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ABSTRACT: We present a systematic construction of F-theory compactifications with
Abelian gauge symmetries in addition to a non-Abelian gauge group G. The formalism is
generally applicable to models in global Tate form but we focus on the phenomenologically
interesting case of G = SU(5). The Abelian gauge factors arise due to extra global sections
resulting from a specific factorisation of the Tate polynomial which describes the elliptic
fibration. These constructions, which accommodate up to four different U(1) factors, are
worked out in detail for the two possible embeddings of a single U(1) factor into Eg, usu-
ally denoted SU(5) x U(1)x and SU(5) x U(1) pg. The resolved models can be understood
either patchwise via a small resolution or in terms of a [Py ; 2[4] description of the elliptic
fibration. We derive the U(1) charges of the fields from the geometry, construct the U(1)
gauge fluxes and exemplify the structure of the Yukawa interaction points. A particularly
interesting result is that the global SU(5) x U(1)pg model exhibits extra SU(5)-singlet
states which are incompatible with a single global decomposition of the 248 of FEg. The
states in turn lead to new Yukawa type couplings which have not been considered in local
model building.
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1 Introduction

The exceptional group FEg plays a central role in string theory and in particular in the
Heterotic string and F-theory. Within the context of F-theory Grand Unified Theories
(GUTSs) [1-4] an underlying Eg implies that the GUT group, minimally SU(5), is natu-
rally extended by additional symmetries coming from its embedding in Eg. Particularly
interesting for model building are additional U(1) symmetries. These play two important



roles: they can support gauge flux thereby inducing chirality in the massless spectrum,
and they can lead to gauge and global symmetries beyond the Standard Model that can
be used to control the structure of the low energy theory, e.g. to forbid proton decay or
generating flavour hierarchies. In F-theory [5-9] gauge symmetries are geometric in origin
and so understanding the geometry associated to U(1) symmetries is crucial to this aspect
of model building. Indeed a lot of recent progress has been made towards understanding
the explicit construction and fully global aspects of U(1)s in four-dimensional F-theory
compactifications [10-16] and in compactifications to six dimensions [17]. In the local ap-
proach to F-theory U(1) symmetries are quite well understood within the spectral cover
approach [18] and have been used extensively in local model building [19-37]. However,
many important aspects of U(1) symmetries are inherently global in nature: they can be
broken away from the GUT brane [10, 38] and the associated gauge flux is not localised on
the GUT brane. Therefore a global understanding of U(1) symmetries is one of the central
requirements for realistic F-theory model building.

In the weakly coupled type IIB limit it is possible to study intersecting D7-brane
configurations generally without specifying the explicit geometry of the Calabi-Yau three-
fold. The analogous general procedure for F-theory models is the study of the elliptic
fibration without specifying the base explicitly. The form that the elliptic fibration must
take in order to induce a non-Abelian singularity, or equivalently gauge group, over a divisor
in the base is very well understood and given a fibration the non-Abelian structure can be
discerned in an algorithmic way [39, 40]. Further, the U(1) components that make up the
Cartan of a non-Abelian singularity can be studied explicitly by considering the M-theory
dual. On the M-theory side it is possible to resolve the non-Abelian singularity, which in
the gauge theory corresponds to moving along the Coulomb branch. After resolving the
singularity each Cartan element corresponds to a resolution divisor whose dual two-form
gives rise to a U(1) gauge field from dimensional reduction of the M-theory three-form Cj.
In the context of four-dimensional F-theory SU(5) GUT models this procedure has been
carried out, using various techniques, in [12-14, 41-44] (see [45-50] for other gauge groups).

Abelian symmetries that are not in the Cartan of a non-Abelian singularity are less well
understood. The first complication is that in string theory such isolated U(1) symmetries
can often gain a Stiickelberg mass removing them from the massless spectrum. In the
weakly coupled IIB limit this is possible even in the absence of any flux, and such a purely
geometrically massive U(1) would be very difficult to identify in the F-theory uplift. Some
progress towards understanding such U(1)s was made in [10, 51] where they were proposed
to uplift to non-closed two-forms on the M-theory side. Further in [14] the flux associated
to one such massive U(1), the diagonal one in the IIB limit, was identified. However a
general procedure for identifying and constructing such U(1) symmetries is missing and we
will have nothing new to say regarding them in this paper.

A more tractable class of U(1) symmetries are those which remain massless in the
absence of any flux. A general approach to such U(1) symmetries should involve the
construction of multiple sections of the elliptic fibration. It was shown already in [8, 9] that
isolated U(1)s correspond to additional sections beyond the universal one which specifies the
embedding of the base. Concrete investigations of U(1) symmetries in six-dimensional F-



theory compactifications have appeared early on in [52-54]. In the context of SU(5) GUTs
one approach to realising massless U(1)s was proposed in [10] in terms of what was called an
U(1)-restricted Tate model. The idea was to choose the coefficients of the elliptic fibration,
which already have an SU(5) singularity over the GUT divisor, so as to induce an additional
SU(2) singularity in the fiber over a curve in the base. The resolution of this singularity
introduces a new divisor which is associated to the additional U(1) symmetry [10, 12-14].
In [11] it was shown that the SU(2) singularity can be written in the form of a conifold
which is then resolved. The same procedure was used [15] to construct models with an
additional U(1) symmetry. The U(1)-restricted Tate model is quite well understood by
now. However this model realises only one particular embedding of a single additional
U(1) symmetry in Eg and additionally strongly restricts the possible matter spectrum, by
turning off one of the 10-matter curves, from the most general configuration. This is in
contrast to the rich structure of U(1) symmetries and matter spectra that are possible in
breaking Eg — SU(5) which have been used in local model building [19-37]. Indeed in its
local limit, i.e. in the projection to the SU(5) GUT divisor, the U(1) restricted Tate model
flows to the SU(5) x U(1)x split spectral cover [18, 19]. Locally, one usually thinks of the
gauge group SU(5) as arising from an underlying Fg symmetry and the possible U(1)s then
arise from the various embeddings into Eg [22, 24]. The purpose of this paper is to study
how the full spectrum of possibilities can be realised in a global setting thereby opening
the way to realising the phenomenology of local models in a global string vacuum. This
route will offer some surprises.

The key idea of our present paper is that we construct Tate models which give in a
specific way multiple sections. We call these factorised Tate models. We will show that
such models automatically induce a binomial singularity on the manifold whose resolution
gives rise to the appropriate U(1)s and their fluxes. The importance of suitable global
factorisations of the spectral cover equation to construct heterotic models with (multiple)
U(1) symmetries has been recently explored in [55]. Our approach is independent of any
heterotic dual.

By explicitly resolving and studying the fibre structure in detail for some examples we
derive the matter spectrum and the associated U(1) charges directly from the geometry. A
crucial aspect of the construction is that, unlike in the U(1)-restricted model, we will recover
the full matter spectrum with no additional constraints on the matter curves. We work
out the details of these matter curves and their resolved fiber structure both for models
with so-called U(1) x charge and with U(1)pg charge. The latter has been used intensively
in local model building because the Peccei-Quinn symmetry can solve the p-problem and
forbid dimension-five proton decay operators [20, 21], and our analysis provides the first
global embedding of this scenario.

The spectrum of SU(5) charged matter indeed assembles into representations that
can be obtained by the decomposition of the adjoint of one Eg into SU(5). In this sense
factorised Tate models are the appropriate way to systematically construct the fibrations
that account for the spectrum of possible embeddings of U(1) symmetries arising from
breaking Fg to SU(5). Most surprisingly, however, this structure is in general not respected
by the SU(5) singlet states charged under the U(1). Indeed we will exemplify for the



SU(5) x U(1) pg model that, contrary to expectations based on local reasoning, the entire
spectrum does not assemble into a single Eg representation once we take all singlets into
account. Since the singlets are localised on curves away from the GUT divisor, such
behavior can only be detected in a global approach. However, the singlet curves do intersect
the GUT divisor in points at which couplings to the SU(5) charged matter are localised,
and they are thus also relevant for local model building and phenomenology. To the extent
that the most general pattern of Yukawa couplings cannot, as we find, be unified in a
single Fg-point, the idea of a general underlying Fg symmetry present along the entire
GUT divisor cannot be maintained.

Another crucial aspect of model building in F-theory is background gauge flux and
this is intimately related with extra U(1) symmetries as well. Within a global setting our
current understanding of gauge flux requires a fully resolved and smooth manifold and is
realised on the M-theory side as the 4-form Gy4-flux. For pure SU(5) models G4-flux has
been studied in [44, 56, 57]. This flux was identified in [14] as a massive U(1) flux from a
Type IIB perspective.! In the presence of massless U(1) symmetries, the associated G4-flux
was studied in [11] for a U(1) model, and in [12-14] for an SU(5) x U(1) model based on the
U(1)-restricted Tate model. Crucial to the definition of the flux is the full resolution of all
the singularities as the expression of G4 involves the resolution divisors from both the SU(5)
singularity and the additional SU(2) singularity. Since one of the primary motivations for
constructing additional U(1) symmetries is that the flux associated to them can induce
chirality in the visible sector, in this paper we also present a construction of the associated
G4-flux.

Our construction fits nicely into the approach of [17], which gives the general form
of the Weierstrass equation for an elliptic fibration with two sections (and therefore one
non-Cartan U(1)), but which is otherwise generic, i.e. has a priori no non-Abelian gauge
symmetries built in. This singular Weierstrass model is resolved in [17] and described by a
smooth fibration with Py ; 2[4] fiber. We show that the factorised Tate models correspond-
ing to SU(5) x U(1)x and SU(5) x U(1) pg can be mapped to a specialisation (due to the
extra SU(5) symmetry) of the model of [17] which is particularly useful for studying the
U(1) charged singlets. In fact the appearance of a rich pattern of such singlets had been
observed already in [17], albeit in a different context.

The paper is set out as follows. In section 2 we introduce factorised Tate models and
identify the appropriate sections and singularities corresponding to the U(1) symmetries.
We then explicitly resolve the two possible types of SU(5) x U(1) Tate models presenting
the resolved manifold patchwise. In sections 3 and 4 we proceed to analyse in detail
the fibre structure of these SU(5) x U(1)x and SU(5) x U(1)pg models and derive the
matter spectrum. We work out the fibre structure over a selection of Yukawa points and in
particular present the form over the point corresponding to a 1 10 10 coupling. We also
present the G4-flux associated to the U(1) symmetries constructing the associated two-form
through the Shioda map [58, 59]. In section 5 we study the map between the factorised Tate
models with a single U(1) and the general two-section models of [17]. This in particular

!See the last two references in [45-50] for the analogous fluxes in Eg and SO(10) models, respectively.



confirms the presence of a novel type of singlets in the U(1)pg model which does not fit
into the pattern of a single underlying EFg. We summarise our results in section 6. In
appendix A we present the factorised Tate models for the other possible embeddings of
U(1)s in Fg including multiple U(1)s up to the maximum four. In appendix B we explain
the relation between our approach and the U(1)-restricted Tate model as well as the local
split spectral cover.

2 U(1) symmetries from the factorised Tate model

2.1 Engineering extra sections by factorisation

F-theory compatifications to four dimensions are defined in terms of an elliptically fibred
Calabi-Yau 4-fold Yy : T? — B with a section that specifies the base B as a submanifold
of Y. This universal, so-called zero section is required so as to interpret B as the physical
compactification space. In F-theory massless (up to G4-flux induced Stiickelberg masses)
U(1) symmetries are counted by the number of additional sections [8, 9]. A section specifies
a point in the torus over every point in the base. We write the torus as the Weierstrafl
equation

y? =23 4 fozt + g2° (2.1)
in weighted projective space P33 1) with homogeneous coordinates [z,y,2]. A section is
now specified by two holomorphic equations in [z, y, z] whose intersection lies on the torus.
For the special case of the zero section the two polynomials are z = 0 and the Weierstraf3
equation. In this paper we are interested in a specific set of sections that are defined for
cases where the elliptic fibration can be written in the Tate form

y? = 2% + arzyz + asx®2® + azyz® + aszzt + ag2t . (2.2)

This defines the Calabi-Yau 4-fold Y, as a hypersurface in an ambient 5-fold X5. It is
generally not always possible to write the elliptic fibration in this way while retaining the
holomorphicity of the a;, but in the case of SU(5) GUT models it was shown in [40] that
it is possible at least at leading order in the SU(5) divisor, which we denote by?

