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Part I: Introduction



Big Picture

String compactification on R13 x Y3

N=(2,2) GLSM N=(2,2) NLSM on Y,

(Non-CFT)
RG flow |/

N=(2,2) SCFT,c=9 | IR




Gauged Linear Sigma Models (GLSM)

Data:
e G Compact Lie group. G = ([[; G;) x U(1)®, g = Lie(G)
e Matter: p: G — GL(V), V: Q-graded vector space.

e Superpotential: G-invariant holomorphic polynomial W € Sym(V*)
gr(W) =2

° Tl—l-i@lé(c, QZNQZ—I—QW, l=1,...,s



Gauged Linear Sigma Models (GLSM)
LgLsm = Lym + Lgjn + LFr + Lw

e Dynamical fields:

(A, \,0) Vector multiplet

(9, %) Chiral multiplet
e Mog: coefficients of W. Complex structure moduli.

o My q = et ¢ C* Kihler moduli.



GLSM low energy dynamics

Look for critical points of the effective potential.
For example, simplest abelian case G =U(1), V =C", (¢1,...,¢n) € V.

teG ,O(t) ) (¢17' .- 7¢n) — (tQ1¢17° .- 7th¢n) Ql € 4

n

U(p,0) =)

a=1

ow
0¢q

2
+ (u(9) =) +|of? (Z Q§|¢a|2>

p(d) = Qaldal’

Therefore, we want to solve for

pt(r) oW
=0
U(1) Opq




GLSM low energy dynamics

Then, we expand all the fields

® = Pclassical T %

integrate out massive fields

|$|2m£ C LgLsMm(9ciassical + @)



GLSM Low energy dynamics

Example: smooth quintic {F5(z) = 0} C P*[zg, ..., x4]
G=U(1), V=C° (pxg,...,za) € V.

t€ G p(t) - (p,z0,--.,x4) = (t°p,txo, ..., txg)

W:pF5

u(z,p) =Y |za|? — 5/p|?
a



GLSM Low energy dynamics

e r>0.z£A0p=00c=0

(u‘l(r)
U(1)

> = PHzg, ..., x4)
{p=0}

Massive fluctuations: p, & normal to {Fs(z) = 0} C P*. NLSM on the
quintic.

e r<0: p#F0Q0x=00=0

p| = —/ =
PI="\"sg

Massive fluctuations: p. LG orbifold by Zg C G with potential W =

—/EF5(2)



GLSM Low energy dynamics

r=0 = p=x =0 o € C Massive fluctuations: p, x

(r,0) space:

AR S i
\i/ “‘EEL/’
T e )




Part II: Two-Sphere Partition Functions and

Gromov-W.itten Invariants



Outline

Kahler and CS moduli spaces

Exact partition function on S2

Conjecture and computing Gromov-Witten invariants

Examples

Future directions



Quantum Kahler moduli

We have to be careful when integrating massive p, x fluctuations.

An effective potential for o is generated

— 6
Wesf(0) = —o [T + 5109(—5)] T=1ir + —

27

Only at critical points a‘g/eff — 0 a Coulomb branch emerges and the theory
IS singular.

The quantum Kahler moduli space is given by Mg = (C*)5\ A



Abelian vs. Nonabelian GLSMs

The case G = U(1)% is naturally suited to CI in toric varieties

{Ji(z) =---=Jr(z) =0} C X

just take the superpotential

r
W = Z paJa

a=1

The nonabelian case is still under much less control
e G=U(N) = CI in Grassmanians.

o G=SU(k),Usp(k),O(k) xU(1)% = non-CI more general determinantal

varieties.



Meog VS, My

e Mg and My are Kahler manifolds (indeed special Kahler).

e YV mirror of Y

Mcs(YY) &= Mg (Y)

Mes(Y) = Mg (YY)



Meog VS, My

Consider £ € U C M¢g, describing Ye.
Q € H>9(Y;) non-vanishing holomorphic 3-form and K¢g(€,€) the Kahler

potential of M.

eRes =i | () A 2(©)
Ye
If {v;} forms a symplectic basis of H3z(Yg), then

e Kos = z’l_lq;wijl_l—j ; =/ Q&)
Vi



Mcog VS, My

Consider t € U C Mg close to a LV point.

J = ? () tlw; the Kihler form of Y. w; € H2(Y) forms an integral basis.
e frth) = _ — Z Fomn (£ = T (™ =T (" = T") + <(3)
Emn
21
N, (Ll ) 4 Lig(F )
+ (2m)3 > 3(q") + Lis(7")

neH2(Y,Z)

ZN (LIQ(q") + le((in))W(te &),

(2ﬂ%)2
where

Remn =— /wﬂ/\wm/\wn
Y

+oo

Lir(q) = Z% , and ¢" = exp (27ri/J> _ G2miy it
n

n=1



S2 partition function of GLSM

Recently, the exact partition function for a GLSM on S?2 have been computed.

rank(G)

Z / di chassZgauge H ZCIDA)
A

mEZ ank ()

where

Qo 2
Zgauge — H ( (m) +Oé(0')2)

a>0

Zclass = exp(— 4mir Tr(o) — 0 Tr(m))



S2 partition function of GLSM

So, write
2p = 6—27T7“g—|-’i9g

Then, we conjecture

Z g2 (20, %) = e K z070)



Computing genus zero G-\W invariants

Evaluate Zs:(z, z;) = e K«

Read from the ((3) term the transformation Kx — Kx + f(z) + f(2) to normalize it

¢3)x(Y)
to 4—353.

