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Two-Sample Covariance Matrix Testing And

Support Recovery *

Tony Cai, Weidong Liu and Yin Xia

Abstract

This paper proposes a new test for testing the equality of two covariance
matrices 37 and 39 in the high-dimensional setting and investigates its the-
oretical and numerical properties. The limiting null distribution of the test
statistic is derived. The test is shown to enjoy certain optimality and to be
especially powerful against sparse alternatives. The simulation results show
that the test significantly outperforms the existing methods both in terms of
size and power. Analysis of prostate cancer datasets is carried out to demon-
strate the application of the testing procedures.

When the null hypothesis of equal covariance matrices is rejected, it is
often of significant interest to further investigate in which way they differ.
Motivated by applications in genomics, we also consider two related prob-

lems, recovering the support of 31 — 35 and testing the equality of the two
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covariance matrices row by row. New testing procedures are introduced and

their properties are studied. Applications to gene selection is also discussed.

Keywords: Covariance matrix, extreme value type I distribution, gene selection,

hypothesis testing, sparsity, support recovery.

1 Introduction

Testing the equality of two covariance matrices ¥; and 35 is an important prob-
lem in multivariate analysis. Many statistical procedures including the classical
Fisher’s linear discriminant analysis rely on the fundamental assumption of equal
covariance matrices. This testing problem has been well studied in the conventional
low-dimensional setting. See, for example, Sugiura and Nagao (1968), Gupta and
Giri (1973), Perlman (1980), Gupta and Tang (1984), O’Brien (1992), and Anderson
(2003). In particular, the likelihood ratio test (LRT) is commonly used and enjoys
certain optimality under regularity conditions.

Driven by a wide range of contemporary scientific applications, analysis of high
dimensional data is of significant current interest. In the high dimensional setting,
where the dimension can be much larger than the sample size, the conventional test-
ing procedures such as the LRT perform poorly or are not even well defined. Several
tests for the equality of two large covariance matrices have been proposed. For exam-
ple, Schott (2007) introduced a test based on the Frobenius norm of the difference
of the two covariance matrices. Srivastava and Yanagihara (2010) constructed a
test that relied on a measure of distance by tr(X3)/(tr(21))? — tr(X3)/(tr(22))>.
Both of these two tests are designed for the multivariate normal populations. Chen
and Li (2011) proposed a test using a linear combination of three one-sample U-
statistics which was also motivated by an unbiased estimator of the Frobenius norm

of 21 - 22.



In many applications such as gene selection in genomics, the covariance matrices
of the two populations can be either equal or quite similar in the sense that they
only possibly differ in a small number of entries. In such a setting, under the
alternative the difference of the two covariance matrices 3; — 3, is sparse. The
above mentioned tests, which are all based on the Frobenius norm, are not powerful
against such sparse alternatives.

The main goal of this paper is to develop a test that is powerful against sparse
alternatives and robust with respect to the population distributions. Let X and
Y be two p variate random vectors with covariance matrices X1 = (0yj1)pxp and
3 = (0ij2)pxp respectively. Let {X,..., X, } be i.i.d. random samples from X
and let {Y,...,Y,,} be i.i.d. random samples from Y that are independent of
{X1,..., X, }. We wish to test the hypotheses

HO : 21 = 22 versus H1 . 21 # 22 (1)

based on the two samples. We are particularly interested in the high dimensional
setting where p can be much larger than n = max(ny,ny). Define the sample

covariance matrices

ni

1 _

(Gis)pxp =21 = — » (X — X)( Xy — X)),
M
. 1 &2 _ _
(Gij2)pxp 1= B = — D (Vi —Y)(Y—Y),
2 k=1

where X = -L 37" X and Y = n—12 Y2, Y.

In this paper we propose a test based on the maximum of the standardized dif-
ferences between the entries of the two sample covariance matrices and investigate
its theoretical and numerical properties. The limiting null distribution of the test
statistic is derived. It is shown that the distribution of the test statistic converges

to a type I extreme value distribution under the null Hy. This fact implies that



the proposed test has the pre-specified significance level asymptotically. The the-
oretical analysis shows that the test enjoys certain optimality against a class of
sparse alternatives in terms of the power. In addition to the theoretical properties,
we also investigate the numerical performance of the proposed testing procedure
using both simulated and real datasets. The numerical results show that the new
test significantly outperforms the existing methods both in terms of size and power.
We also use prostate cancer datasets to demonstrate the application of our testing
procedures for gene selection.

In many applications, if the null hypothesis Hy : 31 = 35 is rejected, it is often
of significant interest to further investigate in which way the two covariance matrices
differ from each other. Motivated by applications to gene selection, in this paper we
also consider two related problems, recovering the support of 3; — 35 and testing
the equality of the two covariance matrices row by row. Support recovery can also be
viewed as simultaneous testing of the equality of individual entries between the two
covariance matrices. We introduce a procedure for support recovery based on the
thresholding of the standardized differences between the entries of the two covariance
matrices. It is shown that under certain conditions, the procedure recovers the true
support of 3y — 3y exactly with probability tending to 1. The procedure is also
shown to be minimax rate optimal.

The problem of testing the equality of two covariance matrices row by row is
motivated by applications in genomics. A commonly used approach in microarray
analysis is to select “interesting” genes by applying multiple testing procedures
on the two-sample t-statistics. This approach has been successful in finding genes
with significant changes in the mean expression levels between diseased and non-
diseased populations. It has been noted recently that these mean-based methods
lack the ability to discover genes that change their relationships with other genes

and new methods that are based on the change in the gene’s dependence structure



are thus needed to identify these genes. See, for example, Ho, et al. (2008), Hu,
et al. (2009) and Hu, et al. (2010). In this paper, we propose a procedure which
simultaneously tests the p null hypotheses that the corresponding rows of the two
covariance matrices are equal to each other. Asymptotic null distribution of the
test statistics is derived and properties of the test is studied. It is shown that the
procedure controls the family-wise error rate at a pre-specified level. Applications
to gene selection is also considered.

The rest of this paper is organized as follows. Section 2 introduces the procedure
for testing the equality of two covariance matrices. Theoretical properties of the
test are investigated in Section 3. After Section 3.1 in which basic definitions and
assumptions are given, Section 3.2 develops the asymptotic null distribution of the
test statistic and presents the optimality results in terms of the power of the test
against sparse alternatives. Section 4 considers support recovery of 3; — 35 and
testing the two covariance matrices row by row. Applications to gene selection is
also discussed. Section 5 investigates the numerical performance of the proposed
tests by simulations and by applications to the analysis of prostate cancer datasets.
Section 6 discusses our results and other related work. The proofs of the main

results are given in Section 7.