W:w=0. (2.3)

Such Tate models which support an SU(5) singularity on w = 0 are given by the speciali-
sation of the a; to the form [39]

a; = generic, ax =a W, a3 = a3,2w2 , Q4 = a473w3 , ag = a6,5w5 . (2.4)

Here the a;,, are functions of the base coordinates, including w, but which do not vanish
at w = 0 so that the assignment (2.4) fixes the vanishing order of the a; at w = 0.
The class of sections we are interested in is, in the Tate form (2.4), defined by the
equation?®
2_ .3
ye=a". (2.5)

2Since the U(1)s are global objects we require the fibration to take the Tate form at all orders in w.

%Note that in [44, 56, 57] the section (2.5) was termed the Tate divisor and was conjectured to be
the global extension of the spectral cover. We discuss the relation to the local spectral cover more in
appendix B.2.



For generic a;,, this defines the zero section z = 0 only. However for special forms of the
a;n it will define a whole class of sections, and these additional ones correspond to U(1)
symmetries.

To deduce the form of the a;, it is useful to rewrite (2.5) in terms of the variable

t

SHES

(2.6)

as
x=t2 (2.7)

Note that (2.7) implies that in specifying the section an equation in ¢ is holomorphic and
well behaved at = 0. Now using (2.6) we see that Y} is given by the vanishing locus of
the Tate polynomial

Pr = 1'2(1} — t2) + 2%tza; + a:2z2a2,1w + t$z3a3,2w2 + $z4a4,3w3 + 26a6’5w5 (2.8)

inside X5. The section is specified by (2.7) on Y4, i.e. by the vanishing of

X=0 nNn Pr=0 (2.9)
inside X5, where we defined
X=t—=x. (2.10)
Note that
Prlx—o = toza; + t422a271w + t323a372w2 + tzz4a473w3 + 26a675w5 (2.11)

and for generic polynomials a; , the only holomorphic solution is at z = 0.

In this form the condition for existence of further sections of the type X = 0 be-
comes obvious, namely Pr|x—o must factorise holomorphically such as to allow for extra
holomorphic zeroes in addition to the universal solution z = 0, i.e.

n

Prlx—o=—z]] ¥ (2.12)
=1

for some holomorphic polynomials Y;. This in turn implies
n
Pr=XQ-z]]v (2.13)
=1
with ) a holomorphic polynomial as well, and therefore Y} is given by the hypersurface
n
XQ=z][vi cXs. (2.14)
=1
Once the polynomials a;, are restricted in such a way that (2.13) holds, the 4-fold Y

exhibits n obvious sections

X=0 n Yi=0 i=1,...,n (2.15)



in addition to the zero section at z = 0. The relevance of global factorisations of the spectral
cover equation in heterotic models with extra U(1) symmetries has been investigated in [55].

The sections (2.15) are not all independent because their product generically will in-
clude a term proportional to z° which is absent from the Tate form (2.2). Therefore there
is one constraint on their coefficients for such a term to be absent. This constraint is
the tracelessness constraint. If we think of the SU(5) as emerging as the commutant of
an SU(5), inside an underlying Eg as is traditionally done in the context of the local
Higgs bundle picture, the tracelessness constraint ensures that the U(1)s are embedded
into SU(5) rather than U(5),. In terms of the points on the torus corresponding to the
sections it implies that the sum of them gives back the zero section at the origin [64]. Thus,
an n-fold factorisation as in (2.13) corresponds to n — 1 independent extra sections.

An important aspect of the sections (2.15) is that the Y; are generally not linear
polynomials. This means that the equation (2.15) for a given Y; in fact defines a number of
points corresponding to the multiple roots of the polynomial Y; = 0. We define the section
as the torus sum of these points (see [17, 55] for example on how the addition of points
on the torus fibre is performed). The individual roots themselves still hold information
though as extra matter states localise on loci where two of the roots degenerate. In the
presence of extra non-Abelian gauge symmetry G these states are singlets under G. We
will show that when the two roots come from different Y; factors the associated singlets are
charged under the U(1)s. It is also natural to expect that when the roots are in the same
Y; factor the singlets are neutral under all U(1)s, though such states are more difficult to
identify as they do not correspond to a singularity on the manifold. We will show that it is
also possible to combine these possibilities with two pairs of roots degenerating from each
factor leading to four degenerate roots and in this case doubly charged singlets localise.
We discuss this in more detail in section 4 for a particular example.

To understand how the extra sections give rise to a U(1) symmetry, we note that as
it stands, (2.13) is singular — even away from the obvious A4 singularity in the fiber over
the SU(5) divisor w = 0. This is because the equation is in so-called binomial form, whose
importance in F-theory was stressed more recently in [11, 43]. The singularities of Pr not
owed to the SU(5) gauge group arise at the intersection of

X=0 N Q=0 N Y,=0 N Y;=0, (2.16)

which for each pair of i, j describes a curve of singularities. Note that because X = 0 is part
of the singularity it is in the patch where the variable ¢ is holomorphic and well defined.
However we should be careful when analysing singularities on the particular locus x = 0
since they depend on a derivative analysis which does not hold generally on this locus:
the manifold could still remain smooth and the apparent singularity due to the binomial
form is misleading. The potential singular nature of the 4-fold at x = 0 must therefore
be checked by going back to the original Weierstrass formulation of the model with fibre
coordinates x,y, z. As we will show this only affects a certain class of SU(5) singlets which
localise on curves that we discuss in section 4.

In particular for the case of a single U(1), and therefore two splitting factors Y; and
Y5, we have a conifold singularity over the curve X = Q = Y; =Y, = 0 [10, 11]. In fact the



fiber over this curve exhibits an SU(2) singularity so that we will refer to this singular locus
as the curve of SU(2) singularities. These singularities must be resolved. We will denote
the resolved 4-fold by Y,.* The resolution introduces new divisor classes S; in H 1’1(Y4).
These S; are then related to elements w; € H 171(174) such that expansion of the M-theory
3-form Cj as

gives rise to gauge potentials A; of the Abelian symmetry A;. We will determine the
relation between S; and w; in detail in section 3.2.

This approach allows for a systematic construction of extra U(1) symmetries for Tate
models by classifying all possible factorisations of the Pr|x—o of the form (2.13). Since
Pr|x—o is a polynomial of degree 5 in ¢, this amounts to making a general ansatz for the
degree n; polynomials Y; with ), n; = 5, subject to extra constraints such that Pr|x—g =
—z][;Y;. For example, if we are interested in one extra section, there are two inequivalent
classes of factorisations because the degrees of Y7 and Y3 can be (n1,n2) = (1,4) or (2, 3).
We will give the explicit form of the factors Y7, Y2 and @ in section 2.3.

Note that a specific global SU(5) Tate model with one extra U(1) was introduced as
the U(1) restricted Tate model in [10], and [11] showed that this model can be brought in
the form (2.13) with n = 2. We elaborate further on the relation of the factorised Tate
models to the U(1) restricted Tate model approach in appendix B.1.

The class of global Tate models has a well-defined local limit w — 0, in which it flows
to the so-called spectral cover or Higgs bundle construction of local models [18]. We review
this limit in appendix B.2. Correspondingly, our factorised Tate models (2.13) precisely
flow to what is called split spectral cover models in the local F-theory literature [18-21]. It
is therefore clear that the constraints on the coefficients a; ,, are identical to the constraints
on the sections on W which define the split spectral covers. It is important to stress,
though, that the existence of a U(1) symmetry and the associated U(1) fluxes can never
be determined in a satisfactory manner by focusing only on the local limit. Conceretely
the factorised Tate model constrains also higher order terms in w which do not feature
in the spectral cover limit. The U(1) symmetry is sensitive to the full global details of
the compactification [10, 38]. This in particular requires a full resolution of the binomial
singularities (2.16) to determine the resolved version of the extra sections [10-13]. The
factorised Tate model (2.13) can be viewed as the correct global extension of the local split
spectral cover models.

2.2 Resolving the SU(5) singularity

The discussion just presented was phrased in the limit where Yj exhibits an SU(5) sin-
gularity in the fiber over w = 0. In order to fully analyse the model, however, we are
interested in understanding the sections after resolving the SU(5) singularity. This resolu-
tion process has been studied with different techniques in the recent F-theory SU(5) GUT
literature in a number of papers [12-14, 41-44] (see [45-50] for other gauge groups) and

4We do not distinguish in notation between the 4-fold where only the SU(2) singularities are resolved or
where also the SU(5) singularity over the divisor W are resolved.



we use the process described in [12, 14]. The resolution is achieved through a sequence of
4 blow-ups. This introduces 4 resolution divisors F; : ¢; = 0,7 =1,...,4 and amounts to
the replacement

T — Tejeseies , Yy — yereseses , w — epereaesey . (2.18)

Accordingly the Tate polynomial reads

2,45 3

Pr = ejesele; [o3

2

616%63 — y264€3 + arxyz + az1x 22606162 + a372yz3e(2)ele4

+a4,3x24€%€%6264 + a67526686?6262] . (2.19)

The proper transform Py is obtained by dividing by the overall factor and describes the
resolved Calabi-Yau 4-fold Yj as the hypersurface

> 2 2 2.2 2
Pr = .733616263 —yeqes + a1xyz + ag1x° 2 eger1e2 + a3,2y23606164

tagzrztededeses + ags20ededeies (2.20)

inside an ambient 5-fold X;. This ambient space X5 of the resolution is subject to a rich
Stanley-Reisner ideal given by [12, 14]

{wyz, zyeo, weges, Teies, wey, yeoes, ye1, yea, ze1eq, zezeq, 2€3, €oea} (2.21)

and one possible choice from the combinations

xeg, xey €0€3, €163
Yyeo
® § xeg, z€y p X €pes, €264 o . (2.22)
zey
ze1, z2€2 €164, €2€4

The different choices correspond to different triangulations. For definiteness we will work
in the sequel with one particular triangulation corresponding to the choice of elements

{zyz, zei|i=1,. 4, TYe€O, TEOES, TE1€3, TEy, Yeoes, Ye1, Yea, Ze1e4, 2€2€4, €€, €4€1, €4€2} .
(2.23)
Note, however, that the specific form of the resolved fiber may dependent on the concrete
triangulation under consideration.
We now wish to apply the same logic as in section 2.1 to describe U(1)s after the SU(5)
resolution. The first thing to specify is the class of sections analogous to (2.5). We take
this to be

yles = :c?’eleg (2.24)

in view of the quantities appearing in (2.20) after dividing by a factor of e3. We define ¢
as in (2.6) but with x and y the coordinates appearing in (2.20). Note that because the
coordinate transformation (2.18) acting on ¢ is holomorphic in the e; the potential subtlety
discussed in the previous section remains only on the locus x = 0. Suppose the Tate
model prior to SU(5) resolution takes the factorised form (2.13). Since all we have done to



Factorisation pattern | Number of U(1)s
}/1(1)5/2(4)

Y1(2)Y2(3)
Y1(1)Y2(1)Y1(3)
}q(l)yz(?)}%(?)
Yl(l)YQ(l)Yg(l)n@)
}q(l)YQ(l)Yg(l)Kfl)Y;l)

IO I GUR B NG R NG T B

Table 1. Possible factorisation patterns of Pr|x—¢. The superscripts denote the degree in t.

arrive at (2.19) is to transform coordinates as (2.18), the resulting Pr as given in (2.19) is
guaranteed to factorise on the locus X = 0, where now

X =t%ey — zejes . (2.25)

However, what is not guaranteed is that the proper transform Pr given in (2.20) also
factorises into holomorphic components since we have divided out by the prefactor in (2.19).
Indeed it does not. This can be checked on a case-by-case basis as demonstrated in the
following sections. However the meromorphicity arises purely from the resolution divisors
e1 and ez. With the choice of triangulation (2.23) it is simple to check that these divisors
do not intersect the section and therefore the singularity because the Stanley-Reisner ideals
forbids the intersection of (2.24) with e; = 0 and es = 0. In fact also e4 does not intersect
the section and so only ey and ez are relevant.

The result that e, es and e4 do not intersect the section implies that in order to resolve
the binomial singularity (2.16) we can work in a patch where we set e; =e3 =¢e4 = 1. In
this patch the resolved Tate form does split holomorphically over the section (2.24) and
can be again written as (2.14) with holomorphic @ and the Y;. Therefore, in this patch,
we can resolve the additional singularity and account for the U(1)s. This will be worked
out for the individual factorisations in the next section.

