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1 Introduction

Symmetries play an inevitable role in modern physics and deeply interlace the whole dis-
cipline in versatile ways. Restricting to merely a practical point of view, it is generally a
very fruitful idea to exploit the additional structures imposed by symmetry for almost any
type of physical object. Interestingly, such an idea has only recently been investigated in
the study of entanglement of extended quantum systems. As widely known, when a system



is in a pure state, the bipartite entanglement of a subsystem A may be quantified by the
Rényi entanglement entropies [1-4]

Sy = In Trp'y , (1.1)

1—n
defined in terms of the reduced density matrix (RDM) p4 of the subsystem A. From those,
in the replica limit n — 1 the von Neumann entropy

S =—-Trpalnpa, (1.2)

is obtained. However, the knowledge of Rényi entropies for different n contains more
information than the simple S, as, e.g., it provides the entire spectrum of the reduced
density matrix p4 [5, 6].

The recent and explicit idea of considering generally the internal structure of entangle-
ment associated with symmetry was put forward in refs. [7-10]. In a symmetric state, the
conserved charge corresponding to the symmetry @ commutes with density matrix; under
general circumstances also the restriction of Q to the subsystem Q A, commutes with the
RDM as

[p4, Q4] =0. (1.3)

Such commutation implies that p4 is block-diagonal, each block corresponding to an eigen-
value of Q4. This fact has the important consequence that the Rényi and von Neumann
entropies can be decomposed according to the symmetry sectors of Q4. The symmetry
resolved Rényi and von Neumann entropies are defined as

1 Zn(ga) 9 [Zn(ga)
Sn(qa) = ln{ - } , and S(ga) = —— [ - , 1.4
(g4) 1—-n Z7(qa) (44) on [ Z27(qa) (14
in terms of the symmetry resolved partition sums
Zn(QA) =Tr (,OZ’P((]A)) ’ (15)

where P(q4) is the projector onto the sector corresponding to the eigenvalue g4.

The calculation of all these symmetry resolved quantities requires in general the diag-
onalisation of p4 and the resolution of the spectrum in the conserved charge. An ingenious
way to circumvent this difficult path passes through the charged moments [§]

Zn(a) = T (plhe@@) (1.6)
that are nothing but the Fourier transform in of the desired partition sums, i.e. [8]

" do

or Zn(a)e 4, (1.7)

Z,(aa) = T (P4P(an) = [
—T
This way of proceeding is particularly powerful for field theoretical calculations in the
path-integral formalism. In a replica approach, that is reviewed in the following, Trp'; is a
partition function on an n-sheeted Riemann surface R, obtained by joining cyclically the



n sheets along the subsystem A [11-13]. In this language, the charged moments (1.6) cor-
respond to introducing an Aharonov-Bohm flux on one of the sheets of R,, [8]. Symmetry
resolved entropies have been studied in various field theoretical contexts such as confor-
mal field theories (CFTs) [7, 8, 14-19], free [20] and interacting integrable QFTs [21],
and holographic settings [22]. Many results are also known for microscopical models on
the lattice [7, 14-16, 23-31], disordered systems [32-34], and for non-trivial topological
phases [35, 36]. Symmetry resolved quantities can also be measured experimentally [37]. It
is worth saying that the charged moments (1.6) have also been the subject of field theoreti-
cal studies before their application to symmetry resolved entropies was recognised [38-44].

A very standard and powerful trick, used a lot in quantum field theory (QFT) context,
is to replace the partition function on the n-sheeted surfaces with an n-copy version of the
original model with specific boundary conditions among the replicated fields [45]. Crucially,
in 141 dimension, these boundary conditions can be implemented via local fields in the
n-copy theory that are known as branch-point twist fields [12, 46]. The moments of py
are eventually equivalent to an appropriate multi-point function of the branch-point twist
fields in the n-copy theory. In 2D CFT, the scaling dimensions of these fields are exactly
known [12, 47, 48] and provide their two-point function, i.e. the entanglement entropy of a
single interval for a generic CFT [12]. The behaviour of multi-point correlation functions
of the branch-point twist fields are known for special CFTs [49-57].

In 2D off-critical integrable and free theories, the form factor (FF) bootstrap allows for
the calculation of the matrix elements of the branch-point twist field [46, 58, 59]. Although
all matrix elements are in principle computable, the multi-point correlation functions at
large distances are generically dominated by the first few sets of form factors. This property
has been exploited in integrable QFTs (IQFTs) to obtain predictions for the entanglement
entropy in many different physical circumstances [60-75].

