Two Properties of Stochastic KPP Equations:
Ergodicity and Pathwise Property

B. Oksendal, G. Vage and H. Z. Zhao

Abstract

In this paper we study the random approximate travelling wave solutions of the
stochastic KPP equations. Two new properties of the stochastic KPP equations are
obtained. We prove the ergodicity that for almost all sample paths, behind the wave
front & = ~t, the lower limit of % fg u(s, x)ds as t — oo is positive, and ahead of the wave
front, the limit is zero. In some cases, behind the wave front, the limit of 2 3 u(s,x)ds
as t — oo exists and is positive almost surely. We also prove that behind the wave front,
for almost each w, the solution of some special stochastic KPP equations converges to
a stationary trajectory of the corresponding stochastic differential equation. In front
of wave front, the solution converges to 0 which is another stationary trajectory of the
corresponding SDE. We also study the space derivative of the solution for large time.
We show that away from the wave front, for almost all large ¢ the solution is flat in
the x-direction for almost all sample paths.

1 Introduction

Approximate random travelling wave solutions for stochastic KPP eqautions were studied by
[7], [10] and [25]. These equations arise in the study of the effect of a noise to approximate
travelling waves of semi-linear reaction diffusion equations. We say that the noise is mild if

km < /2¢(0), where ky,, = limy_o /1 [ k2(s)ds, assuming the limit exists. It was known
that in an environment of mild noise, the solution of the stochastic generalized KPP equation

dult, z) — (gAu(t, ©) + c(w)u)dt + k()udW,, (1.1)

still evolves to an approximate travelling wave solution with a reduced speed =
= \/ D(2¢(0) — k2,) in the limit as t — oo. It was proved under some conditions which
will be specified in Section 3 that Equation (1.1) has a random travelling wave solution
([10],[7],[25]). The wave front was known as

xr =i, (1.2)




and there are constants dy, dy, d3 > 0 such that for any h > 0

1

n logu(t,z) < —d; if > (v + h)t, for almost all w (1.3)
and

3 < % < dy if < (y — h)t, for almost all w (1.4)
for all sufficiently large t.

The travelling wave of the FKPP equation (when & = 0 and c(u) = 1 — u) was first
studied by [18] and [12]. Since then, it has attracted many mathematicians’ attentions (e.g.
2],[3],]4],[5],[6],[9], [11],[13],[14],][16],[22],[24],[27], to name but a few.) It was defined as a
solution of the type u(t,z) = U(x — ~t) and ~ is the speed of the travelling wave. Here U
satisfies lim, ., o U(z) =1 and lim,_,, U(z) = 0. Note that lim; ., u(t, (y — h)t) = 1 and
limy oo u(t, (7 + h)t) = 0 for any h > 0. This was extended to Freidlin’s type approximate
travelling wave for reaction diffusion equations by [13] so that it is applicable to much
more general situations. And a variety of stochastic methods has been developed to study
travelling waves ([5],[6],[9],[13],[14],[22]). Approximate travelling waves in a random media
were also studied in [13].

For the stochastic KPP equation (1.1), ahead of the wave front, the solution is expo-
nentially small (< e~%!) almost surely and behaves the same as Freidlin’s approximated
travelling wave. But behind the wave front, the solution is oscillatory. It was clear that
the solution behind the wave front behaves differently from the solution ahead of the wave
front as (1.3) and (1.4) have shown. We call the regions behind and ahead of the wave front
the crest and the trough of the random approximate travelling wave, respectively. It was
remained open to understand the behaviour of the solution on the crest beyond (1.4). It
was pointed out in [10] suggested by the numerical works in [15] that in the limit ¢ — oo,
1 J§ u(s, z)ds should have a simple formula. The integral J3 ut(t, z)dt was simulated numer-
ically in [15] for rescaled stochastic KPP equations. In this paper, we find a way to study
the limit of % J5u(s, x)ds as t — oo for Equation (1.1). To explain this ergodicity result, we
demonstrate here a special case of Equation (1.1) with c¢(u) = ¢(1 — u), the latter ¢ being a
constant and k(t) = k being a constant. In this case the equation is

du(t,x) = (gAu(t, z) + c(1 — w)u)dt + kudWi, (1.5)

with initial condition u(0, ) = xz<o. Define v = /D(2¢ — k2). We have for any h > 0,

1t 1t k?
Jim 7 )k xgglfh)tu(s,x)ds = lim 7 J, sup u(s,z)ds =1— SR (1.6)

This result is new in the literature. It is easy to see from (1.3) that on the trough,
1 st

lim — sup u(s,x)ds =0, a.s.. (1.7)
150 £ J0 4> (1 hyt



It is noted that these limits are true for almost all sample paths.

Our method is first to study the corresponding stochastic ordinary differential equation.
In Section 2, we find its explicit solution Y (¢) to the SODE and thereafter we calculate
limy .o 1 Jy Y (s)ds. In Section 3, we use the Feynman-Kac formula to obtain a comparison
result of the solution u(t, ) to Equation (1.1) and Y (¢). So we can use the result in Section
2 to obtain lim; .o 1 3 u(s, z)ds on the crest.

On the other hand, we study the pathwise property of the solution of a special stochastic
KPP equation (1.5). Note the corresponding stochastic differential equation

dY (t) = c(1 =Y (¢))Y (t)dt + kY (t)dW,, (1.8)

has two stationary trajectories in the sense of Mohammed and Scheutzow. These are 0 and
Z(w) given by

2)=(c [ 0@0 exp{(c — h?)s + KV, ds) " (1.9)

We can check 0 is unstable and Z(w) is stable by calculating the Lyapunov exponent at each
point. The pathwise property for the stochastic KPP equation (1.5) we prove in this paper
is that for any h > 0, for < (y — h)t and a.e. w,

lu(t, z,w) — Z(0i(w))] — 0 as t — oo, (1.10)
and for x > (v + h)t and a.e. w,
u(t,x,w) — 0 as t — oo, (1.11)

where 6, is the canonical Brownian shift. Here (1.10) is new while the convergence to 0 result
(1.11) was obtained in [7], [10] and [25]. We should point out here that we only obtain the
pathwise result for stochastic KPP equation (1.5). But we expect this result is true for a
wider class of the stochastic reaction diffusion equations.

