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TWO-PHASE STEFAN PROBLEM FOR GENERALIZED HEAT

EQUATION WITH NONLINEAR THERMAL COEFFICIENTS

TARGYN A. NAURYZ AND ADRIANA C. BRIOZZO

Abstract. In this article we study a mathematical model of the heat transfer in semi
infinite material with a variable cross section, when the radial component of the tempera-
ture gradient can be neglected in comparison with the axial component is considered. In
particular, the temperature distribution in liquid and solid phases of such kind of body can
be modelled by Stefan problem for the generalized heat equation. The method of solution
is based on similarity principle, which enables us to reduce generalized heat equation to
nonlinear ordinary differential equation. Moreover, we determine temperature solution
for two phases and free boundaries which describe the position of boiling and melting
interfaces. Existence and uniqueness of the solution is provided by using the fixed point
Banach theorem.

1. Introduction

The heat transfer Stefan problems with phase change and free boundaries are largely
studied in engineering and industries applications. They have wide range in broad variety
of field in physical, chemical and economical and etc. phenomena [1]-[7].

The one or two phase change Stefan problem is a free boundary problem for the classical
heat equation which requires the determination of the dynamics of temperature field of
the liquid phase (melting problem) or of the solid phase (solidification problem), and the
location of melting or freezing interfaces at x = s(t). The classical two-phase Stefan
problem for material with cross-section variable domain is widely studied in [8]. The
non-classical Stefan problem is governed by heat equations with temperature or time-
dependent thermal coefficients with given condition temperature and heat flux condition
at fixed face are considered in [9]-[15]. Recently, a non-classical inverse Stefan problem
for determination of unknown thermal coefficients is successfully considered [16] and the
inverse problem of determining the time-dependent thermal conductivity and the transient
temperature satisfying the heat equation with initial data also discussed in [17].

A generalized heat equation enables us to describe heat transfer in material with cross-
section variable in the case when the radial component o f the temperature gradient can
be neglected in comparison with the axial component. Such mathematical model is very
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useful for some applied problems, in particular, for the dynamics of the heating with phase
transformation in finite metal bridge. In this paper we consider phase changing in semi-
infinite material where temperature fields in liquid and solid phases and location of boiling,
melting interfaces have to be determined. The present work provides existence of similarity
type solution of two-phase Stefan problem for generalized heat equation which describe the
heat transfer in the variable cross-section body. Temperature field in liquid zone can be
modelled as

(1) c1(θ1)γ1(θ1)
∂θ1
∂t

=
1

rν
∂

∂r

(

λ1(θ1)r
ν ∂θ1
∂r

)

, α(t) < r < β(t), 0 < ν < 1,

and solid zone is modelled as

(2) c1(θ2)γ2(θ2)
∂θ2
∂t

=
1

rν
∂

∂r

(

λ2(θ2)r
ν ∂θ2
∂r

)

, β(t) < r < ∞, 0 < ν < 1,

and temperature at α(t) and on melting interface β(t)

(3) θ1(α(t), t) = θb,

(4) θ1(β(t), t) = θm,

(5) θ2(β(t), t) = θm.

Then Stefan’s conditions are

(6) λ1(θb)
∂θ1
∂r

(α(t), t) = −lbγb
dα

dt
,

(7) − λ1(θm)
∂θ1(β(t), t)

∂r
= −λ2(θm)

∂θ2(β(t), t)

∂r
+ lmγm

dβ

dt
,

at infinity

(8) θ2(∞, t) = 0

the initial conditions for the free boundaries are

(9) α(0) = 0 β(0) = 0

where θ1(r, t) and θ2(r, t) are the temperatures of the liquid and solid phases, ci(θi), γi(θi)
and λi(θi) are specific heat, material’s density and thermal conductivity. θb and θm are
boiling and melting temperatures where θb > θm and α(t), β(t) are the free boundaries
which describe location of boiling and melting interfaces. lb, lm > 0 are latent heat of
boiling and melting,respectively, γb > 0 and γm > 0 are the constant density of mass at
the boiling and melting temperature.

The aim of this paper is provide the solution of heat transfer process with generalized
heat equation and to show that similarity type solution exists and it is unique. In Section
2 we provide the existence of at least one similarity solution to the problem (1)–(9) with
boiling and melting interfaces at free boundaries. By using the similarity substitution, an
equivalent nonlinear ordinary differential problem and then integral equations of Volterra
type are obtained. In Section 3 we proved the existence of solution to the Stefan problem
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by using fixed point Banach theorem and we solve two coupled equations for the coefficients
that characterize the free boundaries.

2. Similarity solution of the two-phase Stefan problem for

generalized heat equation

If we use the following dimensionless transformation

(10) T (r, t) =
θ(r, t)− θm
θb − θm

then problem (1),(2),(3),(4),(5),(6), (7),(8) and (9) becomes

(11) c̃1(T1)γ̃1(T1)
∂T1

∂t
=

1

rν
∂

∂r

(

λ̃1(T1)r
ν ∂T1

∂r

)

, α(t) < r < β(t), t > 0,

c̃2(T2)γ̃2(T2)
∂T2

∂t
=

1

rν
∂

∂r

(

λ̃1(T2)r
ν ∂T2

∂r

)

, β(t) < r < ∞, t > 0,

T1(α(t), t) = 1,

(12) T1(β(t), t) = T2(β(t), t) = 0

λ̃1(1)
∂T1

∂r

∣

∣

∣

∣

r=α(t)

= −lbγbα
′(t)/(θb − θm),

(13) − λ̃1(0)
∂T1

∂r

∣

∣

∣

∣

r=β(t)

= −λ̃2(0)
∂T2

∂r

∣

∣

∣

∣

r=β(t)

+ lmγmβ
′(t)/(θb − θm),

(14) T2(∞, t) = T∞,

where T∞ = −θm/(θb − θm) and

c̃i(Ti) = ci((θb−θm)Ti+ θm), γ̃i(Ti) = γi((θb−θm)Ti+ θm), λ̃i(Ti) = λi((θb−θm)Ti+ θm).