Let us stress that in section 5 we will provide a rather different resolution of the
factorised Tate models based on a PPy ; o[4]-fibration that had appeared before in [17]. In
this approach we will not need to work patchwise, which is more gratifying from a formal
perspective. However, since the actual structure of the factorised Tate models is more
evident and intuitive in the current framework we find it useful to present the analysis of
the matter spectrum etc. in this fashion in sections 3 and 4.

2.3 Factorised Tate models

Having outlined the general approach and formalism we can tackle the specific factorisations
as given in table 1. In this section we work out the explicit form of the equations for the
4 — 1 and the 3 — 2 factorisations. The other cases are presented in appendix A.
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2.3.1 4 — 1 factorisation

The 4—1 factorisation corresponds to writing PT\ x=0 = —2zY1Y> with Y7 and Y5 polynomials
of respective degrees 1 and 4 in ¢. Performing the resolution (2.18) on the general factorised
form gives, after the proper transform,

Y] = 1t + cpeoz, Yy = e?l (t4d4 + t3egzds + t26322d2 + dltegz?’ + doeéz4) . (2.26)

Here we have set e; = eo = 1 because, as discussed in the previous section, these two
resolution divisors do never intersect the extra section. Comparing the above ansatz with
PT\ x—0 reveals that the polynomials ¢; and d; are subject to the tracelessness constraint

c1dy + cod1 =0 (2.27)

because there is no term of order ¢ in pr| x—=0. As discussed this is a consequence of the
fact that the Tate model has no z° term.

As mentioned before and discussed in greater detail in appendix B.2, the factorised
Tate model asymptotes, in the local limit w — 0, to the split spectral cover models.
Indeed the factorisation structure and in particular the constraint (2.27) are as for the
U(1)x spectral cover worked out in [19]. The solution to this constraint can be written as

d(] = acCp , d1 = —QacCy (2.28)

with « some polynomial on B of appropriate degree. Note that we must impose that cgy
and ¢; should not vanish simultaneously in order not to induce non-Kodaira singular fibres
because at this locus all the a, ; vanish.

Given Y7 and Y2 we can now explicitly evaluate also the polynomial @) and arrive at
the following parametrisation of the 4 — 1 factorised Tate model,

Y1 = teg + cqu
Y, = ei (t4d4 + t3uds + t2uldy — acrtu® + acou4)
X =tles — (2.29)

Q = esz? + crdyest>z + crdsest?uz + codyest®uz + crdaestu’z + codsegtu’z — ae4c%u3z

+00d264u32 + cidgtxz + cidsuzrz + codyuxz

with u = egz. The case where the SU(5) is unresolved is reached simply by setting es =
e4 = 1 and eg = w. Finally let us briefly describe the resolution of the binomial singularity
X =Q =Y, =Yy = 0. We stress again that this singularity lies entirely in the patch
e1 = ez = 1. Such type of binomial singularities has been introduced recently in [43] in
the context of SU(5) models without extra U(1)s and in [11], which has brought the U(1)
restricted Tate model of [10] into binomial form. The small resolution proceeds by replacing
the singularity in the fiber over the curve X = Q =Y} = Y3 = 0 by a P! parametrised by
homogeneous coordinates [A1, A2]. This is achieved by describing Yy in the given patch as
the complete intersection

Yido=QMN N oA =XN\o (230)
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inside a 6-fold Xg. Away from X = Q = Y; = Y5 = 0, the extra section is given by the
locus

A=0 N X=0 N Y1=0 (2.31)

inside X as follows by plugging X = Y; = 0 into (2.30). At X =Q =Y, =Y, =0,
on the other hand, [A1, Ag| are unconstrainted and therefore the section wraps the entire
resolution P! as in [10, 11]. This behaviour will be discussed in greater detail in section 3.

2.3.2 3 — 2 factorisation

The 3 — 2 factorised Tate model is based on the ansatz
Y] = cot® + cytegz + 606(2)22, Yy = 6Z(d3t3 + daeot®z + dytz® + doegz?’) (2.32)

subject to the constraint
c1dpy + codq (2.33)

from as = 0 in the Tate polynomial. As in the local split spectral cover version a way to
solve the tracelessness constraint is to write [22]°

co=af, caa=ad, dyo=~8, dy=-—vb (2.34)

with «, 8, v and § arbitrary polynomials of appropriate degrees. In order to forbid non-
Kodaira singularities one must impose that the following intersections should be empty,

02~a,02-6-5,d2-d3-’y. (235)

It is worth noting that the constraints will expand if some of the facctors are set to zero
identically over the full 4-fold.

With this information one can again compute @ and arrive, in the patch e; = es =1,
at the binomial form

Y] = eot® + adeptz + a,@e%zQ ,

Yo = ei(dst® 4 dyeot®z — Sedytz? 4 Bedyz?) |

X =tley— 1z, (2.36)

Q = 63m2 + 02d364t3z + codsgtxz + 02d2€064t222 + Oéd35€064t222 + 02d260$22
+adsdeqrz® + aﬁd36364t23 + ad25€(2)€4t23 - 02(56%64%23 + aﬁd26864z4

+B026864’yz4 - 04(526364’)/24 .

5Note that it seems we are writing 4 parameters in terms of 4 other parameters while solving a constraint
as = 0, which is not possible. Indeed there are only 3 independent parameters in the ansatz (2.34) since
one can write ¢; = ¢g (%) and di = dop (%) However the important point noted in [22] is that taking
the solution (2.34) allows for additional freedom in distributing the possible globally trivial components of
the matter curves and so can be important when considering the restriction of hypercharge flux to matter
curves.
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3 Fibre structure and charges in the U(1)x model

We now analyse the fiber structure of our F-theory compactification, starting, in this
section, with the 4 — 1 factorisation. The associated Abelian gauge symmetry is often
referred to as U(1)x in the model building literature. Over generic points on the SU(5)
divisor W : w = 0 in the base B, the fiber can be described in terms of the hypersurface
equation (2.20) within X5. The resolution of the SU(2) singular locus is described by
the complete intersection (2.30) within Xg. The Yukawa points on W where SU(5) matter
couples to the singlets localised along the SU(2) curve can also be treated in this approach as
we will see. In total this gives us access to the fiber structure over the entire Calabi-Yau Yi.

3.1 Structure of the matter surfaces

We begin with the fiber structure over W. In analysing the resolution P's over W and over
the various matter curves we follow the procedure described in [12] (see also [13, 14, 43-50]).

As usual the fiber over generic points on the SU(5) surface W : w = 0 in the base
B is given by a tree of P!s intersecting like the affine Dynkin diagram of SU(5). These
Pl,i =0,...,4 are the fibers of the resolution divisors E; : ¢; = 0 and can be described as
the complete intersection

Pl: =0 N Pr=0 N D,=0 N Dy=0 CX; (3.1)

)

with D,, Dy denoting the pullback of two base divisors that intersect W exactly once. The
intersection of these divisors is such that

Ei/\Ej/\Da/\Db_Cij/W/\Da/\Db (32)

Vi B

with Cj; the Cartan matrix of SU(5) in conventions where the diagonal has entries —2.
Over the matter curves on W some of these P's split and assemble into the affine

Dynkin diagram of higher rank groups.

10-matter curves. We first turn to the intersection curve of the Tate polynomial a; = 0
with W in the base, which, in an SU(5) Tate model, corresponds to the 10 matter curve.
Since in the U(1)x model a; = ¢ d4 there are now two 10 curves

Ciom: di=0 N w=0, Cio2: c=0 N w=0. (3.3)

As discussed in greater detail in appendix B.2 the structure of the SU(5) charged mat-
ter curves coincides with the corresponding split spectral cover model [19] to which our
construction flows near the SU(5) divisor. Note that Cy= did not appear in the U(1)
restricted Tate model of [12], where ¢; was set to 1, see appendix B.1.

The Pl-structure over both 10-curves turns out to be very similar. To describe the
fiber we must specialise, say, D, = 0 in (3.1) to dy = 0 or ¢; = 0, respectively. As a
consequence the polynomial Pp will factorise for certain IP’IZ.. Such a factorisation indicates
a splitting of ]P’}s over the matter curve.
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Concretely over Cjy1) this procedure yields the following equations (omitting for
brevity the universal piece dy = 0N D, = 0) and corresponding P!-splits,

e0=0 N e3(—er+es) =0+ Py— Pl UPR,,
e1=0 N e3=0<+— P, =P,
e2=0 N e3— (c1ids+cods)er 2® =0 +— Py — Pyp, (3.4)
e3=0 N eperC =0+ Py — Pl UP UPS,,

ea=0 N 63+61d3602220<—>Pa—>P}1D17

where we have exploited the Stanley-Reisner ideal to set as many coordinates to one as
possible.5 A factorisation of the above defining equations indicates a splitting of Pls over
the matter curve into the indicated P's. Note that P%g and ]P’(lj:,, appear with multiplicity
two. It is now easy to compute the intersection structure of these six P's by counting
simultaneous solutions to these equations within X5. For instance, since egey is in the
Stanley-Reisner ideal, IP’14D1 and IPﬂQBl do not intersect. On the other hand, P}B mPﬂwl =1
because D1 |e;—0=¢, vanishes identically so that this intersection is described by the trans-
verse intersection of five polynomials ey = e3 = e4 = dy = D, = 0 within X5. In this fashion
one establishes that the six P!s intersect like the nodes of the affine Dynkin diagram of
SO(10) as required in the theory of Kodaira fibers.

Over C)g@, the exact form the of the defining equations differs slightly, but the Pls
split in an analogous manner into IP% A IP’%g, IP’% By IP’%CQ, IP’}1 B,» €ach with multiplicity one,
and ]P’%3 and IP’(I)3 each with multiplicity two. The intersection structure is again as in the
affine Dynkin diagram of SO(10).

To identify the combinations of P's corresponding to the 10 representation one must
compute the Cartan charges of the P's and compare these to the 10 weights. We observe
that the structure of the matter surfaces is identical to the 10 curve in the U(1) restricted
Tate model as analysed in [12] for the analogous choice of Stanley-Reisner ideal. Therefore
we can refer to [12], section 3.3 for the computation of the SU(5) Cartan charges of the above
P's and to tables A.18 and A.19 for the resulting identification of suitable combinations
of Pls with the weight vectors of the 10 representation of SU(5). For convenience of the
reader we recall this procedure for the SU(5) Cartan charges of P, over Cio- The gauge
potential associated with the Cartan U(1); C SU(5) arises by expanding the M-theory
3-form as C3 = A; A E; + ..., where E; denotes the 2-form dual to the resolution divisor
e; = 0. Therefore the charge under the generator of U(1); C SU(5) is given by the integral
IIP(l)S FE;,i=1,...,4. This can be computed as the intersection

ei=0 N e=0 N e=0 N dy=0 N Dy=0 CX;s. (3.5)

For i = 1 and ¢ = 4 this is the transverse intersection of five degree-one polynomials
inside X5, which have one intersection point. For ¢ = 2, on the other hand, this vanishes
because epes is in the Stanley-Reisner ideal. Finally for ¢ = 3 we do not encounter an

5The polynomial C; takes the form C; = clezx(dlegelm +dsz) + cidaeoesy + 006064(606162(d0636164 +
dzx) + d3y).
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effective intersection must therefore use the following trick: we first note that the integral
f]P%A E3 = 1, and that the generic intersection of e3 = 0 with P} over a generic point on
the SU(5) divisor W : w = 0 in the base vanishes because of (3.2). Since P} splits into P}
and P}, this implies f]P%g E3 = —1. Therefore the U(1); charges of Pk, are [1,0,—1,1],
corresponding to the weight p19 — as — a3 of the 10 representation of SU(5).