In Section 4, we study the convergence of the space derivative of the solution. We prove
that [J |Vu(s,z)|ds converges as t — oo. Therefore for almost all large ¢, Vu(t,r) is small
for almost all (£, ) on the crest and the trough. This result is established by considering the
logarithmic derivative of the solution R(¢,x) = —V logu(t,z). The space derivatives of the
logarithm of solutions for deterministic heat equations were studied by [20], [26]. The space
derivatives for nonlinear KPP equations were studied by [19] and [28]. For the nonlinear
generalized KPP equations, the fact that u(t,z) > 0 on the crest for a constant § > 0 played
a crucial rule in the study of the space derivatives in [19] and [28]. But this is not true for
the stochastic generalized KPP Equation (1.1). We find in this paper that u(¢,x) > § can
be replaced by (1.6), which is a much weaker requirement.



2 Some preliminary results for certain related stochas-
tic ordinary differential equations

First we consider the following nonlinear stochastic ordinary differential equation,
4Y (t,y) = aY (t,9)(8 — Y (t,)) dt + k(®)Y (t,y) dWi, Yo =y, (2.1)

where «, (, and y > 0 are constants, W, is a Brownian motion defined on a probability
space (2, F, P), k(t) is a continuous function of ¢. It is easy to check Equation (2.1) has the
explicit solution (see e.g. [1])

_ exp{aft — 5 Jo k*(r)dr + J5 k(r)dW, }
Yty = sraf exp{aﬁsz— s[5 K2 (r)dr + [§ k(r)dW, }ds’ =20 (22)

For simplicity, we assume that lim; .. % s k?(s)ds exists, and the limit is denoted by k2.

Lemma 2.1 Let Y (t) be the solution of Equation (2.1). If af > %kfn, then for any e > 0,
there exists tg > 0 such that,

k2 a?e?T?

1 rt
P —/sts— — )| > e forsomet>T} <exp{————F—}, 2.3
{5 [Yyds— (8- 22) b eplgrraeg k29
for all T > ty. In particular, as t — oo,
1 st k2
5/0 V(s)ds =3~ (2.4)
almost surely.
Proof. 1t is easily seen that
t 1 1
/ Y (s)ds = —log z(t) — —log z(0), (2.5)
0 o o

where 2(t) = yio + o [yexp(afBs — 1 [§ K*(r)dr + [ k(r)dW,) ds. Define z*(t) = [5 exp(afBs —
%fg k*(r)dr)ds. Then it is easy to see that for any sufficiently small ¢ > 0, there exists
t5 > 0 such that for ¢ > ¢,

1 1 rt 1
k2 — —ae < —/ K*(s)ds < k2, + -ae, (2.6)
8 tJo 8
and
t 15 1, 1
/ exp(afs — 5/ k= (r)dr)ds < M exp(aft — §k:mt + gaat), (2.7)
0 0



for a constant M > 0 and

1 1
1 + M) < —aet. 2.8
Og(aﬂ—%kfn—l—%ae )< 5 (2:8)
And there exists t;* >t such that for ¢ > ¢§*,
1 1 1 1 1
exp(afty — 51{;,%1753 — éast(’;) < 3 exp(aft — ikfnt — éoc&?t), (2.9)

and
1
1
(3= k2~ lag)

Therefore for ¢ > t§, from (2.6) and (2.7),

2*(t) = /eXp aﬁs——/

— /Otoexpaﬁs——/ E*(r)dr) d8+/expaﬁs—2/ E*(r)dr) ds

1
) > —cast. (2.10)

1
" exp (afs — —/ E*(r)dr) ds +/ exp(afs — 5]43,2118 + gaes) ds
to

exp aﬁs——/ k*(r)dr)d

1 1 1
+ o = k2 T [exp(aﬁt — —k2 t+ Saat) — exp(aft; — §k3nt3 + gaeté)]
( L + M) exp(afit 1k2t+1a5t) (2.11)
exp(aft — = - . '
of — 1k2 + Laz P 9"'mt T g

And similarly, from (2.6) and (2.9), for ¢ > ¢*,
t 1 rs
2*(t) = / exp(afs — 5/ k*(r)dr) ds
0
> / exp aﬂs——/ k2 (r)dr) d
t

t 1
> / exp(afs — —kfns — —ages)ds
: 2 8

= 5 o [exp(aft — 51{:,2”15 — —act) — exp(afty — ngzto — —agt})]

af — 1k2, — ¢ 8 8
! (aft Lpzy ! et) (2.12)
exp(aft — =k, t — —act). .
2(af — k2, — zag) P 2™ 8

Then taking logarithm to (2.11) and (2.12), it is easy to see from (2.8) and (2.10) that for
>ty
K21 K21

(aff — 7 - Zae)t <logz*(t) < (aff — 7+ 4oze)t



Recall that ———— [ k(r)dW, (0 < s < t) is a time changed Brownian motion

fO k2(r)dr
(fo i ) Here X (u) is a standard Brownian motion with of time u. Therefore Y (s) =
I3 k(r)dW, =/ JL k2(r )dré\,’(fo ) Define Cy =loga and Cy = log( + ).

Jo B¥(r
For any ¢ > 0, take ty > t5* such that % < e and W < ie. For any T > t,
define

T T
QT:{wEQ:—L<Xu <L,fora110§u§1}, (2.13)

()
4/ ST k2 (r)dr 4/ ST K2 (r)dr

then from the wellknown Doob’s inequality (see [21])

a’e? )
P{Os) > 1 —expl—— 25 2y
{6} Py 32 [ k2(r)dr J
and for each w € Qp, and t > T, and s < ¢,
) = | [ k)
Iy K2(r)dr
= [ R T

0 Jo K2(r)dr

e 20\ dr aeT
= /0 e A [T k2 (r)dr

et
< — 2.14
< (214)
for all 0 < s <t. Then it follows easily that for w € Qp, and t > T,
1
az* (t)e 1% < 2(1) < (= + a)z*(t)er®. (2.15)
Yo

It turns out that for w € Qp, and t > T,

K21 K21
(af — 5 éas)t + C) <logz(t) < (aff — - iaa)t + Cs.

So from (2.5), for w € Qp, and t > T,

K2 e C)—logyo /fQ e Cy—logyo
m_ 4y TP ryds<p—-"2+- 4+ — 2",
20 2 + at / s<p + 2 + at

Then by the definition of ¢y, we have for w € Qp, and all t > T'(> t)

2

k;2 1 st k
<2 [y <f-lmy
16} t/o (r)yds < (3 2a+8
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So (2.3) follows. O

We need to generalize the above result to more general nonlinear SDEs. We have the
following lemma. The key point of the proof is to use a comparison method.

