = i KOOM K~ +ivV2r 0% 4.,

7

V2

- — R N P
dyis = VI +iVF = —iK~ oFat + i\/;n(?“Ko - %ﬂoaﬂl{o +o,

1 R Rerd
uytu = —3V8”+V3 =iK oMKt +in ofnt 4+ ...,

7

_ 1 > >
dytd = %VS“ ~ V= —iK°0FKY —ir~ o't 4.

S 3, —
uyts = V}f—i—iV;—irr(?“KO—i\/;K(‘?“n— K= 07"+ ...,

2
V3

The one-loop ChPT results for the vector form factors are given in appendix D.

< - <
syts = -V =iKOPK® — iK' K+ +.... (4.10)

4.2 Unitarization, dispersive improvement and numerical results

The TAM formula for the unitarized vector form factors can be obtained directly from
eq. (3.13) by the replacements Ty — T} and Fg — Fy:

e
= Fyy = B + P 71 — 1) 1PEP). (4.11)

This result is also required to be improved by a dispersion relation. The whole procedure
is identical to that of the scalar form factors, except that now the imaginary parts of the
vector form factors that enter the dispersion integrals should be taken as

ImF = Py TyspR Y, (4.12)

where ¢ is the number of iteration following the unitarity relation of the vector form factors.

Our final results for the vector form factors are summarized in figures 14-16. In the
5s channel, there is a pole on the real axis below the KK threshold, which corresponds
to the wg resonance as pointed out in ref. [56]. Its mass is between the masses of w(782)
and ¢(1020), which is reasonable since the wg is a mixture of w and ¢. Note that for
this channel we have removed the unphysical left-hand cuts of the 77 and 77 loops in
T [(i)o, j—; as we did for the I = 1, J = 1 channel in section 2.2. Since we do not consider
37 intermediate states here, this sub-threshold resonance must be a bound state with zero
width. Keeping the left-hand cuts of the scattering amplitude results in an unphysical
imaginary part of the form factor below the KK threshold, which is due to the on-shell
approximation of the IAM, see section 2.2. On the other hand, due to the absence of Adler
zeros and with the unphysical imaginary parts cut off, further improvement by dispersive
iteration is unnecessary for this channel.

In the us channel, it turns out that the IAM result is almost invariant under the
dispersive treatment; the imaginary parts of the K7 and K7 form factors peak around
Vs =~ 0.89 GeV, reflecting the existence of the K*(892) resonance.
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As explained in section 2.2, there is a breaking of the unitarity relation below the
highest threshold due to the mixing between the left-hand and right-hand cuts using the
coupled-channel TAM as in ref. [56]. Such a violation is especially serious for the I =
1,J = 1 channel, see figure 2, and thus must happen as well when calculating the ud vector
form factors. It is found that only after the modification proposed in section 2.2, with the
imaginary part of the troublesome ¢- and u-channel loops removed, the iteration procedure
for the ud vector form factors converges. The result is shown in figure 16, and agrees well
with the existing literature (see the discussion below).

The 7 vector form factor is calculated in ref. [36] through the Omnes representation

§2 [oo 5 (s
F(s) =exp (Pls + 7 e ds’ (s’)2(s’l(— z — ze)> ’ (4.13)
where P; = (r?) /6 with (r?) the pion radius squared (see refs. [39, 118, 119] for recent
determinations of the pion charge radius from data), and a twice-subtracted dispersion re-
lation is applied. The Omnes representation relates the form factor with the corresponding
phase shift §1(s), which can be extracted in a rough approximation from the mass and de-
cay width of the p meson using a Breit-Wigner parametrization. The scattering amplitude
dominated by the s-channel p resonance reads

2 .3 2 23/2
aj(s) = < Doy = Jemml_ Jpmm (G — My) (4.14)
! s— M2 —iM,lioi(s) " " 6mM2 6 M2 ’
where ¢ is an irrelevant constant. The phase shift is derived as
Imal(s) M, ot ()
6i(s) = arctan ReT% = arctan ﬁ . (4.15)

The left panel in figure 17 shows a comparison between the w7 vector form factor derived in
this work and that from the Omnes representation, and we observe good agreement. In the
right panel, instead of F‘%ﬁ s~ we compare our result for the kaon electromagnetic (EM)
form factor with that from the earlier literature also using uChPT [44], since the explicit
result for Fg"ﬁ(+ j— is not available from that source. The EM form factor is defined as

(K*(n) K~ ()

Y eid Augi 7)) = FF e k- (s)e - (0 — 1), (4.16)
7

where i = u,d, s and e; = 2/3,—1/3,—1/3. Generally, due to isospin symmetry, our vector
form factors derived above are related to this EM form factor according to

FEM o lFﬂd 1 F§S 1 Fﬂu—l—CZd 4.17

VKtK— (S) - 5 VJ“K[((S) + 3\/§ VJF,K[((S) - 6\/5 V+,Kf((8)' ( : )

Note that due to charge conservation we must have F5%+ s—(0) = 1, which can be checked

by our results (using the U(1) symmetry constraint: wy,u + cZ’de = —57,s). The EM

form factor from eq. (4.17) is shown by the blue solid line in the right panel of figure 17,
where the divergent bound state peak around 935 MeV corresponds to the wg. However, in
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Figure 17. Comparison between the w7 vector form factor derived in this work and that from the
Omnes representation [36] (left), comparison between the K+ K~ EM form factor derived in this
work and that from an earlier uChPT work [44] (right).

ref. [44], instead of the wg two physical resonances w and ¢ were introduced manually, which
are mixtures of wy and wg. Thus, to reproduce these two distinct resonances for better
comparison, we replace the last two terms in eq. (4.17) with the standard Breit-Wigner
distributions of the w and ¢:

2
lg M; _lyg M,
\/§g¢s—M£+iM¢F¢ 20w s— M2+ ML’

(4.18)

where g is the SU(3)-symmetric vector-to-two-pseudoscalars coupling constant, and g¢, g
refer to the coupling constants of ¢ and w to the electromagnetic current. Their explicit
definitions can be found in refs. [120, 121], where g4 = —12.89, g, = 17.05 and g = 6.05.
The decay widths are taken as I'y = 4MeV and I, = 8.5 MeV. The corresponding curve
is the red dashed line shown in the right plot of figure 17. Finally, the magenta dotted
line in the right panel is the EM form factor extracted from figure 4 of ref. [44]. From
this comparison, we find that regardless the region where the un-mixed resonant ws or the
physical mixtures w and ¢ emerge, the agreement is good at both low (below 0.7 GeV) and
high (above 1.1 GeV) energies.