2 The testing procedure

The null hypothesis Hy : 1 = X, is equivalent to Hy : maxi<;<j<, |0ij1 — 04j2| = 0.
A natural approach to testing this hypothesis is to compare the sample covariances
gij1 and 052 and to base the test on the maximum differences. It is important to
note that the sample covariances 6;;1’s and 0;52’s are in general heteroscedastic and
can possibly have a wide range of variability. It is thus necessary to first standardize

Gij1 — 0ij2 before making a comparison among different entries.



To be more specific, define the variances 6,;; = Var((X; — 1) (X; — ;)
and 6o = Var((Y; — p2i)(Y; — po;)). Given the two samples {X1,..., X, } and

{Y1,...,Y,,}, 6i;: and 6;;2 can be respectively estimated by

. 1 & - - A 9 - 1 &
i = — D [ (i = X)Xy = Xp) =i |, Xi= — >~ X,
b=t

and

- IS S
Oz = — > |V =YWy = Vi) = 03| . Yi= — 3 Vs
M2 N2
Such an estimator of the variance have been used in Cai and Liu (2011) in the
context of adaptive estimation of a sparse covariance matrix. Given éijl and éijQ,
the variance of 6;j; — 6,;2 can then be estimated by 9ij1/n1 + éijz/ng.
Define the standardized statistics
. 0ij1 — Oijo
J \/%1/711 + éz‘jQ/”Q

We consider the following test statistic for testing the hypothesis Hy : 3 = X5,

Wi and Mij = W2

YR )

1< <7 <p. (2)

. _ (Gij1 — Gij2)?
M, =: max M;; = max - - . (3)
1<i<j<p 1<i<j<p Qijl/nl + 02-3-2/712

The asymptotic behavior of the test statistic M,, will be studied in detail in
Section 3. Intuitively, W;; are approximately standard normal variables under the
null Hy and the M;; are only “weakly dependent” under suitable conditions. The
test statistic M, is the maximum of p? such variables and so the value of M, is
close to 2log p? under Hy, based on the extreme values of normal random variables.
More precisely, we shall show in Section 3 that, under certain regularity conditions,
M, — 4logp + loglogp converges to a type I extreme value distribution under the
null hypothesis Hy. Based on this result, for a given significance level 0 < a < 1,

we define the test @, by

®, = I(M, > q, + 4logp — loglogp) (4)

6



where ¢, is the 1 — a quantile of the type I extreme value distribution with the

cumulative distribution function exp(—\/%? exp(—3)), i.e.,
G = — log(8m) — 2loglog(1 — a) ™. (5)

The hypothesis Hy : 31 = ¥ is rejected whenever &, = 1.

The test @, is particularly well suited for testing against sparse alternatives. It
is consistent if one of the entries of 37 — 35 has a magnitude no less than C\/W
for some constant C' > 0 and no other special structure of 3; — 35 is required. It
will be shown that the test ®, is an asymptotically a-level test and enjoys certain
optimality against sparse alternatives.

In addition, the standardized statistics M;; are useful for identifying the support
of 3y — 3. That is, they can be used to estimate the positions at which the two
covariance matrices differ from each other. This is of particular interest in many
applications including gene selection. We shall show in Section 4.1 that under certain
conditions, the support of 3; — ¥, can be correctly recovered by thresholding the
M;;.

3 Theoretical analysis of size and power

We now turn to an analysis of the properties of the test ®, including the asymptotic
size and power. The asymptotic size of the test is obtained by deriving the limiting
distribution of the test statistic M,, under the null. We are particularly interested
in the power of the test ®, under the sparse alternatives where 3; — X, are sparse

in the sense that 3; — 3, only contains a small number of nonzero entries.



3.1 Definitions and assumptions

Before we present the main results, we need to introduce some definitions and tech-
nical assumptions. Throughout the paper, denote |al, = 4/ ?:1 a? for the usual
Euclidean norm of a vector a = (ay, ..., a,)" € IRP. For a matrix A = (a;;) € IRP*Y,
define the spectral norm [[Al|z = supy,<; |Ax|z and the Frobenius norm [|A|r =
>, ai;. For two sequences of real numbers {a,} and {b,}, write a, = O(b,) if
there exists a constant C' such that |a,| < C|b,| holds for all sufficiently large n,
write a, = o(b,) if lim,_, a,/b, = 0, and write a,, < b, if there exist constants
C > ¢ > 0 such that c|b,| < |a,| < C|by,]| for all sufficiently large n.
The two sample sizes are assumed to be comparable, i.e., n; < ny. Let n =

max(ny,ng) and let Ry =: (p;;1) and Ry =: (pij2) be the correlation matrices of X

and Y respectively. For 0 < r < 1, define the set
A(r) ={1<i<p:|pij1| > r or |pjj2| >r for some j # i}.

So A(r) is the set of indices ¢ such that either the ith variable of X is highly
correlated (> r) with some other variable of X or the ith variable of Y is highly
correlated (> r) with some other variable of Y.

To obtain the asymptotic distribution of M,,, we assume that the eigenvalues
of the correlation matrices are bounded from above, which is a commonly used
assumption, and the set A(r) is not too large for some r < 1.

(C1). Suppose that Apax(R1) < Cp and Apax(R2) < Cy for some Cy > 0. More-
over, there exist some constant » < 1 and a sequence of numbers A, such that

Card(A(r)) < A,, = o(p).

It is easy to see that the condition Card(A(r)) = o(p) for some r < 1 is trivially

satisfied if all the correlations are bounded away from =+1, i.e.,

< <
1§13§p|p”1|—r<1 and 1g2};p|p,]2|_r<1. (6)

8



We do not require the distributions of X and Y to be Gaussian. Instead we

shall impose moment conditions.

(C2). Sub-Gaussian type tails: Suppose that logp = o(n'/?). There exist some

constants 7 > 0 and K > 0 such that
Eexp(n(Xz — Mi1)2/0-ii1> S K, Eexp(n(Yz — ui2)2/0ii2> S K fOI‘ all 7.

Furthermore, we assume that for some constants 73 > 0 and m > 0,

ei 11 97, )2
min = >7 and min > (7)
1<i<j<p 044101 1<i<j<p 02052

C2*). Polynomial-type tails: Suppose that for some ~vg,c1 > 0, p < ¢yn?, and for
( y yp pp Y0, ;D :

some € > 0

EI(X; — i) JoifC [P0 < K, E|(Y; — ) Joily |P0H e < K for all i,

ul

Furthermore, we assume (7) holds.
In addition to the moment conditions, as in Bai and Saranadasa (1996), we

assume that X and Y can be written as the transforms of white noise.