Lemma 2.2 Suppose ¢ € C(RT), and there exist constants a > b > 0 such that by <
c(0) — c(y) < ay for ally >0, and c(0) > k2, /2. If Y(t) denotes the solution of

dY (1) = Y ()e(Y (1)) dt + k()Y (£) AW, Yo = yo (2.16)

then for any € > 0, there is to = to(e) > 0 such that,

P{—1 (0)——1{:’%1 - <—1/tY()d <1 (0)——k72” +eforallt>T}
T
a C 9 £ t Jo S)as b C B £ 1I0r a
CL2€2T2

> loexp{—— %L o
xp{-33 7 k:?(r)dr}

(2.17)

for all T > ty. In particular, for a.e. w,

1 2 1 rt 1 rt 1 2
— 1 ¢c(0) — k—m <liminf - [ Y(s)ds <limsup— [ Y(s)ds < - [¢(0) — k_m .
a 2 t—oo 0 t—o00 0 b 2

Proof. If ¢ satisfies the conditions in the lemma, then

ay @—y <yc(y) < by @—y
<a ) (b )

for all y > 0. The lemma now follows from the comparison theorem for SDE’s (see e.g. [17])
and Lemma 2.1. a

Remark 2.3 (i) We are only interested in the case c(0) > Sk%. It is easy to see that if
¢(0) < 3kZ,, then Y(t) — 0 as t — oo a.s.

(i) If lim L s k*(s)ds does not exist, we can denote k., = lim inf L Js k*(s)ds and k2, =

limsup 1 [y k*(s)ds. If a3 > k2, then the result is
t—o00

5 it L [V (s)ds < tmsup - [V (s)ds = 5 B (2.18)
20  tmeo t Jo o = ETPY T 20’ '

almost surely. The results in next two sections are still valid with some necessary restatements
as (2.18).

In next section, we will also need the following lemma.



Lemma 2.4 Assume c(y) is decreasing. Let N(t) be a solution of

d
dt

Then there ezists to > 0 such that for t > ty, the solution to (2.24) satisfies

- N(t) = c(N@)N(t) - %kQ(t)N(t), N(0) = yo. (2.19)

inf  [* k(r)dw, sup 1 k(r)dW,
N(t)eo=o=t <Y(t) < N(t)eoso=t : (2.20)
sup [ k(r)dW, .
Proof. Assume Y (t) < N(t)e0=o<t is not true for all ¢ > ¢y for any ¢5. Assume #' is
sup ft k(r)dW,
such a large time that e’<e<* > 1 and

sup f k(r)dW,
Y(#) > N(t')ersosr | (2.21)

It is evident that Y(#') > N(#'). Define 7 such that Y (7) = N(7) and Y (s) > N(s) for
7 < s <t'. First note that

N(#) = N(r)elt Near—t [1 120 (2.22)

Then it is easy to see that

V() = yoeh 0O [} Kware [} kraw,
_ Y(T)ef:/ c(Y(r))dr—%f: k2(r)dr+ft/ k(r)dW,

u k(r)dW,
( )ef c¢(N(r))dr— lf k2(r)dr 0<Ss<pt/f (r)dw,

IN

sup f k(r)dW,
< N()ersesv | (2.23)

This contradicts (2.21). Therefore the second inequality in (2.20) is proved. The first part
in (2.20) can be proved similarly. O

Consider equation (2.1) with constant & in the remaining part of this section
dY (t,y) = oY (t,y)(B =Y (t,y)) dt + kY (t,y) dW;, Yo = y. (2.24)

Here W is a one dimensional Brownian motion on Wiener space (2, F, P). That is to say
that €2 is the space of all continuous paths w : R — R given the topology of uniform
convergence, F is the Borel o-field, P is the Wiener measure and W is defined by W (t,w) =
w(t). It is easy to see that the solution (2.2) of equation (2.24) defines a stochastic flow

Y(s): (RTU{0}) x @ — RT U{0}. Recall the canonical Brownian shift
O(t,w)(s) = w(t+s) —w(t).

8



Then by flow property we know that W (t + s,w) = W (s, 6w) + W(t,w). So
W (s, Ow) = W(t+ s,w) — W(t,w) (2.25)
Define

Z(w) = (« /OOO exp{afs — %kzzs + kW (s)}ds) ™. (2.26)

Simple calculation shows

20w) = (o OOO expafis — SKs+ kW (s +1,w) — kW (t,0)}ds)
exp{aft — 2k*t + kW (t,w)}
a [0 exp{afB(s+1t) — Lk2(s +1) + kW (s +t,w)}ds
exp{aft — k%t + kW (t,w)}
a [t exp{aBs — 3k%s + kW (s,w)}ds’
Then it is easy to check that

Y(t, Z(w),w) = Z(0:(w)). (2.27)

According to Mohammed-Scheutzow’s definition of stationary trajectory ([23]), Z(w) is a
nontrivial stationary trajectory of equation (2.24). One can calculate the Lyapunov exponent
of the linearized equation at the stationary trajectory (c.f. [1]). Moreover, for any y > 0,
consider the derivative flow V; = DY (¢,y)V where V being given and V, = V. Here D is
the derivative with respect to y. First note that V; satisfies the following linear stochastic
differential equation, which can be obtained by differentiating equation (2.24),

AV, = a3 — 2Y (t,y))Vidt + kV,dW (t),Vy = V. (2.28)
Solving equation (2.28) we obtain

t 1
v, = Vexp{a/ (8= 2Y (s, ))ds — 5k + KW (1)}, (2.29)
0
It turns out that

1 %t 1, 1
tligloglogvt = aﬂ—t@?o?/o Y(s,y)ds—ik +tli>I£lo¥kW<t)

k2
= —(af — ?) <0, P.as.. (2.30)

Here we used Lemma 2.1 to calculate lim;_o 1 fg Y (s,y)ds. Similar to [23], there is a sure
event Q* € F with 0(t,.)Q0* = Q* for all ¢t € R such that for each w € Q*, for any y > 0, for
the discretized flow Y,,,

1 1
lim Elog Y(n,y,w) = Z(0n(w))| = lim " log |Y(n,y,w) — Y (n, Z(w),w)|
k2
= —(aff— 7’”) < 0. (2.31)



But according to [1] (P185), EZ(w) < oo. Therefore by Jensen’s inequality, Elog" Z(w) <
FElog(l14+ Z(w)) <log(l4+ EZ(w)) < co. That is to say the integrability condition of Lemma
3.4 in [23] is satisfied. Therefore we can apply the Lemma to pass (2.31) to continuous time
to derive the following lemma.