4.3 Applications of the vector form factors

We end this section by discussing an application of the two-meson vector form factors in
the two-body hadronic decays of a charged lepton | — ¢¢'v. The leading contribution
to I — ¢¢'v is due to a single exchange of a W-boson, which, at low energies, can be
approximated by the Fermi interaction. The corresponding amplitude is

. iGp * = ar

iM = ——=Vy i, " (1 — v5)w (66'|q7,49(0) , (4.19)

V2

where G is Fermi’s constant and V4 is the Cabibbo-Kobayashi-Maskawa (CKM) matrix
element. Since the axial vector component in the hadronic matrix element vanishes due
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to parity, the matrix element can be expressed in terms of the vector form factors defined
in eq. (4.1). Considering only the spin-averaged decay, the differential decay width is a
function of two kinematic variables. They can be chosen as s = (ps + pg)? and 6, which is
the angle between py and pj in the c.m. frame of ¢¢’. After carrying out the phase space
integration, one obtains

dr’
ds d cos 0

= 12
GE|Vag |2(( )3ml)‘3qi’ A(s) + %B(s) cosf + ‘pi’ C(s) cos? 9] . (4.20)

where the ¢¢’ subscript and ¢’'q superscript in the form factors have been suppressed for
notational simplicity, and

2
A(s) = S)[ml?s(sFV_|2+2(M;—M;,)Re{pv+pv_})
+|Fy4 | (M(;f(ml2 +5s) —2m§,(M£,ml2+M§/s+s2) +M§/ (m? +5) —2M¢2,/52—|—s3) } ,

8
B(s) = —SmimE=s) ml D (1Fvo 202 - M2+ sRe(Fp Py

C(s) = 8|Fy+[? ( —5)%. (4.21)

Two-body hadronic decay of charged leptons is one of the commonly studied processes
in the extraction of the CKM matrix elements, for example 7 — Knv, for Vs [122].
Therefore, an improved understanding of the s-dependence in the vector form factors may

improve on the Vs precision [123] and lead to a better reconciliation of the same quantity
measured in other processes such as the kaon leptonic/semi-leptonic decays.

5 Tensor form factors

Next, we study the tensor form factors of a two-meson system, which were so far only
investigated in limited channels. We define the tensor form factors through the following
matrix elements:

o w Ao
(ai(pa,)bi(pe,)| T o QI0>—’Lﬁ(péflpb — pY Pl FR(s), (5.1)

where As is an LEC that appears when introducing external tensor sources to the chiral
Lagrangian, which we shall discuss later. The unitarity relation obeyed by the tensor form
factor is identical with that of the vector form factor Fy 4 [55]:

ImF2? = (P~ 1)y SPFL? (5.2)
Again, it is associated with the J = 1 partial-wave amplitude.

5.1 ChPT result

The derivation of tensor currents in ChPT requires the introduction of an antisymmetric
Hermitian tensor source ¢,, into the QCD Lagrangian:

L=qo"t.q. (5.3)
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The corresponding effective field theory was first investigated in ref. [52]. The LO chiral
Lagrangian coupled to the tensor source scales as O(p*) and is given by

£ = i (" uu) (5.4)

where
Uy =1 [uT(au —iry)u —u(0, — il#)uq ot = uTtul £t T (5.5)

t" and t**1 are given as

o — i(gu/\gup _ gz//\gup _ Z'ﬁ;uj)\p)

1 _
vt — Z(Q“Ag"p _ gvkgup + igul/)\p)t)\w (5.6)

t)\p )

0123

and the convention ¢ = 1 has been used for the Levi-Civita tensor.

At NLO, there exist quite a number of corresponding operators, among which the ones
contributing to tensor form factors are given as

,Cg?) = 1034 (" {x+, upun }) + iCs5 (" wpxun) + iCs6 (X 1) (4 upuy)
+iCs7 (1) (X upty) + iCss (VP [hyup, wn]) + iCs9(V uth [hup, uP])
+0106<tiy[X—u, UV]> + i0107<t+uuh“ahya>, (57)

with the covariant derivative defined as
Lot t
VX = 0,X + [Ty, X], U=§@QM+WW)' (5.8)

They are used to cancel the divergence that occurs in the one-loop corrections to the tensor
form factors. The renormalized LECs CF and divergence coefficients ] are defined as:

Ao
qz@—fyﬁ. (5.9)

0
In fact, it turns out that the requirement to cancel all divergences in tensor form factors
does not fix all the {’yZT } independently, but only a subset of them, which are determined

to be the following constraints:

1 1 3
T T T T T T T T
Y34t 3 (789 +Yios + 7107) = o0 Y35 T V89 * Vioe T YVior = — >
2 24 4
11 1 1
T T T T T
T36 = TR M= Ty 88 T V89 T 107 T T4 (5.10)

The numerical values of Ay and C] at a given renormalization scale p are obviously
required to make definite predictions on tensor form factors. Unfortunately, as far as we
know, no lattice data are available for these LECs. We therefore make use of the results
in ref. [124] that attempted to evaluate the effective action from first principles (under
certain uncontrollable approximations). However, a critical issue in that approach is that
one cannot study the scale dependence of the renormalized LECs, and therefore the issue
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of how one should match their results to the renormalized LECs with the standard Gasser-
Leutwyler subtraction scheme at a given scale, say 1 = M, remains ambiguous. To account
for this issue, we assume that the LECs in ref. [124] are given at some unknown scale fi,
and could be run to u = M, by a renormalization group (RG) running

%T Ay M

- — P 5.11
3272 F2 2 (5.11)