(C3). For any four distinct indices S = (iy, i, i3, 44), the vector X g = (X;,, Xi,, Xi5, Xi,)T

119 129 139

can be written as
strsz,g—i-us, (8)

where pg = (iiy,...,pi,)7, Ts is a lower triangular matrix satisfying T'sT'L =
Cov(X 5) by Cholesky decomposition, and Zg = (Z;,, ..., Z;,)" satisfies that EZg =

0, Cov(Zg) = I4x4 and for nonnegative integers as, . . ., ay,

4 4
E H Zi; = H EZijj )
j=1 j=1
whenever >,_; a;, < 4. The same conditions (8) and (9) hold for Y.

9



Remark 2. Conditions (C2) and (C2*) are moment conditions on X and Y. They
are much weaker than the Gaussian assumption required in the existing literature
such as Schott (2007) and Srivastava and Yanagihara (2010). Condition (7) is
satisfied with 7 =7 = 1if X ~ N(py, %) and Y ~ N(p,, 3o). For non-Gaussian
distributions, if (C3) and (6) hold, then (7) holds with 7, = 7, =1 — 7% (C3) is a
technical condition for the asymptotic distribution of M,,. It holds if X ~ N(,, ¥;)
and Y ~ N(py, Xo).

3.2 Limiting null distribution and optimality

We are now ready to introduce the asymptotic null distribution of M,,. The following
theorem shows that M,, —4log p+loglog p converges weakly under H, to an extreme

value distribution of type I with distribution function F'(t) = exp(—\/%fﬂe_t/ 2),t € R.

Theorem 1 Suppose that (C1), (C2) (or (C2*)) and (C3) hold. Then under H,

as n,p — o0, we have for any t € IR,

1 t
P(Mn—4logp+loglogp§t> —>exp(—\/8_exp(—§>). (10)
7r

Furthermore, the convergence in (10) is uniformly for all X and'Y satisfying (C1),
(C2) (or (CZ)) and (C3) and X1 = X5.

The limiting null distribution given in (10) shows that the test ®, defined in
(4) is an asymptotically level o test. Numerical results show that for moderately
large n and p the distribution of M, is already well approximated by its asymptotic
distribution and consequently the actual size of the test is close to the nominal level.

The limiting behavior of M, is similar to that of the largest off-diagonal entry
L,, of the sample correlation matrix in Jiang (2004), wherein the paper derived the
asymptotic distribution of L,, under the assumption that the components Xy, ..., X,

are independent. Some further extensions and improvements can be found in Zhou

10



(2007), Liu, Lin and Shao (2008) and Cai and Jiang (2011). A key assumption in
these papers is the independence between the components. The techniques in their
proofs can not be used to obtain (10), since dependent components are allowed in
Theorem 1. The proof of (10) requires quite different techniques.

We now turn to an analysis of the power of the test ®, given in (4). We shall

define the following class of matrices:

Ulc) = {(21,22); max 1%L~ T2 >c\/10gp}. (11)

LSiSi<p /0351 /01 + Oij2/n2

The next theorem shows that the null parameter set in which ¥3; = 3, is asymp-
totically distinguishable from U/(4) by the test ®,. That is, Hy is rejected by @,

with overwhelming probability if (2, 3,) € U(4).
Theorem 2 Suppose that (C2) or (C2°) holds. Then we have

inf P(<I>a — 1) S, (12)
(B1,32)€U(4)

as n,p — Q.

It can be seen from Theorem 2 that it only requires one of the entries of 3; — 33,
having a magnitude no less than C'\/logp/n in order for the test ®, to correctly
reject Hy. This lower bound is rate-optimal. Let 7, be the set of a-level tests, i.e.,

P(T, = 1) < o under Hy for any T, € 7,.

Theorem 3 Suppose that logp = o(n), X ~ N(py,%1) and' Y ~ N(py, Xs). Let
a,B >0 and o+ B < 1. There exists some constant ¢y > 0 such that for all large n

and p,

inf  sup P<Ta - 1) <1-4 (13)

(31,X2)e€U(co) T, €T

11



The difference between 3; and 3, is measured by max;<;<j<p|0ij1 — 0ij2| in
Theorem 3. Another measurement is based on the Frobenius norm ||%; — 3| p.
Suppose that ¥; — 3y is a sparse matrix with c¢o(p) nonzero entries. That is,

P p
co(p) =Y > Hoyi — oijp # 0},
i=1 j=1

We introduce the following class of matrices for 3 — 3g:

lo
V(e) = {(B1, ) : max o] < K, max |os| < K, 21— D[} = cao(p) L }.

Note that on V(c), we have maxi<i<j<, |0ij1 — 0ijo| > \/m. Thus, for suffi-
ciently large c,

(21,§i3121)fEV(c) P<(I)a - 1) — 1
as n,p — oo. The following theorem shows that the lower bound for ||X; — 3,||%
in V(c) is rate-optimal. That is, no a-level test can reject Hy with overwhelming

probability uniformly over V(¢g) for some ¢y > 0.

Theorem 4 Suppose that logp = o(n), X ~ N(pu,,31) and Y ~ N(p,, 39).
Assume that co(p) < p" for some 0 <r < 1/2. Let o, >0 and o+ 3 < 1. There

exists a co > 0 such that for all large n and p,

inf sup P(Ta = 1) <1-5.

(21 ,EQ)GV(C()) ToW€To

Note that under the multivariate normality assumption, for every ¢ > 0, there
exists some constant K(c) > 0 such that for any 0 < ¢o < K(c), V(c) C U(cp).

Thus, Theorem 3 follows from Theorem 4 directly.

12



4 Support recovery of 3; — 3y and application to
gene selection

We have focused on testing the equality of two covariance matrices ¥; and ¥ in
Sections 2 and 3. As mentioned in the introduction, if the null hypothesis Hy :
3, = 3, is rejected, further exploring in which ways they differ is also of significant
interest in practice. Motivated by applications in gene selection, we consider in this
section two related problems, one is recovering the support of 3; — 35 and another

is identifying the rows on which the two covariance matrices differ from each other.