Lemma 2.5 Let Y(t,y) be the solution of stochastic differential equation (2.24), Z(w) be
defined by (2.26) and 0, be the canonical Brownian shift. Then there is a sure event Q* € F
with O(t,.)Q* = Q* such that for any y > 0, and for each w € QF,

Jim Lo Y (1,.) ~ Z(0,(w))] = —(af — 5) <0 (2:32)
3 Ergodic property and pathwise property of the stochas-
tic KPP equations

We consider the following stochastic KPP equation
D
du(t,x) = (EAu(t,x) + u(t,x)c(u(t,x))) dt + k(t)u(t,x) dWy, uli—o = up, (3.1)

where uy = X( ]- Here W is a Brownian motion on the probability space (€2, F, P). Recall
k2, = limy_oo 1 fo k*(s)ds assuming the limit exists. Assume

Condition (i). Function ¢(u) is continuous and c(u) < ¢(0) and c(u) < 0 for u > 1.

Condition (ii). Function c(u) is decreasing.

Condition (iii). There exist constants a > b > 0 such that b < c¢(u) — c¢(u + &) < a€ for
any £ > 0 and u > 0.

Condition (iv). ¢(0) > $kZ,.

Let B, be a Brownian motion in R! on a probability space (Q,]} , ]5) Note B, and W,
are independent. Then (¢, x) satisfies the following Feynman-Kac formula:

u(t,z) = Eu(0,z+VDB,)
exp{/ t—rx+\/_B))dr—§/k2 dr+/ Py AW, (3.2)

Here E is the expectation with respect to the probability measure P.
Recall that under Conditions (i), (i) and (iv) ([10],[7],[25])

v(t, eXp< infq/ ks dW) < ut,r,w) (3.3)

t
< w(t,z)exp ( sup / ks dWs> :

0<o<tJo

10



where v(t, z) is the solution of the following deterministic reaction diffusion equation

% B gm +v(c(v) — %m(t)), v(0,w) = X(-o0g); (t,7) € RTX R. (3.4)

In this section, we prove some new results about the random travelling waves. First,
from (1.3) it is trivial to see

1 t
lim — [ u(s,(y+ h)s)ds =0, (3.5)

t—oo t Jo

for any A > 0. We will investigate the same limit behind the wave front. But generally
speaking, we don’t know whether or not the limit actually exists except in some special
cases (this will be clear later). However we will be able to give the upper limit and lower
limit of % J3u(s,x)ds on the crest as t — oo. The upper limit is straightforward.

Theorem 3.1 Suppose ¢ satisfies Conditions (i), (1) and (i7i) and let u be the solution of
(3.1). Then for almost all w,

t—o00 0 zeR b 2

1t 1 k2
limsup = [ supu(s,z)ds < — (c(()) — —m> :

Proof. Let Y (t) be the solution of (2.24) with Y (0) = 1. First note that Y (¢,z) = Y (¢) is
the solution of (3.1) with the initial condition Y (0,z) = 1. Therefore for any 7 < ¢, it is
easy to see

Y(t) _ Y(t _ T)efoT e(Yi—r)dr—1 fOT kQ(t—r)dr—foT k(t=r)dWi— (3.6)

We will prove 0 < u(t,z) <Y (t,z) =Y (¢) for all z € R. Assume it is wrong, then u(t, x) >
Y (t) for certain ¢ and 2. Define a stopping time 7 = inf{r : u(t —r,z ++/DB,) <Y (t —7)}.
Then by Markov property of Brownian motion, as c¢ is decreasing,

u(t,z) = Eu(t—7,2+vVDB,)
exp{/OT c(u(t —r,z + VDB,))dr — % /OT k2(t —7r)dr — /OT k(t —r)dW,_.}
< vt - el [ (vt - ) - %/O B =rydr = [Tkt =) dwi)
— Y. (3.7)

Therefore we have desored inequality. The result now follows from Lemma 2.2. ]

The proof of a lower bound is more complicated. The following lemma is needed.

Lemma 3.2 Assume Conditions (i) and (ii), then a.s.

lim % log u(t, #,/(2¢(0) — k2,)D) = 0. (3.8)

11



Proof. Let v be the solution of (3.4). Recall (e.g. [9]) that for any € > 0, there exists ty > 0
such that

et et
— < logu(t, 1y/(2c(0) — k2)D) < 7, 1> to.

Similar to the proof of Lemma 2.1, for any T" > t,, there exists Qp C Q with P{Qr} >
1— eXp{—fTTQ} such that for cach w €Qp,and t > T,

|/ rdw,| < 2 (3.9)

for all 0 < s <t. It follows from (3.3) that for all ¢t > T" and w € Qr,

1
—e < log u(t, t/(2¢(0) — k2,)D) < e,
which completes the proof. O

Lemma 3.3 Suppose ¢ satisfies Conditions (i), (ii), (i1i) and (iv) and let u(t,x) be the
solution of (3.1) and Y (t) be the solution of (2.16) with Y (0) = 1. Let h > 0 be arbitrary.
Then for any X, there exist to > 0 and 6 > 0 such that

: u(t, x)
>1- > - — )
Py, _mf v Lo forallt> T} > 1 —exp{—0T}, (3.10)

for any T > tg.
Proof. Let h € (0,72). For any A > 0, let € > 0 be small enough such that

k2

Ah(c(0) — 5

—)/(4a) — be — 2¢ > 0. (3.11)

From Lemma 2.2, we know there exists t5 > 0 such that for any T > t§, there exists Q3 C Q

( )2T2

with P(Q3°) > 1 —e 32fo2“ 0 such that for any w € Q5. and for all s > LT

L) = my —e < - [TV () < 4 (el0) - ) e (312)

From Lemma 3.2 and Lemma 2.4, we know there exist t; = t;(e(\)) and Q3 c Q for all
T > ty, with P(Q%) > 1 — e %7 for a constant d, > 0, such that if w € Q3

u(s,ys) > e, forall s > T, (3.13)
and

e <Y(s)(w) <€, forall s >T. (3.14)

12



It is trivial to see that there is a t, > 0 such that for all s > t,,

o e

o PRI | o < % (3.15)

Define ¢, = max{%‘lt(’;,tl,tg}. Let T > tg be arbitrary. Define Q%e = Q%F’E N Q%’E. First, it is

evident that there is a § > 0 such that P(Q%) > 1 — e~ and for any w € Q5 and s > T,
we have (3.12), (3.13-3.15). Now we shall show that for all w € Q3% and all t > T,

u(t, x)

1 >1— A 3.16
a:<t('1yrbl/afh) Y(t) — ( )

Suppose (3.16) is false, i.e., there exist A > 0, w € Q3 and t > T, 2* = z*(t) < t(yb/a — h)
such that u(t, z*(t),w) < (1—=\)Y (t,w). Here T and Q3 are defined as above. Since u(t, -, w)
is decreasing we have that

0 < ult, (%b —h)t,w) <wu(t,z*(t),w) < (1 =AY (t,w). (3.17)

For such a t and w, define a stopping time
#=inf{r >0; X! ¢ F},
where
X! = (t—r (yb/a—h)t +VDB,).

