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Two-Sample Instrumental Variables Estimators

I. Introduction

A familiar problem in econometric research is consistent estimation of the coefficient vector in the
linear regression model

y = Wl+¢ (1)

where y and ¢ are nx 1 vectors and W is an n x k matrix of regressors, some of which are endogenous,
i.e., contemporaneously correlated with the error term €. As is well known, the ordinary least squares
estimator of 6 is inconsistent, but consistent estimation is still possible if there exists an nxq (¢ > k)
matrix Z of valid instrumental variables. For example, in the case of exact identification with ¢ = k,

the conventional instrumental variables (IV) estimator is
by = (ZW) 2y, (2)
With exact identification, this estimator is identical to the two-stage least squares (2SLS) estimator
brsps = (WW)'W'y (3)

where W = Z (Z'Z)"'Z'W. 1If, in addition, ¢ is i.i.d. normal, this estimator is asymptotically
efficient among “limited information” estimators.

An influential article by Angrist and Krueger (1992) has pointed out that, under certain con-
ditions, consistent instrumental variables estimation is still possible even when only y and Z (but
not W) are observed in one sample and only W and Z (but not y) are observed in a second distinct
sample. In that case, the same moment conditions that lead to the conventional IV estimator in

equation (2) motivate the “two-sample instrumental variables” (TSIV) estimator

Orsiv = (ZsWa/n2) " (Z1y1 /na) (4)



where Z; and y; contain the n; observations from the first sample and Z, and W5 contain the ny
observations from the second.

Of the many empirical researchers who have since used a two-sample approach (e.g., Bjorklund
and Jantti, 1997; Currie and Yelowitz, 2000; Dee and Evans, 2003; Borjas, 2004), nearly all have

used the “two-sample two-stage least squares” (TS2SLS) estimator
Orsascs = (WiWy) ' Wiy (5)
where Wy = Z,(Z,Z,) "' Z,W,. These researchers may not have been aware that the equivalence of

IV and 2SLS estimation in a single sample does not carry over to the two-sample case. Instead, it

is easy to show that, in the exactly identified case,
Orsasrs = (ZsWa/na) ™' C(Z1y1/n1) (6)

where C' = (Z5Z5/n9)(Z}Z1/n1)~" can be viewed as a sort of correction factor for differences
between the two samples in their covariance matrices for Z. Under Angrist and Krueger’s assump-
tions, those differences would disappear asymptotically. As a result, the correction matrix C' would
converge in probability to the identity matrix, and the TSIV and TS2SLS estimators would have
the same probability limit. In finite samples, however, the TSIV estimator originally proposed by
Angrist and Krueger and the TS2SLS estimator typically used by practitioners are numerically

distinct estimators.t

'In a subsequent paper on split-sample IV estimation as a method for avoiding finite-sample bias when the instru-
ments are only weakly correlated with the endogenous regressors, Angrist and Krueger (1995) noted the distinction
between TS2SLS and TSIV and conjectured (incorrectly) that the two estimators have the same asymptotic dis-
tribution. In another related literature, on “generated regressors,” first-stage estimation is performed to create a
proxy for an unobserved regressor in the second-stage equation, rather than to treat the endogeneity of the regressor.
Murphy and Topel (1985) discussed the instance in which the first-stage estimation is based on a different sample

than the second-stage estimation.



The obvious question then becomes: Which estimator should be preferred? Our paper addresses
this question while going beyond the simple example described above to consider overidentified as
well as exactly identified models, heteroskedastic errors, and stratified samples. It turns out that
the two-sample two-stage least squares approach commonly used by practitioners not only is com-
putationally convenient, but also has theoretical advantages. Its implicit correction for differences
between the two samples in the distribution of Z yields a gain in asymptotic efficiency and also
maintains consistency in the presence of a practically relevant form of stratified sampling.

The outline of this paper is as follows. Section II compares the asymptotic efficiency of the TSIV
and TS2SLS estimators in a basic model. Section III considers departures from the basic model,

such as heteroskedasticity and stratification. Section IV summarizes and concludes the paper.