To solve problem (11)-(14) we define the following similarity transformation

(15) T (r, t) = u(η), η =
r

2
√
t
,

and free boundary conditions (12)-(13) imply that the free boundaries α(t) and β(t) must
be described by

α(t) = 2α0

√
t, β(t) = 2β0

√
t,

where α0 and β0 has to be determined.
After using (15) we obtain the following problem

(16) [L1(u1)η
νu′

1]
′ + 2ην+1N1(u1)u

′

1 = 0, α0 < η < β0;

(17) [L2(u2)η
νu′

2]
′ + 2ην+1N2(u2)u

′

2 = 0, β0 < η < ∞;

(18) u1(α0) = 1,

(19) u1(β0) = 0,
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(20) u2(β0) = 0,

(21) L1(u1(α0))u
′

1(α0) = −2lbγbα0/(θb − θm),

(22) L1(u1(β0))u
′

1(β0) = L2(u2(β0))u
′

2(β0)− 2lmγmβ0/(θb − θm),

(23) u2(∞) = uc,

where uc = −θm/(θb − θm) and

Li(ui) = λi((θb−θm)ui+θm), Ni(ui) = ci((θb−θm)ui+θm) ·γi((θb−θm)ui+θm), i = 1, 2.

To solve nonlinear differential equation

[Li(ui)η
νu′

i]
′ + 2ην+1Ni(ui)u

′

i = 0, i = 1, 2

we use substitution

Li(ui)η
νu′

i(η) = vi(η), i = 1, 2

and using condition (18),(19), (20) and (23) then we obtain solutions for liquid and solid
phases

(24) u1(η) = 1− Φ1[α0, η, L1(u1), N1(u1)]

Φ1[α0, β0, L1(0), N1(0)]
, α0 ≤ η ≤ β0;

(25) u2(η) = uc
Φ2[β0, η, L2(u2), N2(u2)]

Φ2[β0,∞, L2(uc), N2(uc)]
, β0 ≤ η < ∞;

which satisfies the equations (16) and (17) where

Φ1[α0, η, L1(u1), N1(u1)] =

η
∫

α0

E1[α0, s, u1]

sνL1(u1(s))
ds,

Φ2[β0, η, L2(u2), N2(u2)] =

η
∫

β0

E2[β0, s, u2]

sνL2(u2(s))
ds,

E1[α0, η, u1] = exp

(

− 2

η
∫

α0

s
N1(u1(s))

L1(u1(s))
ds

)

,

E2[β0, η, u2] = exp

(

− 2

η
∫

β0

s
N2(u2(s))

L2(u2(s))
ds

)

.

From condition (21) we can derive

(26)
1

Φ1[α0, β0, L1(0), N1(0)]
=

2lbγb(α0)
ν+1

θb − θm
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and condition (22) becomes

(27)
1

Φ1[α0, β0, L1(0), N1(0)]
+

uc

Φ2[β0,∞, L2(uc), N2(uc)]
=

2lmγm(β0)
ν+1

θb − θm

and α0 and β0 can be found from (26) and (27).
The solution of free boundary problem (1)-(9) is given by

θi(r, t) = θm + (θb − θm)ui(η), i = 1, 2,

where η = r/(2
√
t) and functions ui(η), i = 1, 2 and α0 > 0, β0 > 0 must satisfy the

nonlinear integral equations (24) and (25) and expressions (26),(27).

3. Existence of solution of the problem

To prove existence of solution (24) and (25) we have to obtain some preliminary results.
By using the fixed point theorem we will prove that (24) and (25) have a unique solution for
any pair α0 > 0, β0 > 0. Let we define new notation Φ1[α0, η, u1] = Φ1[α0, η, L1(u1), N1(u1)]
and Φ2[β0, η, u2] = Φ2[β0, η, L2(u2), N2(u2)] for convenient proving. Suppose there exists
some positive constants Lim, LiM , Nim,NiM , δ and µ such that

(28) L1m ≤ L1(u1(η)) ≤ L1M , N1m ≤ N1(u1(η)) ≤ N1M

and

(29) L2mη
µ ≤ L2(u2(η)) ≤ L2Mηµ, N2mη

δ ≤ N2(u2(η)) ≤ N2Mηδ

with
3− ν

2
< µ < 2, µ < δ < 3µ+ ν − 3

and assume that specific heat and dimensionless thermal conductivity are Lipschitz func-
tions, then there exists constants L̃i, Ñi such that

(30) ||Li(f)− Li(g)|| ≤ L̃i||f − g||,

(31) ||Ni(f)−Ni(g)|| ≤ Ñi||f − g||
for all f, g ∈ C0(R+) ∩ L∞(R+) where R

+ = [0,∞).

3.1. Lemma. a) For all η ∈ [α0, β0] we have

exp

(

− N1M

L1m

(η2 − α2
0)

)

≤ E1[α0, η, u1] ≤ exp

(

− N1m

L1M

(η2 − α2
0

)

.

b) For η > β0 and ξ := 2 + δ − µ > 0 we have

exp

(

− N2M

L2mξ
(ηξ − βξ

0)

)

≤ E2[β0, η, u2] ≤ exp

(

− N2m

L2Mξ
(ηξ − βξ

0

)

.

Proof. a) E1[α0, η, u1] ≤ exp

(

− 2N1m

L1M

η
∫

α0

sds

)

= exp

(

− N1m

L1M
(η2 − α2

0)

)

.
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b) E2[β0, η, u2] ≤ exp

(

−2N2m

L2M

η
∫

β0

s1+δ−µds

)

= exp

(

− N2m

L2M (2+δ−µ)
(η2+δ−µ−β2+δ−µ

0 )

)

.