Cr (M) = CI ()
which still involves an unknown coefficient In(M 3 /ii?). To fix this coefficient, we refer to
ref. [125], in which the O(p*) LECs L; are calculated within the same formalism. We
perform a RG running of those LECs and compare them to {L;} at u = M), that are fitted
to experimental data [60]. That allows us to get a best-fit value of In(M7 /%) by minimizing
the x2. We find that, with this best-fit value, the changes in the numerical values of {L;}
are relatively small. Therefore, for the case of tensor LECs, we shall simply cite the results
in ref. [124], assuming that systematic errors due to the ambiguity in the renormalization
scale are much smaller than the other theoretical errors quoted in the paper. Within such
a framework, the coefficients C3¢ and C%; vanish in the large-N, limit, where IV, refers to
the number of colors in the QCD Lagrangian, while other nonzero coefficients are collected
in table 2 (readers should be alerted to certain differences in the definition of operators
between refs. [52, 124] that lead to changes in numerical values of LECs and have been
properly taken into account in table 2).
The tensor currents are defined as

T’Z-'L;-y = (jia"“/qj. (512)

Using the O(p*) and O(p®) chiral Lagrangian with tensor sources, we are able to derive
the tensor currents Tﬁ) and T,S?,) in ChPT, respectively, which are
W iAo
Ty

= {uT [ul, u’Jul — i P uluyu,ut + ufut, u?lu + is‘“’)‘puu)\upu} i (5.13)

14 1’ v a a a
" = g7 (0V0a) (0701) ol AN} CasAA + Cag (NN

1
+Cm{AN) + 5Cusl{xAh V1|

7t

+ ;220107 (079164 ) (9"10ags) (A"X)

ji
t

g2V [Cus” ((010,04)0" 1) + Csgd¥ ((8"10,04)0°1 ) | + O(67),

where AWBY) = A*BY — AYB*. In particular, the components of T read
Fg
_ iA _ _
o, d = 1}7—22(@[{08,,[(0 — 9,K°9,K° + 0,7t 0,m~ — Oy Oym ) + ...,
0
i
Fg
A
0d = %(aMK*aVKO — 9,K°0, K~ +V20,7°0,7~ — V20,7 8,7%) + ...,
0

Uopu = (—@LK"'&,K_ + 3uK_8,,K+ — 8#7r+8,,7r_ + 8H7r_8,,7r+) +...,

50,8 = 0,K°9, K" + 9,K°0,K* + 0, K0, K~ — 9,K 0, K") +...,
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Ar Oy O G Gy Clos  Clor
13.79 0.01 —4.14 -144 1026 -9.04 —0.09

Table 2. Low-energy constants for the chiral Lagrangian with tensor sources derived from ref. [124].
Ay is given in units of 1073by while the remainders are given in units of 10~3GeV~2by, where
by = 1.32 GeV. The renormalization scale is assumed to be y = M, (see the discussion in the text).
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Figure 18. Real and imaginary parts of F* respectively (left), and real and imaginary parts

T— KK’
of FI“’;S KK respectively (right). For notations, see figure 14.

iA

U0 ps = ;Fg( 20, K°0,7~ + 20,7 0,K° + V60,10, K~ + v/20,7°0, K~
—V60,K~0,m — V20,K " 0,7°) + ...,
_ A _ _ _ _
o5 = %(\fﬁ@un&i{o — V20,798, K° — \/69,K°0,1 + v/20,K°9,°
0

+20,7 0, K~ —20,K O,mt) +.... (5.14)

The one-loop ChPT results for the tensor form factors are given similarly in ap-
pendix D.
5.2 Unitarization, dispersive improvement and numerical results

The unitarity relation for tensor form factors Fr is identical to that of vector form factors,
so their TAM formulae should also take the same form

Pr=FY 4 p 731 - 7 1pp?), (5.15)
The results are given in figures 18-20, where due to the same reason as that for F3*, Ft and

F3# are also calculated by cutting off the left-hand cuts and are not improved by dlsperswe
iteration. The iteration procedures for F*? and F¥* are exactly the same as the one for
the corresponding vector form factors, so we shall not repeat all the details here.

For the form factor FT ! ., we compare it with that derived in ref. [53], where FT . was
obtained using the Omneés representation. Since according to the Watson-Migdal theorem,
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in the elastic region, the phases of the tensor form factors equal those of the vector form
factors, d7(s) = d4+(s), one can use the dispersion relation

T =ex LA S/(ST—(S/)
Fr(0) p{WAMgd s’(s’sie)} (5.16)

to obtain the normalized tensor form factor. The comparison is shown in figure 21, and
we observe a significant difference. For instance, the sizes of the peak at s = Mp2 are quite
different in the two calculations, and there exists a zero point in our curve above 1 GeV that
does not occur in the phase dispersive representation. The differences are exclusively due to
the SU(3)-breaking LECs in the tensor form factors at NLO, and therefore probably a rather
large uncertainty should be associated with them. An independent cross-check is therefore
highly desirable, and in appendix F we argue that this is in principle doable through a
comparison with future lattice QCD calculations of the tensor charge of the p-meson.
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dashed lines corresponding to the three sets of LECs) and that from ref. [53] by phase dispersive
representation (magenta dotted line).

5.3 Applications of the tensor form factors

In the previous section, we have discussed the application of the two-meson vector form
factors that characterize the SM contribution to the hadronic charged-lepton decay. At
the same time, these processes also provide a suitable platform for searching for the BSM
physics due to their large phase space. In the literature, the BSM physics effects are
included by introducing a general set of higher-dimensional operators beyond the SM. For
instance, the dimension-6 effective operators (with only left-handed neutrinos) responsible

for 7 — 7~ 7%v, are given by [53]
AGF 0 = A 7 oAl
Loo = 7 [(1 + [wLlpe) Lrypverury!dr + VRl CLyuverirY dr (5.17)

+ [sLl g Crvertirdy + [sR) g Crvertndr + [tL] 4 ZRO'/WVEL@RU“UdL} + h.c,

where the SM Lagrangian is recovered by setting vy, = vg = sy = sg =t = 0. In
particular, the t7, term contains the tensor interaction. The decay amplitude for 77 (P) —
7~ (Pr-) 7 (Pro) vy (P') reads

M= My + Mg+ Mp
_ GrVuaV SEw
V2

with the leptonic and hadronic sectors, respectively, given by
L, =a,, (P)~* (1 - 75> ur(P),
L=y, (P') (149°) ur(P),
Ly = iy, (P) o (149°) ur(P), (5.19)

(1+er +er) [L H" + ésLH + 2ér L, H™, (5.18)
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and
H= <7r071'7\67u]0> ,
H! = <7r071'_ ldy”u‘ 0> )

HW = <7r07r_ ’Ja““u

0) . (5.20)

Therefore an improved understanding of the tensor form factors (as well as the scalar and
vector form factors) will better constrain the strength of the BSM physics interactions.
The same applies to other decay processes such as 7= — (Km) v, [54, 126, 127] and
T~ — (m) vy [128, 129].