4.1 Support recovery of 3; — 3

The goal of support recovery is to find the positions at which the two covariance
matrices differ from each other. The problem can also be viewed as simultaneous
testing of equality of individual entries between the two covariance matrices. Denote

the support of 3; — 35 by
U= W(3y,3) ={(i,)) : 0ij1 # Tija}- (14)

In certain applications, the variances along the diagonal play a more important
role than the covariances. For example, in a differential variability analysis of gene
expression Ho, et al (2008) proposed to select genes based on the differences in the
variances. In this section we shall treat the variances along the diagonal differently
from the off-diagonal covariances for support recovery. Since there are p diagonal
elements, M;; along the diagonal are thresholded at 2logp based on the extreme
values of normal variables. The off-diagonal entries M;; with ¢ # j are thresholded

at a different level. More specifically, set
U(r) ={(i,9) : M;; > 2logp} U{(4,7) : M;; > Tlogp, i+#j}, (15)

13



where M;; are defined in (2) and 7 is the threshold constant for the off-diagonal
entries.

The following theorem shows that with 7 = 4 the estimator @(4) recovers the
support ¥ exactly with probability tending to 1 when the magnitudes of nonzero
entries are above certain thresholds. Define

. ’Uijl - O'z'j2’
Wh(c) = 1 (21,35) : min > cy/lo .
O( ) {( ! 2) (i,5)e¥ \/Giﬂ/nl + Qzﬂ/ng gp}

We have the following result.
Theorem 5 Suppose that (C2) or (C2*) holds. Then

inf P(xif(4) - \If) —1
(21,32)EWn(4)

as n,p — Q.

The choice of the threshold constant 7 = 4 is optimal for the exact recovery of

the support V. Consider the class of sq(p)-sparse matrices,
p
Sy = {A = (@ij)pxp : miaXZ]{aij #0} < so(p)}.
j=1

Theorem 6 Suppose that (C1), (C2) (or (C2*)) and (C3) hold. Let 0 < T < 4. If
so(p) = O(p'™™) with some 7/4 < 1 < 1, then as n,p — oo,
sup P(@(T) = \I/> — 0.
2152680

In other words, for any threshold constant 7 < 4, the probability of recovering the
support exactly tends to 0 for all 3; — 3y € §y. This is mainly due to the fact that
the threshold level 7logp is too small to ensure that the zero entries of 3 — 35 are
estimated by zero.

In addition, the minimum separation of the magnitudes of the nonzero entries

must be at least of order y/logp/n to enable the exact recovery of the support.

14



Consider, for example, so(p) = 1 in Theorem 4. Then Theorem 4 indicates that
no test can distinguish Hy and H; uniformly on the space V(cq) with probability
tending to one. It is easy to see that V(co) € Wy(cy) for some ¢; > 0. Hence, there
is no estimate that can recover the support ¥ exactly uniformly on the space Wy(c1)
with probability tending to one.

We have so far focused on the exact recovery of the support of ¥; — 3, with
probability tending to 1. It is sometimes desirable to recover the support under
a less stringent criterion such as the family-wise error rate (FWER), defined by
FWER = P(V > 1), where V is the number of false discoveries. The goal of using
the threshold level 4logp is to ensure FWER — 0. To control the FWER at a
pre-specified level « for some 0 < o < 1, a different threshold level is needed. For
this purpose, we shall set the threshold level at 4logp — loglogp + ¢, where ¢, is

given in (5). Define

A

U* = {(i,4) : M;; > 2logpy U{(4,7) : M;; > 4logp —loglogp + qu, @ # j}.
We have the following result.

Proposition 1 Suppose that (C1), (C2) (or (C2°)) and (C3) hold. Under ¥, —

3o € So N Wy (4) with so(p) = o(p), we have as n,p — oo,

P(\ff* ”] m) S

4.2 Testing rows of two covariance matrices

As discussed in the introduction, the standard methods for gene selection are based
on the comparisons of the means and thus lack the ability to select genes that change
their relationships with other genes. It is of significant practical interest to develop
methods for gene selection which capture the changes in the gene’s dependence

structure.

15



Several methods have been proposed in the literature. It was noted in Ho, et al.
(2008) that the changes of variances are biologically interesting and are associated
with changes in coexpression patterns in different biological states. Ho, et al. (2008)
proposed to test Hy; : 0;1 = 042 and select the i-th gene if Hy; is rejected, and
Hu, et al. (2009) and Hu, et al. (2010) introduced methods which are based on
simultaneous testing of the equality of the joint distributions of each row between
two sample correlation matrices/covariance distance matrices.

The covariance provides a natural measure of the association between two genes
and it can also reflect the changes of variances. Motivated by these applications, in
this section we consider testing the equality of two covariance matrices row by row.
Let 0,1 and 0,9 be the i-th row of 3; and X5 respectively. We consider testing

simultaneously the hypotheses
Hyi: 051 =042, 1 <0 < p.

We shall use the family-wise error rate (FWER) to measure the type I errors for
the p tests. The support estimate W(4) defined in (15) can be used to test the
hypotheses Hy; by rejecting Hy; if the i-th row of @(4) is nonzero. Suppose that
(C1) and (C2) (or (C2*)) hold. Then it can be shown easily that for this test, the
FWER — 0.

A different test is needed to simultaneously test the hypotheses Hy;, 1 < i < p,
at a pre-specified FWER level «a for some 0 < o < 1. Define

A~ A 2
M; = max ,A( o f]) :

The null distribution of M;. can be derived similarly under the same conditions as

in Theorem 1.

Proposition 2 Suppose the null hypothesis Hy; holds. Then under the conditions
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i Theorem 1,

1

P<Mi.—210gp+log10gp§:r:> %exp(—ﬁexp<—g>>. (16)

Based on the limiting null distribution of M;. given in (16), we introduce the follow-

ing test for testing a single hypothesis Hy,,
(I)i,a = ](Mz Z Qp OT Mm 2 210gp) (17)

with a,, = 4log p — loglogp + ¢., where g, is given in (5).
Hy; is rejected and the i-th gene is selected if ®; , = 1. It can be shown that the

tests @, ,, 1 <@ < p together controls the overall FWER at level o asymptotically.

Proposition 3 Let F = {i : 0,1 # 0i2,1 < i < p} and suppose Card(F) = o(p).

Then under the conditions in Theorem 1,

FWER = P(max By = 1) — o

ieFe

5 Numerical results

In this section, we turn to the numerical performance of the proposed methods. The
goal is to first investigate the numerical performance of the test ®, and support
recovery through simulation studies and then illustrate our methods by applying
them to the analysis of a prostate cancer dataset. The test &, is compared with
four other tests, the likelihood ratio test (LRT), the tests given in Schott (2007) and
Chen and Li (2011) which are both based on an unbiased estimator of ||, — 3,||%,
the test proposed in Srivastava and Yanagihara (2009) which is based on a measure
of distance by tr(X3)/(tr(21))? — tr(X3)/(tr(23))>.