In 2D CFT, the symmetry resolved entropies are obtained as multipoint correlations
of composite branch-point twist fields which fuse the action of the replicas and of the
flux of charge [8]. These composite twist fields have been recently identified also in some
massive theories: free massive Dirac and complex boson QFT [20], the off-critical Ising
and sinh-Gordon theories [21]. As shown in our previous work [21], form factors of the
composite twist fields can be determined with the bootstrap program, similarly to the
usual branch-point twist fields [46, 58, 59]. Using these form factors, one can obtain a
systematic expansion for the correlation functions of the composite twist fields, which
eventually relate to the symmetry resolved entropies.

Our previous work [21] focused on the symmetry resolution of the discrete Zg symmetry
in the Ising and sinh-Gordon models [21]. Here, instead, we initiate the study of continuous
symmetries: we use appropriate bootstrap equations for the composite branch-point twist
fields related to the U(1) symmetry and solve these equations. For simplicity, we consider
the free massive Dirac theory and the free massive complex boson theory. Although the
symmetry resolution of these theories has already been performed [20], it is extremely
instructive to study them from the point of view of form factor bootstrap, being the
simplest examples of theories with more than one particle species. Indeed, multi-particle
theories usually introduce quite a few technicalities, which can be kept at a minimum level



in free theories. Nevertheless, as we show here, the form factors of the composite twist fields
are non-trivial objects even in free theories. Hence, our main result is the determination
and solution of the bootstrap equations for these form factors. We then use them to infer
the behaviour of the charged moments when the subsystem is a long interval. Finally, for
completeness, we also compute the symmetry resolved partition functions and entropies
within the two-particle approximation.

The paper is structured as follows. In section 2 the FF approach for conventional
branch-point twist fields is briefly reviewed, and the FF solutions in the free massive Dirac
and complex boson theory are presented. Sections 3 and 4 are devoted to the FFs of the
composite branch-point twist fields in the Dirac and complex boson theory, respectively.
Starting from the appropriate bootstrap equations the 2-particle FFs are determined first,
from which FFs involving any number of particles are obtained as well. Our solutions
are carefully cross-checked by studying various limits of the FFs and by applying the A-
theorem [76]. In section 5 a compact, alternative derivation of the 2-particle FFs are
presented, which is based on an explicit diagonalisation in the replica space. Section 6
reports general and specific results for U(1) charged moments that can be deduced from
the IQFT structure. The leading and sub-leading contributions of the symmetry resolved
entanglement are explicitly calculated in section 7. We finally conclude in section 8, which
is followed by the appendices containing some details on the analytic continuation of the
replica index n — 1 (appendix A), and the determination of the vacuum expectation value
(VEV) of the composite branch-point twist field (appendix B and C).

2 Form factors of the branch-point twist fields in integrable models

A primary focus of this work is on the composite branch-point twist field and their FFEs
in free models, nevertheless, before discussing these objects, it is natural to review the
standard branch-point twist fields and the corresponding FFs first. These FFs are an
important reference point for our later investigations. Moreover this brief overview allows
us to conveniently introduce some basic ingredients of IQFTs, which are essential building
blocks in our derivations. Such central objects in our investigations are the FF bootstrap
equations and the FFs themselves. Following closely the logic of ref. [46], we introduce the
bootstrap equations for branch-point twist field and comment on their solution. Since it
takes little effort and helps keep connection with interacting IQFTs, we keep the following
discussion more general, which thus describes the case of interacting theories with diagonal
but non-trivial scattering as well.

First of all, let us recall that form factors (FF) are matrix elements of (semi-)local
operators O(x,t) between the vacuum and asymptotic states, i.e.,

FS. 5.(91,...,9,) = (0[0(0,0)[91, ... D). 3, (2.1)

In massive field theories, the asymptotic states are spanned by multi-particle excitations
whose dispersion relation can be parametrised as (E,p) = (mg, coshd, mg, sinh 1)), where
B; indicates the particle species and ¥ is the rapidity of the particle. In such models, any



multi-particle state can be constructed from vacuum state |0) as
01,02, 0n) gy, = Al (91) AL (92) ... AT (9,)]0), (2.2)

where Afs are particle creation operators; in particular the operator ATBZ- (¥;) creates a
particle of species §; with rapidity ;. In an IQFT with factorised scattering, the creation
and annihilation operators ATﬁi () and Ag, () satisfy the Zamolodchikov-Faddeev (ZF)
algebra, which, for diagonal scattering, reads