Here
A

F=F ={(s,2); s >0,z <7s,u(s,z) < (1 — §)Y(s)}

Note 7 < t as u(0,z) =1 =Y, for x < 0 therefore line s = 0 lies out side of F.
The boundary of F' consists of two parts. We denote the part along x = vs by 0F; and
the remaining part by dF5. Define

QO = {0eQ; XL edl, #*¢[1—b/a+h/2a)t, (1 —b/2a)t]}
Q = {0eQ XheaR, 7 el(l-b/a+h/2a)t,(1—0b/2a)t]},
Qg = {d) S Q, X;t S (9F2}

From the Feynman-Kac formula for u(¢, z) and the strong Markov property of Brownian
motions, we see that

u(t, (vb/a — h)t,w)

~1

= BluXesp ([ elu(Xtw)dr+ ;k(r)dwr(w)—% YRy dr
ke (] 8 )

t—t

3

= Zui(t, (vb/a — h)t,w),

i=1

13



where

w;(t, (vb/a — h)t,w)

= EXQiu(X;t,W)
7t N t 1 st
X exp (/ c(u(Xt,w))dr + k(r)dW,(w) — 3 k’2(r) dr) , (3.18)
0 7t st

for i = 1,2,3. We shall obtain lower bound on each of the u;’s . It is trivial to see that
uy(t,x) >0, for any (¢, ). (3.19)

To obtain a lower bound on wus(t, (vb/a — h)t) we start by considering the first integral
in the exponential. Since u(r,z) < (1 — A/2)Y(r) for (r,z) € F, from Conditions (ii) and
(iii), it is easy to see

~t

/0 (X)) dr > /0 T (L= A2 dr > /0 i) dr + % /0 Cyidr (320

Note if s € [(1 =24 L)t (1 — L)), then 2t <t —s < (2 — L)t It is evident that as
w € Q#e, t>T

“Py-var = 2 (/(:Y(T) - /OHY(T) dr)

2 Jo 2
> D) = 2) = gt — (Ge0) = 2) + ) — 500
bA. h k2, b h
= Sl (e(0) = )t — et —e(~ — o)
Ah k2,
> <c(0) - 7) t — bAet. (3.21)

Since Y (t) satisfies (3.1) with ug = 1, there is an implicit Feynman-Kac formula for Y (¢).
Using the strong Markov property as above we find that

7t t 1 rt
exp (/ c(Yiy)dr + / k(r)dW, — 5 k(1) d?") =Y (Y- (3.22)
0 t—7t t—#t
Recall (3.13) and (3.14). As t > 2aT'/b, so
u(t — 7t Ayt — 7)) > e ) s e for all & € Oy, (3.23)

and

e ) <Y (E— 7 (w) < e, (3.24)

14



Hence for w € Q3°, and t > T, from (3.18),(3.20-3.22),

us(t, (Ybfa—h)t) > Exg,Y(£)(Y(t — 7)) LeMUeO-k/2)/(1a)-orct—et
> P(Q)Y (£)eM(E0) Kz /2)/(da)—bre=20)t
> P(Qu)Y(t). (3.25)

We also have that

%t
us(t, (bfa— h)t) > Exg, (1= )Y (t— #)ed 0t o)k e [ k) dr/2

DO | >

ot
oA Jy Ye—rdr/2

> P01 -, (3.20)

since Y (t,w) satisfies an implicit Feynman-Kac formula (3.22) and [jY;—,dr > 0 for all
s €[0,1]. A

Noteifw € € and 7 < (1—2—1—%)2&, then X has to meet z = ys at atime 7 < (1—3—1—%#.
Therefore (v2 — h)t + VDB, > (2 — %)t This is followed by VDB, > %t. It turns out

a 2
from Doob’s inequality (see [21]) that

. A b h
P{w e Q d 1l—=—+—)t
{© e and 7 < ( a+27)}
< P{\/BBT>E15 and7<(1—9+£)t}
- 27 a 2y

(51)°
(1— 2+t

IN

R h
P VDB, > ~t} < _
{ sup 2}_wﬂ 5D

0<s<(1-24 4t
h2t
b h
D(1—2+3)

}

= exp{—8 }. (3.27)

Similarly, if & € Oy and 7 > (1— L)¢, then X, has to meet z = s at a time 7 > (1—2)t.
Therefore (v2 — h)t + DB, < y(&)t. This is followed by v DB, < (h— £)t. It turns out
that

. A b
P{® e and 7 > (1 — 2—)t}
a

R b b
< < - — —— )t <7<
< P{VDB,<(h 2a)t and (1 2a)t <7<t}

o b
< P{olggfgt VDB, < (h — %y)t}

(h— 57)°

< —— 20 7 41 X
< expq 5D t} (3.28)
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Recall (3.15). Tt is obvious that (3.27) and (3.28) imply P(€) < 2 ast > T. It follows from
(3.18), (3.19), (3.25) and (3.26) that for w € Q3°, and t > T

U’(t7 ('Yb/a - h)t) = Z ui(tv (’yb/a - h)t)

> (1= DY ()(P() + P(2)
S DY) - (- DY P
A A
= (1= -2y
> (1- %)Y(t), (3.29)

if T is sufficiently large. This contradicts (3.17). Therefore we have proved that for any
A > 0, and sufficiently large T', if w € Q%E(’\) and and t > T,

inf  w(t,x) > (1= NY(¢). (3.30)

z<t(yb/a—h)

O

Theorem 3.4 Suppose ¢ satisfies Conditions (i), (i), (iii) and (iv) and u solves the SPDE
(3.1). Let h > 0 be arbitrary. For any € > 0, there exist to = to(e) and 6(¢) > 0 such that,

1t 1 2
P{E inf  wu(s,z)ds > — (c(O) - %) —cforallt >T} > 1—exp{—0T}, (3.31)