The Cartan charges over the second 10 curve work out in exactly the same man-
ner. For convenience the P'-combination for the various states of the 10-representation is
summarised in the following table (valid for both 10 matter curves):

Weight IP’li — combination
1410 2P + Poa + Plig + P,
Hio — Q2 2P; + Py + Pl + Php +Plp,
[0 — o1 — g oPhs + Py + 2P + Php + +PY
Hip — Q2 — Q3 IP)103
H10 — Q1 — Q2 — Q3 Phs + Pls (3.6)
H10 — Q2 — Q3 — Oy Pos +Plp,
H10 — a1 — 20 — a3 Pos + Pl + Php,
[0 — Q1 — Qg — 3 — Qg Pos + Pl + Php,
H10 — Q1 — 200 — (3 — Q4 Pos + Plig + Php, +Pip,
pio — a1 — 20 — 203 — oy 2P4s + Php +Pho +Plp,

To see the difference between both 10 curves we must investigate the intersection
pattern of the P's with the extra section S. Since the resolution divisors e, es and e4 do
not intersect the section, the only possible intersections occur for Py, as well as for IP’%)CI
and ]P’écz (over dy = 0 or ¢; = 0, respectively). Therefore it is sufficient to carry out the
analysis of the intersection pattern with .S inside the complete intersection Xg. Recall that
at generic points away from the SU(2) singularities the resolved section S is given by the
locus

AM=0 N X=0 N Y;=0 (3.7)

inside the complete intersection (2.30). The intersection number between one of the above
P's and the extra section S is counted by the number of generic simultaneous solutions of
the defining equations within X};. A priori these are seven constraints within the ambient
6-fold and thus have no common solution. However, it can happen that not all of these are
independent. If we end up with precisely 6 mutually non-exclusive independent constaints,
the intersection number is non-zero.

To simplify the expressions we will set e; = 1,e2 = 1,e4 = 1 as these are non-vanishing
in the complete intersection patch and also z = 1 because ze3 is in the Stanley-Reisner
ideal. We start with the fiber over C;,a) corresponding to ds = 0. Along Ps, the two
constraints Y7 = 0 and X = 0 appearing in S evaluate to

at=0 n t2—z=0. (3.8)
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The only solution over generic points on dy = 0 is t = 0 = « and thus x = y = 0, but xyeq
is in the Stanley-Reisner ideal. Thus P§; does not intersect the section in the fiber over
dy = 0.

Concerning the intersection of IP’:l,)Cl with the section we note that the constraint C; = 0
is automatically fulfilled once we set e3 = 0 and Y7 = X = 0. Therefore we end up with
the six independent constraints

r=t> N cit+ceo=0 N e3=0 N D,=0 N MN=0 N dy=0. (3.9)

It is important to note that in the present case Y7 = ci1t 4+ cpeg is of degree one in t.
Therefore this system of equations has precisely one solution and thus S N IP’},)C1 =1.

Over the second 10 matter curve Cy), corresponding to ¢; = 0, the situation is
reversed: for eg = 0 = e3 = ¢y, Y1 vanishes automatically. Thus the intersection of IP)(lB
with S is given by the single generic intersection of the six polynomials

c0o=0 N e3=0 N ¢=0 N D,=0 N M\=0 N z=t> (3.10)

within the ambient 6-fold X. By contrast, now IP%C2 has no generic intersection with S
because on this locus Y; evaluates to cpeg, and the intersection with ey = 0 had been
accounted for already in P}s.

To conclude, the difference between the two 10 curves is the following intersection
pattern with the extra section S

Ciom : SNPi3 =0,  SNPl3=0,  SNPy, =1,
Clo : SNPH3 =1,  SNPj3=0, SNPi, =0. (3.11)

This difference will be crucial when it comes to computing the U(1)x charges of the states.

5-matter curves. A similar analysis is easily carried out for the 5 matter curves. For
the 4 — 1 factorisation, the 5 curve P = 0Nw = 0 in the base B splits in the following way:

P:a%a&g,—a1a372a4,3+a271a§’2 — (d%CQ—I-dQClgCl —d1d401)(d4c(2)+d36061—l—dgc%) = PP,

(3.12)
where we used the tracelessness constraint djcyo+ c1dg = 0. Like in the U(1)-restricted case
of [12], over both 5-curves

Coy :Pr=0 N w=0, Coy: =0 N w=0 (3.13)

one observes a splitting of IP’% into two P's,

P, UP} for P, =0,
P: - {3G1 SH ' (3.14)

’ P, UPL,  for P, =0,

where Hy, Ho, G1 and G are some longish polynomials which we refrain from displaying
here. The remaining P}, P}, P} are unaffected. The intersection pattern of the fibred P!’s is
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as in equ. (A.31) of [12] and corresponds to the affice Dynkin diagram of SU(6). Moreover,
one readily evaluates the Cartan charges of, say, the splitting P},

Pig, 1 [0,1,—1,0] = —p5 + a1 + g, Piy, =[0,0,—1,1] = 5 — a1 — ap — a3(3.15)

The full identification of all weights in the 5 representation is given as follows:

Weight Plz- — combination
s Ph + Py, + P
ps — a1 P + P} + Py, + P (3.16)
s — o — Qo P+ P+ PY + PLy + P '
M5 — 01 — g — Q3 Pl?,Hi
M5 — Q1 — Qg — Q3 — Q4 IP’lg,HZ.—I—IPﬁ

While the fiber structure over both 5 curves is identical, the distinguishing property
is again the intersection pattern with the section. Analogous considerations as for the 10
representations yield

Cs) SNPie, =0,  SNP3y, =1, (3.17)
Cs) SNPyg, =1,  SNPy,, =0. (3.18)

SU(5)-singlet curves. There is one more type of matter curves inhabited by U(1)x
charged singlets. These extra states arise from M2-branes wrapping suitable components
of the fiber over the self-intersection of the I1-part of the discriminant locus. As in [10], the
fiber over this self-intersection locus acquires an SU(2)-singularity prior to resolution. This
curve of SU(2) singularities is a consequence of the binomial structure of the factorised Tate
mode and occurs, before the small resolution, at X =0 N Q@ =0NY; =0NY, =0 C X;.
This describes a curve C7 in the base space times a point (x,t) = (x,t9) in the fiber
at which the fiber degenerates. After the small resolution (2.30), this singular point is
replaced by the P! parametrised by the homogeneous coordinates [\, \o], called }P’éU(Q) in
the sequel. The original fiber, called IP’(I), isthelocus X =0NQ=0NY1=0NY=0
away from the point (zg,%p), which has been blown up into IP’%U@). It is therefore clear
that these two fiber components intersect at two points, thus forming the affine Dynkin
diagram of SU(2). This same structure had been discussed before in [10-13, 17].

Note that for the U(1)x model under consideration the curve C; over which this fiber
is localised is a single connected curve in the base. This follows by explicitly solving for
X =@Q =Y =Yy =0 taking into account both the Stanley-Reisner-ideal and the extra
restriction that ¢; = 0 and ¢y = 0 are not allowed to intersect. Since this curve does not lie
on top of the SU(5) brane its structure cannot be accounted for in any local model. This
is part of the reason why a global understanding is required in the study of Abelian gauge
groups. M2-branes wrapping PéU(Q) thus give rise to massless SU(5) singlets 1.

The section S is given, away from the critical locus X =0 N Q@ =0NY;=0NYe =0
by (2.31). As X = Q = Y1 = Y, = 0, however, it wraps the entire PéU(Z) because the
homogeneous coordinates [\, A2] are now unconstrained. Therefore S NP} = 2 and so

Ci: SNPgypg =—1 (3.19)

because S intersects the entire fiber class in a single point, S N (P§ + IP%U(Q)) =1
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3.2 U(1)x charges for matter curves and G4-flux

We now investigate the detailed relationship between the appearance of the extra section
and the appearance of a U(1)x. The relevance of S lies in the fact that its dual 2-form
is related to an element wx of H 1’1(1;21) in terms of which the M-theory 3-form C5 can be
expanded as C3 = Ax Awx—+.... The 1-form Ax is then the gauge potential associated with
an extra U(1)x gauge symmetry, a priori in the 3-dimensional effective theory obtained
by dimensional reduction of M-theory on Yj. See [16, 62, 63] for recent investigations of
various aspects of this effective action. To find the precise relation between the dual 2-form
S7 and wyx one requires that wy satisfy the relations

/Wx/\Da/\Db/\DC:O, /W)(/\Z/\Da/\Db:O, (3.20)
Y, Yy

[Wx/\Ei/\Da/\Db—O, 1=1,...,4 (3.21)
Yy

with D,, Dy, D. the pullback of arbitrary base divisors. The first two constraints ensure
that under F/M-theory duality Ax actually lifts to a 1-form in four dimensions. The last
constraint normalises the U(1) x generator to be orthogonal to the Cartan generators of the
non-Abelian gauge group, in our case SU(5). The first two constraints were worked out for
the U(1) restricted Tate model in [10] (see also [11]) and for the SU(5) x U(1)x restricted
Tate model with a single 10-matter curve in [12] (see also [13]). In the mathematics
literature the map from S to wx is known as the Shioda map [58, 59], as reviewed recently
e.g. in [16, 17].
As for the first constraint, observe that

/S/\Da/\Db/\DC:/Da/\Db/\DC (3.22)
Ya B

because S is a section. Thus we subtract Z because fY4(S —Z)NDgADyAD.=0. Next
we compute

/(S—Z)/\Z/\Da/\Db: S/\Z/\Da/\Db—l—/IC/\Da/\Db, (3.23)
Y Y, B
where we used that ZZ = —ZK in terms of the anti-canonical class K of B. The intersection

ff@ S ANZ N Dg A Dy is evaluated in the complete intersection XG as the number of generic
intersections of

r=t> N ct=0 N \M=0 N z=0 N D,=0 N Dy=0 (3.24)

in Xg. The first two constraints are Y3 = 0 and X = 0 evaluated for z = 0. Since
x =1t =z =0 is excluded by the Stanley-Reisner ideal, the intersection is

AS/\ZADQADZ):/ClAZ/\Da/\Db:/Cl/\Da/\Db. (325)
Yy Yy B

"Our notation does not distinguish between a divisor D and its dual 2-forms; also, the 2-form dual to
divisors of the form, say, ¢c; = 0 will be denoted by c;.
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Thus the first two constraints are satisfied by® S — Z — K — ¢.
Finally we implement fY4 wx A E; AN Dy A Dy = 0. Since ze; is in the Stanley-Reisner
ideal the only constraint arises from the intersection with S, which is given by

R S/\Ej/\Da/\Db: jg/W/\Da/\Db. (3.26)
Ya B

To eliminate this intersection with E3 without spoiling the first two constraints we add a
linear combination Z?:l t; E; such that Zl t; ff@ E; N Ej ANDgN\Dy = Ez tiCl-j fB W ADgA
Dy = —d;3 with Cj; the SU(5) Cartan matrix, cf. eq. (3.2). In total the correct U(1)x
generator is

wx =5(S—Z-K—-c1)+ > tiE;, ti = (2,4,6,3). (3.27)
%

Here we have picked the overall normalisation of wx such that no factional charges will
appear. Note that for ¢; = 1 this reduces to the expression found in [12] for the SU(5) x
U(1)x restricted Tate model with one 10-curve.

We are now in a position to compute the U(1)y charges of the 10 representation
localised on the the matter curves. These are given by

qx = / WX (3.28)
Py

with ZP% denoting the linear combination of P!s in the fiber of the respective matter
curves corresponding to one component of the weight vector of the representation. Of
course the value of the integral is the same for all weights. This expression is easiest
computed for the weight p1g — az — a3 corresponding to Ph;. The integral f]P%g E; gives
just the Cartan charges [1,0, —1, 1] of this weight and thus flP%g > tiE; = —1. Furthermore
zes is in the Stanley-Reisner ideal so that fPég Z =0, as is fﬂ”é:), —K — ¢1.? Now it becomes
crucial that the intersection pattern of IP’(I)3 with S differs for the fiber over the two 10
curves as given in (3.11). Adding up these contributions yields

Ciom 1 ot = —1, Cio® 1 Qo =4 (3.29)
A similar computation for the 5-curves leads to the charges

Csy: g = 2, Cs2) 0 gy = —3. (3.30)

SWe hope the reader is not confused by the fact that c¢; denotes the Tate polynomial in a1 = dsc1 and
not, as oftentimes in the literature, c;(B). We will always express c1(B) in terms of K.
9Consider first fpl K: for the fiber over ds = 0 this intersection is eg = 0Nes = 0Ndys = 0N Dy =
03

0oNK=0cC X5 for an arbitrary divisor in the base D, that intersects the matter curve once. This vanishes
because on the 4-fold, eg = 0 is constrained to lie over the SU(5) divisor w = 0 in the base, and the generic
intersection of this with the three more base divisors D, = 0,ds = 0 and K vanishes. The same holds for
f]P’los K over ¢; = 0. By a similar argument fﬂ"los c1 = 0 over dy = 0. Over ¢; = 0 on the other hand, fHﬂOS c1
boils down to fY4 EoANE3sANci ANDg = Cos fB W A Dg A c1 =0 with Coz = 0 the corresponding entry from
the extended Cartan matrix of SU(5).
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Finally, the singlets from M2-branes wrapping P%U@) have charge —b as a consequence

of (3.19) and the fact that Z and E; have zero intersection with PéU(Q)’

Cl . q1 = —5. (331)

The conjugate singlets are due to M2-branes wrapping IP%. This is the component of the
singular SU(2) fiber intersected by the universal section, Z NP} = 1 so that flP’é wx =5
because S NP} = 2.