AL (9) AL (9;) = Sp,p, (95 — 0,) AL, (9,) AL (9)
Ap,(0i)Ap; (05) = S, p; (Vi — 05) Ag; (05) Ap; (Vi) ,
Ap, (791')‘42]- (ﬁj) = Sﬁiﬂj (ﬁj - 791')‘4}-3]- (ﬁj)ABi (i) + 5,31‘7,33' 210 (0; — 79]')’ (2.3)
where Sg, 5.(9; — ¥;) denotes the two-particle S-matrix of the theory that describes the
scattering of particles 3; and §;.
Turning to an n-copy IQFT one describes the scattering between particles in different
and in the same copies as
S(Biﬂi)v(ﬁjﬂj)(,ﬁ) = 1, i,j = 1, o5 n and 122 75 Hi,
S(Bips),(8;)(F) = Sp; 5, (V) ij=1,.,n and  p; = py,

where we introduced the replica index pu;, which takes values from 1 to n. As known, in

(2.4)

the n-copy QFT the branch-point twist fields are related to the symmetry oW¥; = U, 44,
with n+¢ = i. When a twist field T (or 7,) is inserted in a correlation function, its action
can be summarised as

i(y)T () =T (x)¥ira(y) T <y, (25)

i(y) T (x) = T (x)¥i(y) T >y. '
In a similar way, one can also define 7 with action

V()T (x) = T(x)¥i1(y) x>y, (2.6)

Ui(y) T () = T(2)T(y) z<y. '

The bootstrap equations for branch-point twist fields are natural modifications of the form
factor bootstrap equations for conventional fields [77-79]. Exploiting the relation of the
twist fields to the symmetry oW¥; = ¥, 1, the corresponding bootstrap equations can be
written as [46]

Fy 0) = S (s pran) Disiar ) Vb L BmD (g gy, (2.7)
F D01 4 omi, 9, ... 0y) = B Cade B Brin) g, g 1), (2.8)
~i Res B0 g0 9) - 71O ), (2.9)
196:190+i7T
= k
. T161),(B) 61 716
Ty B8 Fe (00,90, 9) = = [T St (8.0 (P0i) Fy — (9),
0= T i1

T1Bu),(vie'), T(6w),
—i Res  FUO 0 00,0) = 5,8, 5 00,0), (2.10)
0= V0T g,



where ¥;; = 9¥; — 9, ¥ and (Bu) are shorthands for ¥1,7s,...,9 and (Bip1), (Bap2) - -,
(Brpr) respectively; it = p+ 1 and S denotes the anti-particle of species 8. In the last
equation ﬂ%v refers to the position of the pole of the bound state of the particle J in the

2
S-matrix Sg, and ¢ (F%V) is the corresponding pole-strength. Furthermore, relativistic
invariance implies

FT|@(191 +A, .U+ A) = SAFTKBH) (1, ..., 0p), (2.11)

where s is the Lorentz spin of the operator, which is zero for the branch-point twist fields.
The free Dirac and massive complex boson theories have no bound states; consequently
egs. (2.7)—(2.9) and (2.11) give all the constraints for form factors of the branch-point twist
fields.

The above bootstrap equations have many inequivalent solutions. Some additional
information is generally needed to sort out a given physical solution. In this respect a very
useful tool is the A-theorem [76]. Such a theorem states that when at some length scale
R the theory is described by a CFT, the difference between the conformal weight of an
operator O and its conformal weight in the infrared (IR) limit is

AR L 2.00(x
D(R)— A = — /Md (O(x)0(0)).. (2.12)

where © is the trace of the stress-energy tensor. Using the form factors to write the
correlation function in the integral above, we have

ddy...dY, e "Er (14 E,r) _0|p 708

IR 1- n =4 *

D(r)—A _7nzwz / o g O ) F )
(2.13)

where m is a mass scale r = Rm and mFE, are the n-particle energies with FE, =

> h—1mg, coshdy/m. For massive theories, the conformal weights in the IR are zero.
Hence taking r = 0 in (2.13) gives the conformal dimension of the operator O as
AW = 1 /‘wl m2E2E C (00, 00 FY (0, 00
= 1[317 5 27) ”n'
(2.14)
Consequently, given a set of FFs satisfying the axioms (2.7)—(2.10) and (2.11), the A-
theorem allows us to identify to which physical operator it corresponds (as long as its
conformal dimension is known). Although in principle the A-theorem sum rule requires the
knowledge of infinitely many terms and FFs, it is usually a very rapidly converging sum;
therefore the first few-particle FFs are enough to identify the UV conformal dimension.
Finally, we notice that the UV dimension imposes also a constraint on the growth of FFs
for large rapidities. When one rapidity of the FF goes to +00, its growth is utmost evolvil
with y, < Ap, where O is the operator of interest.
The FFs of various fields are usually found first solving egs. (2.7)-(2.10) and then
removing the possible ambiguities using the A-theorem sum rule. The starting point is



the minimal form factor FT‘ (87),(vk)

min

egs. (2.7) and (2.8), i.e., it satisfies

(9, n) defined as the solution of the first two equations,
TI(Bk),(vj T(v4),(Bk T1(v§),(Bk+1 .
Foa 0D (,m) = FLT 0 (=0, m) (1,0 (9) = Eg? D (2mi = 0,m) . (2.15)
As a consequence we have