We first introduce the matrix models used in the simulations. Let D = (d;;) be

a diagonal matrix with diagonal elements d;; = Unif(0.5,2.5) for i = 1, ..., p. Denote
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by Amin(A4) the minimum eigenvalue of a symmetric matrix A. The following four

models under the null, 3; = 3, = E(i), 1 =1,2,3 and 4, are used to study the size

of the tests.

Model 1: =*® = (57"} where 0;-(1) =1, 0:-(1) =05 for 5(k—1)+1<i#

v J

j < 5k, where k =1,..., [p/5] and o;") = 0 otherwise. £ = D5 D'/,

Model 2: X*?) = (a:j@)) where w;@) = 0.5 for 1 < 4,5 < p. O =

D1/2E*(2)D1/2.

Model 3: ©*® = (JS)) where oY = 1, 67 = 0.5 % Bernoulli(1,0.05) for

i J
i < jand o} = ofP. £® = DYA(=® 1 61)/(1 + §)DY? with § =

vy

Amin (23| + 0.05.

Model 4: ¥ = OAO, where O = diag(ws, wwy) and wy, ..., wy w Unif(1, 5)

‘1/10

and A = (a;;) and a;; = (—1)"70.4F=31""" This model was used in Srivastava

and Yanagihara (2009).

To evaluate the power of the tests, let U = (ug) be a matrix with 8 random

nonzero entries. The locations of 4 nonzero entries are selected randomly from the

upper triangle of U, each with a magnitude generated from Unif(0, 4) *max;<;<, 0;;.

The other 4 nonzero entries in the lower triangle are determined by symmetry. We

use the following four pairs of covariance matrices (25”, Egi)), 1 =1,2,3 and 4, to

compare the power of the tests, where Egi) = >® 4+ 5T and Eg) =30 4 U +4I,

with ¢ = | min{Amim (D 4+ U), Amin ()} + 0.05.

The sample sizes are taken to be ny = ny = n with n = 60 and 100, while the

dimension p varies over the values 50, 100, 200, 400 and 800. For each model, data

are generated from multivariate normal distributions with mean zero and covariance

matrices 31 and ¥,. The nominal significant level for all the tests is set at o = 0.05.
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The actual sizes and powers for the four models, reported in Table 1, are estimated
from 5000 replications.

It can be seen from Table 1 that the estimated sizes of our test ®,, are close to the
nominal level 0.05 in all the cases. This reflects the fact that the null distribution of
the test statistic M,, is well approximated by its asymptotic distribution. For Models
1-3, the estimated sizes of the tests in Schott (2007) and Chen and Li (2011) are
also close to 0.05. But both tests suffer from the size distortion for Model 4, the
actual sizes are around 0.10 for both tests. The likelihood ratio test has serious
size distortion (all is equal to 1). Srivastava and Yanagihara (2010)’s test has actual
sizes close to the nominal significance level only in the fourth model, with the actual
sizes all close to 0 in the first three models.

The power results in Table 1 show that the proposed test has much higher power
than the other tests in all settings. The number of nonzero off-diagonal entries of
3, — 35 does not change when p grows, so the estimated powers of all tests tend
to decrease when the dimension p increases. It can be seen in Table 1 that the
powers of Schott (2007) and Chen and Li (2011)’s tests decrease extremely fast as
p grows. Srivastava and Yanagihara (2010)’s test has trivial powers no matter how
large p is. However, the power of the proposed test ®, remains high even when
p = 800, especially in the case of n = 100. Overall, for the sparse models, the new
test significantly outperforms all the other three tests.

We also carried out simulations for non-Gaussian distributions including Gamma
distribution, ¢ distribution and normal distribution contaminated with exponential
distribution. Similar phenomena as those in the Gaussian case are observed. For

reasons of space, these simulation results are given in the supplementary material,

Cai, Liu and Xia (2011).
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5.1 Support recovery

We now consider the simulation results on recovering the support of 3; — 35 in
the first three models with D = I and the fourth model with O = I under the
normal distribution. For i = 1,2,3 and 4, let U® be a matrix with 50 random
nonzero entries, each with a magnitude of 2 and let Egi) = (29 461)/(1 + 6) and
2V = (04U 4+61)/(146) with § = | min(Awm (P +UD), A (2D))] +0.05.
After normalization, the nonzero elements of Eg) — 25") have magnitude between
0.74 and 0.86 for i = 1,2,3 and 4 in our generated models.

The accuracy of the support recovery is evaluated by the similarity measure

s(U, ¥) defined by
. Ny

s(U, 0) - ,

vahdid
where ¥ = ¥(4) and ¥ is the support of Egi) - Eéi) and | - | denotes the cardinality.
Note that 0 < s(¥, ¥) < 1 with s(¥, ¥) = 0 indicating disjointness and s(¥, ) = 1
indicating exact recovery. We summarize the average (standard deviation) values
of s(li/, ) for all models with n = 100 in Table 2 based on 100 replications. The

values are close to one, and hence the supports are well recovered by our procedure.

Model 1 Model 2 Model 3 Model 4
p=50 0.974(0.025) 0.898(0.043) 0.913(0.041) 0.930(0.038)
p=100 0.953(0.031) 0.868(0.051) 0.862(0.053) 0.897(0.044)
p=200 0.788(0.056) 0.801(0.059) 0.824(0.058) 0.840(0.064)
p=400 0.756(0.065) 0.732(0.077) 0.794(0.061) 0.778(0.070)
p=800 0.640(0.075) 0.618(0.088) 0.729(0.061) 0.681(0.076)

A

Table 2: Average (standard deviation) of s(W, ).
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To better illustrate the elementwise recovery performance, heat maps of the
nonzeros identified out of 100 replications for p = 50 and 100 are shown in Figures 1
and 2. These heat maps suggest that, in all models, the estimated support by @(4)

is close to the true support.

(a) Truth (b) Model 1 (¢) Model 2 (d) Model 3 (e) Model 4

(f) Truth (g) Model 1 (h) Model 2 (i) Model 3 (j) Model 4

Figure 1: Heat maps of the frequency of the Os identified for each entry of 3; — 3
(n=100, p=>50 for the top row and p=100 for the second row) out of 100 replications.
White indicates 100 Os identified out of 100 runs; black, 0/100.