To conclude this section we stress that as in [10-13] the extra U(1)x gauge group
opens up the possibility of switching on associated non-trivial gauge flux. By F/M-theory
duality, such gauge flux is described in terms of the M-theory 4-form field strength

Gf=FAwx, FeHY(B). (3.32)

In particular this induces a chiral spectrum of charged matter states R; with chiral index
given by

X =a | F (3.33)
Cr, Cr,

where the states R; are localised on the matter surface Cg,, which is P!-fibered over the
curve Cg, in the base B. With the help of our results for the charges ¢; the computation
of the chiral index thus reduces to evaluating the integral of the flux F' over the matter
curve in the base.

3.3 Yukawa points

We now come to the points of Yukawa interactions at the intersection of the various matter
curves.

An interesting feature compared to the previously analysed U(1)-restricted Tate model
with only a single 10-curve is th(at) the( 2i?tersection of the two 10 distinct matter curves gives
1l 10

rise to the Yukawa coupling 10 “415. This field theoretic expectation is confirmed by

an explicit analysis of the fiber structure over the intersection of C;ya) and Cye) along
the SU(5) divisor in the base, corresponding to ¢; = dy = w = 0. To this end we can start

from the hypersurface equations (3.4) and set ¢; = 0. In particular, P%Cl splits as

Pse, = Py UPy3 UP, - (3.34)
with the polynomial C' = (dpedeieq + dox) 4 dsy. This leaves us with six P's (including
multiplicities),

1xPle, 1xPls, 1xPphs, 2xPh, 2xPl;, 3xPy (3.35)

3

with B = eg — codse123. The intersection structure of these Pls follows again by count-

ing common solutions of the involved hypersurfaces with the help of the Stanley-Reisner
ideal (2.22). For example, the intersection ]P’134 N IP’IO 4 1s characterised by the siz equations

es=0 N e=0 N e N e1=es N dg=0 N =0 (3.36)
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Figure 1. Schematic drawing of the 10" 10”1 Yukawa coupling in the case of the 4-1 split.

inside the ambient 5-fold X5, which generically has no solution. In other cases some of the
constraints coincide and common solutions are possible. This way one can establish that
the six P's intersect with one another like the (non-extended) Dynkin diagram of Eg.

So far we have not taken into account the SU(2) singularity and its resolution. Recall
from (3.11) that over generic points on the 10 matter curves C o) and C ), the resolved
section S intersects IP’I?)C1 and IP’103, respectively. The transition between both intersections
occurs as the two matter curves intersect, where IP’1301 splits off an extra copy of ]P’%B.
Indeed, at the intersection of the locus ¢; = 0Ndy =0Ney = 0Nes = 0 with = ¢, the
polynomials Y7, Ys, X, @ all vanish, indicating that this point lies on the SU(2) singular
locus which is resolved by the small resolution (2.30). The singular point is replaced by
the PéU(Q) described by the homogeneous coordinates [A1, Aa]. Therefore the central Pj; of
the Eg Dynkin diagram discussed above is intersected by this extra PéU(Z). The topology
of the fibre including this incoming IP%U@) is depicted in figure 1. Note that the specific
intersection pattern may depend on the concrete choice of the Stanley-Reisner ideal, i.e.
on the particular triangulation one is working with.

For the intersection of the singlet with the two 5-curves, i.e. the 3(,1;5(_2?))15 Yukawa
coupling, we obtain the same SU(7) pattern as in [12]. Here, as in [12], the P! corresponding
to the resolution of the SU(2)-singularity ‘appears’ between IP’%GI /I[Dlz,)G1 and ]P’%H1 /IP13H2.
The same methods also allow for an analogous analysis of the remaining familiar Yukawa
coupling points between SU(5) charged matter states.

4 Fibre structure and charges in the U(1)pg model

We now address the 3 — 2 factorised Tate mode of section 2.3.2 in more detail. The
additional U(1) is referred to as of Peccei-Quinn type and denoted by U(1)pq in the local
model building literature. This corresponds to the fact that for a local 3 — 2 split it is
possible to assign the Higgs up and down multiplets to different matter curves [20, 21] and
so they have different charges under U(1)pg.

10-curves. Let us begin with the two 10-matter curves
010(1) : d3=0 N w=0, Clo(z) =0 N w=0. (4.1)

An analysis of the P! split completely analogous to that in section 3.1 yields a fiber structure
over both curves identical to the one given in (3.6), even though, of course, the explicit
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form of the polynomials By,Cy, D1 and Bs,Cy, Dy differs. What is very interesting, on
the other hand, are the changes in the intersection structure of Pi,, PL, and ]P’lsci with the
section S. This is of course crucial to determine the correct U(1) charges.

The extra section S is still given, over generic loci, by A1 =0NX =0NY; =0C X,
but with

Vi = eot? + adegtz + aﬁe%zQ, X =t%e4 — x. (4.2)

The big difference to the 4 — 1 model is that Y7 is a polynomial of degree 2, not of degree
1, in ¢t. This changes the intersection pattern as follows: first note that the intersection of
S with the resolution P} over a generic point on the SU(5) divisor w = 0 is (setting z = 1
and eq = 1)

es=0 N A\=0 N r=t> N Y1=0 N D,=0 N Dy,=0 (43)

inside XG with D, and Dp intersecting w = 0 once in the base. Since Y7 is of degree 2, the
intersection number is

PiNS =2 (4.4)

Let us now compute the intersections with the descendants of IP’%) over the 10 curves,
beginning with C';,2). Concerning P, we observe that Y]|c,—ey—es—0 = 0 so that, as is the
case for C] o2y in section 3.1, IP’%3OS = 1. Unlike before, however, also IP’1302 NS = 1 because
Y1|ep—es—0 = adegt + afe (after setting z = 1) and if we solve this degree 1 polynomial for
t and plug the solution into (5, the latter vanishes automatically along ]P’1302. Note that
indeed P3N S + P, NS =PyNS.

Over C ), corresponding to d3 = 0, Pl,NS = 0 as no simplifications in Y; occur. To
compute the intersection ]P’lgc1 we note that solving Y7 |e,—0 = 0 for ¢ gives us two solutions
because Y7 is degree 2. For each of these, C7 vanishes automatically once we impose all
other constraints of the defining equation of IP’l?)Cl. Thus IP’1301 N .S = 2. To summarise,

Ciom : SNPH3 =0, SNPl3=0,  SNPy, =2,
Cio : SNPl3=1,  SNP3=0, SNPi, =1. (4.5)

5-curves. There are now three 5 curves located at the intersection of the SU(5) divisor
with the zero locus of the three polynomials P;, P>, P3 into which P = a%a6,5 —a1a32a4,3+
a271a§72 factorises,

P =9, Py = Bds + do6, (4.6)
Py = a202d§ + agﬁdg + a’dadsd — Qacgdg'y — o2cadsdy + 05’72. (4.7)

In the fiber over each of these three matter curves
Coy: Po=0 N w=0CB, i=1,23 (4.8)
one observes that i splits according to

P; — Py UP3y . (4.9)
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The explicit form of G; and H; is rather lengthy, in particular for ¢ = 3. However, in all
three cases one can easily evaluate the Cartan charges of ]P’%Gi and of IP’%) o, a8

Pig, : [0,1,—1,0] = —ps5 + o1 + as, Piy, = [0,0,—1,1] = p5 — a1 — a — a3.(4.10)

In fact, in all three cases the complete weight assignments of the 5 representation are
exactly as in (3.16).

What distinguishes the three 5 curves is the intersection pattern of the respective
fibers with the section S and thus the U(1) pg charges. An explicit analysis of the defining
polynomials of all the P's reveals

Phe, NS=2 P, NS=0, (4.11)
3G2ms_0 3H2m5_2 (4.12)
Phe, NS = Py, NS =1. (4.13)

The logic behind these computations is identical to the 10-curves: concerning Pli%Gp one
can solve the quadratic polynomial Y}|e,—o for ¢ and confirm that for both solutions in ¢ the
polynomial G vanishes identically if we take into account all further polynomials entering
the section S and IP’%GI. By contrast for IP’13 g, 1o such simplifications occur and thus the
intersection number vanishes. On the other hand, for ]P’13G3 it is simpler to solve G3 for z
and combine this with = ¢? into an equation for ¢, again with two solutions. Crucially,
only one of these solves Y; = 0, leading to P13G3 nNS=1= IP’13H3 ns.

Singlet curves. The singlet curves in the U(1) pg model are particularly interesting and
exhibit additional structure. In fact we encounter 3 types of singlets and to see how these
types are classified it is worth discussing in more detail the loci on which singlets are
expected to localise. Consider the section

X=Y,=0. (4.14)

Because Y7 is a quadratic polynomial this defines two points on the torus which are the
two roots of Y7 = 0,

t= ;Oz ( ad + /—4afey + a252> . (4.15)

C2
The first type of singlets are the usual ones as in the U(1)x case. These correspond
to loci where a single root of Y] coincides with a single root of Ys. Recall that prior
to resolution, the Tate model is singular along the curve X = @ = Y; = Yo = 0, and
these singlets localise on the locus C';1) corresponding to the generic solution of these four

polynomials. As will become clear momentarily, this is the locus away from (x,t) = (0,0),
Ciny: X=0 Nn Q=0 Nn Y1=0 N Yy=0, (z,t) # (0,0). (4.16)

After resolution the section S wraps the resolution PéU@) in the fiber over C;1) and by
the same arguments as in the U(1) x model the intersection number is

Cin:  PgygynS=-1. (4.17)
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This leads to singlets with charge +5 which localise on generic solutions to (4.16).

The second type of singlets are again charged ones that localise on special sub-loci of
the curve (4.16) where additionally two roots in the Y; and two roots in the Y3 factors
degenerate so that in total four roots degenerate. The loci where this occurs are

Ci:xz=0 N t=0 nNn =0 N 6=0, (4.18)
Cioy:z=0 N t=0 N =0 N a=0. (4.19)

As discussed in section 2, because these loci are at x = 0 we should check that the expected
SU(2) singularity is present also in the coordinates {x,y}, which indeed can be confirmed.
Already from the previous discussion we can guess the charges of these states: because
charge +5 singlets are localised where one root from Y; coincides with one root from Y5,
here we expect states of the double charge, i.e. with ¢ = £10. Due to the different form of
the binomial singularity on this locus, and potential subtleties on the locus z = 0, we will
not perform the resolution on these special loci in the current approach. Instead we will
explicitly show how to recover the doubly charged singlets associated to C;(2) in a different
formalism in section 5.1°

The curve (4.16) also has other special solutions analogous to (4.18)—(4.19) but where
only three roots, rather than four, degenerate. For example the lociz =t =a==0
and x =t =y = 8 = 0. However it can be checked that the manifold is not singular on
these loci by directly analysing the Tate polynomial (2.2) in the coordinates {x,y}. More
precisely the singular loci are on the locus ag5 = as43 = a3 2 = 0 where

ags = afy,
ass = afds + Beay — ad’y
aso = afds + adsd — 025’)/ . (4.20)

The third type of singlets are associated to loci where a degeneration of roots inside
the same factor Y7 occurs. We expect completely neutral singlets to localise there but since
the manifold is non-singular on this locus this is harder to show explicitly. Note that the
locus where the roots degenerate 43¢y = ad? can be written as

4egeg = 3 (4.21)

The projection of this curve to the GUT brane w = 0 was indeed identified in [20, 21] as
the expected projection of the neutral singlets from the group theory.