FT183),(vi+k) (0, n) = FT1B9),(vi+k) (9,n) Vi, jk

min min

‘ (2.16)
Fnz‘éﬁl)v(’ﬂ) — FL‘IE’YU:(IBD (27”(] _ 1) _ 19,77,) \V/] ?é 1’
and hence .
PN (k) _ Fam 77 @mi(k = 5) = 9,n) if k> g, (2.17)
e F;'r(lﬁl)’(ﬂ)@m(j —k)+9,n) otherwise,

so that the only independent quantity is F TIEDOD P latter is determined by eq. (2.16)

min
rewritten as

FT|(61)7(71) — FT‘(Vl)v(ﬁl)(_ﬁ’ n)Sgﬁ(ﬁ) — FTJ(’Yl)v(/Bl)(_,ﬂ + 27rin,n) . (218)

min min min

To solve the last equation, we introduce f11(¢) satisfying

F81),01)(9) = fiony,81) (=9) S (n9) = f(a1y,(81) (=0 + 27i) (2.19)

so that
FHED-0 09 n) = fa1).(1)(9/n) (2.20)

min
Eq. (2.19) is just the standard equation for minimal form factors of conventional local
operators, but with an S-matrix S(nd) rather then S(J). Exploiting now the standard
parametrisation of S(19)

co dt Y
Sp~(0) = exp {/ —ga,~(t) sinh ] , (2.21)
’ 0 t ’ i
with some function g(t), the minimal FF is
dt gg,(t) . o (itn 1
f(ﬁl),('yl) (79) = Nexp |:/0 Tm Sin (2 <1 + ﬂ_)>:| 5 (222)
where the normalisation A/ guarantees f11(d+o0c0) = 1. Finally we have
TI(B1),(11) _ < dt 9 (it ( w))]
F_. Y = —_— t — — . 2.23
T by = e | [ =g sin? (5 (n 2 (2.23)

The minimal form factors are the building blocks to obtain all form factors with particle
number k > 2, simplifying the solution of the bootstrap equations. We recall that the zero
and the one-particle FFs must be obtained by other means. In the absence of bound states,
the two-particle form factors (which are the most relevant FFs) for the branch-point twist
field, satisfying also the kinematic poles axioms, have been determined as [46]

FTIGRG) (g ) (Ta)sin X FR™ 0 9, )
2 T 2n sinh (—m@(j_;;)_l”ﬁ) sinh (—m@(k}{z_l)_ﬂ) F;léﬁl)’('él)(m,n) 7
(2.24)



where (T,,) = FJ is the vacuum expectation value (VEV) of T. Furthermore, relativistic
invariance implies that FQT |(BR), (v3) (91,92, n) depends only on the rapidity difference 9, —1s,
justifying writing FJ'wk)’(W)(z?l — Y9,m) or simply FJ‘('Bk)’(W)(ﬂlg,n). Because of the
replica symmetry, for 7 we have

FJERCD (9 ) = ET1O=D0mR) 9y (2.25)

2.1 Branch-point twist field form factors in the Dirac field theory

The free Dirac theory has a massive fermion particle (denoted by +) and anti-particle
(denoted by —) and the simple S-matrix with elements

Sii(¥) = SijF(??) = —1. (2.26)
Consequently we have
9
Pﬂﬁﬁin($n(0,n)::FﬁﬁPJ(ﬂ,n)::—iﬁnhé—u (2.27)
n

For this model, the FFs of the branch-point twist fields are only non-vanishing for even
particle number [46, 59]. Moreover, the FFs for any even n can be written as a Pfaffain of
the two-particle FF [60].

The FFs of the branch-point twist field is only non-vanishing for neutral states con-
taining an equal number of particles and anti-particles. In the Dirac theory, in particular,
we have [46, 67]

s Toljk
FTD‘(+j)7(_k) (9, n) = <TD,TL> Sin 5 FmiDnU (¥,n)
? 7 2n sinh (—m(z(j_ﬁ)_l)—’_ﬂ) sinh (—M(Q(k}jn)_l)_ﬁ> Fgﬂl’l(m, n) ’
| (2.28)
T k
FIPIEDGR gy ~ (Tpm)sing Fon™ (9,
2n sinh (—W(Q(J}’;)A)Jrﬁ) sinh (—7’”(2(’“72]7371)719) Frzl-ilfl’l(iﬂ, n)

that is F;—Dl(ﬂ)’(_k) = FJD|(_j)’(+k). Tp refers to the branch-point twist field of the Dirac
theory and accordingly (7p.,) denotes the VEV of this field in the n-sheeted theory.