II. Asymptotic Efficiency

In this section, we will compare two-sample IV estimators in a general single-equation framework:

v = [ay+ ’Y/ZS) +e1; = 0wy + €15, (7)
zy; = Iz + i, (8)
o = Ilzo; + 1oy, (9)

where xq; and x9; are p-dimensional random vectors, zy; = [z%y zg)/]’ and zo; are q(= g + q(2))—

dimensional random vectors, wy; is a k(= p + ¢(V))-dimensional random vector, and Il is a p x ¢
matrix of parameters.

For efficiency comparison, it is useful to characterize these estimators as generalized method
of moments (GMM) estimators. First the TSIV estimator is a GMM estimator based on moment
conditions

E [le'(yu —2y) - 221570'21-5} = 0. (10)
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Next the TS2SLS estimator is a GMM estimator based on

Elzu(yn — 2,118 — 247')]

Elz9; ® (w9; — Tlzy;)]

(11)

(12)

When II is defined to be the coefficient on z; in the population linear projection of z; on z; in the

second sample, (12) always holds by definition of linear projections.

Finally we consider the two-sample limited-information maximum likelihood (TSLIML) estima-

tor for efficiency comparison. Let o1y = E[(g1; + 'm1;)?] and oo = E(n9inb;). When [g; 171,] and 1o

are normally distributed the log of the likelihood function can be written as

n n n
InL = —§ln(2ﬂ') — ?1111(011) - ?2111|222|

1 &

5 (yli - HHZM - 7/2

20'11 i—1

(1)>2

i

12
_5 Z(l‘m — HZQi),2521 (513'21‘ — HZQi).
=1

The TSLIML estimator is asymptotically equivalent to a GMM estimator based on the population

first-order conditions for the TSLIML estimator:

Ellz,(y1 — Bz — 'lez'(l))] = 0,

E[Zi(l)(yli — ('Mlzy; — 7,75@‘(1))] = 0,

E(21; ® Buyi/on + 20 @ Xog i) = 0,

E<u%i/0%1_1/011> = 0,

E[(S3n2i) ® (33 101) — |[Sooltr(X5;)]| D2 = 0,

(13)
(14)
(15)
(16)

(17)



where Dy is a p? X p(p + 1)/2 matrix such that vec(X9s) = Davech(Xqs).
To derive the asymptotic distributions of these estimators we assume the following conditions.

Assumption 1.

(a) {[y1i, 21;)' 2y and {[ze;, 25;]' 2, are iid random vectors with finite fourth moments and are

independent.
(b) E(Su‘zli) = 0, E(T]MIZM') = (0 and E(nQi’22i> = 0.

(c) E(u?|z1;) = o11 and E(nainb;|z2:) = Sao where uy; = €1; + 'n1;, 011 > 0 and gy is positive

definite.
(d) Third moments of [e1; ;] and those of ny; are all zero conditional on z1; and zy;, respectively.

(e) For the TSIV estimator

k ,
ran 0 E(ZhZS) )

= dim(0)
and for the TS2SLS and TSLIML estimators rank[E(zy,w};)] = dim(6).

(f) E(z1;2};) and E(z9;2},) are nonsingular.

(g) E(z12);) = E(z9xh;) = E(zizh) and E(z1;2);,) = E(20:25;) = F(zz)).

)

(h) limy, ny—oo 11 /N2 = K for some k > 0.

Remarks. Assumption (c) rules out conditional heteroskedasticity, which will be considered in

Section III. Assumption (d) is used to simplify the derivation of the asymptotic covariance matrix



of the TSLIML estimator. Assumption (g) provides a basis for combining two samples.?

Proposition 1. Under Assumption 1, éTSIV, éTSQSLS and éTSLIML are \/ni-consistent® and asymp-
totically normally distributed with asymptotic covariance matrices Xrgrv, YX7rsosrs and Xrsrivr,

respectively, where

Srsrv = {E(wlz;) [(o11 + KB'E28) E(ziz]) + Cov(z1:21;118) + £Cov(z2i25,113)] -1 E(ziwg)}_l (18)

Sreests = {E(wiz)[(o11 + £8'S20B)E(22)) " E(zw])} !, (19)

Yrseivr = Xrs28Ls, (20)
and Cov(z;z/118) = E(z;2 1166 2;2)) — E(zi2110) E(G'T z;2)).
Remarks. 1. In the notation of Angrist and Krueger (1992),

& = o1 FE(z2) + Cov(z21103),

wy = ['Y9BE(2z) + Cov(zgi29;1113).