5.2 Real data analysis

We now illustrate our methods by applying them to the analysis of a prostate cancer
dataset (Singh et al. (2002)) which is available at http://www.broad.mit.edu/cgi-
bin/cancer/datasets.cgi. The dataset consists of two classes of gene expression data
that came from 52 prostate tumor patients and 50 prostate normal patients. This
dataset has been analyzed in several papers on classification in which the two co-
variance matrices are assumed to be equal; see, for example, Xu, Brock and Parrish
(2009). The equality of the two covariance matrices is an important assumption for

the validity of these classification methods. It is thus interesting to test whether
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such an assumption is valid.

There are a total of 12600 genes. To control the computational costs, only the
5000 genes with the largest absolute values of the t-statistics are used. Let ¥; and
35 be respectively the covariance matrices of these 5000 genes in tumor and normal
samples. We apply the test ®, defined in (4) to test the hypotheses Hy : 31 = ¥y
versus Hy : ¥, # ¥5. Based on the asymptotic distribution of the test statistic M,
the p-value is calculated to be 0.0058 and the null hypothesis H : 331 = 325 is thus
rejected at commonly used significant levels such as o = 0.05 or = 0.01. Based
on this test result, it is therefore not reasonable to assume »; = ¥, in applying a
classifier to this dataset.

We then apply three methods to select genes with changes in variances/covariances
between the two classes. The first is the differential variability analysis (Ho, et al.,
2008) which chooses the genes with different variances between two classes. In
our procedure the i-th gene is selected if M;; > 2logp. As a result, 21 genes are
selected. The second and third methods are based on the differential covariance
analysis, which is similar to the differential covariance distance vector analysis in
Hu, et al. (2010), but replacing the covariance distance matrix in their paper by the
covariance matrix. The second method selects the i-th gene if the i-th row of ¥(4)
is nonzero. This leads to the selection of 43 genes. The third method, defined in
(17), controls the family-wise error rate at a = 0.1, and is able to find 52 genes. As
expected, the gene selection based on the covariances could be more powerful than
the one that is only based on the variances.

Finally, we apply the support recovery procedure @(4) to 31 — X,. For a visual
comparison between 3, and 3, Figure 2 plots the heat map of 3 — 35 of the 200
largest absolute values of two sample ¢ statistics. It can be seen from Figure 2 that

the estimated support of 3; — X is quite sparse.
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Figure 2: Heat map of the the selected genes by exactly recovery.

6 Discussion

We introduced in this paper a test for the equality of two covariance matrices which
is proved to have the prespecified significance level asymptotically and to enjoy cer-
tain optimality in terms of its power. In particular, we show both theoretically and
numerically that the test is especially powerful against sparse alternatives. Support
recovery and testing two covariance matrices row by row with applications to gene
selection are also considered. There are several possible extensions of our method.
For example, an interesting direction is to generalize the procedure to testing the
hypothesis of homogeneity of several covariance matrices, Hy : 37 = -+ = X,
where K > 2. A test statistic similar to M,, can be constructed to test this hypoth-
esis and analogous theoretical results can be developed. We shall report the details
of the results elsewhere in the future as a significant amount of additional work is
still needed.

The existing tests for testing the equality of two covariance matrices such as
those proposed in Schott (2007), Srivastava and Yanagihara (2010), and Chen and
Li (2011) are based on the Frobenius norm and require n||X; — 3, ||%/p — oo for the

tests to be able to distinguish between the null and the alternative with probability
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tending to 1. These tests are not suited for testing sparse alternatives. If 3; — 3 is
a sparse matrix and the number of nonzero entries of ¥; — 3, is of order o(p/ logp)
and their magnitudes are of order C' \/m, then it can be shown that the powers
of these tests are trivial. This fact was also illustrated in some of the simulation
results given in Section 5.

Much recent attention has focused on the estimation of large covariance and
precision matrices. The current work here is related to the estimation of covariance
matrices. An adaptive thresholding estimator of sparse covariance matrices was

introduced in Cai and Liu (2011). The procedure is based on the standardized
1/2

statistics 6,5/ QAU. , which is closely related to M;;. In this paper, the asymptotic
distribution of M, = max;<;<;<p M;; is obtained. It gives an justification on the
family-wise error of simultaneous tests Ho;; : 0451 = 0452 for 1 <4 < j < p. For
example, by thresholding M;; at level 4logp — loglogp + qq, the family-wise error

is controlled asymptotically at level «, i.e.

FWER — P((m?%Mij > 41og p — log log p + qa) S,
1,])€

where G = {(4, ) : 0ij1 = 0452} and Card(G®) = o(p?). These tests are useful in the

studies of differential coexpression in genetics; see de la Fuentea (2010).

7 Proofs

In this section, we will prove the main results. The proofs of Propositions 1-3 are
given in the supplementary material Cai, Liu and Xia (2011). Throughout this
section, we denote by C, C;, Cj,..., constants which do not depend on n,p and
may vary from place to place. We begin by collecting some technical lemmas that
will be used in the proofs of the main results. These technical lemmas are proved

in the supplementary material, Cai, Liu and Xia (2011).
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7.1 Technical lemmas
The first lemma is the classical Bonferroni’s inequality.

Lemma 1 (Bonferroni inequality) Let B = U_;B;. For any k < [p/2], we have

2k 2k—1
Y (-D)TE < PB)< Y (-1)E,
t=1 t=1

where By =3 1o o ciy<p P(Biy M-+ N By,).
The second lemma comes from Berman (1962).
Lemma 2 [Berman (1962)] If X and Y have a bivariate normal distribution with

expectation zero, unit variance and correlation coefficient p, then

P<X>C,Y>c)
=1,

C]-LI£10 1/2.21—1 c? 1/2
2n(1 = )12 exp (= 155 ) (1 + )Y
uniformly for all p such that |p| < 8, for any 6, 0 < 6 < 1.

The next lemma is on the large deviations for éiﬂ and éiﬂ-

Lemma 3 Under the conditions of (C2) or (C2*), there exists some constant C' > 0

such that
A~ €n _ e
P< max 01 — Oijil/oinnojjn > Clogp> =O0(p " +n"®), (18)
and
) = O ), (19)

P( IT;?X 0ij2 — Oij2|/0ii20 52 > Ologp

where ¢, = max((logp)'/%/n'/2, (logp)~') — 0 as n,p — oc.

Define
- 1 &
31 = (Gij)pxp = - DX - p)(X — )T,
) , k=1
Y = (Gijo)pxp = . Z(Y — ) (Y — )"
k=1

Let A be any subset of {(4,j) : 1 <i < j <p} and |A| =Card(A).
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Lemma 4 Under the conditions of (C2) or (C2*), we have for some constant C > 0

that

(Gij1 — Gijo — Oij1 + 04ja)? _ _
P(max jL— Jij2 — OiL T Ty 2x2>§CA1—<I>:U L O(p ! e/
(4.5)EA 9@'1/”1 + 9@‘2/”2 Al () v )

uniformly for 0 <z < (8logp)/? and A C {(i,7) : 1 <i<j<pl.