0 xz<s(yb/a—h) a

for all T > tq

Proof. According to Lemma 3.3 and Lemma 2.2, there exist ¢;, ; > 0 and Qf , C © with
P(Q]7) > 1 —exp{—0,T} for any T' > t, such that for all s > T and w € Q 1,

inf  u(s,x) > (11— ——5—)Y(s), 3.32
ey ) = (1 Y (332
and
1 st 1 k2 €
— [ Y(s)ds > - - ) — -, :
;[ Y(e)ds = ~(e(0) -2 - (3.33)
Let ty > t; satisty
1
1 2
g dOtitts e (3.34)
to to 3



Then for any T > t,, define

Qr={weQ: sup | k(r)dW(r) <Tz}. (3.35)

0<s<t; JO
It is easy to see that P(Qyr) > 1 — exp{—0,T'} for a constant d, > 0. Moreover, for all
w e QQVT with T' Z to,

t1
t / 5)ds < = (3.36)

forallt>T.
So for T' > ty, define Qp = Q17 N Qo p. It is easy to see P(2r) > 1 — exp{—0T} for a
costant 0 > 0 and w € Qp,

1 rt 1t
— inf  wu(s,z)ds > inf  u(s,z)ds
t Jo z<s(yb/a—h) t Jt, x<s(yb/a—h)
ae 1t
> — —/ Y (s)ds
= e -y b
ae 1, rt t1
- (1- (] vi(s)ds — / Y (s)d
0= sy Y= [y
ae 1 k2 e €
> (1- = ){-(c(0) - %) — 2 — 3}
30— %) a2 7373
1 k2,
> E(C(O) - 7) — €, (3.37)
for all t > T'. Here we have used (3.32), (3.33) and (3.36). The proof is completed. O

Remark 3.5 (i). Although the solutions of the stochastic generalized KPP equations may

not converge as time and space tend to oo, Theorem 3.4 tells us that the time average grows

linearly with time for large time. In some special case, %fg u(s, x)ds converges on the crest.

For this see Remark 3.5 (ii). It is trivial to see % J3u(s,x)ds converges to zero on the trough.
(ii). Note that if a = b, i.e. if ¢ is linear, we find that for any h > 0 almost all w € €,

t 1 rt k'rQn

1
tlgglo 7 ) x<2$fh)su(s,x) ds = tliglo 7 ) ilelgu(s,x) ds = ¢(0) — 5

(3.38)

Now we consider the following stochastic KPP equation (3.1) when c¢(u) = ¢(1 — u), and
k is a constant

du(t,z) = (gAu(t, x) + cu(t,x)(1 — u(t, x))) dt + ku(t, z) dWy, uli—o = uo,  (3.39)

where 1y = X(—oo,0- Here W; is a Brownian motion on the Wiener space (€2, F, P), and c is
a constant.
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Theorem 3.6 Let u(t,z) be the solution of (3.39) and 0, be the canonical Brownian shift.
Then

lim sup |u(t,z,w)— Z(6w)| =0, P.a.s (3.40)

E=00 pc(y—h)t

for any h > 0. Here v =/2D(c — %) and Z(w) is given by

Z@g:(g/;@mﬂc—%k%s+kwq@ywrﬁ (3.41)

Proof. Let Y (t) = Y (¢,1). The proof follows from Lemma 2.5, Lemma 3.3 and the inquality
u(t,z) < Y (t) immediately. O

4 Behaviour of the derivatives

It is easy to see that the solution u(t,z) is C? in x for all £ > 0 and almost all w € Q2 (see
[25]). Let R(t,z) = —DVlogu(t,z) for t > 0, then it is easy to verify that R(t,z) satisfies
the following Burgers’ equation for t > 0 and a.e. w € €

%R(t, )+ R(t,x)VR(t,z) = gAR(t, z) + ¢ (u(t, z))u(t, z)R(t, z). (4.1)

Let y, be the solution of the following stochastic differential equation up to explosion time
dy, = V'DdB, — R(t — r,y,)dr, yo = x. (4.2)

Here B, is a Brownian motion on the probability space (Q, F,F. ]5} See [8] for explosion
time.
We first prove that y, is nonexplosive.

Lemma 4.1 Assume Conditions (i) and (ii). Then for any t > 0, the solution y, to the
Equation (4.2) is nonexplosive up to any time ty < t for almost all © and w.

Proof. We fix t > 0. Let
£, = o [y B2 (r)dr+ [ R(r)dWr (4.3)
and
V(t,z) = u(t,z)& . (4.4)

Then V satisfies the following reaction diffusion equation (see [25]),

) D
SV(ta) = SAV+EV)Y, (4.5)

V(O,%) = UO(J:):XwSO'
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Applying Feynman-Kac formula, we have for any =z,

EUMerﬁdﬁﬂvwwm»m
eC(O)tE“O(iUt)

M(t).

V(t,x)

IAINA

(4.6)

Here M(t) = ef(o)t, z, =z ++DB(t), B(t) is a Brownian motion on the probability space

(Q, F , ]5) and F' is the expectation with respect to P. As c(u) is decreasing, so
(& YVt —rx)) > (& M(t—T1)).

Therefore

_ efot c(é’t_TM(tfr))drH(t’ z).

V(t,l‘) > Euo(xt)ef()tC(gt—rM(tfr))dr

Here H (t, x) is the solution of the heat equation %H(t, r) = LAH(t,z) with H(0,z) =

It is easy to see that H(t,x) is decreasing with respect to x, so for all z <0,

0

H@@szm—[M@%ﬁ

It follows from (4.8) and (4.9) that for all z <0,

y? 1
“apidy = —.
e Y 5

t
V(t,x) > %efo cl&—rM(t=r))dr,

On the other hand, V(t, z) satisfies

V(t,z) = /Rpt(y,x)uo(y)dy%—/Ot/Rpt_r(y,x)c(&nV(r, y)V(r,y)dydr,

where
1 _(y—n)?

pt(%ﬂ?) = \/ﬁ

Differentiating (4.11) with respect to x, we have

VV(t0) = [ (Venly ooy + [ [ (Ve ol 2)elEV )V )y

It follows that there exists a constant C' > 0 such that

Vot z)| < /R \/Z_t (yl_)fypt(y,x)uo@)dy
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_(y—=)?