2. Since Cov(zy;21;,1108) + kCov(29;25,113) is positive semidefinite, it follows that X7grv — Xrgesrs is
positive semidefinite. Thus, the TS2SLS estimator is more efficient than the TSIV estimator. The
asymptotic efficiency gain comes from the implicit correction of the TS2SLS estimator for differences
between the finite-sample distributions of z1; and z;. 3. Proposition 1 shows that the TS2SLS and
TSLIML estimators are asymptotically equivalent. It follows that, when the disturbance terms

[ei i) are jointly normally distributed, the TS2SLS estimator is asymptotically efficient within the

20One can show that the TS2SLS estimator requires a weaker condition E(z1;2);) = cE(z2;2%;) and E(21;2];) =
cE(z2;75;) for some c¢. Because ¢ does not have to be unity, the TS2SLS estimator is more robust than the TSIV
estimator.

3Following Angrist and Krueger (1992), we scale the estimator by /n;.



class of “limited information” estimators.*
As an illustration, let us consider the case in which one endogenous variable is the only ex-
planatory variable and we have one instrument, i.e., p = ¢ = ¢®® = 1. In this case one can show

that

~1/2 1/2
ny / z 1z11 \/_nl / z 1 iHﬁ—i—O ( )
(1/n2) 2324 22iv2 g

\/n_l(BTSIV - ﬁ) - \/n_l<BTSZSLS - ﬁ) =

The first term on the RHS will be asymptotically independent of w/nl(BTSQSLS — () and have a

positive variance even asymptotically and it follows from Proposition 1 that its variance is given by

Var(z21103) + kVar(23,115)
[E(zizi)]? '

I11. Robustness to Departures from the Basic Model

In this section, we consider departures from the basic model, namely, conditional heteroskedasticity
and stratification. In doing so, we assume that the inverse of a consistent estimator of the variance
covariance matrix of moment conditions is used as an optimal weighting matrix to achieve efficiency
among GMM estimators given the moment conditions. We will call the resulting GMM estimator
based on (10) the TSIV estimator and denote it by f7gyy, and the resulting GMM estimator based

on (11) and (12) will be called the TS2SLS estimator and be denoted by 6752575

4In Monte Carlo experiments, we have verified that these asymptotic results accurately characterize the finite-
sample behavior of the TSIV, TS2SLS, and TSLIML estimators. The exception is that, when the instruments are
very weakly correlated with the endogenous regressor, all three estimators appear to be biased towards zero. This
corroborates an analytical result of Angrist and Krueger (1995) concerning TS2SLS. The finding that TSLIML is
subject to a similar finite-sample bias is interesting. Apparently, the well-known tendency for LIML to be less biased
than 2SLS when the instruments are weak in the single-sample setting (e.g., Angrist, Imbens, and Krueger, 1999)

does not carry over to the two-sample setting.



First, consider the case of conditional heteroskedasticity. We replace Assumption (c) by
(¢") E(u?,21;2);) > 0 and E(29;25; ® nainb;) is positive definite.

Then we obtain the following:

Proposition 2. Under Assumption 1 with Assumption (c) replaced by Assumption (c’), Orsry and
O1s251.5 are consistent and asymptotically normally distributed with asymptotic covariance matrices

Yhctero and Yhtero o, respectively, where

1 -1
E%“‘gw?{/‘? = {E(wzz;) {E(ulez;) + wE(B'nim.Bzizl) + Cov(z1;21,118) + ﬁCOU(ZQiZéiHﬂ)} E(zlw;)}

(21)

1 -1
Sis = {Blwis) [Butns) + wB@naBaz)] | B} (22

Remark. As in Proposition 1, the GMM estimator based on (11) and (12) is asymptotically more

efficient than the GMM estimator based on (10).

Next consider a practically relevant type of stratified sampling. Suppose that either or both of
the two samples use sampling rates that vary with some of the instrumental variables. For example,
household surveys commonly use different sampling rates by race or location, which may be among
the regressors in ZS) in equation (7). The National Longitudinal Surveys have oversampled African-
Americans, the Health and Retirement Study has oversampled residents of Florida, and the Current

Population Survey has oversampled in less populous states.