�

3.2. Lemma. a) For all η ∈ [α0, β0] we have

1

2L1M
exp

(

N1M

L1m
α2
0

)

√

Nν−1
1M

Lν−1
1m

[

γ

(

1− ν

2
, η2

N1M

L1m

)

− γ

(

1− ν

2
,
N1M

L1m
α2
0

)]

≤ Φ1[α0, η, u1]

≤ 1

2L1m
exp

(

N1m

LM
α2
0

)

√

Nν−1
1m

Lν−1
1M

[

γ

(

1− ν

2
, η2

N1m

L1M

)

− γ

(

1− ν

2
,
N1m

L1M
α2
0

)]

,

b) For η > β0 we have

1

L2M

exp

(

2β2+δ−µ
0

N2M

L2m2+(δ−µ)

)(

L2m

2N2M

)
δ−3µ+5

2+δ−µ

(2+δ−µ)
1−δ−ν
2+δ−µ

[

γ

(

3−ν−µ
2+δ−µ

, 2N2Mη2+δ−µ

L2m(2+δ−µ)

)

−γ

(

3−ν−µ
2+δ−µ

,
2N2Mβ2+δ−µ

0

L2m(2+δ−µ)

)]

≤ Φ2[β0, η; u2] ≤
1

L2m

[

η1−µ−ν − β1−µ−ν
0

1− µ− ν

]

,

where γ(s, x) is the incomplete gamma function defined by γ(s, x) =
x
∫

0

ts−1e−tdt

Proof. a) Φ1[α0, η, u1] ≤ 1
L1m

exp

(

N1m

L1M
α2
0

)

η
∫

α0

exp(−N1ms2/L1M )
sν

ds after using substitution t =

s
√

N1m

L1M
we obtain

Φ1[α0, η, u1] ≤
1

L1m
exp

(

N1m

L1M
α2
0

)

√

Nν−1
1m

Lν−1
1M

η
√

N1m/L1M
∫

α0

√
N1m/L1M

e−t2

tν
dt.

Then using substitution z = t1−ν we get

Φ1[α0, η, u1] ≤
1

L1m(1− ν)
exp

(

N1m

L1M
α2
0

)

√

Nν−1
1m

Lν−1
1M

(η
√

N1m/L1M )1−ν

∫

(α0

√
Nm/L1M )1−ν

e−z
2

1−ν
dz

and taking y = z
2

1−ν then inequality becomes

Φ1[α0, η, u1] ≤
1

L1m(1− ν)
exp

(

N1m

L1M
α2
0

)

√

Nν−1
1m

Lν−1
1M

1− ν

2

η2N1m/L1M
∫

α2
0
Nm/L1M

y
1−ν
2

−1e−ydy.
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Then by using definition of special function type incomplete gamma function γ(s, x) =
x
∫

0

ts−1e−tdt we have proved that

Φ1[α0, η, u1] ≤
1

2L1m
exp

(

N1m

L1M
α2
0

)

√

Nν−1
1m

Lν−1
1M

[

γ

(

1− ν

2
, η2

N1m

L1M

)

− γ

(

1− ν

2
,
N1m

L1M
α2
0

)]

.

The second inequality (b) is proved in a similar way, by using Lemma3.1 b) and hypothesis
29. �

3.3. Lemma. Fixed α0, β0 ∈ R
+ and (30),(31) hold for specific heat and dimensionless

thermal conductivity then
a) For all u1, u

∗

2 ∈ C0[α0, η0] we have

|E1[α0, η, u1]−E1[α0, η, u
∗

1]| ≤
1

L1m

(

Ñ1 +
N1M L̃1

L1m

)

(η2 − α2
0)||u∗

1 − u1||.

b) For all u2, u
∗

2 ∈ C0[β0,+∞) we have

|E2[α0, η, u2]−E2[α0, η, u
∗

2]| ≤ 2

[

Ñ2

L2m

(

η2−µ − β2−µ

2− µ

)

+
L̃2N2M

L2
2m

(

ηδ−2µ+2 − βδ−2µ+2

δ − 2µ+ 2

]

||u∗

2−u2||.

Proof. a) By using inequality exp(−x)− exp(−y)| ≤ |x− y|, ∀x, y ≥ 0 we get

|E1[α0, η, u1]−E1[α0, η, u
∗

1]| ≤
∣

∣

∣

∣

∣

exp

(

−2

η
∫

α0

s
N1(u1(s))

L1(u1(s))
ds

)

−exp

(

−2

η
∫

α0

s
N1(u

∗

1(s))

L1(u
∗

1(s))
ds

)
∣

∣

∣

∣

∣

≤ 2

∣

∣

∣

∣

∣

η
∫

α0

s
N1(u1)

L1(u1)
ds−

η
∫

α0

s
N1(u

∗

1)

L1(u∗

1)
ds

∣

∣

∣

∣

∣

≤ 2

η
∫

α0

∣

∣

∣

∣

∣

N(u1)

L(u1)
− N1(u

∗

1)

L1(u∗

1)

∣

∣

∣

∣

∣

sds

≤ 2

η
∫

α0

∣

∣

∣

∣

∣

N1(u1)

L1(u1)
− N1(u

∗

1)

L1(u1)
+

N1(u
∗

1)

L1(u1)
− N1(u

∗

1)

L1(u∗

1)

∣

∣

∣

∣

∣

sds

≤ 2

η
∫

α0

(

|N1(u1)−N1(u∗

1)|
|L(u1)|

+
|L1(u

∗

1)− L1(u1)| · |N1(u
∗

1)|
|L1(u1)||L(u∗

1)|

)

sds

≤ 2

L1m

(

Ñ1 +
N1M L̃1

L1m

)

||u∗

1 − u1||
η
∫

α0

sds =
1

L1m

(

Ñ1 +
N1M L̃

L1m

)

(η2 − α2
0)||u∗

1 − u1||.

