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The three-electron configuration of gate-defined double quantum dots encodes a promising qubit
for quantum information processing. I propose a two-qubit entangling gate using a pulse-gated
manipulation procedure. The requirements for high-fidelity entangling operations are equivalent
to the requirements for the pulse-gated single-qubit manipulations that have been successfully re-
alized for Si QDs. This two-qubit gate completes the universal set of all-pulse-gated operations
for the three-electron double-dot qubit and paves the way for a scalable setup to achieve quantum
computation.

I. INTRODUCTION

The name hybrid qubit (HQ) was coined for the qubit
encoded in a three-electron configuration on a gate-
defined double quantum dot (DQD).1,2 The HQ is a spin
qubit in its idle configuration, but it is a charge qubit
during the manipulation procedure. Recently, impressive
progress was made for the single-qubit control of a HQ
in Si.3,4 It was argued that single-qubit gates were imple-
mented, whose fidelities exceed 85 % for X rotations and
94 % for Z rotations.4 These manipulations rely on the
transfer of one electron between quantum dots (QDs).2–4
Subnanosecond gate pulses were successfully applied to
transfer the third electron between singly occupied QDs.

Ref. [1] suggested two-qubit gates between HQs with
similar methods to these for three-electron spin qubits
that are defined at three QDs.5,6 The coupling strength
between neighboring QDs is tuned in a multi-step se-
quence, while this entangling gate for HQs requires con-
trol over the spin-dependent tunnel couplings. A more
realistic approach to realize two-qubit entangling gates
for HQs uses electrostatic couplings between the HQs.2
If the charge configuration of one HQ is changed, then
Coulomb interactions modify the electric field at the po-
sition of the other HQ. Note the equivalent construction
for a controlled phase gate (CPHASE) for singlet-triplet
qubits in two-electron DQDs.7

Using Coulomb interactions for entangling operations
can be critical. Even though electrostatic couplings
are long-ranged, they are generally weak and they are
strongly disturbed by charge noise.8 I propose an alter-
native two-qubit gate. Two HQs in close proximity enable
the transfer of electrons. The two-qubit gate that is con-
structed works similarly to the pulse-gated single-qubit
manipulations. It requires fast control of the charge con-
figurations on the four QDs through subnanosecond pulse
times at gates close to the QDs. A two-qubit manipula-
tion scheme of the same principle as for the single-qubit
gates is highly promising because single-qubit pulse gates
have been implemented with great success.3,4

The central requirement of the entangling operation is
the tuning of one two-qubit state to a degeneracy point
with one leakage state (called |E〉 ). The qubit states

are |1〉 and |0〉 , while the subscripts L and R describe
the physical positions of the HQs. Specifically, when
the state |0L0R〉 is degenerate with |E〉 then |0L0R〉
can pick up a nontrivial phase, while all the other two-
qubit states evolve trivially. Note that a similar con-
struction for an entangling operation9 has been imple-
mented with impressive fidelities10–12 for superconduct-
ing qubits. The couplings to other leakage states must be
avoided during the operation. I propose a two-step proce-
dure. First, |1L1R〉 and |0L1R〉 are tuned away from the
initial charge configuration to protect these states from
leakage. |1L0R〉 and |0L0R〉 remain unchanged at the
same time. One has then reached the readout regime of
the second HQ. The second part of the tuning procedure
corrects the passage of |1L0R〉 through the anticrossing
with |E〉 , at a point where |1L0R〉 is degenerate with
another leakage state (called |L〉 ). I call this anticross-
ing degenerate Landau-Zener crossing (DLZC) because
the passage through this anticrossing is described by a
generalization of the Landau-Zener model.13,14

I focus on pulse-gated entangling operations for HQs
in gate-defined Si QDs. Even though the entangling op-
eration is not specifically related to the material and the
qubit design, gate-defined Si QDs are the first candidate
where the two-qubit pulse gate might be implemented
because Si QDs were used for single-qubit pulse gates.3,4
I discuss therefore specifically the noise sources that are
dominant for experiments involving gate-defined Si QDs.
The described two-qubit pulse gates can be directly im-
plemented with the existing methods of the single-qubit
pulse gates. It will turn out that high-fidelity two-qubit
entangling operations require low charge noise.

The organization of this paper is as follows. Sec. II
introduces the model to describe a pair of three-electron
DQDs. Sec. III constructs the two-qubit gate. Sec. IV
discusses the noise properties of the entangling operation,
and Sec. V summarizes all the results.

II. SETUP

I consider an array of four QDs, which are labeled by
QD1-QD4 (see Fig. 1). One qubit is encoded using a
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three-electron configuration on two QDs. QD1 and QD2

encode HQL, and QD3 and QD4 encode HQR. The sys-
tem is described by a Hubbard model, which includes
two orbital states at each QD. The transfer of electrons
between neighboring QDs is possible but weak, unless
the system is biased using electric gates. It might be
desirable to apply a large global magnetic field, which
separates states of different sz energetically. Generally,
such a global magnetic field is not needed for the pulse-
gated entangling operation because the electron transfer
between QDs is spin conserving for weak spin-orbit inter-
actions (as for all Si heterostructures). Also nuclear spin
noise only introduces a very small spin-flip probability.15
Nevertheless, a global magnetic field still reduces the in-
fluence of the remaining nuclear spin noise.