2.2 Branch-point twist field form factors in the free complex boson theory

Also, the free complex boson theory has a particle (4) and an antiparticle (—). The
S-matrix is identically 1 between and within each species, so

Sex(V) = Sex(¥) =1, (2.29)
where =+ refers to particles and anti-particles. The minimal form factor is also unity

FTB‘(il)’(il)(ﬂ,n) — FTB“vl(ﬁ,n) =1, (2.30)

min min

for any n.



The FFs of the branch-point twist field is only non-vanishing for neutral states con-
taining an equal number of particles and anti-particles. In particular, we have the simple
expressions [67]

(TB.n)sin

2n sinh (W) sinh (W) ’
(TBn) sin &

2n sinh (W) sinh (w) ‘

FJB‘(“’J)?(*]’C) (,19’ n) —

. (2.31)
FIPICDG0 gy

2n

In this case we find again that FJB‘(H)’(_M = F2TB|(_j)’(+k). Ts now refers to the branch-
point twist field of the free massive complex boson theory and accordingly (7g,) denotes
the VEV of this field in the n-sheeted theory.

2.3 The form factors of the stress energy tensor ® in free theories

Later on we will need also the FFs of the © field and so we report here some basic details
about them. In both the free massive Dirac and the free massive complex boson theory
this field has only a non-vanishing 2-particle FF, which reads

9
Fpl&5)(6) = —i2mm?sinh 3 (2.32)

for the 1-copy Dirac and
Fpi " (0) = 270m?, (2.33)

for the 1-copy complex boson theory, where m is mass of the fermion and boson. In the
n-copy theories, the FF of this field behaves in an additive way, that is [46]

- _i2rm2sinh Y j =k
Fpii T (9,n) = {OZ B j# ) (2.34)
and
) 27rm? =k
FRi T g, n) = {oﬂm / L (2.35)
¥i .

3 Form factors of the composite U(1) branch-point twist field in the
Dirac theory

The bootstrap equations for the FFs of the branch-point twist field can be naturally mod-
ified to obtain the corresponding quantities of the composite branch-point twist fields [21].
We define the semi-local (or mutual locality) index e® of an operator O with respect to
another field ¢ via the condition

O(z,t)p(y,t') = e“o(y,t)O(x, 1), (3.1)
or, when using the radial quantisation picture,

O(e™ ™2, 2)¢(0,0) = " “O(z, 2)$(0,0) . (3.2)



Mutually local operators correspond to e!® = 1, while fields with e!® # 1 are called mutually
semi-local. In ref. [21] it was argued that it is natural to assume that the flux phase e'®
can be related with the mutual locality index appearing in the bootstrap equation. This
assumption can be based on the intuitive picture associated with the insertion of the
Aharonov-Bohm flux on one of the Riemann sheets. In this picture, the flux is carried
by the particles of the theory, but eq. (3.2) is just an equivalent rephrasing of this idea
when ¢ is an interpolating field associated with creation or annihilation of particles. These
ideas can be equivalently rephrased by writing the exchange relations for the composite
branch-point twist fields of the n-copy theory as

Upi(y)T (@) = T @) Vpinaly)  x<y, 53)
Upi(y) T () = T(2)¥pi(y) T >y,

and similarly for T
Upi(y) T (@) = /" T () i1 (y) T >y, (3.4)
Upi(y) T () = T (2)¥p,i(y) z <y,

where U, ;(x) is a generic quantum field living on the ith replica and possessing a definite
U(1) charge p € Z. Our choice for a/n is dictateted by the requirement, that the total
phase picked up by the particle when turning around the entire Riemann surface has to be
e'®. Specialising now the bootstrap equations of a semi-local U(1) composite branch-point
twist field T¢ to the Dirac theory, we can write

T51(8r) TS (Bit1ptit1),(Bigsi)--
FkD — @)= S(Bi#i)v(ﬂi+lﬂi+1)(191'72'+1)FkD‘ A ! (Vi1 Dy ), (3.5)
TS ; 5 ) (Bt
FkD|(5F‘) (1 + 270, O, ..., Op) = elaﬁl/nFl;TD|(/BQNQ)w-v(BkMk)v(Blﬂl)(192’ U 91),  (3.6)
'ﬂO:’ﬁo—Hﬂr
_ k
. T51(Br),(BR),(ceps) iaB/n T51(81)
“ 59(21 B (00, D0, 9) = =" T (g (1) (Do) B, 7 (),
0= w i=1

where § and 3; = £1 (sometimes simply shortened in £). 75 denotes the composite U(1)
branch-point twist field in the free massive Dirac QFT. To avoid confusion, the standard
U(1) twist field in the Dirac theory is denoted by V. This field is also referred to as the
vertex operator, but based on its monodromy properties it can be equivalently called a
U(1)-twist field. In both cases, the superscript « corresponds to the inserted flux.