The proofs of Lemmas 3 and 4 are given in the supplementary material Cai, Liu

and Xia (2011).

7.2 Proof of Theorem 1

Without loss of generality, we assume that u; = 0, uy = 0, 041 = 052 = 1 for
1 <4 < p. Instead of the boundedness condition on the eigenvalues, we shall prove
the theorem under the more general condition that for any v > 0, max; s; = O(p?),

where
sj = card{i : |pij| > (logp) 17 or |pija| > (logp) ™'}
with some a9 > 0. (Note that Apax(R1) < Cy and Apax(R1) < Cp implies that

max; s; < C(log p)?t2@0.) Let

Mn = max (6-7,]1 — &ij2)2 3 Mn = max (5-1]1 _ 6—”2)2 .
1<i<j<p 041 /11 + Oijo /N2 1<i<j<p Oij1/n1 + Oijo /1o

Note that under the event {|0;j1/60;;1 — 1| < Cen/logp, |0i2/0ij2 — 1| < Ce,/log p},

we have
~ ~ &
M, — 0L, < Cnp,
log p
‘Mn — M,| < C(ny + ny)(max X} + max Y;*) + C(ny 4 ny)Y2MY?(max X? + max Y}?).
1<i<p 1<i<p 1<i<p 1<i<p

By the exponential inequality, max; <;<, | X;| +max;<;<, | Y| = Op(y/log p/n). Thus,

by Lemma 3, it suffices to show that for any x € R,

P(]\;[n—éllogp—i-loglogpgx) %exp(—&exp(—%)) (20)
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as n,p — oo. Let Pij = Pij1 = Pij2 under Hy. Define

Ay = {l Hpigl 2 (logp)‘l‘o“’},

A={(i,j):1<i<j<p}

Ag={(i,j) : 1 <i<pi<jje A},

By ={(i,5) :i € A(r),i <j <p}U{(i,j):j € Alr), 1 <i<j},
Dy = Ay U B,.

By the definition of Dy, for any (i1, j1) € A\ Dy and (ig, j2) € A\ Dy, we have

\pr| < v for any k # [ € {i1, j1,i2,j2}. Set

~ (5ij1 - 5z‘j2)2 ~ (51'9‘1 _ &ij2)2
M = max ,  Mp, = max .
A\Do (i,))€A\Do ;51 /11 + Oij2 /2 Po (i)€Do Bij1/m1 + ;52 /o

Let y, = x + 4logp — loglog p. Then

’P<Mn > yp> - P<MA\D0 > yp)

< P<MDO > yp>'

Note that Card(A(r)) = o(p) and for any v > 0, max; s; = O(p”). This implies that

Card(Dg) < Cop'*7 + o(p?) for any v > 0. By Lemma 4, we obtain that for any

fixed x € R,
P<Z\7[DO > yp) < Card(Dg) x Cp~2 + o(1) = o(1).
Set
- (Gij1 — Gij2)? 2
M = max =: max U3,
A\Do (i.5)eA\Do 051 /n1 + Oija/ne  ()eA\Dy
where

Oij1 — 042
\/eijl/nl + 052/n2

It is enough to show that for any =z € R,

Uy =

Y 1
P(MA\DO —4logp+loglogp < x) — exp(— = exp(— E))
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as n,p — 0o. We arrange the two dimensional indices {(i,7) : (i,7) € A\ Dy} in
any ordering and set them as {(im,Jm) : 1 < m < ¢} with ¢ =Card(A \ Dy). Let

ng/nl S K1 with K1 Z 1, le = Hikjkl, 9k2 = eikjk2 and define

N2
i = n_(Xlilejk —0i ), 1<1<ny,
1

Zi = —(Yi, Yij, = 0iggi), m+1<1<ny+ny,

1 ni+nz
‘/k = 3 Zlk>
V1306 /i + naby =
1 n1+n2
= Zlk?

\/ngekl/nl + n29k2 =1

where
Zie = Zud{| Z| < 70} — EZud{| Zu| < 7},

and 7, = n~'8K;log(p + n) if (C2) holds, 7, = /n/(logp)® if (C2*) holds. Note
that

max U] = max V
(3,5)€ A\ Do 1<k<q

We have, if (C2) holds, then

1 n1+n2
max —— Z E|Zux| I{| Z] > n~ '8 K log(p +n)}

1<k:<q =1

< C’\/_ max —max E|Zlk|l{|Zlk| > n 8K, log(p +n)}

1<l<n1+n2 1<k

< C’\/_(p+n) max max E|Zik| exp(n|Zik]/(2K71))

1<i<ni+no 1<k<

< Cyn(p+n)~,

and if (C2*) holds, then

ni1+nz

1
— S )
122, NG 121: E|Zu|I{|Zix| > v/n/(logp)*}

<Cy/n max meax E|Zlk]I{|Zlk| > v/n/(logp)®}

1<i<ni+no 1<k
< Onp~0—¢/8.

Hence we have

P< max |Vj — Vk‘ > (logp)~ 1) < P< max —max |Zy| > Tn)

1<k<q - 1<k<q 1<I<ni+n2
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< np max [F’(X]2 > Tn/2) + P(Y}2 > Tn/2>i|

1<]<p
= O(p~t+n~"). (21)
Note that
max V2 — max V2| < 2 max |Vj| max Vi — Vi| + max \Vk Vil (22)
1<k<q 1<k<q 1<k<q 1<k<

By (21) and (22), it is enough to prove that for any = € R,

1
(s 2 ey oo <) o o (<3))

as n,p — 0o. By Bonferroni inequality (see Lemma 1), we have for any fixed integer
m with 0 <m < ¢q/2,

SIS P(éEkj)

1 1<k < <ka<q
< P( max V2 > yp>

1<k<q
2m—1 d

<>eut 3 P(N)E), (24)
d=1 1<k <--<kq<q j=1

where Ej, = {V,fj >y} Let Zy, = Zin) (n201 /a4 042)/? for 1 < k < ¢ and
W, = (Zlkl,...,Zlkd), for 1 <1 < ny + ny. Define |a|mm = minj<;<q|a;| for any

vector @ € R%. Then we have

p(ﬁ%) (| ;

By Theorem 1 in Zaitsev (1987), we have

P(J

1 /2)
Hlln

n1+n2

—-1/2 Z W,

> %) < P(INuluin > /2 — enllogp) )