The S = 1
2 , sz = 1

2 spin subspace of three electrons
is two dimensional, and it encodes a qubit.5 The single-
qubit states for HQL are |1L〉 =

√
2
3 | ↓ T+〉 −

√
1
3 | ↑ T0〉

and |0L〉 = | ↑ S〉 . The first entry in the state nota-
tion labels electrons at QD1, and the second entry la-
bels electrons at QD2. QD1 is singly occupied, but
two electrons are paired at QD2. |S〉 = c†i↑c

†
i↓ |0〉 is

the two-electron singlet state at QDi, |T+〉 = c†i↑c
†
i↑ |0〉 ,

|T0〉 = 1√
2

(
c†i↑c

†
i↓ + c†i↓c

†
i↑

)
|0〉 , and |T−〉 = c†i↓c

†
i↓ |0〉

are triplet states at QDi. c
(†)
iσ is the (creation) annihila-

tion operator of one electron in state | i〉 of QDi with spin
σ, | i〉 and

∣∣ i〉 are the ground state and the first excited
state at QDi,16 and |0〉 is the vacuum state. Similar
considerations hold for HQR, where QD3 is singly occu-
pied and QD4 is filled with two electrons. It is assumed
that a two-electron triplet at QD1 or at QD3 is strongly
unfavored compared to a two-electron triplet at QD2 or
at QD4. These conditions were fulfilled for the HQs in
Ref. [3] and Ref. [4].

The energy E0 = 0 is assigned to |0L0R〉 in (1, 2, 1, 2).
|1L0R〉 , |0L1R〉 , and |1L1R〉 are higher in energy by
ΩL, ΩR, and ΩL + ΩR. The excited states |1L〉 and
|1R〉 involve a triplet on a doubly occupied QD that is
higher in energy than the singlet configurations of |0L〉
and |0R〉 . Single-qubit gates are not the focus of this
work, but I briefly review: all single-qubit gates are ap-
plicable through evolutions under σLx , σLz , σRx , and σRz .
σx = |1〉 〈0| + |0〉 〈1| and σz = |1〉 〈1| − |0〉 〈0| are
the Pauli operators on the corresponding qubit subspace.
They are applied by transferring one electron from QD2

to QD1 for HQL (and QD4 to QD3 for HQR). Depending
on the pulse profile, pure phase evolutions (described by
the operators σLz and σRz ) or spin flips (described by the
operators σLx and σRx ) are created.2–4

III. TWO-QUBIT PULSE GATE

Two-qubit operations are constructed using the trans-
fer of electrons between neighboring QDs. The
charge transfer between (1, 2, 1, 2) and (1, 2, 2, 1) is

Figure 1. Array of QDs that is used to define and couple
HQs. The four red QDs encode two HQs, and they are la-
beled by HQL and HQR. Black dots represent electrons.
The charge configurations are labeled by the electron num-
bers (nQD1

, nQD2
, nQD3

, nQD4
). (1, 2, 1, 2) is the idle configu-

ration. Applying voltages to gates close to the QDs provides
universal single-qubit control and realizes a CPHASE gate by
the transfer of single electrons between the QDs. The gate
protocols to achieve quantum computation are described in
the text. The encoding scheme can be scaled up trivially, as
shown by the blue QDs.

described by H34 = τ1
∑
σ∈{↑,↓}

(
c†3σc4σ + H.c.

)
+

τ2
∑
σ∈{↑,↓}

(
c†3σc4σ + H.c.

)
, where τ1, τ2 are tunnel cou-

plings between states from neighboring QDs, and H.c.
labels the Hermitian conjugate of the preceding term.
ε43 = eV4 − eV3 describes the transfer of electrons
through voltages applied at gates close to QD3 and QD4.
Lowering the potential at QD3 compared to QD4 fa-
vors (1, 2, 2, 1) (ε43 > 0), but (1, 2, 1, 2) is favored for
the opposite case (ε43 < 0). (1, 2, 1, 2) and (1, 2, 2, 1)
have identical energies at ε43 = ∆43 > ΩL,ΩR. Sim-
ilar considerations hold for the manipulation between
(1, 2, 1, 2) and (1, 1, 2, 2), which is described by ε23 =

eV2 − eV3 and H23 = τ3
∑
σ∈{↑,↓}

(
c†2σc3σ + H.c.

)
+

τ4
∑
σ∈{↑,↓}

(
c†
2σ
c3σ + H.c.

)
. (1, 2, 1, 2) and (1, 1, 2, 2)

have identical energies at ε23 = ∆23 > ΩL,ΩR.
Note that electrostatic couplings between the states of

different charge configurations are neglected in this dis-
cussion. Ref. [2] argued that the Coulomb interaction can
introduce energy shifts of & 0.1 µeV, reaching the mag-
nitudes of the orbital energies (typically 0.1 − 10 µeV).
Coulomb interactions modify the state energies of dif-
ferent charge configurations [we consider only (1, 2, 1, 2),
(1, 2, 2, 1), and (1, 1, 2, 2)]. These modifications do not
influence the operation principle of the entangling gate
because only a two-qubit system with a state degeneracy
with one leakage state is required. The Coulomb inter-
actions can be introduced by a shift of the positions of
the state degeneracies between different charge configu-
rations.