6 Conclusions

In this work, we have performed a complete study of the scalar, vector, and tensor two-
meson form factors based on uChPT improved by dispersion relations that remove the un-
physical sub-threshold singularities. The slight unitarity violation in the coupled-channel
IAM as in ref. [56] is thus removed. The low-energy constants used for the uChPT calcula-
tion are fixed by a global fit to the available data of two-meson scattering observables. The
resulting form factors are expected to be applicable in a wide energy region 0...1.2 GeV.
For the scalar and vector form factors, our results may be regarded as an update to those
given in the existing literature, but with a much simpler realization of the dispersion rela-
tion improvement. On the other hand, this work provides the first-ever systematic analysis
of the full two-meson tensor form factors. These form factors play important roles in
precision tests of SM and searches for the BSM physics.
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A Loop functions

In this appendix we summarize the relevant loop functions that appear in the one-loop
calculations within ChPT. First, from the tadpole diagrams we encounter the following
integral:

ddq 7 M2 M2
e = 2M}2)\ ln =L = 2MZN + 2F3 ;i Al
/(27r)d q? — M? T w2 AT ebot (A1)
where p is the renormalization scale and u; = (M?/32m2F3) In(M?2/u?), with i = 7, K, n,
and Fjp is the pion decay constant in the three-flavor chiral limit. Next, in a loop integral
with two propagators we encounter the following two-point function:

[ dYq 1 o i
- Z/ 2m)d [ — MB][(q—p)® — M3] =2\ + Jpo(s) = Jpq(0) + Jpg(s),  (A.2)

where P,Q = 7, K, and 7, s = p?, and

212
JpqQ(0) = =21 — T(MP —1Q) (A.3)
1

- A X Mé v (s =¥ —v —ig)? ,
JPQ(S)—SQ? 2+<S_A>1n]\4123+8{1n< A2 32 “+am

)

with
A=Mp— M, S=Mp+Mj,

u(s) = \/(3 — (Mp + Mq)*) (s — (Mp — Mq)*) . (A.4)

For the case of a single mass Mp = Mg, the J-function reads

1 2F;
JPP(O) = =2\ - 1672 - Mij(gi)upv (A5)
_ 1 s(s —4M3) (s —2M3 — \/s(s — 4M3) —ic)? .
Jpp(S) = 3072 4+ 5 In| — 4M2 —+
P

Note that the above integrals have the correct unitarity structure along the right-hand cut,
which extends on the real axis from s = (Mp + Mg)? to infinity.

B Isospin decomposition of the scattering amplitudes and form factors

In this appendix we state our conventions in defining one- and two-particle isospin eigen-
states, and show how to construct scattering amplitudes of definite isospin.

B.1 One-particle isospin eigenstates

The one-particle isospin eigenstate is generically denoted as |¢, I, I3). The phases of such
states are chosen such that they satisfy standard results when acted on by isospin-raising
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and -lowering operators:

JolLIs) = (I~ I3)(I + I+ 1) [T, I + 1),

JNLE) = \JU+ 1)1 — I+ 1) 1,1~ 1). (B.1)
For the pion triplet, we choose:
|m, 1, +1) = — ’7r+>, |7, 1,0) = ‘71'0>, I, 1,-1) = |7 ). (B.2)
For the kaon doublet Kt, K° we choose:
LI\ L1\ .0
‘K,2,+2> - ‘K > ’K,z,—2> - ‘K > (B.3)
For the anti-kaon doublet K°, K~ we choose:
_ 1 1 —0 _ 1 1 _
— 4= = - —=)=- . B.4
Koptg) =K. [EG-g) = 1K) (B.4)

Finally, the n-particle is simply an isospin singlet: |n,0,0) = |n).

B.2 Two-particle isospin eigenstates

Two-particle isospin eigenstates, denoted generically as |¢p¢’, I, I3), are simply obtained by
combining one-particle isospin eigenstates with appropriate Clebsch-Gordan coefficients.
There is one complication, namely isospin eigenstates that are constructed by two particles
in the same isospin multiplet should be multiplied by a factor 1/1/2 so that the completeness
relation they satisfied is properly normalized as 3" ;. |1, I3) (I, I3| = 1.* In the following
we present the two-particle isospin eigenstates that are relevant to this work:

001 = e ern) o o) + o)),

w7, 1,0) = —% |rr7=) == )]

|7, 2,2) = 1 ’7r+7r+>,

V2
kn 3oy = -l
fergog) = e ) - o).
kki10) = =5 i) g i),
KR.0.0) = — 3 [K7K) - [ [KRY)
K gg) =)
|7, 1,0) = ‘W°n> ,
.0.0) = o) (B5)

4Such a factor is sometimes defined into the partial-wave expansion, see, e.g., ref. [56].
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B.3 Scattering amplitudes of definite isospin

Following ref. [56], one may choose the eight independent ¢¢ scattering amplitudes as

follows:
Ti(s,t,u) = Trtr——poq0(s,t,u),
To(s,t,u) = Titrt—rt+rt (S, t,u),
T5(s,t,u) = T+ g x+i- (8, u),
Tu(s,t,u) = Tgogo_ g+ k- (8, 6,u)
T5(s,t,u) = Tro, ko, (s, t,u),
To(s,t,u) = Troro_ ko, (s,t,u),
T7(s,t,u) = Troyqoy(s,t,u),
Tx(s,t,u) = Typposny(s, t,u). (B.6)