+/ / \/ﬁ t — pt (y, 2)e(EV(r,y))V(r, y)dydr
(y)dy

< iDt
- \f R \/47TD o
t 1 _ (=)
+ / e T dy max{c(0), |e(€, M (r))[} M (r)dr
o Vi—rJr,[JarD(t 1)
C t max{c(0), |c(E M (r))|} M (r)
< —+cf dr. 413
It then follows from (4.10) and (4.13) that for any = <0,
Vu(t, ) VV(t,z)
|R(t,2)| = |- |=1-<7 =
“ult, @) V(t,x)
t max{c(0),|c(EM(r))|}M(r)
< % + Cf Vier dr
> iefo c(E—r M (t—r))dr
< (%€ 4 20E(t,w))e e (4.14)

7

Here E(t,w) is bounded for almost all w and so R(t,x) is bounded for almost all w € Q for
any x < 0.

Now it is easy to see VV(t,z) < 0 (this is because u(0,z) is nonincreasing and can
be approximated by a regular and nonincreasing function. Then directly differentiating
Equation (4.5) with the regular initial condition and using the Feynman-Kac formula, we
can easily see the space derivative is nonpositive. The claim follows then from taking the
limit.) Therefore R(t — r,y,) > 0. Integrating (4.2), we have

~ VDB, ~ [ R(t = 7,y,)dr < VDB, (4.15)

That is to say ys cannot be explosive to +0o0 at any finite time @ almost surely and for all
w. But according to (4.14), the solution cannot be explosive to —oo at any time s < t5 < ¢
@ almost surely and for almost all w € §2 as the drift —R(t —r,y,) is bounded for almost all
w, ¥ < 0 and r <ty < t. Here 1y is any time £y < t. O

Before we prove the main theorem of this section, we present some priori estimate for
v(t, z) which will be used in the proof. Here v(¢, x) was defined by eqauation (3.4). We don’t
strive to get the best possible estimates here. By comparison, under Conditions (i) and (ii),
it is easy to see

v(t,z) < 1. (4.16)
Therefore ¢(v) > 0. It follows that

A t
v(t,r) = Euo(xt)efoC(”(t—87$s))ds—‘fk2
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— e_%fot k?(s)ds /_\/D_t —1 e_%dy
—00 2T

It is easy to see if x <1,

__1
U(t,x) > 1 e*%foth(S)ds/ Dt e_%dy

V2
> Le_%fotkz(s)ds Dt e 3
T W27 Dt +1
2 2
Here we used a wellknown inequality [°e~Tdy > a,—il-l e~ 7 (see e.g. [21]). Therefore if
r <1, ‘
logv(t,7) > log—— — th()d + Yog Dt — log(Dt+ 1) — —
ogu(t,x 0g —F=— — = s)ds + = lo —lo - —
BUT = O e T2 2 %8 & 2D1
> log —— —log2 — ~ log Dt 1/tk:2()d ! (4.17)
og —— —log2—-1lo - = s)ds — —. :
= s BTN T e 2Dt
And if z > 1,
2 1 z2
v(t,x) > —e Lt 716@
V2 st =
_ 1 v D 6—5 o k2 s)ds——2
\/27rx2+Dt
It turns out that for 1 < z < i,
logv(t, x)
> log —— + logz + ~ log Dt — log(«® + Dt) 1/tk2()d v
0 ogzr+ =1lo — log(z - = s)ds — —
SV T R R g 2 Jo 2Dt
log —— — log(y2 + D) + ~log D — ~log 1/tk2()d o (as)
og—=—=—1lo —logD — = logt — = s)ds — ——t. :
*Var eY 5 %8E T %% T 2D

We are going to prove the main theorem of this section. In addition to Conditions (i)-(iv),
set
Condition (v). For any u > 0, ¢(u) < —d, for a constant dy > 0.

Theorem 4.2 Assume Conditions (i)-(v). There exist ty > 0 and C; > 0,Cy > 0 and § > 0,
such that,

t
PlweQ: sup |M| < Crexp{—Cyvt forall t > T} > 1 —exp{—6T}, (4.19)
xg(gv—h)t u<t’ I)
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and

PlweQ: / sup |Vu(s, x)|ds < Oy exp{—Cyv/t} for all t > T}
:1:<( y—h)t
> 1 —exp{-0T}, (4.20)
for any T > ty, and h > 0.

Proof. Recall R = —DV logu, ys is defined by (4.2) and R satisfies (4.1). Similar to [28],
applying Ito’s formula, we can prove that R(t —s,ys) exp{ [y ¢ (u(t —7,y.))u(t —r,y,)dr} is a
martingale with respect to F, on (€, F, F,, P} for 0 < s < t. Then by martingale property
we have for a.e. w € (2,

R(t,z) = ER < ,yt> exp {/0% d(ult —ryy))u(t —r, y,,)dr} :

Note by integration by parts formula, Ito’s formula and (4.1),

/0% R{t = s,ys) exp {/D (ut —r,y))ult —r, yr)d?”} ds

t

= %R <%,y§> exp {/05 d(ult —r oy ))u(t —r, yT)dr}
- /%(5) exp {/Os (u(t —r,y,))ult —r,y,) dr}

X [_QR(t -5, Ts) + \/EVR<t -5, ys)st - VR<t - S ys)ROn -5, ys>ds

D
+ 5 AR(t = 5,y5)ds + ¢ (ult = 5,95))ult = s, ys)dS]

_ %R G y> exp {/0 ¢ (ult —ryy,))ult —, yr)dr}
—\/5/0%(3) exp {/0 ¢t —ry))ult —r,y,) dr} VR(t — s,y,)dB,.
It turns out that
R(t,z) = —E/ — 5,y,) exp {/0 ¢ (ult —r,y,))u(t —r, yr)dr} ds
—E/ S)VR(t — s,,) exp {/0 ¢ (ult —ry)ult —r,y,) dr} dB.
_ —E/ —5,u,) exp {/0 ¢ (ult —r,y.)ult —r,y,) dr} ds
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Applying Cauchy-Schwarz inequality we have

|R(t,l’)| S g (E/()E < R<t_ Says>aR(t_ Says) >

2

exp {2 /S d(u(t —ry))u(t —r,y,) dr} d3> : (4.21)
0
Now we establish some preliminary estimate for R(t,z). Let J(t,x) = —Dlogu(t,z),
then we can check that J satisfies the following nonlinear stochastic Hamilton Jacobi Bellman
equation,
1 9 D 1,
dJ(t,z) + §\VJ(t, x)|°dt = §AJ(t, x)dt + c(u)dt — §k (t)dt + k(t)dW;. (4.22)

Applying 1t6’s formula to J(t — r,y,) for 0 < r <t we have

dJ(t —r,y,) = —%J(t —ry)dr +VJ(t —r, yr)(\/BdBr — R(t —r,y,)dr)
—|—§AJ(1€ —7r,y.)dr
= ¢5VJ@—n%Jﬂi—%(Vﬂt—n%LVJ@—Twﬁ>W
—c(u(t —ry,))dr + %kQ(t —r)dr — k(t — r)dW,_,.