One can construct an entangling operation in a two-
step manipulation procedure, which is shown in Fig. 2.
In the first step, ε43 is modified, and the charge configu-
ration is pulsed from (1, 2, 1, 2) towards (1, 2, 2, 1). Only
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Figure 2. Energy diagram of two coupled HQs with sz = 1
in (1, 2, 1, 2), (1, 2, 2, 1), and (1, 1, 2, 2). The red and the or-
ange lines describe computational basis, and the black lines
are leakage states. (1, 2, 1, 2) is favored without external bias.
(a) shows the pulsing towards (1, 2, 2, 1), which is modeled
through ε43 = eV4 − eV3 describing the potentials at QD3

and QD4. The states |1L1R〉 and |1LB〉 as well as |0L1R〉
and |0LB〉 are swapped at ε43 = ∆43 − ΩR. Two of the four
state combinations from the computational basis remain in
(1, 2, 1, 2) at ε43 = ε∗43. (b) shows the second step of the
manipulation. ε23 = eV2 − eV3 models the potentials at
QD2 and QD3. As a consequence, only |1L0R〉 and |0L0R〉
can be tuned to (1, 1, 2, 2), but |1LB〉 and |0LB〉 remain in
(1, 2, 2, 1). The nontrivial part of the entangling gate is a
π-phase evolution of |0L0R〉 at ε23 = ∆23. |1L0R〉 is degen-
erate with |L〉 and passes through a DLZC at ε23 = ∆23−ΩL.
Leakage from the computational subspace is prevented by the
pulse cycle that involves waiting times at ε23 = ∆23 − ΩL
and at ε23 = ε∗23 (see description in the text). The setup
is brought back to the initial configuration in the end, by
first changing ε23 and then changing ε43. Perfect state cross-
ings are marked, where transitions are forbidden from spin-
selection rules (blue), or from charge-selection rules (purple).
The waiting times t1, t2, tw, and tπ are given in the text.

|1R〉 is transferred to |B〉 = | (S ↑)R〉 because |1R〉 is en-
ergetically unfavored compared to |0R〉 , which remains
in (1, 2). The tuning uses a rapid pulse to ε43 = ∆43−ΩR.

H34 couples |1R〉 and |B〉 by
√

3
2τ2. The occupations of

|1R〉 and |B〉 swap after the waiting time t1 = h
2
√

6τ2
.

Afterwards, ε43 is pulsed to ε43 = ε∗43, which is far away
from all the anticrossings. |B〉 and |0R〉 have the energy
difference Ω∗R at ε43 = ε∗43. Note that ε43 = ε∗43 is in the
readout regime of HQR: |1R〉 is in (2, 1), but |0R〉 is in
(1, 2).

In the second step, gate pulses modify ε23 at fixed
ε43 = ε∗43. The charge configuration is pulsed towards
(1, 1, 2, 2). States in (1, 2, 2, 1) remain unchanged because
they need the transfer of two electrons to reach (1, 1, 2, 2).
The states

|L〉 =
[√1

6
| ↑ T0 ↑〉 −

√
3

2
| ↑ T+ ↓〉 +

1

2
√

3
| ↓ T+ ↑〉

]
|S〉 ,

(1)

|β〉 =
1

2

[√
2 | ↑ T0 ↑〉 + | ↑ T+ ↓〉 + | ↓ T+ ↑〉

]
|S〉 , (2)

are introduced. |E〉 = | ↑↑ SS〉 is the ground state in
(1, 1, 2, 2) with sz = 1. H23 couples |0L0R〉 , |1L0R〉 ,
|L〉 , and |E〉 , while |β〉 is decoupled. When approaching
(1, 1, 2, 2), first the anticrossing of |1L0R〉 , |L〉 , and |E〉
is reached at ε23 = ∆23 − ΩL:

H23 (ε23) ≈

 ΩL 0 τ4√
6

0 ΩL − 2τ4√
3

τ4√
6
− 2τ4√

3
∆23 − ε23

 . (3)

|0L0R〉 hybridizes with |E〉 only at ε23 = ∆23. |E〉 has
lower energy than |1L0R〉 at ε23 = ε∗23, but |0L0R〉 is
still the ground state.

The passage through the anticrossing at ε23 = ∆23−ΩL
is critical for the construction of the entangling operation.
H23 describes within the subspace {|1L0R〉 , |L〉 , |E〉}
a DLZC (see Eq. (3)). A basis transformation partially
diagonalizes Eq. (3): |T1〉 = 1

3 |1L0R〉 − 2
√

2
3 |L〉 and |E〉

have the overlap
√

3/2τ4, but |T2〉 = 2
√

2
3 |1L0R〉+ 1

3 |L〉
is decoupled. |T1〉 and |E〉 swap at ε23 = ∆23−ΩL after
t2 = h

2
√

6τ4
. One introduces the waiting time tw at ε23 =

ε∗23, where |E〉 has the energy ΩL/2. tw must compensate
after the full cycle the relative phase evolution between
|T1〉 and |T2〉 ; as a consequence, |1L0R〉 does not leak
to |L〉 . Simple mathematics shows that this is the case
for tw = h

(
2n
ΩL
− 1

τ3

)
> 0 with n ∈ N.

The time evolution at ε23 = ∆23 constructs the cen-
tral part of the entangling gate. H23 couples |0L0R〉 and
|E〉 by τ3. The states of the subspace {|0L0R〉 , |E〉}
pick up a π-phase factor after the waiting time tπ = h

2τ3
:

e−iπσx = −1. All other states of the computational
basis evolve trivially with the energies ΩL, Ω∗R, and
ΩL + Ω∗R. Finally the setup is tuned back to the ini-
tial configuration, involving swaps at ε23 = ∆23 − ΩL
and ε43 = ∆43−ΩR that are generated after the waiting
times t2 = h

2
√

6τ4
and t1 = h

2
√

6τ2
.
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In total, the described pulse cycle realizes a CPHASE
gate in the basis |1L1R〉 , |1L0R〉 , |0L1R〉 , and |0L0R〉
when permitting additional single-qubit phase gates:

Uε43=∆43−ΩR (t1)Uε23=∆23−ΩL (t2)Uε23=∆23 (tπ) (4)
× Uε23=ε∗23

(tw)Uε23=∆23−ΩL (t2)Uε43=∆43−ΩR (t1)

= e
iπ(p1+p2)

2 Z
− p14
L Z

− p24
R CPHASE,

with Zφi = e−i2πσ
i
zφ, p1 = Ω∗R

(
1
τ3
− 2
√

2/3

τ4
− 4n

ΩL

)
,

and p2 = ΩL

(
1
τ3
− 2
√

2/3

τ4

)
. Uε (t) describes the time

evolution at ε for the waiting time t. One has con-
structed a phase shift on HQR conditioned on the state
of HQL. Tab. I summarizes the manipulation steps of
the CPHASE gate.