When analyzing stratification, it is useful to define two binary selection variables:

P 1 if the first sample includes the ith observation
b= 0 otherwise

_ { 1 if the second sample includes the ith observation

S9; .
¢ 0 otherwise



By construction, sy; + so; = 1 for each ¢. Note that the TSIV estimator and the TS2SLS estimator

can be viewed as GMM estimators based on population moment conditions

Si1 59

E zi(ys — 21,77) — zxi3) = 0, 23
E(Sli) (y 1 7) E(SQi) ﬁ ( )
and
Elswzi(yi — 27) — ksuziif] = 0, (24)
E|(s1; — ksg;)vech(z;2])] = 0, (25)
respectively.

Assumption 2.
(a) [s14, S2i, Ti, i, 2] 1s an iid random vector with finite fourth moments.
(b) E(€i|81i,zi) = O and E(’I]Z'|81i,82i,Zi) = 0

(c) E(u?|sy,z) = o11 and E(nm)|sas, 21) = S where u; = g; + 3'n;, 011 > 0 and Yoy is positive

definite.

(d) For the TSIV estimator

E(SQZZer;) 0

k
ran 0 E(SliZiZ

and for the TS2SLS and TSLIML estimators rank[E(sy;z;w))] = dim(6).
(e) E(s1iziz;) and E(s9;z;2}) are nonsingular.

(f) E(s1;82:) = 0.

(g) s1; and sy; are independent of z;.



(h) E((s1i/p1)zixh) = KE((s2:/p2)zixi) and E((s1;/p1)zizl) = KE((s2;/p2)ziz;) for some constant

k where p; = P(s1; = 1) and py = P(s9; = 1).

Remarks.

Because

Elsyizi(yi — 21U — 217)] = E(suzici) + Elsuzmj]3 = 0,
Elsgiz; @ (z; — z;)] = E(s22 ®@n;) = 0,

this type of stratification does not affect the validity of the moment conditions for the TS2SLS
estimator. In contrast, when the two samples differ in their stratification schemes, the population

moment function for the TSIV estimator

i i 1 i i
E [Slziyi - Szzzx;ﬁ] = —FE(syzie) +E KSl — 32> zzxgl 6]
D1 b2 p1 P P2

= F Ksh - SQl) z,zé] s (26)
b1 b2
is likely to be nonzero. As a result, the TSIV estimator will not be consistent in general.
It is possible, however, to modify the TSIV estimator so that it is robust to stratification. Define

a robust modification of the TSIV estimator, Orrsrv = [Brrsiv Yrrsiv]s by a GMM estimator based

on sample moment functions

/ /
1i2i\Yi — 21;77) — KS2i%i; =Y
Els1izi(y; — 21,77) — kS22 0] 0 (27)

El(s1; — ksg;)vech(z;z1)] = 0. (28)

Proposition 3. Under Assumption 2, éTSQS g and 0 rrsrv are consistent and asymptotically normally

distributed with asymptotic covariance matrices Xrgo5r5 and X grsry, respectively, where
Srsasrs = (011 + 66 S2B)[E(suwiz)) E(s1i2i2)) " E(suziw,)] ™ (29)

10



and Ygrsrv is the upper-left k x k submatrix of (Glypsry VarsivGrrsm) ™),

E(sliziwg) E(SZzzzfo)ﬂ

G = —
RESIV 0 E(sgvech(z;2])) |7
v [ (011 + KB'S22B)E(s152:2)) + E[(s1i + k282:) 22 XU B3 N 2;2l]  E[(s1: + K282:) 22011 Bvech(z;2)’]
RTSIV = E[(s1i + k?sa;)vech(z;z}) 3'T1z;2]] E[(s1i + k?sa;)vech(z;z})vech(z;2])']

5
Moreover, Yrsosrs < Xgrsrv-

Remarks. The TS2SLS estimator is more efficient than the robust version of the TSIV estimator.
Proposition 3 does not rule out cases in which 3574t o = ¥5074%, - Even in those cases, the TS2SLS
estimator may be still preferable for the following reason. Note that the number of overidentifying
restrictions for the robust TSIV estimator is g2 + ¢(¢+1)/2 — p — 1 whereas the one for the TS2SLS
estimator is go —p. In typical applications, ¢ > 1 and thus ¢o+¢(¢+1)/2—p—1 is greater than g, —p.
Because using too many moment conditions often results in poor finite-sample performance of the
GMM estimator (e.g., Tauchen, 1986, and Andersen and Sorensen, 1996), the TS2SLS estimator

may be preferable in small samples.