The second inequality (b) is proved similarly, we have

|E2[β0, η, u2]−E2[β0, η, u
∗

2]| ≤ 2

η
∫

β0

∣

∣

∣

∣

∣

N2(u2)

L2(u2)
− N2(u

∗

2)

L2(u2)
+

N2(u
∗

2)

L2(u2)
− N2(u

∗

2)

L2(u
∗

2)

∣

∣

∣

∣

∣

sds
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≤ 2

η
∫

β0

(

|N2(u2)−N2(u
∗

2)|
|L2(u2)|

+
|L2(u

∗

2)− L2(u2)| · |N2(u
∗

2)|
|L2(u2)||L(u∗

2)|

)

sds

≤ 2Ñ2

L2m

||u∗

2 − u2||
η
∫

β0

s1−µds+
2L̃2N2M

L2
2m

||u∗

2 − u2||
η
∫

β0

sδ+1−2µds.

= 2

[

Ñ2

L2m

(

η2−µ − β2−µ
0

2− µ

)

+
L̃2N2M

L2
2m

(

ηδ−2µ+2 − βδ−2µ+2
0

δ − 2µ+ 2

]

||u∗

2 − u2||

�

3.4. Lemma. If α0, β0 ∈ R
+ are given and (30),(31) hold then

a) For all u1, u
∗

1 ∈ C0[α0, β0] we have

|Φ1[α0, η, u1]− Φ1[α0, η, u
∗

1]| ≤ Φ̃1(α0, β0)||u∗

1 − u1||,

∀η ∈ (α0, β0).

b) For all u2, u
∗

2 ∈ C0[β0,+∞) we get

|Φ2[β0, η, u2]− Φ2[β0, η, u
∗

2]| ≤ Φ̃2(β0, η)||u∗

2 − u2||, ∀η ∈ (β0,+∞),

where

Φ̃1(α0, η) =
1

L2
m

((

Ñ1 +
N1M L̃1

L1m

)[

η3−ν

3− ν
− α2

0

η1−ν

1− ν
+

2α2
0

(3− ν)(1− ν)

]

+ L̃1
η1−ν

1− ν

)

,

Φ̃2(β0, η) =

[

2
L2m

[

Ñ2

L2m

(

η3−2µ−ν − β3−2µ−ν
0

(2− µ)(3− 2µ− ν)
− β2−µ

0 η1−µ−ν − β3−2µ−ν
0

(2− µ)(1− µ− ν)

)

+
L̃2N2M

L2
2m

(

ηδ−3µ+3−ν − βδ−3µ+3−ν
0

(δ − 2µ+ 2)(δ − 3µ+ 3− ν)
− βδ−2µ+2

0 η1−µ−ν − βδ−3µ+3−ν
0

(δ − 2µ+ 2)(1− µ− ν)

)]

+
L̃2

L2
2m

(

η1−µ−ν − β1−µ−ν

1− µ− ν

)]

Proof. a) By using lemmas 3.2 and 3.3 for (a) we obtain

|Φ1[α0, η, u1]− Φ1[α0, η, u
∗

1]| ≤ T1(η) + T2(η)

where

T1(η) ≡
η
∫

α0

|E1[α0, η, u1]− E1[α0, η, u
∗

1]|
sνL1(u1(s))

ds ≤ 1

L2
1m

(

Ñ1+
N1M L̃1

L1m

)

||u∗

1−u1||
η
∫

α0

(s2−α2
0)s

−νds

≤ 1

L2
1m

(

Ñ1 +
N1M L̃1

L1m

)[

η3−ν

3− ν
− α2

0

η1−ν

1− ν
+

2α2
0

(3− ν)(1− ν)

]

||u∗

1 − u1||
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and

T2(η) ≡
η
∫

α0

∣

∣

∣

∣

1

L1(u1)
− 1

L1(u
∗

1)

∣

∣

∣

∣

1

sν
exp

(

− 2

η
∫

α0

t
N1(u

∗

1)

L1(u
∗

1)
dt

)

ds

≤
η
∫

α0

|L1(u
∗

1)− L1(u1)|
|L1(u1)||L1(u∗

1)|
ds

sν
≤ L̃1

L2
1m

||u∗

1 − u1||
η
∫

α0

ds

sν
≤ L̃1η

1−ν

L2
1m(1− ν)

||u∗

1 − u1||.

Finally we get

T1(η)+T2(η) ≤
1

L2
1m

||u∗

1−u1||
((

Ñ1+
NM L̃

L1m

)[

η3−ν

3− ν
−α2

0

η1−ν

1− ν
+

2α2
0

(3− ν)(1− ν)

]

+L̃
η1−ν

1− ν

)

.

We can prove (b) analogously, we consider

|Φ2[β0, η, u2]− Φ2[β0, η, u
∗

2]| ≤ U1(η) + U2(η)

where

U1(η) ≡
η
∫

β0

|E2[β0, η, u2]−E2[β0, η, u
∗

2]|
sνL2(u2(s))

ds

≤ 1
L2m

η
∫

β0

2

[

Ñ2

L2m

(

s2−µ − β2−µ
0

2− µ

)

+
L̃2N2M

L2
2m

(

sδ−2µ+2 − βδ−2µ+2
0

δ − 2µ+ 2

]

s−ν−µds||u∗

2 − u2||

≤ 2
L2m

[

Ñ2

L2m

(

η3−2µ−ν − β3−2µ−ν
0

(2− µ)(3− 2µ− ν)
− β2−µ

0 η1−µ−ν − β3−2µ−ν
0

(2− µ)(1− µ− ν)

)]

||u∗

2 − u2||

+ 2
L2m

[

L̃2N2M

L2
2m

(

ηδ−3µ+3−ν − βδ−3µ+3−ν
0

(δ − 2µ+ 2)(δ − 3µ+ 3− ν)
− βδ−2µ+2

0 η1−µ−ν − βδ−3µ+3−ν
0

(δ − 2µ+ 2)(1− µ− ν)

]

||u∗

2 − u2||

and

U2(η) ≡
η
∫

β0

∣

∣

∣

∣

1

L2(u2)
− 1

L2(u∗

2)

∣

∣

∣

∣

E(β0, s, (u
∗

2)

sν
ds ≤

η
∫

β0

|L2(u
∗

2)− L2(u2)|
|L2(u2)||L2(u∗

2)|
ds

sν

≤ L̃2

L2
2m

||u∗

2 − u2||
η
∫

β0

ds

sν+µ
≤ L̃2

L2
2m

(

η1−µ−ν − β1−µ−ν

1− µ− ν

)

||u∗

2 − u2||.