U(1) pq generator and charges. The generator wpg of the U(1) pg symmetry is de-
termined by the same logic as in section 3.2. What differs is first that fY4 SNZANDgADy =

0The arguments just given suggest similar results for C, ), but our analysis of section 5 is valid only
if vy =0Na =0 is empty so more work is required in cases where this constraint is not met. In practice
we can bypass this problem by restricting ourselves to base spaces B such that « = 0 and v = 0 do not
intersect, and this is the approach we are going to take from now on.
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Figure 2. Schematic drawing of the 10" 10 1 Yukawa coupling in the case of the 3-2 split.

fB ca2 A Dy A Dy and second that the intersection number with E3 is now 2, not 1, see (4.4).
This fixes wpg to take the form

wpo=5(S—Z—K-c)+2) t;E;, t=(24,63), (4.22)

again for a convenient choice of overall normalization.
Consequently we arrive at the following U(1)pg charges:

010(1) : Gro) = —2, 010(2) : G102 = 3, (4.23)
Csa) : sy = =6,  Cge) : I =4,  Cso: gy =—1, (424

The remaining singlets over (4.18) will be discussed in section 5 and have charges (see
footnote 10)
Cie : g2 = 10. (4.26)

Yukawa points. The Yukawa coupling 10(_1%170(_2?))1?) (with the subscripts denoting
U(1)pg charge for clarity) is located at the triple intersection of C)yn), Cyge and the
generic locus (4.16). The same splitting as in (3.35) occurs, the only difference being that
the section S intersects both P}, and }P’l?) & once — at least in the current triangulation
used. This modifies the intersection pattern of the fiber as given in figure 2.

The locus of the doubly charged singlets C; ) intersects two of the 5-matter curves
and the charges precisely agree with an associated cubic interaction

505312 (4.27)

It can be checked, in the framework of section 5, that indeed the fibre exhibits the structure
of an SU(7) enhancement at that point.

Implications for group theoretic embedding into Eg. The appearance of the extra
charged singlets 1@0 is quite surprising from a group theoretic perspective: the common
lore in the literature is that global Tate models are based on a single Eg gauge group which
is broken to the gauge group G C Fs along the divisor w = 0. As reviewed in appendix B.2
this breaking can be understood locally in terms of a Higgs bundle [18] with structure

group SU(5) 1, which in the present case would factorise into SU(3); x SU(2); x U(1)pq.
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However, the decomposition of 248 of a single Fg into irreducible representations of SU(5) x
SU(3) 1 x SU(2) 1 x U(1)pg only gives rise to a single type of charged singlets 145. The
appearance of two types of charged singlets 15[12) and 1@0 in the factorised U(1)pg Tate
model implies that no embedding into a single underlying Fg is possible. This conclusion
is also supported by the structure of the Yukawa couplings: a further specialisation of
the complex structure moduli of the 4-fold can lead to points of Eg enhancements on
the divisor w = 0 where the Yukawa couplings 102102 5(1) 1025252 and 5053)1(1)
come together. This corresponds to the embedding of all these representations into a single
Fg. By contrast, the Yukawa coupling 505213 can never coincide with this point of Eg
as this would require that co = =& = 0 on a single point on w = 0, but the intersection
of ¢y - f -6 must be forbidden as it would lead to a non-Kodaira singularity, see eq. (2.35).

Put differently, if one were to construct a heterotic dual of a 3 — 2 factorised model
with w = 0 the base of a K3-fibration, the heterotic dual would have to be singular in such
a way as to incorporate the extra charged singlets 15{0 in a non-perturbative fashion as
these cannot arise from the same perturbative heterotic Fg factor as the remaining states.

5 Factorised SU(5) X U(1) models as [P[; 1 2)-fibrations

In this section we provide a rather different, but equivalent description of the factorised
Tate models with one extra U(1)-symmetry. Motivated by a study of the landscape of
6-dimensional F-theory compactifications, ref. [17] recently provided the general form of a
Weierstrafl equation that decribes an elliptic fibration with two independent sections over
the 2-complex dimensional base space P2. The conclusion of [17] is that such a Weierstraf
model can be written as

V2 =X34(C;Cy—B*Co— 5 C3) X Z*+
2 1 2 3 2 p2 1R2 2 6 (51)

+ (C()C3—§C1C203+ﬁc2— §B COCZ_‘_ZB Cl) Z°.
Here the fiber coordinates X,Y, Z are homogeneous coordinates on P33, and B and C;
denote some generic sections of some line bundles over the base, which in the case of [17]

was taken to be P2. Indeed, for a Weierstral model of the form (5.1) one finds that
[X,Y,Z] =[Cj— 2B*Cy, —C§ +B*C,C3 — 1 B* Cy, B (5.2)

solves the Weierstral equation and therefore represents an additional section besides the
universal zero section Z = 0.

For the same reasons as in the factorised Tate models the restriction (5.1) of the Weier-
straf3 model responsible for this extra section renders the model singular in codimension
2. In [17] these singularities are resolved by translating the P, 5 1j-fibration into a P ; 9
fibration with homogeneous coordinates w, v, u and then blowing up the point w =u =0
in the fibre. This introduces a blow-up divisor with coordinate s. The resolved space then
takes the form of a Bl 1 oP[1,1,2-fibration

Bv?w+sw?2=Csviu+ Cosviu?+Crs2vu®+ Cysdu?, (5.3)
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with w, v, u and s the homogeneous coordinates of Bl g 12 Indeed this blow-up
procedure for the fiber over the SU(2) singular curve and the resulting transition to a
Bljg,1,0/P[1,1,2) fibration had also been applied in the U(1) restricted Tate model [17], which
is a special case of the model (5.3). See furthermore [52-54, 65, 66] for the relevance of
different fibration-types in F-theory compactifications.

Since the results of [17] apply to any fibration with two independent sections, it must
be possible to bring the factorised Tate models with just one U(1) symmetry into the
form (5.1). More precisely, the SU(5) x U(1) x and the SU(5) x U(1) pg models of sections 3
and 4 should arise as further specialisations of (5.1) such as to account for the non-Abelian
gauge symmetry along w = 0.

In the case of the 4 — 1 factorisation, it is indeed straightforward to provide the iden-
tification with (5.1). For C;, Cq, C3 and B we only have to consider the definition of
the section that we gave in section 2.3.1 and match it with (5.2). To obtain also Cop, we
use (5.1). The result of the identification is

B = C1,
Co = iw2 (d3 +4wa),
C = %w(—cl ds d4—i—2wd2), (5.4)

Cy = %(C%di+4w60d4—2w01d3),

Cs :w60+%0%d4.

Along the same lines one can also match the coefficients of the 3 — 2 factorisation. The
only difference to the above case is that special care is required in identifying the section
because in 2.3.2 the section is given in terms of the (torus) sum of two points. Taking this
into account one finds

B =4,
Co = s w? (dj o’ +4way),
Cr=w(edia+2w(da+cey)), (5.5)

Cy = i(c§d§+4w02d2—2wd3a5),
C3 :wB—%Cngé.

Indeed in both cases the base polynomials B, C; are of a non-generic form. In particular
the powers of w are responsible for the SU(5) singularity along w = 0.

5.1 The SU(5) resolution

The hypersurface equation (5.3) with the coefficients (5.4) or (5.5) still exhibits an SU(5)-
singularity at w = 0. To resolve this singularity we find it more convenient to rewrite (5.3)
in a form where all monomials in the homogeneous coordinates of Bl 1 0)P[1,1,9) With bi-
degree (4,3) show up. Equation (5.3) then becomes

BoV2W 4+ sW2 4+ BisWVU+Bys>WU? =C5V3U+

5.6
+CosV2U? +C1 sV U3 + Cys2U?, (5.6)
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where the coefficients for the 4 — 1 factorisation are given by

By = —wds = w By 1,

B1 = c1dy = B,

By = ¢1 = By,

Co =wla=u? Co.3, (5.7)
C1 = w?dy = w? Oy 9,

Cy =weody = wCyp,

03 = WCy :ng,l

and for the 3 — 2 factorisation by

By = —wdsa =wDBy,

By = —cad3 = B,

By = § = By,

Co = w?ay =w?Co3z, (5.8)

Cl = w2 (dga +02’Y) = w2 0172,
Cy =weady =wCyp,
03 = wﬁ :w0371.

To get back to (5.3), one just has to complete the square on the lefthand side of (5.6) and
do a coordinate redefinition.

The fibration (5.6) lends itself to a toric resolution of the singularity. From the classi-
fication of tops [67] one finds that for generic B; ; and C; ; there would be only an SU(4)
singularity at W = V = w = 0. We start with the resolution of this SU(4) singularity
which is in both cases, (5.7) and (5.8), the same. Using an approach similar to [12], which
is actually equivalent to the top constructions of [67], we find the ambient five-fold X5 of
table 2 and the proper transform of the hypersurface equation taking the form

€263 BQ’O V2 W + €1€e2 S W2 + Bl,O sWVU+ €1 €0 B()’l 82 WU2 = 626% €0 03’1 V3 U+
+ e3eg 02718 V2 Uv2 + e1es3 6(2) 01,2 s2 |4 U3 + 6%63 68 Co’g s> U4.
(5.9)

This resolution allows for different Stanley-Reisner ideals. For brevity we use the following
Stanley-Reisner ideal in the sequel,

{Vs, Ve, WU, Weg, Wes, Ues, sea, egea, Ues, seg, ses}, (5.10)

reserving a more systematic analysis also of the other triangulations for [68].
Due to the non-genericity of the coefficients, equation (5.9) is still singular. This follows
from the fact that it factorises, concretely for the 4 — 1 model as

e1sQ=VP P (5.11)
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v w U s |er e ez | ey || Pr
[w] 1
K|1 2 . 4
[B] . 1 1
[U] 2 1 4
[s] 1 . 1 3
Eq -1 1 -1 —1
Ey || -1 =2 1 -1 =3
Es || -1 -1 1| -1} -2

1 0 -1 —-1[0 1 1]0

-1 1 -1 0|1 1 00

O 0 0 0]v v v|uw

Table 2. Divisor classes and coordinates of the ambient space with V, W, U, s the coordinates
of the “fibre ambient space” of the Calabi-Yau four-fold. Note that the base classes W, B and
K = ¢;(B) are included. The bottom of the table is only relevant if the entire 4-fold including the
base is torically embedded. It lists a choice for the vectors corresponding to the one-cones of the
toric fan.

with

Q= 762W2+60d38WU2+63€%d28VU3+6163630452U4,
P, = ese3V +dysU, (5.12)
P2 = 01W—636060VU
and for the 3 — 2 model as
€2Q: 8UP1 P2 (5.13)
with

Q= 618W2—e§eoﬁV3U+636V2W,
P = egeongV—l—di—i—elegeg’ysUQ, (5.14)
Po=cV+4+eeasU.

From (5.11) and (5.13) and the Stanely-Reisner ideal one easily observes that the excep-
tional divisors F1 = {e; = 0} and Ey = {es = 0}, respectively, split into two on the
hypersurface. Since the two parts of the factorised divisor intersect each other, we obtain
the Pl-structure of an SU(5)-singularity.

Due to the Stanley-Reisner ideal (5.10) only e1, @, P; and P», for the 4 — 1 model, and
ea, Q, P1 and Po, for the 3 — 2 model, have a common locus. Therefore, the last resolution
step is in both cases a small resolution given, respectively, by

)\1 6182)\2]32, )\QQ:)qVPl (515)

and
Ales = Ay sPo, MQ=MUPp, (5.16)
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with A; and Ay the homogeneous coordinates of some appropriate line bundle over the
blown-up ambient space X5. Therefore, we obtain in both cases an ambient six-fold, Xg
and XG.

One may check that that the only possible remaining singularities in this procedure
are at the intersection of v = a = 0. To be on the safe side we therefore restrict ourselves
to base spaces B where the intersection structure excludes this locus. A more detailed
investigation of such loci, if present, will be given in [68].

We can now examine the P!'-structure in the resolved geometry. We start in co-
dimension one with w = 0. Here, as we mentioned already, the only difference to the
‘standard’ SU(5) case is that two of the P!’s in the fiber come from the splitting of one of
the PYs of the SU(4) resolution. The fibration of these P's over w = 0 give rise to a set of
divisors E; intersecting like the Cartan of SU(5) if we adopt the respective labelings

Eo = [eo N Pcil, Eo = [eo N Pcil,
=[e1 N PN Ay, = [e1 N Pail,
=le1NPaNA@Q — A\ P, and = [ea NP1 N Agl, (5.17)
= [e2 N Pcil, =leaNPaNA2Q — A\ Py,

E4 = [e3 N Pcil, E4 = [es N Pcil,

where Por and Pcy refer to the complete intersection (5.15) and (5.16), respectively.