The FFs of the composite U(1) branch-point twist fields are non-zero for even number of
particles and charge-neutral configurations. This is also true for V{4 which can be obtained
from the above equations for n = 1. It is instructive to write down its 2-particle FFs,
known from earlier investigations [80-82],

da
12 sin %eiﬂ sinh g

F;g\&%(ﬂ (19704) - & Y

(3.8)

~10 -



Having obtained the defining equations for the form factors, following the logic of section 2,
we can write

FD\(Hc),(—j)w n) = Tl )(+k)(—19,n)5kj(79): +ia/n pT5 1= )(+k+1)( 2mi —9,n)

FIBICN D g 0y = FISICD Ry n)s, () = eielm g I D 90 gy,

(3.9)

for the minimal form factor Fmﬁl of the composite branch-point twist field. From this
we find

F T @, m) = RIS ) ik g 0)
FH71'§1|(:F1)a(ij) (29’ n) _ e;ia(j—l)/nF£§1|(i1)v(q:1) (27”(] _ 1) -9, TL) Vi ?é 1 '
and finally we get
ia n TSI (F1),(£1 ‘ . . ,
FTBICEER) gy e FRI TS ik — gy~ 0,n) itk >, (311)
m ’ eFioli— k)/”F;n‘(il)’(jFl)(%ri(j — k)4 39,n) otherwise.

Akin to the previous case, the only independent quantity is Fmﬂll(ﬂ) (ﬂ)(ﬁ, n). We exploit
eq. (3.10) to write

F D\(:I:l) (F1) (197 ) _F D|(:Fl) (il)( 197 77,) izaFT |(:F1):(:|31)(_,l9 + 27.”'”7 n) ) (312)

min min min

THI(ED,(F1)

The solution of F P can be obtained by introducing f( 1) qE1)(19) as
£1),(F1 T
FRIE T @ ) = 118 oy @0/n), (3.13)
that satisfies
75 ) :tza .
F &y, 0 = =2 7y (=0) = f 1, (1) (—0 + 2mi). (3.14)

Luckily, f@f’; ) can be easily obtained from fi; by multiplying the latter by an appro-

priately chosen CDD factor, fg;“il) F, Such a factor must obey

TEI(*£1 TEI(£1), ia ¢ Tp[(F1),(F1 ;
FEBIG G gy = pTBIED G gy — i pTEIEDGED (g 1 onj), (3.15)

T"‘il 1)
)()_ ),(F1)

guaranteeing that fgg) (1 oPD (9) f11(9) satisfies eq. (3.14). The correct

choice for fcpp turns out to be

Ta +1 Jda
ST W) = e 5r (3.16)
and hence the minimal FF is
« - ,19
Flﬁj(il)v(?”(ﬁ’n’a) — —Zei;l" smh% (317)
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It is easy to check that the ansatz (3.16) satisfies eq. (3.15), and any further CDD ambiguity
is excluded by exploiting the A-theorem checks performed in the next sections.
With the minimal form factor at hand, we can write the 2-particle form factor as

a product
FPIENE 9 0, 0) = BSDEO 0,0, 0) BT P g,n,0), (318)
where the function Pl()ij FR) accounts for the pole structure in eq. (3.7). Using egs. (3.5)

and (3.6), one finds that

15),(£1 , . . .
(4),(FFk) _ PSF A )(2m(k —j) =% na) ifk>j,
Py (P,n,a) = (+1).(£1) (3.19)
Py T (2ri(j — k) +9,n,a)  otherwise.
The only independent quantity is P(H1)-(=1) satisfying
PH W ) = P (0,0, a), (3.20)
together with the important property
Pj(j+1)’(_1)(27rm' +Y,n,a) = Pj(j_l)’(ﬂ)(—ﬁ, n,a),
(=1),(+1) (+1),(=1) (3.21)
Py T 2mni + 9, n,a) = Py (=Y, ).
Combining eq. (3.7) with the minimal form factor, we have
—iRes Péil)’(m)(x + im,n, «) sinh ;—Weﬂa/@”) =1,
v=0 n (3.22)

—iRes P(il)’(qtl)(:v — im,n, ) sinh Z.—WejFio‘/(Q”)<3jEi‘”/(") = — etio/n
=0 D B 2n

We can easily check that for o = 0, i.e., the case of the conventional branch-point twist
field when Pz()ﬂ)’(_l) equals Pgl)’(ﬂ), the function

s T
Slnn

P(¥,n,0) =

(3.23)
2n

. ir—0 - . e
2n sinh T sinh sinh o

solves the above equations. When a # 0, we have to account for the complex phase factors
but still respecting the cyclic property (3.21) of Pp. This can be achieved multiplying
P(9,n,0) by 2mn periodic functions along the imaginary axis, whose values at im and —im
are eT1/(2n) and eFi@/(27)  regpectively. The simplest choice for such a function is
« sinh%

9.0, a :(:osg sin — .
Pp (¥, a) 2n:F 2n sin%

(3.24)

Pl()il)’(jFl)(ﬁ, n,a) = p%('ﬁ, n,¥)P(J,n,0) satisfies the parity and cyclic property egs. (3.20)
and (3.21) and the equivalent of (3.7), i.e., (3.22). Furthermore, p%(ﬂ,n, «) does not
introduce any additional poles on the physical sheet.