Read the holomorphic part of the coefficient of log z,, 109 z, to get
)
I —— mn
2(27i)2 "

which allows us to extract the flat coordinates t¢ of the form

tt

Iog Zg

tt = ‘l‘ (0) + fe(z)

Invert this relation to obtain the z, as a function of ¢,

2 = 2o (g, + 0(g?))

Read off the rational Gromov-Witten invariants from the coefficients

expansion

in the g¢-
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Example: Quintic threefold

Field || U(1) ar
>, F1 v
P —5 2 — 2nv

The partition function gives (set v=0%1)

—10m > do —4miroc
uniﬂtic — Z € 0 / 2— e 4 (Zq>)5 Zp ,
meZ —o00 £

where

(0t —ic—12) (1 —0%+ 5i0 4 222)

Lp =

o= r(1—0t4ioc—12)"

then, consider for example the LV point »r > 1

(0t — 5ic + 2*)

w4 sin(5me)

Z i ic — ReSez ZE €
quintic O( ) SiﬂS(Tre)

2
= . T (14 5k — 5¢)
> (=) F(1+k—e)S

k=0



Example: Quintic threefold

Interestingly the normalized partition function is

e_K/:_ 1 unintic
813 X0(2)X0(z) -
where
0,y _ = FT(A+5k) (&
O =2 Fans O

Next, we determine the mirror map through the coefficient of the IogQZ

term, which yields

_ 1 2
t—t(0)+2—m(—770z—|—717825z +...).

Inverting the mirror map, we find can read the integral genus zero Gromov-

Witten invariants

2875, 609250, 317206375, 242467530000,... ,



Determinantal Varieties

Set a compact complex algebraic variety V, dim¢cV = D. Also two vector
bundles &€ and F over V

E—V F -V rk(F) =m,rk(€) =n
A: generic global holomorphic section of Hom(&E, F) = &E* Q F
Z(A k) ={¢ € V|rk(A(¢)) < k}
In particular consider V=P and m =n (also £ = Oy, F = O5p(1))

Xy = Z(A,k) = {(¢,2) € P x G(n — k,n)|A(¢) ]2 = 0}



Example: Determinantal Calabi-Yau

Let's look at a nonabelian example, G =U(2) x U(1)

Field | U(1) | U(2) U(1)v
Py=1,.8| +1 1 2v 4
Pei.a | —1 | O |2-2vp—2y,
Xi=1,..4 0 [] 2vg

superpotential (A(®) = >, A%D,, A% 4 x 4 matrices)
i,J
D-terms

U(1) : Y |¢al® — Tr(»'p) = ro

U2) :pp' —zTe = riloyo



Example: Determinantal Calabi-Yau

X4 ={(¢,z) €P’ x G(2,4)|A(¢p)z = 0}

Y4 = {(z,p) € PUN) | p;Al;x; = 0}
1,J



Nemg.my [mo=0_ 1 1 35 2 bh 3
mp =0 — h6 () 0
iy 102 806 192
1 56 2544 23016 41 056
3o 806 52028 813568
2 0 23016 168057 35857016
5/ 192 813 568 66 781 440
3 0 41056 35857016 3074 369 392
Ty 0 3814144 1 784024 064
1 0 23016 284 740056 96 501 652 016
Y% 0 6202 006 20000 433 088
5 0 2544 033 780 504 1403 214 088 320
11y 0 3814144 105 588 804 006
6 0 56 1371704192 10388 138 826 068
13/ 0 813 568 277 465603 248
7 0 0 033 780 504 41 598 001 761 344
15/ 0 52 028 380030 182 784
5 0 0 284 740056 03076 760 102 864
17y 0 806 277 465 603 248
0 0 0 35857016 122040073 764 384
19/ 0 0 105 588 804 006
10 0 0 168057 03076 760 102 864
21/ 0 0 20000 433 088
11 0 0 23016 41 598091 761 344
23/ 0 0 1 784024064
12 0 0 0 10388 138 826 068
25/ () 0 66 781 440
13 0 0 0 1403 214 088 320
27/ () 0 813568
14 0 0 0 06 501 652 016
29/ (0 0 192
15 0 0 0 3074 369392
315 0 0 0




Future directions

We presented a method to compute the exact Kahler potential of the quantum
Kahler moduli Mg of N =(2,2) SCFTs.

The conjecture is supported against many nontrivial checks: intersection numbers,
known GW invariants, etc.

Study the effect of boundaries: put the theory on a hemisphere.

Can we compute higher genus GW invariants?