All scattering amplitudes of definite isospin can be expressed in terms of these eight am-
plitudes and their crossings. The results are as follows. For I = 0, we have

1
T7{7rg7r7r(57 t u) = 5 [3T7r+7r—ﬁ7r07r0 (37 t ’LL) + Tt i 070 (tv S, u) + Tt 070 (u, L, 5)] )
3
TI=0 (s, tu) = \2[ (Tictrt s tmt (U 8,8) + Tt nt S et ot (F, 5,u)]
= V3
Tﬂﬂgrm(sa t, u) = _TTﬂon_Hron(t, S, U) s
TII(?(()—)KI_{(S’ t, u) = Thk+K-K+K- (Sa t, u) + TKOf(OHKJrK* (57 t u) ’
=
TKR(']—HW](S’ t, u) = _TKOU%Kon(ta S, u) )
1
1=
TS (s:t.w) = 5 T (s, £, 0) - (B.7)

2

For I =1/2, we have

I1=1/2 3 1
TKW—/>K7F(S’ t, u) s Trtnt K+t (ua t S) - §TK+7r+—>K+7r+ (57 t, u) )

2
I=1/2
TKW—/>K17(87t7u) = _\/gTKOWO—ﬂ(On(&t?u):
I1=1/2
TKann(s’t?u) = TKOn%KOn(Satu) . (BS)
For I =1, we have
I=1 1
Tﬂ'rr%mr(S’tv u) - 5( mta— —>7r07r0(t S u) T7r+7r*—>7r07r0(uat>3))7
1
Tini}KK(S t u) E(TK+W+—>K+W+(U B t) TK+7T+—>K+7T+(t7S7u)7
T7{r]—1>7r17 s, 1, u) = L7g0p—x0p (87t7u)7
T[I(KI_J{K(S’taU) =Tg+K-SK+K- (S 3 u) _TKOR'O—>K+K*(Sat7u)a
TII(K1—>m7(S t, u) = \/>TKO7rO_>KO (t S u) (B.Q)
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For I = 3/2, we have

TI'Q:S_/}%(W(S, t, u) = TK+7r+—>K+7r+ (S, t, u) . (B.lO)

Finally, for I = 2, we have

_ 1
Tr{;iﬂﬂ*(sv i, u) = §(T7r+7r——>7r07r0 (ta S, U) - T7r+7r——>7r07r0 (u7 t, S)) . (Bll)

B.4 Form factors

Finally, we discuss how the two-meson form factors are classified according to the isospin
eigenstates. The form factors of interest have the following general form

(o¢'|al'q' |0}, (B.12)

where I' is any matrix in the non-flavor space. It is obvious that with different choices of
qq' and ¢¢' there will be different form factors. However, not all of them are independent
because some of them are related via charge conjugation and isospin symmetry. In this ap-
pendix, we will extract all the independent form factors in order to minimize the calculation.
We shall start from the classification of ¢¢’ states according to isospin. There are 10
groups of them: 7nm, 7K, 7K, m, KK, KK, Kn, KK, Kn, and nn. However, KK and KK
states have no nonvanishing form factors because they have strangeness +2, which cannot
be obtained from a quark bilinear. Next, 7/ and wK are related by charge conjugation
(the same holds for K7 and Kn), so we just need to choose one of them. Therefore, there
are only 6 groups of independent ¢¢’ states that will give nonvanishing form factors. They

can be chosen as
mr, Krn, mn, KK, Kn, and . (B.13)

Next we study the quark bilinear operators (we shall ignore the matrix I" for notational
simplicity). At the first sight, there are 9 possible combinations: uu, dd, ss, ud, us, du, ds,
su, and sd. However, some of them are related by isospin and charge conjugation (C.C).
For example,

_ , isospin _ 7, isospin ~
ud +— uu—dd +— du,

g S0sPin 7 C.C 54 SosPin o (B,14)

For two bilinears related by isospin, their matrix elements are related to each other by the
Wigner-Eckart theorem. For bilinears related by charge conjugation, their matrix elements
are related by charge-conjugating the outcoming mesons. Therefore, there are only four
independent quark bilinears, which can be chosen as

uu + dd 1
W Ad 0. 8s, I=1:ud, I=-: us. (B.15)
V2

Now, with each independent quark bilinear, we just need to compute one matrix element for

I=0:n

each independent ¢¢’ group; the others are related by Wigner-Eckart theorem. Therefore,
the independent form factors can be chosen as the matrix elements of the quark bilinears
between the vacuum and two-particle isospin eigenstates given in table 3.
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Quark bilinear Two-particle isospin eigenstates
n = (tu + dd)/v2 nm, KK, mm
S8 o, KK, nm
ud o, 7w, KK
Uus Kn, Kn

Table 3. Quark bilinears and meson fields that form independent form factors.

C Subtraction of sub-threshold poles

It is well known that the naive application of the IAM will lead to spurious poles in the
sub-threshold region for quantities in the J = 0 channel, which is related to the existence
of the Adler zero in the S-wave [64, 96]. In this section, we briefly outline the method one
can adopt to subtract such spurious pole in both unitarized partial waves and form factors.
One may refer to ref. [64] for detailed discussions of the topic.

Let us restrict ourselves to a single-channel unitarization of partial waves and form
factors. Also, we shall simply use 75 and T} to denote the O(p?) and O(p*) J = 0 partial
wave for notational simplicity. First, let us recall the naive IAM formula for partial waves,

T = T3 .
Ty — Ty

(C.1)

The O(p?) amplitude T has a zero at s = sy below the production threshold: Ty(s2) = 0.
This is nothing but the Adler zero at the O(p?) level for the S-wave. Meanwhile, the
combination T — T} has a different zero at s = s’. Since in general s’ # s9, the naive IAM
formula (C.1) has a spurious pole at s = s’. Similarly, the naive TAM formula for the scalar
form factor

T (2)

0
Fs=F + o s (C.2)

suffers from a pole at s = s'.

From the dispersive point of view, the existence of such spurious poles is due to the
negligence of the pole contribution of various inverse amplitudes in the derivation of the
IAM formula through a dispersion relation. Therefore, the problem can be resolved by
appropriately adding back these contributions. Unfortunately, a dispersive derivation of
the multi-channel TAM is still missing, so we can only stick to the single-channel case in
this discussion.