IV. GATE PERFORMANCE AND NOISE
PROPERTIES

In general, two-qubit pulse gates are fast. The only
time consuming parts of the entangling gate are the wait-
ing times at ε43 = ∆43 − ΩR, ε23 = ∆23 − ΩL, ε23 = ε∗23,
and ε23 = ∆23. The overall gate time is on the order of
O
(
h
τ2
, hτ3 ,

h
τ4

)
. It was shown that tunnel couplings be-

tween QDs of a DQD in Si reach 3 µeV.17,18 Two DQDs
might be some distance apart from each other; neverthe-
less, µeV tunnel couplings seem possible. An entangling
gate will take only a few nanoseconds but requires sub-
nanosecond pulses.

The setup provides a rich variety of leakage states.
Appx. B introduces an extended state basis in sz = 1. I
consider the charge configurations (1, 2, 1, 2), (1, 2, 2, 1),
and (1, 1, 2, 2), while I neglect doubly occupied triplets
at QD1 and QD3 (see Sec. II). The tunnel couplings are
only relevant around state degeneracies in the gate con-
struction, which is justified for vanishing τi, i = 1, . . . , 4,
compared to ΩL and ΩR. In reality, τi are small com-
pared to ΩL and ΩR, but they are not negligible. As
a consequence, modifications from the anticrossings par-
tially lift the neighboring state crossings (see the blue and
purple circles in Fig. 2) and modify the energy levels and
anticrossings. Fig. 3 shows that high-fidelity gates can be
constructed that only have small leakage, when the wait-
ing times and the waiting positions introduced earlier are
adjusted numerically. Small leakage errors and minor de-
viations from a CPHASE gate are reached for τi/ΩL,R <
5%, i = 1, . . . , 4. I use Ω/h = ΩL/h = ΩR/h = 15 GHz
and τ/h = τi/h = 0.5 GHz, i = 1, . . . , 4 in the following
noise analysis (see Ref. [19] for a similar noise discussion).

A. Charge Noise

Charge traps of the heterostructure introduce low-
frequency electric field fluctuations.21,22 Their influence

0.02 0.04 0.06 0.08 0.1

3×10-3

2×10-3

1×10-3

0

4

3

2

1

0

Τ�W

 H
G

1,
G

2L
-

H0
,1

L¤

P
L

ea
k

@%
D

Figure 3. Numerically optimized gate sequences according to
Eq. (4) for Ω = ΩL = ΩR and τ = τi, i = 1, . . . , 4. The
deviations of the Makhlin invariants20 from G1 = 0 and G2 =
1 and the leakage errors PLeak are numerically minimized by
adjusting the waiting times and waiting positions. PLeak =
|UPQ|2 is the transition probability from the computational
subspace P to the leakage subspace Q. The points describe
single numerical results; the solid lines are a polynomial fit.
Note that small τ/Ω permit better gates.

is weak for spin qubits, but it increases for charge
qubits.23,24 Consequently, HQs are protected from charge
noise only in the idle configuration. Charge noise is mod-
eled by a low-frequency energy fluctuation between dif-
ferent charge configurations. I introduce no fluctuations
during one gate simulation, but use modifications be-
tween successive runs. The fluctuations follow a Gaussian
probability distribution of rms δε. Note that the numer-
ically optimized gate sequence of Eq. (4) is simulated.

Fig. 4 shows the gate fidelity F , which is defined in
Appx. A, while δε is varied. F decreases rapidly with
δε. A Gaussian decay is seen for small δε. The decay
constant shows that τ is the relevant energy scale of the
entangling gate. The coherence is lost if δε increases be-
yond τ because a typical gate misses the anticrossings
of Fig. 2. Noisy gate sequences keep only the diagonal
entries of the density matrix, but they remove all off-
diagonal entries leading to F = 0.25.

Charge noise can be modeled for QD spin qubits to
cause energy fluctuations of δε ≈ µeV (1 µeV/h ≈
0.2 GHz). Both for GaA charge qubits21 and Si charge
qubits,25 current experiments suggest charge noise on the
order of a few µeV. For high-fidelity pulse-gated entan-
gling operations, δε must be smaller than τ that reaches
typically a few µeV in Si HQs.