5.2 The singlet curves in the resolved Py ; oj-fibration

It is straightforward to re-analyse the structure of the fibers over the matter curves and
the Yukawa interaction points starting from the resolved 4-folds (5.15) and (5.16). While
we relegate a presentation of the details of this analysis to [68] let us merely note that the
findings of sections 3 and 4 are indeed confirmed except for slight details in the structure
of the Yukawa points.'! Concerning the analysis of the co-dimension three singularties we
point out that at the 5( %5( )15 point we find a fiber of extended Ag type.

What we do present now is an analysis of the charged singlet curves, which as discussed
in section 4 is subtle in the small resolution approach of the previous sections. Indeed, the
structure of U(1) charged singlets in the resolved Py ; o) model (5.6) has been worked out in
detail in [17] for a fibration over the base P2. Since the appearance and further resolution
of the SU(5) singularity over w = 0 is irrelevant for the generic points on the singlet curves,
we can adopt this analysis. According to the general logic of [17], it then follows that the
singlets of U(1) charge £10 localise in the fibre over the curve

B=C3=0. (5.18)
The charge £5 singlets are located at the generic intersection of the two loci

0=-1B'Ci+B*CyC;3 - C3,

5.19
0=-B°Co+B'C%-2B2C,C3+C4 (5.19)

HThese, however, change for different triangulations anyway.
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charge 10 charge 5

Figure 3. Schematic drawing of the fibre over the charge 10 and 5 singlet curves. The green and
blue crosses indicate the intersections with Z and S, respectively. In the case of the charge 10
singlet, S becomes one of the P!’s, which we indicate by the blue ball.

where B and C3 do not simultaneously vanish.
To read off the charges, we recall that these were given by the intersection of the Ps
of the resolved singularity with the divisor

wx =5(S—-2...),

where the ellipsis indicates terms irrelevant for the current explanation. In [17] it was now
shown that at the locus (5.18) equation (5.3) becomes

sD =0,
whereas at (5.19) it factorises as
(A-B)(A+B)=0,

where A, B and D are some polynomials. Therefore, the two P’s into which the torus
factorises are in the one case

PL: s=0 and PL: D=0

S

and in the other case
Py : A-B=0 and Py, : A+B=0.

To calculate now the charge for PL, we observe from figure 3 that it intersects S two times
but does not have any overlap with Z, since Z intersects only P%. Hence, we obtain +10
for fPlD wx. As was already explained in the discussion of the singlets in sections 3 and 4,
the M2-brane wrapping the second P! is just the adjoint state to the M2-brane wrapping
the other one. Therefore, PL must have charge —10. From figure 3 it is also clear that
fplAf wWx = — fPlA+ wx = 5. Again M2-branes wrapping P!, and P, are adjoint states

to each other.
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In the 4 —1 case, a simultaneous vanishing of ¢; and ¢q is forbidden because this would
lead to non-Kodaira singularities as stated after eq. (2.28). Therefore, there are no singlets
14110 but only 145 states localized on the curve

0= _%w2(0% (C% do +cocrds + 0(2) dy) + 208 w),

5.20
0:w3(cg(c5{'d3+c%w)+c?a), ( )

in agreement with the results of section 3. For the 3 — 2 model the situation is different
because now we also have charge £10 singlets at

§=8=0, (5.21)
besides the charge five singlets at
0= —%w<2w253+c§d3(52(d35—|—d26)+w5(a52(d35+d25)+
2 (76* = 3dy 57— 24> 89)))
0= w? (w254+C252(d35+d25) (cods B+ cadad — ds o 8%)+

—wd (78 —dsa B8 + 202 62 (dy B+ d 0)))

(5.22)

and § # 0 or B # 0.

Note again that we are explicitly excluding the locus a = v = 0, where potential
singularities may remain. From the arguments presented in section 4 it is expected that
this locus gives rise to charge +10 singlets as well, but a verification of this conjecture via
an explicit resolution of this locus is reserved for [68].

6 Summary

In this article we have studied 4-dimensional F-theory compactifications with U(1) sym-
metries in addition to a non-Abelian gauge group G, taken to be SU(5) for definiteness.
We developed a systematic approach to construct such models as factorised Tate models
with multiple sections. We have provided the form of the factorised Tate models for a wide
range of possible U(1) symmetries and exemplified the resolution of the associated singular
fibrations for the two cases with a single U(1) — called SU(5) x U(1) x and SU(5) x U(1) pg.
These can be treated either patchwise by a small resolution procedure or in terms of the
resolution of a Py ; 9 fibration as in [17]. Our results obtained in both approaches con-
cerning the fiber structure agree. An explicit construction of the U(1) generators after
the resolution and analysis of the intersection with the fibers over the matter curves has
allowed us to derive the Abelian charges of all matter states directly from the geometry.
As in [10-13] this also provides us with the associated U(1) flux for chiral model building.

The SU(5) x U(1) x model is a generalization of the U(1) restricted Tate model [10-13]
and all the factorised Tate models flow, in the vicinity of the SU(5) divisor, to the split
spectral models [19-22, 24]. What makes an analysis of Abelian gauge groups within a fully
global treatment of the geometry so crucial is the fact that U(1) symmetries are sensitive
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to geometric details away from the SU(5) divisor. In particular, charged singlets arise from
curves extending into the bulk of the compactification space, where local methods fail. As
one of the surprises we have encountered, in the global version of the SU(5) x U(1) pg model
an extra set of charged singlets of charge +10 appears, which apparently do not follow from
a decomposition of the 248 of a single Fg gauge group. Since these states couple to the
SU(5) matter these novel states can in principle influence the phenomenology of the model.
The extension of our methods to a detailed analysis of the models with several Abelian
factors as classified in this paper is under way [68].

We hope that the systematic construction of global F-theory GUT models exhibiting
additional U(1) symmetries, without restricting the matter spectrum or Yukawa couplings,
outlined in this paper will open the way to realising much of the successful phenomenology
of local F-theory models in a fully global setting.
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A More factorised Tate models

In this appendix we give the form of (2.14) explicitly for the other possible facorisations.
We use here the notation of [24] and in particular denote products ¢;...c; = ¢;.. ;.

A.1 2 —2 — 1 factorisation

The factorisation of Pr|y_ before the SU(5) resolution is
2 2
(clt + cot + 03) (0415 + est + 06) (crt +cg) . (A1)
The a;, are given by

ag5 = €368 »

as,4 = C367 + C358 + C268 ,

G4,3 = €357 + C267 1 €348 + €258 + C168 »
ag2 = €347 + Co57 + C167 + C248 + C158
(2,1 = C247 + C157 + C148 ,

al = cla7 . (A.2)
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A solution to the tracelessness constraint was given in [22] and reads

cg = affoy,

ca =701,

cg = afedy

cs = —02 (ve+crf)

cg = Qe . (A.3)

Unlike the case of a single U(1) there now appears a subtlety in defining this solution
because as 4 is a sum of 3 terms but can be set to vanish with only 2 sections. So for
example setting € = 8 = 0 solves a54 = 0 without imposing c3 = 0 necessarily, even
though the solution (A.3) would constrain it to be so. There are a number of such special
cases that occur on the intersection locus of 2 sections. Therefore placing constraints on
the intersection numbers in order to avoid non-Kodaira singularities is very complicated,
since the solution (A.3) could be adjusted accordingly on these special loci to avoid such
a bad singularity. Hence the solution (A.3) is not the most general one. In this paper we
will not perform an analysis of the most general solution and the resulting constraints on
intersection numbers to avoid non-Kodaira singularities. We will work explicitly with the
solution (A.3) and leave the most general analysis for future work.

With this solution, in order to ensure no non-Kodaira singularities, for generic sections
we should impose that the following intersections must vanish

a-cy,€-Ccr,c1-0,¢cq-0. (A.4)

Since the sections are now objects over the whole base we should also consider triple
intersections which must vanish

Cl-a'”y,Cl'ﬁ"y,C4-’}/'€,C4'C7'B. (A5)

Within the patch e; = e2 = e4 = 1 we have that the Tate polynomial, after the SU(5)
resolution, can be written as (2.14) with

Y1 = et + aepez (A.6)

Yy = cit? + d1egvtz + 046516(2)22 ,

Ys = eat? — Berdaegtz — Saegeytz + aﬁégegezQ ,

X=1—z,

Q = esz? + creqcrtz + creqertaz — Bclc$5260t222 + acieqepet®2? + C4C75160’Yt222
—0167(52606"}/t222 — ﬂclc%geosz + acieqepexz? + 0407éleofyxz2 — 6107(52606’)’3322
+a504675163t23 - Bcgélégegvtz?’ + a04616(2)6’ytz3 — a01526(2)627t23 — 0751526(2)67275,23

—a5203515263z4 +a2ﬁ6461636z4 +a266162636224 —04,867(51(52686’}/24 - aélégegezfyzzA .

In the case of multiple U(1)s the single small resolution (2.30) of course is not sufficient
to completely resolve the manifold but a generalisation of it is required. The resolution
of this particular type of binomial singularity was studied in detail in [43]. We introduce
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two new Pls spanned by {A1, A2} and {o1,02}, in terms of which the resolved four-fold is
given by

Yy s {Vidy = QA N {Yaog = Xo1} N { Aoy = Ao Y3} . (A.7)
There are 6 different possible resolutions, related by flop transitions, corresponding to
permuting {Y7, Y, Y3} in (A.7).
A.2 3 —1—1 factorisation
In this case we have the factorisation of Pr|y_, as
(01t3 + cot? + gt + 64) (cst 4+ c6) (et + cg) - (A.8)
The a; ,, are given by
ae,5 = C468 »
a5.4 = C467 + C458 + €368 »
(4,3 = C457 + €367 + €358 T C268 ,
a2 = €357 + €267 1 €258 + C168 »
a2,1 = C257 + C167 + C158 ,
ap = C157 - (A.9)

A possible solution to the tracelessness constraint was given in [22] and reads

6 =af,

g = a7,

cg = apfyid,

cg = =6 (e5y + Ber) (A.10)

With this solution, in order to ensure no non-Kodaira singularities, for generic sections we
should impose that the following intersections must vanish
cs-a,crra,c5-B,¢cr-v,c1c9-0. (A.11)

Note that again, as discussed in section A.1, the solution (A.10) is not the most general
one.
Within the patch e; = es = ¢4 = 1 we have that the Tate polynomial can be written
as (2.14) with
Y1 = est + afegz
Yo = crt + aegyz
Y3 = 1t + coept’z — ﬁcﬁe%t% - 6556%’}/7522 + 04&563723 ,
X =z,
Q = 63x2 + 0105071532 + ciesertrz + aﬁclc7eot222 + 0205C7eot2z2 + ozclc5e(wt222
+afeicreprz? + cacseregrz’ + 0401056073:,22 + aﬁchw%tz?’ — ﬁ%c%e%tz?’
+a?Beregtz® + acacsedtz® — cierdeiqts — aficloed?

+a?Beredyzt — afeserdedyzt — ackdedy 2t (A.12)
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A3 2—1—1—1 factorisation

The factorisation is

(clt2 + cot + ¢3) (cat + c7) (cst + cs) (ct + cg)

The a; ,, are given by

ae,5

C3789

= 2789 + C3678 + C3579 + C3489 ,

al =

C1789 + C2678 + Ca579 + C2489 + C3567 + C3468 + C3459 ,

C3456 T C1678 T C1579 + C1489 + C2567 + C2468 + C2459 ,

C2456 + C1567 1 C1468 + C1459

C1456 -

A solution to the tracelessness constraint is

c7 = daq
cg = dag ,
Cg — 60[3,

C3 — (56&1042@3 y

co = —€(cgaiag + csarag + caazas) .

The intersections which must vanish are

C4‘(5,C5'(5,

C1

C1-C6 a3, C1

-0, ca-01,C5 02, C6-0Q3, C| -

-, €01 -Q3, C1-Q2-Q3,

*CrrQg, C] " C4- Q7 .