Then

U1(η) + U2(η) ≤
[

2
L2m

[

Ñ2

L2m

(

η3−2µ−ν − β3−2µ−ν
0

(2− µ)(3− 2µ− ν)
− β2−µ

0 η1−µ−ν − β3−2µ−ν
0

(2− µ)(1− µ− ν)

)

+
L̃2N2M

L2
2m

(

ηδ−3µ+3−ν − βδ−3µ+3−ν
0

(δ − 2µ+ 2)(δ − 3µ+ 3− ν)
− βδ−2µ+2

0 η1−µ−ν − βδ−3µ+3−ν
0

(δ − 2µ+ 2)(1− µ− ν)

)]

+
L̃2

L2
2m

(

η1−µ−ν − β1−µ−ν

1− µ− ν

)]

||u∗

2 − u2||.
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�

3.5. Theorem. Let given α0, β0 ∈ R. Suppose (30) and (31) hold. If the following inequal-
ity

(32) ǫ(α0, β0) =
2L

5−ν
2

1M Lν−2
1m Φ̃1(α0, β0)

N
1−ν
2

1m

[

γ

(

1−ν
2
, β2

0
N1M

L1m

)

− γ

(

1−ν
2
, α2

0
N1M

L1m

)] < 1,

where

Φ̃1(α0, β0) =
1

L2
1m

((

Ñ1 +
N1M L̃

L1m

)[

β3−ν
0

3− ν
− α2

0

β1−ν
0

1− ν
+

2α2
0

(3− ν)(1− ν)

]

+ L̃1
β1−ν
0

1− ν

)

,

is satisfied, then there exists unique solution u1 ∈ C0[α0, β0] of integral equation (24).

Proof. Consider the Banach space C0[α0, β0] of continuos real valued functions endowed
with the norm ||u|| = maxη∈[α0,β0] |u(η)|. Let V : C0[α0, β0] → C0[α0, β0] the operator
defined by

V (u1)(η) = 1− Φ1[α0, η, u1]

Φ1[α0, β0, u1]
, u1 ∈ C0[α0, β0].

We will use fixed point Banach theorem to prove that for each fixed interval [α0, β0] there
exists a unique u1 ∈ C0[α0, β0] such that

V (u1)(η) = u1(η), α0 ≤ η ≤ β0.

We show that V is a contracting self-map of C0[α0, β0].
Let u1, u

∗

1 ∈ C0[α0, β0], we have

||V (u1)−V (u∗

1)|| = max
η∈[α0,β0]

|V (u1)(η)−V (u∗

1)(η)| ≤ max
η∈[α0,β0]

∣

∣

∣

∣

Φ1[α0, η, u
∗

1]

Φ1[α0, β0, u∗

1]
−Φ1[α0, η, u1(η)]

Φ1[α0, β0, u1]

∣

∣

∣

∣

≤ max
η∈[α0,β0]

( |Φ1[α0, η, u
∗

1]Φ1[α0, β0, u1]− Φ1[α0, η, u1]Φ1[α0, β0, u
∗

1]|
|Φ1[α0, β0, u

∗

1| · |Φ1[α0, β0, u1]|

)

≤ A(α0, β0) max
η∈[α0,β0]

(

|Φ1[α0, η, u
∗

1]Φ1[α0, β0, u1(]− Φ1[α0, β0, u
∗

1]Φ1[α0, η, u
∗

1]|

+|Φ1[α0, β0, u
∗

1]Φ1[α0, η, u
∗

1]− Φ1[α0, η, u1]Φ1[α0, β0, u
∗

1]

)

≤ A(α0, β0) max
η∈[α0,β0]

(

|Φ1[α0, η, u
∗

1]| · |Φ1[α0, β0, u1]− Φ1[α0, β0, u
∗

1]|

+|Φ1[α0, β0, u
∗

1]| · |Φ1[α0, η, u
∗

1]− Φ1[α0, η, u1]

)

where

A(α0, β0) =
4L2

1MLν−1
1m

Nν−1
1M exp

(

2α2
0
N1M

L1m

)(

γ

(

1−ν
2
, β2

0
N1M

L1m

)

− γ

(

1−ν
2
, α2

0
N1M

L1m

))2 > 0.



TWO-PHASE STEFAN PROBLEM WITH NONLINEAR THERMAL COEFFICIENTS 11

Then, we obtain

||V (u1)−V (u∗

1)|| ≤
A(α0,β0)

√
Nν−1

1m exp

(

N1m

L1M
α2
0

)

Φ̃1(α0,β0)

[

γ

(

1−ν
2

,
β2
0N1m

L1M

)

−γ

(

1−ν
2

,
α2
0N1m

L1M

)]

2L1m

√
Lν−1

1M

||u∗

1−u1||

that is
||V (u1)− V (u∗

1)|| ≤ ǫ(α0, β0)||u∗

1 − u1||
If condition (32) satisfied, then V is contraction operator and by fixed point Banach

theorem there exists unique solution u1 = u1(α0, β0) of integral equation (24). �

3.6. Theorem. Let β0 be a given positive real number and (30), (31) hold. If the following
inequality

(33) σ(β0) := B(β0)
β1−µ−ν
0 Φ̃2(β0,+∞)