IV. Summary

Following Angrist and Krueger’s (1992) influential work on two-sample instrumental variables
(TSIV) estimation, many applied researchers have used a two-sample two-stage least squares (TS2SLS)
variant of Angrist and Krueger’s estimator. In the two-sample context, unlike the single-sample
setting, the IV and 2SLS estimators are numerically distinct. Under the conditions in which both
estimators are consistent, we have shown that the commonly used TS2SLS approach is more as-
ymptotically efficient because it implicitly corrects for differences in the empirical distributions of

the instrumental variables between the two samples. That correction also protects the TS2SLS

®Following the convention, ¥5/54L, o < Xsirat if and only if S§7%,,, — B84, o is positive semidefinite.

11



estimator from an inconsistency that afflicts the TSIV estimator when the two samples differ in

their stratification schemes.

12



Appendix: Proofs

In Propositions 1, 2 and 3, the consistency and asymptotic normality of the GMM estimators follow
from the standard arguments. Thus, we will focus on the derivation of asymptotic variances in the

following proofs.

Proof of Proposition 1. Let Gprs;y and Vygry denote the Jacobian and covariance matrix,

respectively, of the moment condition (10). Under Assumptions 1(c)(g)(h), we have

Grsiv = —E(zw;),

Vrsiv = (011 + k8 2928) E(2:2)) + Cov(z1;21,118) + £Cov(29:25,1113).

from which (18) follows.
Let Grsosrs and Virgasrs denote the Jacobian and covariance matrix, respectively, of the moment
conditions (11) and (12). Because the Jacobian and covariance matrices of the moment functions

are given by

G _ | E(zw)) E(zz) @0
TS2SLS — 0 E(ZZZQ ® [p )

Ve . O'HE(ZZ‘ZD 0
TS2SLS — 0 HE(Z@Z{) ® 222 ;

respectively, the asymptotic covariance matrix of the TS2SLS estimator is the k& x k upper-left

submatrix of the inverse of

L E(w;2)(E(22)) ' E(zw)) E(w; )®ﬁ

o11 1 o11
E(zw;) ® £ E(zizi)@)( 1222)

011

/ -1
TS25LS VTSQSLSGTS2SLS =

011

Because the k x k upper-left submatrix of (Glrg9g7.5Vrgasr.sGrsesrs) " is the inverse of

1 , L / g , B |

oy BB Blawl) = B o - [Pl e (04 58| Bl e
- Lo _lﬂil 2! VYL (!
= lall o11 (0.11 + K/Z ) 011] E(wlzi)(E(ZZZi)) E(lei)

13



by Theorem 13 in Amemiya (1985, p. 460) and

/ / -1 -1
. (ﬁﬁ 5222> ﬁ] = o011+ k3’ S00p0

011 011 \ 011 011

by Theorem 0.7.4 of Horn and Johnson (1985, p.19), (19) follows.

Under the assumptions, one can show that the asymptotic distribution of éTg v and the one
of the TSLIML estimator for [o1; vech(X22)’]" are independent. Thus, we can focus on the moment
conditions (13), (14) and (15). Under the stated assumptions, the Jacobian Grgprarr and covariance

matrix Viygrrar of these moment conditions are the same and are given by

HE(ZI ) ,/0'11 HE(ZZ'ZL-)/O'H HE(ZI ) X 6//0'11
E(z;2)Il' Jona E(z;:24;) /o1 E(z12) ® ' /o
E(ziz)Il' @ Blon E(z2y,) @ B/on E(z2) ® (gi + KEQQ)

Since
[HE( I Jo TE(z2,) /o1 1
E(zu2)Il'Joy E(z121;)/on
LR e (G aa)] [RREHE ]
- (g ) i e |
and
D I = w8 — (58 (o1 + T,

one can show that the upper-left k x k submatrix of (G%gs 0 VosrivrGrsrarr) ™ can be written

as (20).