€,

(A.13)

(A.14)

(A.15)

(A.16)

Within the patch e; = eo = e4 = 1 we have that the Tate polynomial can be written

s (2.14) with

= cyt + 0415602 s

= ¢t + adegz

= clt2 — apizcqepetz — arascsegetz — apaacgegetz + a1a2a35e(2)ez

:t2—$,

= e32? + creacsc6t s + creacscgtaz + ascicacsdent? 2 + ancicacgdent? 2

Y1
Y,
Y3 = cgt + asdepz
Yy
X
Q

2

+a10105066eot222 — agachC5c6606t222 — a1a304c§06606t2z2 — a1a20405c§eoet222

+agercacsdegrz® + ascreacederz® + ancicscgdeorz? — agagci%cﬁeoewz?

—011(I364C§C6606ZL‘Z2 — a1a20405c(2360€a:z2 + a2a36164526(2)t23

+ajaseresdiedtz® + apagcicededtz® — anaicicsdedetz® — ajaicacidedets?
—a%agcic(;éegetz?’ — 2a10z2a30405c656(2)6t23 — alagcgc(;ée%etz?’

—aradeycidedetzs® — alagescadedetz + ayanasze 83e]

2

34

—adadcisieder — ajanadescsdedezt — adadciitedert —

aradasescsd?efezt — alagasescgdedezt — adaick

202c26%eext .
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A4 1—1—1-—1-—1 factorisation

The factorisation is
(Clt + Cﬁ) (Czt + 67) (Cgt + Cg) (C4t + Cg) (6575 + ClO) . (A.18)
The a; , are given by

a6,5 = C10C6CT7C8CY ,

a5,.4 = C10C4CC7C8 + C10C3CECTCY + C10C2C6C8CY + C1C10CT7C8CY + C5C6CTCRCY

(4,3 = C10C3C4C6CT7 + €C10C2C4C6C8 + C1C10CACTC] + C4C5C6CTC8 + C10C2C3C6C9
+c1€10€3C7C9 + €3C5C5CTCY + C1C10C2C8CY + C2C5C6C8CY + C1C5C7C8CY

a3,2 = C10C2C3C4C6 + C1C10C3C4CT + C3C4C5C6CT + C1C10C2C4C8 + C2C4C5CECS
“+c1e4C5C7C8 + €1€10C2C3C9 + C2C3C5C6CY + C1C3C5C7CY + C1C2C5C]CY

(2,1 = C1C10C2C3C4 + C2C3C4C5CE + C1C3C4C5CT + C1C2C4C5C8 + €1C2C3C5Cy

a1 = C1C2C3C4Cy . (A.lg)

A solution to the tracelessness constraint is

c7 = da
cg = dag ,
cg = dag
c10 = day ,

cg = dajazazay

cl = — (05041042043 + cq1 o0y + C3r 30y + 02042043044) . (A.QO)

There are many intersections which must vanish for this solution to hold generally, most
notably «; - «;. Here, because of the strong constraints on intersection numbers, the
discussion in section A.1 regarding the fact that the solution is not the most general one
possible becomes even more crucial. We proceed with analysing the solution presented since
for the purposes of this paper it serves as a useful illustration of the general procedure,
but keep in mind that studying more general solutions to as4 = 0 in this case is of great
importance.

Within the patch e; = es = e4 = 1 we have that the Tate polynomial can be written
as (2.14) with

Y7 = cot + adegz

Y2 = c3t + 042560Z s

Y3 = 4t + asdepz

Y4 = c5t + Oé4(5602 s

Y5 = —aoa3aycat — apagagcst — apagaycat — apagaizest + 0610é20130445€02 s
X =t—z ,
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Q = 63w2 — a2a3a4C§C3C4C5tSZ — a1a3a4CQC§C4C5t3Z — a1a2a402030?105t32
—a1a2a3026304c§t3z — a2a3a403630465t332 — a1a3a4CQC§C4C5t:Bz
—a1a2a402630305tx2 - a1a2a3020304c§ta:z - agagaicgc;e,czléeothQ
—a1a3a3620364560t222 — alagaiqcs,ciéeoﬂz? — a2a§a4630305560t222
—a1a§a4620365560t2z2 — Oé%OégOé4C%C4C5(560t22:2 — 3aiasasgascacseacsdegt’z?

222 222

—a%a3a4c§C4C5560t222 — ala%a4020205(560 — 06%06204403042165560

—0410[2043620303(56075222 - a1a§a30204c§660t2z2 - a%agagcgc4c§660t2z2
—a2a3a2630304560x22 - alagai@cgc@egsz - alagaiCQCgciéeowzQ
—a2a§a4650305560xz2 - a1a§a4020§05560mz2 - 0450130446364055601‘22
—3a1 a3 CacsCacsdegrz’ — a%a3a4c§C4C5560xz2 — a1a§a402c305560xz2

—a%a2a4630205560$z2 - alagag@c;gcgdegsz - a1a§a30264c§560:nz2

—atagascscscidegrz? — agaiaicicsdieltz? — ajaiadeaciotelts?
—adazadcic,6%eits® — 201000305 caczcsdPeits® — adazalcieydedts?
—aiasadcacidielits® — adagadcscisieldts® — adaiayciesdedts?
—204104204%044026305(526(2)t2 — a%a§a4c3055260tz — 2041045043044620405626(2)&3
—20[%0[20[30[4036405526(2)t2 - a%a%a4c4055260t23 - ala%agché%%m?’
—alanadescdelts® — adadaseqctoelts — a3alaicastel !
*04101204304121626353602 — a%a§a40253eoz — a1a%a3a30204536324
—alasazaiesesded st — aladaiaAsted 2t — ajodadagcacsdded st
—alasadagesesded st — adadazaycicsdiedzt — altadaicised st . (A.21)

B Relation to other approaches to U(1)s

B.1 Relation to the U(1)-restricted Tate model

In [10] a method for constructing elliptic fibrations that support a global U(1) symmetry
was proposed. In this appendix we discuss the relation of this method to the results
discussed in this paper. The model of [10] corresponds to the 4 — 1 factorisation but with
the added constraint that ¢; = 1 [19] so that the 10-matter curve C; ) in (3.3) is switched
off. It was shown that after an appropriate coordinate transformation

T — I+ (wcoz)2 , Y=Y — (wcoz)3 , (B.1)

the monomial associated to ag in (2.2) vanishes. In that case it was argued using Tate’s
algorithm that after the transformation there is an SU(2) singularity over the curve

Ga3 =dze=0. (B.2)

This singularity can then be resolved by a blow-up x — xs,y — ys which accounts for the
additional U(1) (see also [12, 13]). The SU(2) singularity was also identified in a different
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way in [11] by moving to the Sen coordinates in which case the Weiestrass polynomial takes
the form
Y.V, — XQ = 2% , (B.3)

and so in a coordinate basis where ag = 0 takes the form of a conifold. The singularity
locus in the Sen coordinates Y, =Y_ = X = ) = 0 coincided with locus determined from
Tate’s algorithm & = § = a4 3 = az2 = 0.

It is possible to generalise this approach to understanding the U(1)s to other cases
as follows. We consider the special case where the U(1) is associated to a section which
can be written in the form z = A? and y = —A3, with A and B being some holomorphic
polynomials. Since we have been discussing sections that satisfy y?> = x3 the constraint
is that the additional holomorphic equation specifying the section can be written in the
form o = A2, If this is possible, then the procedure employed in the U(1)-restricted model
can be applied generally. The idea is to shift the coordinates by the section z — & + A2,
y — i — A3 and in the new coordinates it must be that ag = 0 since at Z = § = 0 we
recover the section that satisfies Py = ag2% = 0. Once this coordinate choice is made the
singularity can be identified using the two methods described above.

Therefore the particular case studied in [10] was applying this procedure to a fibration
with a section satisfying the above constraints with A = cpwz. This section is related to
the general section for the 4 — 1 case which is identified in (2.29) as one of the factors Y;
to be

Aci = cowz (B.4)

where we parameterically solved the y? = z3 part of the section by setting t = y/z = —A.
Now we see that A is only holomorphic if we set ¢; = 1 and so turning off one of the
10-matter curves was crucial to the success of the procedure. Generally however A is
only meromorphic and diverges on the second 10-matter curve and where this procedure
breaks down. For this more general case the approach described in this paper must be
adopted. It is possible to check that if we continue with the U(1)-restricted procedure
without worrying about the meromorphicity in ¢; the singularity locus identified using
Tate’s algorithm (B.2) or using the Sen coordinates (B.3) both match the singularity locus
obtained using our procedure (2.29).

B.2 Relation to split spectral cover models

In the local limit the split Tate model flows to the split spectral cover construction. The
local limit is well defined before the resolution of the SU(5) singularity and corresponds to
taking w — 0. The local limit of the Tate model (2.11) was studied in [44, 56, 57] where
the section (2.5) was termed the Tate divisor. In order to recover the spectral cover the
limit must be taken such that also ¢ — 0 while keeping the ratio finite [56, 57]

w—>0,%—>s, (B.5)

in the patch z = 1. After the proper transform of dividing out by the overall factor of >
we recover the Higgs bundle on Sqyr

bs + bys + b382 + b283 + b()S5 =0. (B6)
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Here we denote

atlyeo = b5, a21l,_g=ba, a32|,_o =03, as3l,_o =02, ass5l,_g="0o. (B.7)

We should think of this in terms of an underlying Eg symmetry broken according to Eg —
SU(5)guT x SU(5) 1 in two equivalent ways. Either through an 8-dimensional gauge theory
on the GUT brane with gauge group Eg that is broken to SU(5)gur by a spatially varying
adjoint Higgs field ¢ with vev in the SU(5),, the precise map being [18]

b= Trlg] , by = —%Tr (%] , b5 = det [g] . (B.8)

The other way is through an A4 singularity, corresponding to SU(5) , that is fibered over
Scgur [1-4]. A fully deformed A4 singularity takes the form

5

y? :xQ—I—H(s—I—tZ-) , (B.9)
i=1

where the t; are 5 deformation parameters, which are functions on Sguyr, that can be
explicitly mapped to the Cartan U(1)s inside SU(5),. The proper identification with the
b; is simply the expansion

5

(s+1t;) = <b‘r’> + (b“> s+ <b3) s% + (bz> s, (B.10)
Pl bo bo bo bo
This determines the b; as the elementry symmetric polynomials in the ;.

The A4 singularity has a Weyl group action which interchanges the ¢; so as to preserve
the b;. Generally the fibration over Sgur can act with this group which in F-theory
is termed monodromies [18, 60]. More generally we can think of the Higgs bundle as
taking value in various subgroups of SU(5), that preserve some U(1) symmetries, and in
diagonalising the Higgs so that the map (B.8) holds, branch cuts are induced in the form
of the t; as functions on SquTt which map them to each other as we move around the
branch [61]. The case where the Higgs preserves the full Cartan of SU(5) . D S [U(1)?] is
mapped to the case where there are no monodromies, while maintaining smaller Abelian
subgroups corresponds to non-trivial monodromies.

This maps directly to the product structure of (B.10), where we see that under no
identification of the ¢;, (B.6) factorises into 5 factors. Each factor corresponds to a U(1)
with a tracelessness constraint b; = 0 leaving the 4 Cartan U(1)s as linearly indepenedent.
As we identify the t; (B.6) decomposes into fewer factors implying fewer U(1)s and finally
if the fibration uses the full Weyl group there is no splitting at all and no U(1)s.

Exactly this structure is what is termed a split spectral cover, where we simply com-
pactify the surface (B.10) by writing s in terms of homogenous coordinates s = U/V [18].

The discussion presented is the local understanding of the required splitting structure
of (B.6) in order to preserve a U(1). So for example the 4 — 1 factorisation is such that

(cos +c1) (s*do + s°dy + s?ds + sds + ds) = bs + bas + b3s® + bas® + bgs” ,  (B.11)
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where the ¢; and d; are holomorphic functions on Sqgyr. This fixes the form of the b; and
imposes a tracelessness constraint on the ¢; and d;.

Note that, of course, the local splitting is a weaker constraint on the full b; than a
factorised Tate model which also constrains the w dependence of the b;. For example,
it was shown in [55] that for the case of a Heterotic dual there are constraints on the
complex structure moduli of the F-theory CY which manifest in the specific form of the w
dependence of the b;. These higher order terms in the b; precisely take the form so as to
respect the appropriate factorisation structure (2.29) which means they can be written in
terms of higer order terms in the ¢; and d;, specifically

do = do’sz—FwCO , di = dl‘wzo—f—F’wcl , (B.12)
where F' is some arbitrary function.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License which permits any use, distribution and reproduction in any medium,
provided the original author(s) and source are credited.
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