L2m(−1 + µ+ ν)
< 1,

is satisfied, where

Φ̃2(β0,+∞) = 2
L2
2m

[

Ñ2
β3−2µ−ν
0

(3−2µ−ν)(1−µ−ν)
+ L̃2N2M

L2m

βδ−3µ+3−ν
0

(δ−3µ+3−ν)(1−µ−ν)
+ L̃2

L2m

β1−µ−ν

µ+ν−1

]

,

(34) B(β0) =
|uc|L2

2M(2N2M)
δ−3µ+5

ξ

[

exp

(

2βξ
0
N2M

L2mξ

)

L
δ−3µ+5

ξ

2m (ξ)
1−δ−ν

ξ

[

Γ

(

3−ν−µ
ξ

)

− γ

(

3−ν−µ
ξ

,
2N2Mβξ

0

L2mξ

)]]2 > 0.

with ξ = 2 + δ − µ and Γ(a) =
+∞
∫

0

ta−1e−tdt, then there exists unique solution u2 ∈

C0[β0,+∞) of integral equation (25).

Proof. Let
K =

{

u ∈ C0[β0,+∞)/u(β0) = 0, u(+∞) = uc

}

a closed subset of the continuous and bounded real valued functions on [β0,+∞) endowed
with the suremum norm |p|u|| = supη∈[β0,+∞) |u(η)|. Let W : K → K is operator defined
by

W (u2)(η) = uc
Φ2[β0, η, u2]

Φ2[β0,+∞, u2]
, u2 ∈ K

we will prove that for each β0 fixed there exists a unique fixed point of operator W that is

W (u2)(η) = u2(η), β0 < η.

To show that W is a contracting self-map of K let u2, u
∗

2 ∈ K then

||W (u2)−W (u∗

2)|| = sup
η∈[β0,+∞)

|W (u2)(η)−W (u∗

2)(η)| ≤ sup
η∈[β0,+∞)

∣

∣

∣

∣

uc
Φ2[β0, η, u2]

Φ2[β0,+∞, u2]
−uc

Φ2[β0, η, u
∗

2]

Φ2[β0,+∞, u∗

2]

∣

∣

∣

∣

≤ |uc| sup
η∈[β0,+∞)

( |Φ2[β0, η, u2]Φ2[β0,+∞, u∗

2]− Φ2[β0, η, u
∗

2]Φ2[β0,+∞, u2]|
|Φ2[β0,+∞, u2]||Φ2β0, [+∞, u2]|

)
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≤ B(β0) sup
η∈[β0,+∞)

(

∣

∣Φ2[β0, η, u2]Φ2[+∞, u∗

2]− Φ2[β0, η, u
∗

2]Φ2[β0,+∞, u∗

2]

+Φ2[β0, η, u
∗

2]Φ2[β0,+∞, u∗

2]− Φ2[β0, η, u
∗

2]Φ2[β0,+∞, u2]
∣

∣

)

≤ B(β0) sup
η∈[β0,+∞)

(

Φ̃2(β0, η)

L2m

[

β1−µ−ν
0

−1 + µ+ ν

]

+
Φ̃2(β0,+∞)

L2m

[

η1−µ−ν − β1−µ−ν
0

1− µ− ν

])

||u∗

2 − u2||

≤ B(β0)
β1−µ−ν
0 Φ̃2(β0,+∞)

L2m(−1 + µ+ ν)
||u∗

2 − u2|| = σ(β0)||u∗

2 − u2||

where

B(β0) =
|uc|L2

2M(2N2M)
δ−3µ+5

ξ

[

exp

(

2βξ
0
N2M

L2mξ

)

L
δ−3µ+5

ξ

2m (ξ)
1−δ−ν

ξ

[

Γ

(

3−ν−µ
ξ

)

− γ

(

3−ν−µ
ξ

,
2N2Mβξ

0

L2mξ

)]]2 > 0

with ξ = 2 + δ − µ and Γ(a) =
+∞
∫

0

ta−1e−tdt

If inequality (33) is satisfied, then W is contraction operator and there exists unique
solution u2 of (25). �

3.7. Remark. The solution given by Th(3.5) depends on (α0, β0) that is u1 = u1(α0, β0)
and the solution u2 given by Th(3.6) depends on β0 this is u2 = u2(β0)

Next, we will analyze the existence of coefficients α0, β0 with 0 < α0 < β0, such that the
inequalities (32) and (33) hold. First we study σ = σ(β0) given by

σ(β0) = B(β0)
β1−µ−ν
0 Φ̃2(β0,+∞)

L2m(−1 + µ+ ν)
, β0 > 0

3.8. Lemma. Function σ = σ(β0) satisfies σ(0) = +∞ and σ(+∞) = 0 then there exists

β̃0 such that σ(β̃0) = 1 and σ(β0) < 1 for all β0 > β̃0

Proof. From definition (34) we have

B(0) =
|uc|L2

2M(2N2M)
δ−3µ+5

2+δ−µ

[

L
δ−3µ+5

2+δ−µ

2m (ξ)
1−δ−ν

ξ Γ

(

3−ν−µ
ξ

)]2

To obtain B(+∞) we analize

lim
β0→+∞

exp

(

− 2βξ
0
N2M

L2mξ

)

Γ

(

3−ν−µ
ξ

)

− γ

(

3−ν−µ
ξ

,
2N2Mβξ

0

L2m(2+δ−µ)

) = lim
β0→+∞

exp

(

− 2β2+δ−µ
0

N2M

L2mξ

)

2N2M

L2m
β1+δ−µ
0

d
dβ0

(

γ

(

3−ν−µ
ξ

,
2N2Mβξ

0

L2m(2+δ−µ)

))
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and taking into account

d

dβ0

(

γ

(

3−ν−µ
ξ

,
2N2Mβξ

0

L2mξ

))