Proof of Proposition 2. Note that

A7 —A'BA' + A'B(A+ B)"'BA™' = B'A(A+B)"'BA™ = (A+DB)"}, (30)

where A = FE(u?z2!) and B = E(3'nm.3z2}). The remainders of the proofs of (21) and (22) are

14



analogous to those of (18) and (19), respectively, and thus they are omitted.

Proof of Proposition 3. The proof of (29) is analogous to the one of (19) and is omitted.
By Theorem 13 of Amemiya (1985, p.460), the upper-left ¢ x ¢ submatrix matrix and the

upper-right ¢ x (g(1 + 1)/2) submatrix of Vijep can be written as the inverse of

(011 + KB 8228) E(s12:2)) + El(s1 + K%82:) 2211 85T 2;2]]
—E[(s15 + K%59;) 22,11 Bvech(z;2)) 1{ E[(s1; + K*s9;) zi2 11 B3 T2}
x E|(s1; + K*sg;)vech(z;2)) 3Tl 22]]
= (0'11 + Kﬁlzggﬁ)E(Slizizg) (31)
where the equality follows because the residuals from regressing 3'I1z;z, on vech(z;z;)" are numer-

ically zero by the projection argument. The other submatrices of Vj i can be obtained by using

the same theorem. After some matrix algebra, one can show that

Estrat a/
( ! v—l G )—1 _ TS2SLS
RTSIV YV RTSIV™ RTSIV — a b

where
d = E(sywiz)[E(s1z2)] " (E(82¢Zi$;)ﬁ — E[(s1; + K?s9;) 2211’ Bvech(z;2;)']
x {E[(s1 + /{23%)Vech(zizi)vech(zizi)']}_IE(Sinech(zizg)))

and b is a positive number. Because a is not necessarily zero in general and b is positive, S57ak o

cannot be greater than X57% . by Theorem 13 of Amemiya (1985, p.460).

15



References

Amemiya, Takeshi (1985), Advanced Econometrics, Harvard University Press: Cambridge,

MA.

Andersen, Torben G. and Bent E. Sorensen (1996), “GMM Estimation of a Stochastic Volatil-

ity Model: A Monte Carlo Study,” Journal of Business and Economic Statistics, 14, 328-352.

Angrist, Joshua D.; Guido W. Imbens, and Alan B. Krueger (1999), “Jackknife Instrumental

Variables Estimation,” Journal of Applied Econometrics, 14, 57-67.

Angrist, Joshua D. and Alan B. Krueger (1992), “The Effect of Age at School Entry on
Educational Attainment: An Application of Instrumental Variables with Moments from Two

Samples,” Journal of the American Statistical Association, 87, 328-336.

Angrist, Joshua D. and Alan B. Krueger (1995), “Split-Sample Instrumental Variables Esti-

mates of the Return to Schooling,” Journal of Business and Economic Statistics, 13, 225-235.

Bjorklund, Anders and Markus Jéntti (1997), “Intergenerational Income Mobility in Sweden

Compared to the United States,” American Economic Review, 87, 1009-1018.

Borjas, George J. (2004), “Food Insecurity and Public Assistance,” Journal of Public Eco-

nomics, 88, 1421-1443.

Currie, Janet and Aaron Yelowitz (2000), “Are Public Housing Projects Good for Kids?”

Journal of Public Economics, 75, 99-124.

Dee, Thomas S. and William N. Evans (2003), “Teen Drinking and Educational Attainment:
Evidence from Two-Sample Instrumental Variables Estimates,” Journal of Labor Economics,
21, 178-2009.

16



Hansen, Lars Peter (1982), “Large Sample Properties of Generalized Method of Moment

Estimators,” Econometrica, 50, 1029-1054.

Horn, Roger A. and Charles R. Johnson (1985), Matriz Analysis, Cambridge University Press:

Cambridge, United Kingdom.

Murphy, Kevin M. and Robert H. Topel (1985), “Estimation and Inference in Two-Step

Econometric Models,” Journal of Business and Economic Statistics, 3, 88-97.

Tauchen, George (1986), “Statistical Properties of Generalized Method-of-Moments Estima-
tors of Structural Parameters Obtained from Financial Market Data,” Journal of Business

and Economic Statistics, 4, 397-416.

17