For any integer N, let 7nv = inf {s € [0,t] : |[VJ(t —r,y,)| > N} and 7y = o0 if |[VJ(t — 1, y,)| <
N for any 0 < s < t. Therefore

t
J <t - <§ /\TN) ,y%/\m> — J(t,x)
Lar 1 Lar
_ \/5/2 "It —ry,)dB, — 5 / VI =1 y), VIt -1y, dr
0 0
%/\TN 1 %/\TN 9 %/\TN
—/ clu(t —r,y.))dr + 5/ k“(t —r)dr — / k(t —r)dW;_,.
0 0 0
Taking expectations and noticing that fO%ATN VJ(t —r,y.)dB, is a martingale we have
1. raiow
SB[ = ) VI (=) dr
0
- t
— J(t,x) - EJ <t _ (5 A TN) ,y%w)
%/\TN

N %/\TN 1 %/\TN
—E/ c(u(t —r,y.))dr + 3 / E*(t — r)dr — / k(t —r)dW;_,.
0 0 0
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Let N — oo we obtain

t

o |9t =1y, VI =) dr
_ J(t,g:)—EJ(— ) E/ — ) dr

2/ kzt—r)dr—/ k(t — r)dW,_,.
0

(4.23)

From Condition (iii), it is easy to see —c(u) < a(u — 1) < au. Recall (4.17) and (4.18). It is
easy to see that there exist constants 6 > 0, M > 0 and Q}. C Q with P(Q}) > 1—exp{—0T'}

such that for w € Q% and t > T, and x < ~t,

: s M
Sgiit ; k(r)ydw, > —gt,
M
—logu(t,x) < ?t’
s M
sup [ k(r)dW, < —t,
s<s<t Y0 4

|+

IN

—E/O c(u(t —r,y,))dr

aE/ —r,y,)d

< a/ supu(t — r,y)dr
0y
< M
-~ 4 9
5 M
|/ k(t—P)dW,_,| < -t
0 4
It follows from (4.24-4.26), (4.16) and (3.3) that if w € O, and ¢ > T, and x < ~t,
M
J(t,x) < Ztv
t M
—EJ(= ye) < —t.
Hgu) = 5

It turns out from (4.23), (4.27-4.30) that if w € QL and ¢t > T, and x < v¢, then

—E/E —nry.), VJ({t —1ry,.)) dr < Mt.

Therefore by (4.21) we have if w € Q). and t > T, and = < 7,
|R(t,z)| <2V M.

(4.24)
(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

Now we are in a position to estimate R(t,z) on the crest. Denote y, the solution of (4.2)
with yo = 2 = (2y — h)t. Denote Ky = {(s,y) : y < (2y — $h)s}. Define for each w € Q},

T=inf{s: (t —r,y.) & K1}
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Then if 7 < v/, the process (t — 7, yr) meets the line y = (2y — 1h)s with y, = (2y —
%h)(t —7) > ( v —3h)(t —Vt) > ( v — $h)t for t > to where t, is a constant such that
(2 — $h)Vt < 1ht for all t > to. Notice also (4.31), we have for ¢ > ¢, (we require t, large
enough such that 20/ Mt < 1ht for all T > to) and all w € Q. and t > T,

P{7-<\/_}

P . ht
{ogi)\(/y - }

— P{ max {VDB, — / R(t — s,ys)ds} > ht}

0<r<+/t

IN

IN

P{ max VDB, > ht}

0<r<+/t
2

3
2sp’

< exp{—

Therefore we have for T' > t; and each w € QL t > T,

Ritr) = BRG—7 ALy esl [ dlutt — e — r yr)ar)
= Ex,<yR(t —7,y,) eXp{/OT (u(t = r,yp))ult —r,y,)dr}
+Exﬁ<TS%R(t — T, Yr) exp{/OT d(ult —r,y))u(t —r,y.)dr}
B g B ) el [ utt oy )utt — ry)dr).
It turns out using (4.31) that for T' >ty and each w € QL ¢t > T,
[R(t,2)] < V2MP(r < V1))

. 1 vt
PV BN ficrey oxp{~doVi( 7 [ ult = r.yr)dr)}
dot 1
+VIMEx,.  exp{--(5 /0u<t—r,yr>dr>}.
2

Recall Theorem 3.4, then for T >ty and each w € QL ¢t > T,

Rt < VaMesp{——l 1)

. 1 vt
TV2MEX jrorct exp{—doﬂ(\T/O inf u(t —r,y)dr)}

y<(&y—3h)(t—r)

t, 1
+V2MEY, cpexp{—do; ( /0 @ inf u(t —r,y)dr)}
y<

2 r—gh)(t—r)
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1

+Vv2M exp{—dgﬂ (¢(0)

t2}

< V2M exp{—

-5y

VM exp{ ~dog (c(0) ~ )1}
< 4 eXP{—Cz\/%}>

for constants C; > 0 and Cy > 0. That is to say for each w € QF. and T* >t > T > 0,

T*
/ sup |Vu(s,z)|ds
¢

xﬁ(%'y—h)s

IN

T*
Crexp{—Cyy/s} sup wu(s,z)ds
¢

z<(2y—h)s

IN

4 exp{—%C’g\/f} /tT* eXp{—%C’g\/g}d(/: sup  u(r,x)dr)

z<(Ly—h)r

1 1 T
Cy exp{—ngx/Z} exp{—§CQ\/T*}/t sup  u(r,x)dr

<(Ly-h)r

IN

1 1 1 1 s
+501026Xp{—502\/%}/t ﬁexp{—ng\/E}/t ) sup  u(r,z)drds

<(&y—h)r

1 1
< (4 exp{—ﬁogx/z_f}T* eXp{_502\/T*} + C3 exp{—CoVT*},
for a constant C3 > 0. Therefore taking the limit 7% — o0,

/OO sup | Vu(s,z)|ds < 2Cs exp{—Chv/t}.
t z<

(2v—h)s

|

Remark 4.3 One can improve exp{—Cov/t} in (4.20) to exp{—Cyt"} for any 0 <r < 1.
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