To derive the single-channel IAM formula for partial waves, we shall consider the
dispersion relation of 1/T, 1/Ty and Ty/T3 respectively. Also, here we shall simplify our
discussion by considering an unsubtracted dispersion relation of each quantity, the outcome
turns out to be equivalent to choosing the subtraction point at the Adler zero of the full
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amplitude [64]. The dispersion relations we obtain are

L _ l/oodzhnTl(Z)JrLC(l/T)+PC(1/T),

T(s) mJsy zZ—s
1
T~ PCO/T),
Té(s) _ 1/°° 2, {Ta(2)/T5(2)} + LO(Ty/T2) + PC(Ty/T2) . (C.3)
T5(s) T Jsn Z— S

Here LC and PC denote the left-hand cut and the pole contributions to the dispersion
integral, respectively. Since the full and perturbative amplitude satisfies the following
unitarity relation on the right-hand cut:

- (s) = In{Tu(s)/ 7300} = 22 (©4)
the right-hand cut contributions to 1/T and Ty/T3 simply differ by a sign. Furthermore,
one approximates LC(1/T) ~ LC(Ty/T%) by arguing that the left-hand cut contribution
is weighted at low energies where the usual ChPT expansion is appropriate. With these,

we can write

—_
[

=

—
»

~ - ) _ PC(1/Ty) + PC(Ty)T3) + PC(1/T), (C.5)

where the explicit expressions for the pole contributions are given by

PC(1)T) = s a)
PC(1/Ty) = (5_521)13,(82),
PC(T4/T22) — Téi(82) + T4(32) o T4(52)T2”(82) . (06)

(s = 52)(Ta(52))* (s —2)*(T5(52))* (s — 52)(Ta(s2))°

Here sy is the Adler zero of the full partial-wave T-matrix. Of course its exact value is
unknown, but we can approximate it by the Adler zero of Tb + T}, which is s4 ~ so + s4
where s4 ~ —Ty(s2)/T5(s2). If one neglects the pole contributions then the naive TAM
formula (C.1) is recovered, the inclusion of the pole contributions will eliminate the spurious
pole in the sub-threshold region.

The pole subtraction for the scalar form factor follows a similar logic. Let us start by
considering the dispersion relations of (Fg — F éo)) /T and F é?) /T5, respectively,

Fs(s) ~ F§'(s) _ 1 [ Im{(Fs(z) - F{" (2))/T(2)}

+ LO((Fs — F"))T)

T T Js, Z—5
+PC((Fs — F)/T), (c.7)
2) (2)
F 1 oo Im{F T
ST(S) =— | d m Sz(z)g ()} + LC(FP Ty) + PC(FP | Ty) .
2 Sth -
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Along the right-hand cut, we have

&) — FO) (g (2) (s
R i R R

Therefore, the right-hand-cut contributions for (Fg — F éo)) /T and F éQ)/TQ are the same.
Furthermore, we assume that the two left-hand-cut contributions are also approximately
the same, following an argument similar to the case of the partial-wave scattering ampli-
tude. With this we obtain

T(s)
Ty(s) ®

Fs(s) ~ F(s) +

2 2
EP(s) + T(s) { PC((Fs — FY)/T) = PO(EP Ty)} . (C.9)
where the explicit expressions for the pole contributions are given by

Fs(sa) = F (5)
(s —s4)T"(s4a)
ES (s2)
(5 — 52)T5(s2)

PC((Fs — FY)/T) =

PC(FPT) = (C.10)
Again, we may approximate Fg and T in the formulae above by their respective ChPT
expressions up to NLO.

Notice that if we neglect the pole contributions in eq. (C.9) and substitute T'(s) by
the naive TAM formula for the partial-wave T-matrix, then we re-obtain the naive IAM
unitarized scalar form factor. This expression works fine above threshold but suffers from
a spurious pole below threshold. On the other hand, if we use eq. (C.9) with the expression
of T'(s) given in eq. (C.5), then the spurious pole will be smoothly eliminated.

D Form factors in ChPT to one loop

In this section, we list the NLO ChPT results for scalar, vector, and tensor form factors.
Notice that we express our result in terms of the physical pion decay constant F, which
is related to Fy by

4
F. = F, {1 = 2ptx = i + 53 2 [2L5M + (L + LE) M2 } . (D.1)
0
D.1 Scalar form factors for the I = 0 system

The two-meson states are chosen to be exact isospin eigenstates. At NLO, calculating the
Feynman diagrams shown in figure 6 gives

F2_ (s 1 2M% +3M2— 4(s—4M? 2M% +3M2
— S’ ( ) :14_“7(_7“7]_8( K+3 ™ S)L£+ (S )LT‘ 6( K+3 )LT
V3 3 F? F? F?2
32M2 . 2s—M? . Mﬂ .
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- 6(6M +M2)
FgKK()_1+§/1’U_ KFQ Z"i_ 2 5 }17(2

iy
32M2 3s 3s 9s —2M? — 6M?>
FQKLT 4F2 J;ﬂ'( ) @J;(K(S)—i_ 36;2 ! Jgn(s)v

8(—10ME + M2+ 3s) 4(16M% —4M?2 —3s)

L?”

1
3F§nn(s) = 1—3,LL7T+4,LLK—§,un+ P2 L, — T L
16(10M 32 — M? 128(M32 — M? 3202 3M?2

+ ( K )Lr ( K )L’r‘ 7rLr 7rJr ( )
F2 F2 F2 2F2
9s —2M? —6M?> 16M2 — 7M.
4}% 1 %K(S)JFWJ%( s) (D.2)
for the nonstrange form factors and
2 8(s — 2M32) 32M2 s 2M?2
—\ERa ) = M 1 B S )+ B ),
Fgkr() e 2, (M + M —5) ., LA - A2 )L’” 16(4M2 + MQ)LT
V2 3" F? * F? F?
320M2 9s — 2M?2 — 6M?2
Fo Li 4&% Ticacls) + —gp—Im(9).
3V2F 4 2(—16M2 —2M2 + 3 4(16 M2 —4M2 — 3
Sm()zl—l-QuK—fun%- ( k= T 8>LZ— (16M 5 i S)Lg
4 3 F2 3F2
8(8MZ + M32) o 64(M2 — M2) o 32(2M% — M32) o
F2 F2 F2
9s — 2M2 — 6M 2 16 M7 — TM?
8}3 LTk (s) + {;—ng’;"( s) (D.3)

for the hidden-strangeness form factors.