B. Hyperfine Interactions

Nuclear spins couple to HQs, and they cause low-
frequency magnetic field fluctuations.26,27 The error anal-
ysis can be restricted to the total sz = 1 subspace when
the global magnetic fields Ez are larger than the uncer-
tainties in the magnetic field δEz at every QD. Already
global magnetic fields of 100 mT are much larger than
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|1L1R〉
(1)−→

|1LB〉
(2)−→

|1LB〉
(3)−→

|1LB〉
(4)−→

|1LB〉
(5)−→

|1L1R〉
|1L0R〉 |1L0R〉 {|1L0R〉 , |L〉 , |E〉} {|1L0R〉 , |L〉 , |E〉} |1L0R〉 |1L0R〉
|0L1R〉 |0LB〉 |0LB〉 |0LB〉 |0LB〉 |0L1R〉
|0L0R〉 |0L0R〉 |0L0R〉 − |0L0R〉 − |0L0R〉 − |0L0R〉

Table I. Summary of the state evolution that generates the CPHASE gate, as described in the text [see Eq. (4)]. All phase
evolutions that can be corrected with single-qubit gates are neglected. (1) The states |1R〉 and |B〉 interchange. (2) The
transfer through a DLZC mixes the state |1L0R〉 to the subspace {|1L0R〉 , |L〉 , |E〉}. (3) The central part of the entangling
operation introduces a nontrivial phase factor to |0L0R〉 . (4) The content in {|1L0R〉 , |L〉 , |E〉} is brought back to |1L0R〉
using the appropriate pulse shape. (5) |B〉 and |1R〉 interchange.

the typical δEz for Si QDs [Ez/h > 3 GHz (> 100 mT)
and δEz/h < 3 MHz (< 100 µT) for Si QDs28,29]. I sim-
ulate the numerically optimized pulse sequence of Eq. (4)
under magnetic field fluctuations. The variations of the
magnetic fields at every QD are determined by a Gaus-
sian probability distribution with the rms δEz (in energy
units).

Fig. 4 shows that F decreases rapidly with δEz. Again,
a Gaussian decay is observed with a decay constant de-
termined by τ for small δEz. The influence of hyperfine
interactions differs from charge noise. Local magnetic
fields lift the state crossings that are protected by the
spin-selection rules (see blue markings in Fig. 2). Not
only is the coherence lost for large δEz, but leakage fur-
ther suppresses F . The limit of large δEz can be approx-
imated with F = 9/64. All off-diagonal entries of the
density matrix are removed. Additionally, some states
are mixed with leakage states. |1L1R〉 goes to a mixed
state with three other states; |1L0R〉 and |0L1R〉 mix
with one other state each.

Si is a popular QD material because the number of
finite-spin nuclei is small.15 Nevertheless, noise from nu-
clear spins was identified to be dominant in the first spin
qubit manipulations of gate-defined Si QDs.18 δEz/h =
7.5 ·10−4 GHz in natural Si (see Ref. [28]) is sufficient for
nearly perfect two-qubit pulse gates. The fluctuations of
the nuclear spins decrease further for isotopically puri-
fied Si instead of natural Si, a system which has shown
rapid experimental progress recently.30,31 We note that
δEz/h = 30 MHz for GaAs QDs would be problematic
for high-fidelity entangling operations.

V. CONCLUSION

I have constructed a two-qubit pulse gate for the HQ
— a qubit encoded in a three-electron configuration on a
gate-defined DQD. Applying fast voltage pulses at gates
close to the QDs enables the transfer of single electrons
between QDs. The setup is tuned to the anticrossing
of |0L0R〉 with the leakage state |E〉 . |0L0R〉 picks up
a nontrivial phase without leaking to |E〉 , while all the
other two-qubit states accumulate trivial phases. The
main challenge of the entangling gate is to avoid leak-
age to other states. One can use a two-step procedure.
(1) The right HQ is pulsed to the readout configuration.
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N
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F

Figure 4. Fidelity analysis for the numerically optimized
CPHASE gates under charge noise (black) and nuclear spin
noise (red) at ΩL/h = ΩR/h = 15 GHz and τ/h = τi/h =
0.5 GHz, i = 1, . . . , 4. The energy fluctuations δε between
different charge configurations model charge noise. Nuclear
spins cause local, low-frequency magnetic field fluctuations of
the energy δEz. Both noise sources can be described by a
classical probability distribution with the rms δε (for charge
noise) and δEz (for nuclear spin noise). The fidelity F is
extracted from 1000 gate simulations according to Eq. (4).
Increasing the uncertainties suppresses F strongly till it sat-
urates at 0.25 (for charge noise) and 9/64 (for nuclear spin
noise) (see the horizontal lines). The initial decay of F is
described by a Gaussian decay law (see the dotted lines).

Here, |1R〉 goes to (2, 1), but |0R〉 stays in (1, 2). (2)
|0L1R〉 passes through a DLZC during the pulse cycle.
The pulse profile is adjusted to avoid leakage after the
full pulse cycle. Note that an adiabatic manipulation
protocol can substitute the pulse-gated manipulation32.

Cross-couplings between anticrossings, charge noise,
and nuclear spin noise introduce errors for the pulse-
gated two-qubit operation. Cross-couplings between an-
ticrossings are problematic as they open state crossings.
Also these mechanism slightly influence the energy lev-
els and the sizes of the anticrossings. Reasonably small
values of τ/Ω . 5% still permit excellent gates through
pulse shaping. Charge noise is problematic because the
gate tunes the HQs between different charge configura-
tions. Current QD experiments suggest that charge noise
is critical for the pulse-gated entangling operation. Nu-
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clear spins are unimportant for the pulse-gated entan-
gling operation of HQs in natural Si and, even more, for
isotopically purified Si. I am hopeful that material im-
provements and advances in fabrication techniques for Si
QDs still allow an experimental realization of this gate
in the near future.

Pulse gates provide universal control of HQs through
single-qubit operations, which have been implemented
experimentally,3,4 together with the described two-qubit
entangling gate. Because this setup can be scaled up triv-
ially (see Fig. 1), further experimental progress should
be stimulated to realize all-pulse-gated manipulations of
HQs.

Acknowledgments  I thank D. P. DiVincenzo and L.
R. Schreiber for many useful discussions.