Using thus (3.11) and the product formula (3.18) for the 2-particle FF, all the defining
axioms (3.5), (3.6), (3.7) are satisfied. Unfortunately this solution is not the correct one
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corresponding to the composite U(1) branch-point twist field. Although for a = 0 the
FF of the conventional twist field is recovered, for n — 1 the solution is also expected
to simplify to the conventional U(1) twist field form factor, which is not the case. Based
on this quantity the right choice for p* can be determined. The correct solution for

Pg[l)’(ﬂ) (9, n, ) reads

sin Q a sin? Z sinh ¥
P E @m0y = o (cos o ksing 2o n )
2n sinh “5—* sinh “GL% sinh - 2n 2n sin T sinh® -
(3.25)
in which the correct choice for p% (0,n, )
s 2 T 9
n « .« sin® g-sinh
9,n,a) =cos — +tsin —————_ 1 3.26
Pl ) 2n 2n sin T sinh? % (3.26)

does not introduce additional poles on the physical sheet (similarly to our previous naive
choice) and for large rapidities it tends to a constant. Using the formula (3.25) to con-
struct the 2-particle form factors via (3.18) and (3.19) all the axioms (3.5), (3.6), (3.7) are
satisfied and the &« — 0 and n — 1 limits yield the desired results. i.e., the conventional
branch-point (2.28) and the standard U(1) twist field FFs (3.8), which one can easily check.
Performing algebraic simplifications, the full two-particle FF can be therefore written as

. s . 9 . 9
FZSl(ﬂ)’(Il)(ﬁ, o) = —i( D"‘n> sin 7 cos % sinh 5~ L sin 5 cosh o~ e ’
2n sinh % sinh % sin - Cos 5~
(3.27)
and, using eq. (3.11), we arrive at
,n) = o o .
2 eij(J_k)/"FQTD ‘(il)’($1)(27ri(j —k)+9,n) otherwise.

In all the above treatment « is within the range [—m, 7|, otherwise descendant fields are
obtained.
3.1 A-theorem test and higher-particle FFs
The validity of the solution can be checked by the A-theorem, which for the Dirac field
can be written as
o|1,1 THI(ED,(F1) * T51(FD),(£1) *

n /dﬁFD]2 ) (F5” (W, n)* + Fy " (9,n)")

32m2m2(TS) cosh? (19/2) ’

(3.29)

where we (i) used that in the Dirac theory the field © has only 2-particle FFs (ii) we
performed a changed of variables (iil) we did a final integration in the & = 2 term of
eq. (2.14). The chiral conformal dimensions obtained from the appropriate integrals of the
2-particle FFs gives the exact UV result [8]

(] (6% T 2
ATD = 2—14 (n—n"1) + (/(21)) . (3.30)
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It is also easy to obtain the FFs of higher particle numbers in terms of a Pfaffian.
Assuming the ordering of the replica index puy > uo > ... > uog, one has

BP9y = (T PR, (3.31)

where W is a 2k x 2k anti-symmetric matrix with entries

TB‘\(B;M;),(Bmum)

FQ (91—Ym,n)

Wim = 75 Ts‘(ﬂlﬂl):(ﬁmﬂ’rn)( ) meh (332)
) 1F 91 —0m,
(_1) ppsum 1 Lo e 1 oo < l
where FQT B1Bip):(Bmism) 1o ero it B, = B = %1, a manifestation of neutrality condition of

the composite U(1) branch point twist field.
Finally, we note that the FFs of the other field 7’5‘ can be easily obtained from that of
T5. As an example, for the 2-particle case we have

F27’D°‘|(:tj)7(:|:k) (9., 0) = F;—JJ—a\(in—j%(ﬂFn—k) (¥,n, —a). (3.33)