= 2N2M

L2m
β1+δ−µ
0

(

t
3−ν−µ

ξ
−1
exp(−t)

)

|
t=

2N2Mβξ
0

L2mξ

= 2N2M

L2m
β1+δ−µ
0 exp

(

− 2βξ
0
N2M

L2m(2+δ−µ)

)(

2N2M

L2mξ

)

1−ν−δ
2+δ−µ

β1−ν−δ
0

and the fact that 1− ν − δ < 0 we have B(+∞) = +∞ Moreover we have

F (β0) = β1−µ−ν
0 Φ̃2(β0,+∞)

satisfies F (0) = +∞ and F (+∞) = 0, then σ(0) = +∞.
To prove σ(+∞) = 0 we study

lim
β0→+∞

F (β0)

G(β0)
where

G(β0) = exp

(

4βξ
0
N2M

L2mξ

)[

Γ

(

3−ν−µ
ξ

)

− γ

(

3−ν−µ
ξ

,
2N2Mβ2+δ−µ

0

L2mξ

)]2

We have
F ′(β0) = aβ3−3µ−2ν

0 + bβδ+3−4µ−2ν
0 + cβ1−2µ−2ν

0

with a, b, c constants, and

G′(β0) =
4N2M

L2m
β1+δ−µ
0 exp

(

4βξ
0
N2M

L2mξ

)[

Γ

(

3−ν−µ
ξ

)

− γ

(

3−ν−µ
ξ

,
2N2Mβξ

0

L2mξ

)]

.H(β0)

where

H(β0) = − exp

(

− 2βξ
0
N2M

L2mξ

)(

2N2M

L2mξ

)

1−ν−δ
ξ

β1−ν−δ
0

+Γ

(

3−ν−µ
ξ

)

−γ

(

3−ν−µ
ξ

,
2N2Mβξ

0

L2mξ

)

Then

F ′(β0)

G′(β0)
=

(

aβ2−2µ−2ν−δ
0

+bβ+3−3µ−2ν
0

+cβ−δ−µ−2ν
0

)

H(β0)

4N2M

L2m
exp

(

4βξ
0
N2M

L2mξ

)[

Γ

(

3−ν−µ
ξ

)

−γ

(

3−ν−µ
ξ

,
2N2Mβξ

0

L2mξ

)] .

From hypothesis (29) we have the numerator goes to zero when β0 goes to +∞ and for
other hand the denominator goes to +∞. Then we obtain σ(+∞) = 0. If σ(0) = +∞ and

σ(+∞) = 0 then there exists β̃0 > 0 such that σ(β̃0) = 1 and σ(β0) < 1 for all β0 > β̃0. �

Now, for each β0 > β̃0 we want to find 0 < α0 < β0 such that ǫ(α0, β0) < 1.

3.9. Lemma. For each β0 > β̃0 function ǫβ0
(α0) := ǫ(α0, β0) given by (32) for 0 < α0 < β0

satisfies

ǫβ0
(0) =

2L
5−ν
2

1M Lν−2
1m Φ̃1(0, β0)

N
1−ν
2

1m γ

(

1−ν
2
, β2

0
N1M

L1m

) , ǫβ0
(β0) = +∞.
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Moreover, if

(35)
2L

5−ν
2

1M Lν−2
1m

N
1−ν
2

1m

Φ̃1(0, β0) < γ

(

1−ν
2
, β2

0
N1M

L1m

)

then there exists α̃0 = α̃0(β0) such that ǫβ0
(α̃0) = 1, ǫ(α0) < 1 for all α0 < α̃0.

Proof. We have

ǫβ0
(0) =

2L
5−ν
2

1M Lν−2
1m Φ̃1(0, β0)

N
1−ν
2

1m γ

(

1−ν
2
, β2

0
N1M

L1m

)

and

lim
α0→β−

0

ǫβ0
(α0) = lim

α0→β−

0

2L
5−ν
2

1M Lν−2
1m Φ̃1(α0, β0)

N
1−ν
2

1m

[

γ

(

1−ν
2
, β2

0
N1M

L1m

)

− γ

(

1−ν
2
, α2

0
N1M

L1m

)] = +∞

Then, if ǫβ0
(0) < 1, this is (35) holds, we have there exists α̃0 < β0 such that ǫβ0

(α̃0) = 1
and ǫβ0

(α0) < 1 for all 0 < α0 < α̃0

�

3.10. Lemma. There exists β̂0 such that (35) holds for 0 < β0 < β̂0

Proof. We have

Φ̃1(0, β0) =
1

L2
1m

((

Ñ1 +
N1M L̃1

L1m

)

β3−ν
0

3− ν
+ L̃1

β1−ν
0

1− ν

)

is an increasing function such that Φ̃1(0, 0) = 0, Φ̃1(0,+∞) = +∞ and dΦ̃1

dβ0
(0, 0) = 0.

For other hand γ(β0) := γ

(

1−ν
2
, β2

0
N1M

L1m

)

is an increasing function in β0 such that γ(0) = 0,

lim
β0→+∞

γ(β0) = Γ(1−ν
2
) and dγ

dβ0
(0) = +∞. Then there exists β̂0 such that (35) holds for

0 < β0 < β̂0.
�

3.11. Lemma. If

(36) β̃0 < β̂0

there exists α̃0 = α̃0(β0) < β0, for β̃0 < β0 < β̂0 such that ǫ(α0, β0) < 1 and σ(β0) < 1 for
all 0 < α0 < α̃0(β0).