Appendix A: Fidelity Description of Noisy Gates

Uξn describes a noisy operation with a parameter ξ
which modifies the gate between different runs of the
experiment and obeys a classical probability distribution
f (ξ). The entanglement fidelity is a measure for the gate
performance:33,34

F (ξ) = tr
{
ρRS1R ⊗

[
U−1
i Uξn

]
S
ρRS1R ⊗

[
(Uξn)−1Ui

]
S

}
.

(A1)

Ui describes the ideal time evolution. The state
space is doubled to two identical Hilbert spaces R
and S. ρRS = |ψ〉 〈ψ| is a maximally entan-
gled state on the larger Hilbert space; e.g., |ψ〉 =
(|0000〉 + |0110〉 + |1001〉 + |1111〉 ) /2. The gate fi-
delity F is calculated by averaging Eq. (A1) over many

instances of Uξn, giving F =
∫
dξ f (ξ)F (ξ). F = 1 for

perfect gates. This definition captures also leakage er-
rors.

Appendix B: Extended Basis

Tab. II provides an extended state basis in sz = 1 for
the description of two HQs in (1, 2, 1, 2), (1, 2, 2, 1), and
(1, 1, 2, 2). States with a doubly occupied triplet at QD1

or QD3 are neglected because the triplet configurations at
QD1 and QD3 are assumed to require much higher ener-
gies than the singlet configurations (see Sec. II). |1L1R〉 ,
|1L0R〉 , |0L1R〉 , and |0L0R〉 are the computational basis
of two HQs. The states |L〉 , |1LB〉 , and |0LB〉 are par-
tially filled during the manipulation procedure. All other
states are leakage states that are ideally unfilled during
the manipulation. The states describe the spin configu-
rations at QDi, i = 1, . . . , 4, of the array of four QDs,
and they are grouped into subspaces of equal energies.

It is straight forward to prove that the 23 states in
Tab. II are a complete set to describe the six-electron
spin problem of two HQs. Note that the discussion
is restricted to total sz = 1. One needs two addi-
tional spin-↑ electrons compared to the spin-↓ electrons

in the (1, 2, 1, 2) configuration, giving in total

(
6

4

)
= 15

choices. In the (1, 2, 2, 1) and (1, 1, 2, 2) configurations,
the electrons at QD2 and at QD4 are always paired to a
singlet state (because it is strongly unfavored to reach a

triplet at these QDs), giving

(
4

3

)
= 4 choices to reach

in total sz = 1.

∗ s.mehl@fz-juelich.de
1 Z. Shi, C. B. Simmons, J. R. Prance, J. K. Gamble, T. S.
Koh, Y.-P. Shim, X. Hu, D. E. Savage, M. G. Lagally, M. A.
Eriksson, M. Friesen, and S. N. Coppersmith, Phys. Rev.
Lett. 108, 140503 (2012).

2 T. S. Koh, J. K. Gamble, M. Friesen, M. A. Eriksson, and
S. N. Coppersmith, Phys. Rev. Lett. 109, 250503 (2012).

3 Z. Shi, C. B. Simmons, D. R. Ward, J. R. Prance, X. Wu,
T. S. Koh, J. K. Gamble, D. E. Savage, M. G. Lagally,
M. Friesen, S. N. Coppersmith, and M. A. Eriksson, Nat.
Commun. 5, 3020 (2014).

4 D. Kim, Z. Shi, C. B. Simmons, D. R. Ward, J. R. Prance,
T. S. Koh, J. K. Gamble, D. E. Savage, M. G. Lagally,
M. Friesen, S. N. Coppersmith, and M. A. Eriksson, Na-
ture (London) 511, 70 (2014).

5 D. P. DiVincenzo, D. Bacon, J. Kempe, G. Burkard, and
K. B. Whaley, Nature (London) 408, 339 (2000).

6 B. H. Fong and S. M. Wandzura, Quantum Inf. Comput.
11, 1003 (2011).

7 R. Hanson and G. Burkard, Phys. Rev. Lett. 98, 050502
(2007).

8 M. D. Shulman, O. E. Dial, S. P. Harvey, H. Bluhm,

V. Umansky, and A. Yacoby, Science 336, 202 (2012).
9 F. W. Strauch, P. R. Johnson, A. J. Dragt, C. J. Lobb,
J. R. Anderson, and F. C. Wellstood, Phys. Rev. Lett.
91, 167005 (2003).

10 L. DiCarlo, J. M. Chow, J. M. Gambetta, L. S. Bishop,
B. R. Johnson, D. I. Schuster, J. Majer, A. Blais, L. Frun-
zio, S. M. Girvin, and R. J. Schoelkopf, Nature (London)
460, 240 (2009).

11 L. DiCarlo, M. D. Reed, L. Sun, B. R. Johnson, J. M.
Chow, J. M. Gambetta, L. Frunzio, S. M. Girvin, M. H.
Devoret, and R. J. Schoelkopf, Nature (London) 467, 574
(2010).

12 R. Barends, J. Kelly, A. Megrant, A. Veitia, D. Sank,
E. Jeffrey, T. C. White, J. Mutus, A. G. Fowler, B. Camp-
bell, Y. Chen, Z. Chen, B. Chiaro, A. Dunsworth, C. Neill,
P. O’Malley, P. Roushan, A. Vainsencher, J. Wenner, A. N.
Korotkov, A. N. Cleland, and J. M. Martinis, Nature (Lon-
don) 508, 500 (2014).