D.2 Scalar form factors for the I = % system

The scalar form factors for the I = 1/2 meson-meson systems up to NLO in ChPT are
given by

\/EF“S (5) = 1+ 5s—4M? 7 s +8M]2(+4M,%—95
R VTGV V) L0 VA 7 ) LS D0 Ve I 2 B

 8(2MF 4+ M2) 4(—2M3} —2M?2 +5) - 16(M% + M?2)
F2 F2 Ls+ F2
_ 3M(3Mj —3M +5) = OMj + M (9M7 +25) +s(TM7 —9s) (5)
T2F2s K
3Mp + M3 (2s—6M2) +3M2+2M2s —5s? -
- 8F25 FK(S)7
3(4M2—3s) 16M32 —9s —88M % +28M2+27s
— 1_ s - us
~VOEy(s) = a(MZ -2y Tz — e 12(M% —Mz) M
 8(2ME +M2) 4(—14MZ +2M2+3s) . 128(Mz — M32)
F2 3F2 Lst F2

(L} —2L%) + L

(L} —2L%) + L
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3MZ(BMp —3MZ2+5) —IMp + M (9M2 +2s) +s(TM2 —9s) -

8F2s Tric(s)
9M;‘]‘76M3(3M?<+5)+9M;§718M}<s+s(4M,2r+9$)j
- 24F2s Kn(s)
16(5M% —3M2) _,
+§—3L (D.4)

D.3 Scalar form factors for the I = 1 system

The scalar form factors for the I = 1 meson-meson systems up to NLO in ChPT are given by

2 QM2 + M?
Fud ( ) 1 8( K+ )

S, KK gty — 72 (L% — 2Lg)+4<3_1éM?()Lg 32£KL7*
+4%% T(s) = SM3 H\ﬁ ;—23M$ —9s 7o),
\/ngm( ) = 1—uﬂ+2uK_;Mn_W(U ZLE)_ZI(SM[Q(;;;/L%—%)LE
_ 64(M} — M3) §+32M§LT 9s—8M2 — M2 — 3M3JKK( |
B2 F2 122
L)

FS d (s) =0 (by isospin and Bose symmetry). (D.5)

D.4 Vector form factors for the I = 0 system

As mentioned in section 4.1, the SU(3) singlet vector form factor of @y u + dy*d + 5y*s is
zero up to O(p*). Therefore, it is sufficient to present the form factors of 5y*s only:

2y kic(s) —6M% 2 — 4M3}
V+, KK s s _,. s 2
VKK ) oug 4 STk e ST K
V2 i+ Serzpe Tl t T Tek(9),
Fe "+ 7x(5) = 0 (by isospin and Bose symmetry),
27 a(8) =0 (by Bose symmetry).

(D.6)
D.5 Vector form factors for the I = % system

The vector form factors for the I = 1/2 meson-meson systems up to NLO in ChPT are
given by

s — 4M? ~8M2 +AM? + s 3(4M —5)
F 1 K - K s K
\/; Viaen(s) = 14 TR ) LT VA V) B TF V) )“”
5Mp + M2 —s 25 M} —2M2(M§ +s) + ( —5)? .
Ty R R 8F2s Tra(s)
| M = 2ME (M 4+ ) + (ME —5)? -
8F2s T (s)

\/7 Fy k(s (D.7)
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D.6 Vector form factors for the I = 1 system

The vector form factors for the I = 1 meson-meson systems up to NLO in ChPT are given
by

R (s) 4 2 s—2M% —4M?  2s s—4M?2 s—4M?2

=1——p,—= 2K O Trm g T Jr 2K g
= ng,Kf{(S)’
Fg4 ., (s) =0 (by C parity). (D.8)

D.7 Tensor form factors for the I = 0 system

For simplicity of notation, we will define CT = C7/A,. The tensor form factors for the
isoscalar systems up to NLO in ChPT are given by

1 s—6Mp  8(Mf — My) 24 2 24A
Fl xi(s) = 1_7MW_§Mn+ 06r2F2 F2 = Li—4AMZCy, +2(Mz—2Mp )Cis

—2(2M% + M) Ch +8(Mp — M2)Ch —25Che +2(5s — 2M %) Chg — 4AMEClos

—4M?
P K T (s),

+2(s—2ME)Clyr +

C4F?

Fr -(s) = 0 (by isospin and Bose gymmetry),

Fp,n(s) =0 (by isospin and Bose symmetry), (D.9)

5s

FTJ;;S> = 1—4ptn — 25 — gun + Sggfj\g - 8(M%7; M) 5+4(MZ—2M3)Cy,
—2M2C%5 —2(2M + M2)Cig — 4(Mz — M2)Ch; — 25Cig +2(s — 2M ) Cg
—AM3 Clos+2(s —2M ) Clor + S:;{\KIQ{J;(K(S) )
js:fm(s) = 0 (by isospin and Bose symmetry), '
Ff,(s) = 0 (by Bose symmetry). (D.10)

D.8 Tensor form factors for the I = % system
The tensor form factors for the I = 1/2 systems up to NLO in ChPT are given by
2 o —20M%+16 M2+ —12M3 +8M2+s 44M% —8M2—9s
FFTkR(5) =1 2 2 Hr 2 2y MK 2 2
3 4<MK _Mﬂ') 2(MK _Mﬂ') 12<MK _Mﬂ')
5M2 +M7275 4(M2 7M7%) r ~r AT ~r
- gGWQFg - 1}3 Ly —4Mp C3y —2M7C35 —2(2M + M3)Cig
—25C8s —2(M + M2 — 5)Cy — 2( M + M2)Clog — 2(Mf + M2 — 5)Clyy
+M§—2M§(M§(+s)+(M§(—s)2 _