Next, we assume (36) and consider the set Π =
{

(α0, β0)/α0 < α̃0(β0), β̃0 < β0 < β̂0

}

.
Let’s to solve the system of equations given by (26), (27) for (α0, β0) ∈ Π and u1 =
u1(α0, β0), u2 = u2(β0) are the solutions given in Theorems 3.5 and 3.6.
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Taking into account (26) we obtain (27) becomes

(37)
2lbγb(α0)

ν+1

θb − θm
+

uc

Φ2[β0,+∞, u2]
=

2lmγm(β0)
ν+1

θb − θm

then we can write

(38) α∗

0 = α∗

0(β0) =

(

θb − θm
2lbγb

[

2lmγm(β0)
ν+1

θb − θm
− uc

Φ2[β0,+∞, u2]

])
1

ν+1

If we replace in (26) we obtain that β0 must satisfies

(39)
1

Φ1[α
∗

0(β0), β0, u1]
− 2lbγb(α

∗

0(β0))
ν+1

θb − θm
= 0

Let functions

J1(β0) :=
1

i2(β0)
−
(

B∗βν+1
0 − uc

M(β0)

)

1
ν+1

, J2(β0) :=
1

i1(β0)
− B∗βν+1

0 .

where B∗ = 2lmγm
θb−θm

and

M(β0) :=
1

L2M

exp

(

2βξ
0
N2M

L2mξ

)(

L2m

2N2M

)
δ−3µ+5

2+δ−µ

ξ
1−δ−ν

ξ

[

Γ

(

3−ν−µ
ξ

)

− γ

(

3−ν−µ
ξ

,
2N2Mβξ

0

L2mξ

)]

i1(β0) :=
1

2L1M

exp

(

N1M

L1m
α∗2
0

)

√

Nν−1
1M

Lν−1
1m

[

γ

(

1− ν

2
, β2

0

N1M

L1m

)

− γ

(

1− ν

2
,
N1M

L1m

α∗2
0

)]

,

i2(β0) :=
1

2L1m
exp

(

N1m

LM
α∗2
0

)

√

Nν−1
1m

Lν−1
1M

[

γ

(

1− ν

2
, β2

0

N1m

L1M

)

− γ

(

1− ν

2
,
N1m

L1M
α∗2
0

)]

.

3.12. Lemma. If

(40) sign(Ji(β̂0)) 6= sign(Ji(β̃0))

for i = 1, 2 we obtain there exists β∗

0 ∈ (β̃0, β̂0) such that (39) holds.

Proof. On the one hand, by Lemma 3.2a) we have to

i1(β0) ≤ Φ1[α
∗

0, β0, u1] ≤ i2(β0)

and the order hand, taking into account (38) and Lemma 3.2 b) we have to

(

B∗

A∗

)

1
ν+1

≤ α∗

0(β0) ≤
(

1

A∗

)

1
ν+1
(

B∗βν+1
0 − uc

M(β0)

)

1
ν+1

where A∗ = 2lbγb
θb−θm

, B∗ = 2lmγm
θb−θm

.
Then

J1(β0) ≤
1

Φ1[α
∗

0(β0), β0, u1]
− 2lbγb(α

∗

0(β0))
ν+1

θb − θm
≤ J2(β0).
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If sign(Ji(β̂0)) 6= sign(Ji(β̃0)) for i = 1, 2 we obtain there exists β∗

0 ∈ (β̃0, β̂0) such that
(39) holds.

�

From Lemmas 3.9 and 3.10 we have there exists α̃0(β
∗

0) < β∗

0 , such that ǫ(α0, β
∗

0) < 1
and σ(β∗

0) < 1 for all 0 < α0 < α̃0(β
∗

0). Assuming hypothesis Lemma 3.11 and Lemma
3.12 it remains to prove that α∗

0(β
∗

0) given by (38) satisfies α∗

0(β
∗

0) < α̃0(β
∗

0).

3.13. Lemma. If

(41)

(

1

A∗

)

1
ν+1
(

B∗(β∗

0)
ν+1 − uc

M(β∗

0)

)

1
ν+1

< α̃0(β
∗

0)

we have α∗

0(β
∗

0) < α̃0(β
∗

0).

Proof. It is immediately proved by the bound given for α∗

0(β
∗

0) in the previous lemma. �

Finally we can enunciate the following theorem

3.14. Theorem. Assuming (28)-(31), (36), (40) and (41) we obtain there exists solution
to problem (1)-(1) given by

θi(r, t) = θm + (θb − θm)ui(η), i = 1, 2,

and free boundaries

α(t) = 2α∗

0(β
∗

0)
√
t, β(t) = 2β∗

0

√
t, t > 0

where η = r/(2
√
t) and functions

u1(η) = u1(α
∗

0(β
∗

0), (β
∗

0))(η), η ∈ [α∗

0(β
∗

0), β
∗

0 ], u2(η) = u2(β
∗

0)(η), η ∈ [β∗

0 ,+∞)

satisfy the nonlinear integral equations (24) and (25), and (α∗

0(β
∗

0), (β
∗

0)) is solution to
(26),(27).

Proof. From above lemmas we obtain there exists a pair (α∗

0(β
∗

0), β
∗

0) ∈ Π that is solution
of (26), (27) and ǫ(α∗

0(β
∗

0), β
∗

0) < 1, σ(β∗

0) < 1. Then taking into account Th 3.5 and Th 3.6
there exists u1(α

∗

0(β
∗

0), β
∗

0), u2(β
∗

0) solutions of (24), (25). By using transformations (10)
and (15) we obtain the thesis. �

4. Conclusion

Temperature field for liquid and solid phases in infinite material with variable cross-
section is modeled with generalized heat equation. The solution of the problem is obtained
on the base of similarity variable [15]. Moreover, we determined the temperature for two
phases and free boundaries which describe the location of the boiling and melting interfaces.
The existence of the solution is provided and it is shown that obtained integral operators
V and W are a contraction operator and solving two coupled equations for coefficients that
characterize the free boundaries. This Stefan problem is very useful in electrical contact
phenomena when material with variable cross-section is finite, in particular, metal bridge
which connect two electrical materials and in instantaneous explosion of micro asperity
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the metal bridge is fully melted. In this case this problem will be useful to select which
material can be better to choose for metal bridge for electrical contact processes.
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