13 T. Usuki, Phys. Rev. B 56, 13360 (1997).
14 G. S. Vasilev, S. S. Ivanov, and N. V. Vitanov, Phys. Rev.

A 75, 013417 (2007).
15 F. A. Zwanenburg, A. S. Dzurak, A. Morello, M. Y. Sim-

mailto:s.mehl@fz-juelich.de
http://dx.doi.org/10.1103/PhysRevLett.108.140503
http://dx.doi.org/10.1103/PhysRevLett.108.140503
http://dx.doi.org/10.1103/PhysRevLett.109.250503
http://dx.doi.org/10.1038/ncomms4020
http://dx.doi.org/10.1038/ncomms4020
http://dx.doi.org/10.1038/nature13407
http://dx.doi.org/10.1038/nature13407
http://dx.doi.org/ 10.1038/35042541
http://dx.doi.org/10.1103/PhysRevLett.98.050502
http://dx.doi.org/10.1103/PhysRevLett.98.050502
http://dx.doi.org/ 10.1126/science.1217692
http://dx.doi.org/ 10.1103/PhysRevLett.91.167005
http://dx.doi.org/ 10.1103/PhysRevLett.91.167005
http://dx.doi.org/10.1038/nature08121
http://dx.doi.org/10.1038/nature08121
http://dx.doi.org/10.1038/nature09416
http://dx.doi.org/10.1038/nature09416
http://dx.doi.org/10.1038/nature13171
http://dx.doi.org/10.1038/nature13171
http://dx.doi.org/10.1103/PhysRevB.56.13360
http://dx.doi.org/10.1103/PhysRevA.75.013417
http://dx.doi.org/10.1103/PhysRevA.75.013417


7

state energy

—
—
—
—
—
—
—
—
—
—
—
–
(1
,2
,1
,2
)
—
—
—
—
—
—
—
—
—
—
—
– |1L1R〉 =

[√
2
3
| ↓ T+〉 −

√
1
3
| ↑ T0〉

] [√
2
3
| ↓ T+〉 −

√
1
3
| ↑ T0〉

] 
ΩL + ΩR

|α1〉 =
[√

1
3
| ↓ T+〉 +

√
2
3
| ↑ T0〉

] [√
2
3
| ↓ T+〉 −

√
1
3
| ↑ T0〉

]
|α2〉 =

[√
2
3
| ↓ T+〉 −

√
1
3
| ↑ T0〉

] [√
1
3
| ↓ T+〉 +

√
2
3
| ↑ T0〉

]
|α3〉 =

[√
1
3
| ↓ T+〉 +

√
2
3
| ↑ T0〉

] [√
1
3
| ↓ T+〉 +

√
2
3
| ↑ T0〉

]
|α4〉 = | ↑ T− ↑ T+〉
|α5〉 = | ↑ T+ ↑ T−〉
|α6〉 = | ↑ T+ ↓ T0〉
|α7〉 = | ↓ T0 ↑ T+〉

|1L0R〉 =
[√

2
3
| ↓ T+〉 −

√
1
3
| ↑ T0〉

]
| ↑ S〉

ΩL|L〉 =
[√

1
6
| ↑ T0 ↑〉 −

√
3

2
| ↑ T+ ↓〉 + 1

2
√
3
| ↓ T+ ↑〉

]
|S〉

|β〉 =
[
1
2
| ↑ T+ ↓〉 + 1

2
| ↓ T+ ↑〉 +

√
1
2
| ↑ T0 ↑〉

]
|S〉

|0L1R〉 = | ↑ S〉
[√

2
3
| ↓ T+〉 −

√
1
3
| ↑ T0〉

] ΩR|γ1〉 = | ↑ S〉
[√

1
3
| ↓ T+〉 +

√
2
3
| ↑ T0〉

]
|γ2〉 = | ↓ S ↑ T+〉

|0L0R〉 = | ↑ S ↑ S〉 0

—
(1
,2
,2
,1
)
— |1LB〉 =

[√
2
3
| ↓ T+〉 −

√
1
3
| ↑ T0〉

]
|S ↑〉

∆43 + ΩL|δ1〉 =
[√

1
3
| ↓ T+〉 +

√
2
3
| ↑ T0〉

]
|S ↑〉

|δ2〉 = | ↑ T+S ↓〉

|0LB〉 = | ↑ SS ↑〉 ∆43

–
(1
,1
,2
,2
)
– |µ1〉 = | ↑↑ ST0〉

∆23 + ΩR|µ2〉 = | ↑↓ ST+〉
|µ3〉 = | ↓↑ ST+〉

|E〉 = | ↑↑ SS〉 ∆23

Table II. Extended state basis with the total spin quantum number sz = 1 for the setup of six electrons distributed over four
QDs. Each entry of the states describes a spin configuration at one of the QDs with the notation |QD1,QD2,QD3,QD4〉 . All
the relevant states for the electron configurations (nQD1

, nQD2
, nQD3

, nQD4
) = (1, 2, 1, 2), (1, 2, 2, 1), and (1, 1, 2, 2) are included.

Further details are given in the text.

mons, L. C. L. Hollenberg, G. Klimeck, S. Rogge, S. N.
Coppersmith, and M. A. Eriksson, Rev. Mod. Phys. 85,
961 (2013).

16 Note that
∣∣ i〉 can be an orbital excited state or a valley

excited state in Si. |2〉 and
∣∣2〉 determine the energy dif-

ference between |0L〉 and |1L〉 . The described two-qubit
gate relies on a larger singlet-triplet energy difference for
the two-electron configuration at QD1 compared to QD2.
Equivalent discussions hold for HQR. In contrast, GaAs
QDs lack valley excited states; one can realize the same
entangling gate using one large QD and one small QD.
Then, the energy difference between the two-electron sin-
glet and the two-electron triplet depends on the confining

strength of the wave functions.
17 X. Wu, D. R. Ward, J. R. Prance, D. Kim, J. K. Gam-

ble, R. T. Mohr, Z. Shi, D. E. Savage, M. G. Lagally,
M. Friesen, S. N. Coppersmith, and M. A. Eriksson,
arXiv:1403.0019 [cond-mat.mes-hall] (2014).