Hp

8F2s Tin(s)
Mip —2M2E (M2 +5)+ (M2 —s)? -
s s J7r ,
+ 8F2s x(5)
2 —20M% +16M?2 +s —12M2Z +8M2+s 44M2 —8M?2 —9s
7Fus =1 K s - K s K s
V3 =14 10 ) R0 v R M V7 T N

CSMp+MZ—s  28(MR — M7
9672 F2 3F2

(M2 — 402

)Lg —4MECE, + 3

~r
C35

43 —



o TMZ + M2+ 3s M
—2(2M +M7)C36—25Cs + 2T 3 )089 2M 3 K)C106
2(— 7MK+M2+33)C M$—2M3(M12(+S)+(M]2(—8)2j (s)
3 to7 8F2s e
Mp—2ME (M2 +5s)+ (M2 —s)? -
1 M = 2Mi( 8F25) ( ) Tk (s). (D.11)

D.9 Tensor form factors for the I = 1 system

The tensor form factors for the isovector systems up to NLO in ChPT are given by

FpeL(s) 13 8 1 _OM2 —4AM2+s 3 N
T = 1-== = - K T _4M2 T _2M2 T
7 3 I 3,uK 3un+ 062 F2 e =C3s
—2(2M % 4+ M2?)Chy —25Chs +2(s — 2M>)Chg — AMZ2Cl o +2(s —2M2)Chy
s—4M? s—4M3 .
+ 6F2 JT("TI'( ) 12F72 JKK(S)7
13 8 1 —2M3% —4AM2+s 8(MZ —M?2)
ad _ K T r 2
“FRer() = 1= e g gt et LM,
+2(M2 —2ME)Ch —2(2M 2 + M2) Ol — 25Chs +2(s — 2M %) Chg —AM 2 Clos
~r 4M7% T _4M2 r
+2(5—2M12()C107+ GF2 Jrr(8)+ TEKJKK(S%
Ffo,(s) = 0 (by C parity). (D.12)

E B, — ntm~ form factors

Normalized by the scalar form factor, the S-wave 77~ LCDAs are defined as [6, 102-105]
(7 )18 5(0)10) = EEr(m o pors [ e ™),
("7 )sIS@)s(0)10) = Felm2)Bo [ =65, (u), (E1)
(47 )55(2)3050)10) = ~Fig () Bog (et — prms) [ e 765, ().
Orr and ¢, @7 are twist-2 and twist-3 LCDAs, respectively. They are normalized as

/ dugs. . / dug? (E.2)

According to the conformal symmetry in QCD [130], the twist-3 LCDAs have the asymp-
totic form [102-105]:

so(u)=1, ¢ (u) =6u(l—u), (E.3)

while the twist-2 LCDA can be expanded in terms of the Gegenbauer moments as
Prr(u) = 6u(l — u) Zancf’/? ~1). (E.4)

Since the contributions from higher Gegenbauer moments are suppressed, it is enough to
only consider the lowest moment a;. The first Gegenbauer moment for the f,(980) is [108]

a; = —1.35. (E.5)
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The B; — w7~ form factors in terms of the 777~ LCDAs read as [6],
FLmm (M, q?)

L du m2 +uuM?_ — ug® m 1
= NF{ —exp [_ : UMZW 1 {_ Bisq)mr(“) + u®7,(u) + g‘bgw(u)
g
mi +q? —uM2, @gﬂ(u)} +ex [_so} D7 (up) mi — ud M2, + ¢
uM? 6 M? 6 mi+udM2Z —q?
FEoT (02, )

14 2 M2 — aa?
= NF{ —exp [_ e ] {mbq’”(“) + (2 —u) P, (u)
uo U

+

}, (E.6)

0 uM? By
+1 — uq)cr (U) . u(mg + q2 — u2M7%7r) + 2(777% — q2 + u2M72r7r) (pgﬂ'(u):|
3u ™ u?M? 6
_UO(ml% + q2 — U’(QJMEW) + 2(7’77,% — q2 + U%Mgﬂ') ex |:_80:| (I)gﬂ(u()) (E 7)
uop(mg + ug M2, — ¢?) M? 6 ’ '
2
FEOTT (M2 ) = FPOT (M2 ) oy e PO, ), (B:5)
Bg T

FEOT (M, %)

— 2NF(MBS + Mmr){ —€Xp w2 2B, Mo 6uM?

ug U
D7 (uo) expl—so/M?] }
6 mp—q®+udM2. )’

™

1 du [_ (mg—uq2+uuM7%7r)1 {_@,r,,(u) N @gw(u)}

+ my (Eg)

F  Vector meson dominance and tensor form factors at the vector pole

The antisymmetric tensor interaction is not a part of the elementary SM interaction struc-
ture, so it is quite difficult to compare theoretical results of tensor form factor calculations
with data. Therefore, for an independent cross-check one should rely on future lattice QCD
calculations. One could of course calculate the two-meson tensor form factors directly on
the lattice, but since the results of different theory predictions of the tensor form factors
differ mainly around the p-peak (see figure 21), a more straightforward cross-check is to
calculate the tensor charge of the p-meson. Combining its value and the vector meson
dominance (VMD) picture, one is able to compare the two-meson tensor form factors with
lattice predictions around the vector-meson mass pole. We outline the method below.
The tensor charge f} of a vector meson V is defined through

V@)T " ql0) = —ify g (P — 1), (F.1)

where e* is the polarization vector of V. Suppose now we are interested in the tensor form
factor F%g)d),(s) defined in eq. (5.1) at s ~ M. If one is able to parameterize the V — ¢¢’
amplitude as

iMyogg = ifveg (P — Py )ue" (F.2)
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then the VMD picture provides an approximate expression of Fglg) ¢/(3) at s ~ M%,

Ao o
ﬁFC?’,Z)W (8) ~
s

- 2fvs0 Foag
S — M]% + ’L@(S - 4M7%)Mvry ’

(F.3)

where I'y is the total decay width of V. An interesting consequence of this formula is
that one expects Requ::Z) #(5) to vanish and Imnggqs,(s) to peak at s = MJ. Furthermore,
with future lattice inputs of fg’ 7 the equation above serves as a consistency check of the
theoretical result for two-meson tensor form factors at the vector-meson pole.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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