1/2

n'’?e,
25
02d37'n(logp)1/2>’ (25)

+c1d”? exp ( —

where ¢; > 0 and ¢, > 0 are absolutely constants, €, — 0 which will be specified

later and Ny =: (N, ..., Ng,) is a d dimensional normal vector with EINy = 0 and
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Cov(Ng) = 12 Cov(W1) + Cov(W, 41). Recall that d is a fixed integer which does
not depend on n, p. Because logp = o(n'/?), we can let €, — 0 sufficiently slow such

that

nV/2,
cod37, (log p)1/2

c1d®’? exp ( - > =0(p™) (26)
for any large M > 0. It follows from (24), (25) and (26) that

P( max f/,f > yp>

1<k<q
2m—1

< S (=pit Y P<|Nd|min > yl/? — en(logp)*1/2> +o(1).(27)
d=1 1<k1 < <kq<q

Similarly, using Theorem 1 in Zaitsev (1987) again, we can get

P( max V,f > yp>

1<k<q

=D Y P(INalu = 3y + eallogp) ) = o(1). (28)

1<ki1<--<kq<q

Lemma 5 For any fixed integer d > 1 and real number x € R,

_ 1 1 T
> P(INaluin 2 5/ & enlogp) ™) = (14 0(1))E<_\/8_6XP(_§)>C[-(29)
1<k <--<kq<q : ™

The proof of Lemma 5 is very complicated, and is given in the supplementary

material Cai, Liu and Xia (2011). Submitting (29) into (27) and (28), we can get

lim sup P( max V2 > y,,) < Z(—l)d_1%< L exp(—£)>d

n,p—+00 1<k<q

and

2m—1

N 1 1 T
: : 2 -1 - (_ = - d
légS&fPQ?;?%‘(]Vk = yf’) = Zdl( A (mexf’( >)

for any positive integer m. Letting m — oo, we obtain (23). The theorem is proved.
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7.3 Proof of the other theorems

Proof of Theorem 2. Recall that

A A 2
1_ (Gij1 — Gijo — oij1 + 0ij)
M, = 1Sigis ) )
SISJSP 0ij1/m1 + 0;j2 /12

By Lemmas 3 and 4,
X 1
P(Mn < 4logp— 5 1oglogp) 1 (30)

as n,p — oo. By Lemma 3, the inequalities

e yen)2
max 2L =% oy oy (31)
1<i<5<p 0,51 /g + Bij2 /12

and

ax (i1 = 0ija)?
1<i<j<p 9ij1/n1 + 9ij2/n2

> 16logp,
we obtain that
P(Mn > Qo +4logp — loglogp> — 1

as n,p — 0o. The proof of Theorem 2 is complete. 1

Proof of Theorem 4 Let M denote the set of all subsets of {1, ..., p} with cardi-
nality co(p). Let 7 be a random subset of {1, ..., p}, which is uniformly distributed
on M. We construct a class of 31, N = {X,,,m € M}, such that

o =0fori+#jand o — 1 = plics,

fori,j=1,...,pand p = c\/w, where ¢ > 0 will be specified later. Let 3o =T
and X be uniformly distributed on . Let p, be the distribution of ¥; — I. Note
that p, is a probability measure on {A € S(c(p)) : ||All% = co(p)p?}, where
S(co(p)) is the class of matrices with ¢y(p) nonzero entries. Let dP1({X,,Y,}) be

the likelihood function given X; being uniformly distributed on A and

dPO({Xm Yn}) ’

Ly, =L, ({Xn Ya}) = Eup(
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where E, (-) is the expectation on X;. By the arguments in Baraud(2002), page

595, it suffices to show that
EL; <1+o(1).
It is easy to see that
L, =E; (ﬁ;exp(— Lyra, —I)Z))
v el 2

where Q,; = E;LI and Z1,...,Z, are i.i.d multivariate normal vectors with mean

vector 0 and covariance matrix I. Thus,
1 1 1 2
EL2 = E(— ( ex (——ZiT Q, — I Z)))
Hp (P) Z H ‘2m| p 2 ( )

- (p1)2 2 E<Hrzjn|%|zif|%exp(_%z’rmmmm"QI)ZZ'>))~

kp/ mm'eM =1

Set Q,, + Qv — 2I = (a;;). Then a;; = 0 for ¢ # j, a;; = 01if j € (mUm')©,
aj; :2(#/)—1) if j e mNm’ and aj; = ﬁ—lifj € m\m and m'\ m. Let
t = |mnNm/|. Then we have

kp

2 1 kp\ (p—k) 1 (ky—tyn ( 1+ P\ t/2
Sl = (:;)Z(t)(@—t)(lwwmp) (=5)

=0
kp )
pkp(p — k;p)!/p[; (ip) (%)t(l _1p2>t /2

= (1+o)(1+ W)kp,

IN

for r < 1/2. So

EL;, < (1+o(1)exp (kylog(1 + k™)
< (1+40(1))exp <k5p02_1>
1+ 0(1)

by letting ¢ be sufficiently small. Theorem 4 is proved. 1
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Proof of Theorem 5. The proof of Theorem 5 is similar to that of Theorem 2. In
fact, by (30) and a similar inequality as (31), we can get

P<(ir,§1)i£\1/ M;; > 4logp> — 1 (32)
uniformly for (31, X5) € Wy(4). 1
Proof of Theorem 6. Let A; be the largest subset of {1,---,p} \ {1} such that
o1k = Ok for all k € A;. Let 4 = min{j : j € Ay,7 > 1}. Then we have
iy — 1] < so(p). Also, Card(A;) > p — so(p). Similarly, let A; be the largest subset
of Aj—1 \ {i;-1} such that o;, 1 = 0y, k2 forallk € Ay and iy = min{j : j € Aj,j >
i1—1}. We can see that i; —i;—1 < so(p) for I < p/so(p) and Card(A;) >Card(A;_1) —
so(p) = p — (so(p) + 1)I. Let I = [p™] with 7/4 < 75 < 71. Let 3y; and 3y be the
covariance matrices of (X;,,...,X;) and (Yj,,...,Y;). Then the entries of ¥y, and
3o are the same except for the diagonal. Hence by the proof of Theorem 1, we can

show that

1 T
P(&??iileﬂk 4logl + loglogl :c)—>exp( \/8_exp< 2))

uniformly for all 31 — 3y € §y. This implies that
inf P( max lMijik > clogp) — 1

31-32€8) 0<j<k<

for all 7 < ¢ < 41. By the definition of \11(7') and the fact o;,1 = 0,2 for all

0 <j <k <I, Theorem 6 is proved. &
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