18 B. M. Maune, M. G. Borselli, B. Huang, T. D. Ladd,
P. W. Deelman, K. S. Holabird, A. A. Kiselev, I. Alvarado-
Rodriguez, R. S. Ross, A. E. Schmitz, M. Sokolich, C. A.
Watson, M. F. Gyure, and A. T. Hunter, Nature (London)
481, 344 (2012).

19 S. Mehl, H. Bluhm, and D. P. DiVincenzo, Phys. Rev. B
90, 045404 (2014).

20 Y. Makhlin, Quantum Inf. Process. 1, 243 (2002).

http://dx.doi.org/ 10.1103/RevModPhys.85.961
http://dx.doi.org/ 10.1103/RevModPhys.85.961
http://arxiv.org/abs/1403.0019
http://dx.doi.org/ 10.1038/nature10707
http://dx.doi.org/ 10.1038/nature10707
http://dx.doi.org/10.1103/PhysRevB.90.045404
http://dx.doi.org/10.1103/PhysRevB.90.045404
http://dx.doi.org/10.1023/A:1022144002391


8

21 K. D. Petersson, J. R. Petta, H. Lu, and A. C. Gossard,
Phys. Rev. Lett. 105, 246804 (2010).

22 O. E. Dial, M. D. Shulman, S. P. Harvey, H. Bluhm,
V. Umansky, and A. Yacoby, Phys. Rev. Lett. 110, 146804
(2013).

23 X. Hu and S. Das Sarma, Phys. Rev. Lett. 96, 100501
(2006).

24 S. Mehl and D. P. DiVincenzo, Phys. Rev. B 88, 161408
(2013).

25 Z. Shi, C. B. Simmons, D. R. Ward, J. R. Prance, R. T.
Mohr, T. S. Koh, J. K. Gamble, X. Wu, D. E. Savage,
M. G. Lagally, M. Friesen, S. N. Coppersmith, and M. A.
Eriksson, Phys. Rev. B 88, 075416 (2013).

26 J. M. Taylor, J. R. Petta, A. C. Johnson, A. Yacoby, C. M.
Marcus, and M. D. Lukin, Phys. Rev. B 76, 035315 (2007).

27 R. Hanson, L. P. Kouwenhoven, J. R. Petta, S. Tarucha,
and L. M. K. Vandersypen, Rev. Mod. Phys. 79, 1217
(2007).

28 L. V. C. Assali, H. M. Petrilli, R. B. Capaz, B. Koiller,
X. Hu, and S. Das Sarma, Phys. Rev. B 83, 165301 (2011).

29 Also GaAs QDs would fulfill this condition with Ez/h >

0.5 GHz (> 100 mT) and δEz/h < 30 MHz (< 5 mT),
which describes an uncorrected nuclear spin bath.

30 M. Veldhorst, J. C. C. Hwang, C. H. Yang, A. W. Leen-
stra, B. de Ronde, J. P. Dehollain, J. T. Muhonen, F. E.
Hudson, K. M. Itoh, A. Morello, and A. S. Dzurak, Nat.
Nanotechnol. 9, 981 (2014).

31 M. Veldhorst, C. H. Yang, J. C. C. Hwang, W. Huang,
J. P. Dehollain, J. T. Muhonen, S. Simmons, A. Laucht,
F. E. Hudson, K. M. Itoh, A. Morello, and A. S. Dzurak,
arXiv:1411.5760 [cond-mat.mes-hall] (2014).

32 All energy levels follow the lowest energy states for adia-
batic manipulation protocols. The nontrivial part of the en-
tangling gate is also obtained at the degeneracy of |0L0R〉
with |E〉 . The pulse shape must compensate for the puls-
ing through the DLZC of {|1L0R〉 , |L〉 , |E〉}.

33 M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information (Cambridge University Press,
Cambridge, 2000).

34 D. C. Marinescu and G. M. Marinescu, Classical and Quan-
tum Information (Elsevier, Amsterdam, 2012).

http://dx.doi.org/10.1103/PhysRevLett.105.246804
http://dx.doi.org/ 10.1103/PhysRevLett.110.146804
http://dx.doi.org/ 10.1103/PhysRevLett.110.146804
http://dx.doi.org/10.1103/PhysRevLett.96.100501
http://dx.doi.org/10.1103/PhysRevLett.96.100501
http://dx.doi.org/10.1103/PhysRevB.88.161408
http://dx.doi.org/10.1103/PhysRevB.88.161408
http://dx.doi.org/10.1103/PhysRevB.88.075416
http://dx.doi.org/ 10.1103/PhysRevB.76.035315
http://dx.doi.org/10.1103/RevModPhys.79.1217
http://dx.doi.org/10.1103/RevModPhys.79.1217
http://dx.doi.org/10.1103/PhysRevB.83.165301
http://dx.doi.org/ 10.1038/nnano.2014.216
http://dx.doi.org/ 10.1038/nnano.2014.216
http://lanl.arxiv.org/abs/1411.5760

	Two-Qubit Pulse Gate for the Three-Electron Double Quantum Dot Qubit
	Abstract
	I Introduction
	II Setup 
	III Two-Qubit Pulse Gate 
	IV Gate Performance and Noise Properties 
	A Charge Noise
	B Hyperfine Interactions

	V Conclusion 
	A Fidelity Description of Noisy Gates 
	B Extended Basis 
	 References