4 Form factors of the composite U(1) branch-point twist field in the
complex boson theory

In this section we treat the case of the free complex boson for which the bootstrap equations

of a semi-local U(1) composite branch-point twist field are

FZSl@(ﬁ) — FZ§|---(5i+1ﬂi+1)v(ﬁi#i)--(' it D), (4.1)
FP 0+ 2, 0 = el T G g, g ), 2)
_ Z-%_I%%imFﬁzl(Bu)»(Bu)»W( ! 00, 0) = FZE\@(ﬁ)’ (4.3)
a i%ﬁ?%iiﬂFlEzlwu)mm’W( 0:Y0,0) = —emﬁ/"FZgl@(ﬁ),

since the S-matrix is identically +1 within and between replicas. Again g and §; = £1
often abbreviated as merely + and the FFs of the composite U(1) branch-point twist fields
are non-zero for even number of particles and charge-neutral configurations. Following the
logic of section 3, we can write the equations

FTEL‘('i_k)v(_J)

min

min

(_19’ 7’L) — e+io¢/nF£§1‘(_j)v(+k+1) (27TZ o 07 7’L) ’ (4 4)

min min min

for the minimal form factor F 5 of the composite branch-point twist field. From this

min
we find

Flﬁll(ﬂ)’(jFiJrk)(ﬁ,n) _ Fgle'(ij)’(ﬁ%)(ﬁ, n) Vi, j. k, ws)
FTBOL(:Fl)7(:|:])(19’n) — eq:ia(j—l)/nFnTiéil(il)v(:Fl) (27TZ(] _ 1) _ 19,”) Vj # 1’ '

min
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and finally we get

o ptia(k— ])/nFTBK:Fl) J(£1) omilk — 1) — 9 ks
FTB|(iJ)7(¥k)(ﬂ7n) — { ( 7TZ( j) ,’I’l) 1 7 (46)

min eFiol "’)/”Fr:B IGED), (il)(Qm'(j —k)+39,n) otherwise.

Akin to the previous case, the only independent quantity is Fg?nl(ﬂ)’(ﬂ)(ﬁ, n). We exploit
eq. (4.5) to write

T8I, (¥1)(19 n)=F Tgl(F1), (il)( 9,n) = otia g5 |(¥1),(11)(_19+2m.n n). (4.7

min min min

The solution of F 2 G1-(F)

min

can be obtained by introducing f&’%) (qﬂ)(ﬁ) as

To|(+1),(F1
FPEE T 9,y = 1B o 0/n). (438)

that satisfies
75 Ta :I:za .
f(fl),(xl)(ﬂ) f(il) (11)(*19) = f ﬂ) (ﬂ)( V4 27i) . (4.9)

To obtain f&%) (1) it Is instructive to study first the conventional U(1) twist field V3. The
FFs of this field were computed in [83], and the two-particle FFs of this field read as
:l:‘l9(a77\')

F, Vil(£1), (:Fl)(,ﬂ’ o) = —sin ae

(4.10)

where the range for « is now [0, 27]. From eq. (4.10), the minimal FF of the standard U(1)
Vg ..
field as well as f( fl) (1) 18 inferred to be

Vot P (a—m) 19

+
f(il) S cosh 5 (4.11)
from which )
Fntil(il)’(:m)(ﬂ,n, a) = — e cosh o (4.12)

It is straightforward to check that the ansatz (4.9) satisfies eq. (4.1) and eq. (4.2).
Similarly to the case of the Dirac theory, we can again write the 2-particle form factor
as a product

F27'§‘|(ij)7(¢k) (9,n, ) = Péij),(ﬂf) 9, n, a)FTSI(ijL(ﬂFk

min

)9, n,0), (4.13)

where P satisfies

j),(E . . . .
PEEDNGEE) _ PgFlj) ( 1)(27Tz(k: —j) =% na) ifk>j, 114
B ( y T, Oé) (£145),(F1) . . ( . )
Py (2mi(j — k) +9Y,n,«)  otherwise,
with
P IW,n,a) = PV (9,0, ) (4.15)
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together with the important property

P](3+1)’(_1)(27rm' +9,n,a) = P](;l)’(ﬂ)(—z?, n,a),
(—1),(+1) (+1),(=1) (4.16)
Py T 2mni + 9, n,a) = Py (=Y, n, ).

Combining eq. (4.3) and the minimal form factor, we have different expressions for the
poles compared to the Dirac case, namely

—z’Res p](3i1)7($1)($ +imn, a) cosh ;jeii(a_n)/(zn) 1
= n

(4.17)
zRes P(ﬂ) (ﬂ)(:c iT,n,q) cosh & gFila—m)/(2n) gFia/(n) — _ Fia/(n)
We can further factorise Pl(;l)’(_l) and Pé_l)’(ﬂ) writing them as
Pl(;il)’(qﬂ)(q?, n,a) = pjé(ﬂ, n,a)P(¥,n,0). (4.18)
P(¥,n,0) is chosen to be the usual one
P(9,n,0) = sin (4.19)

2n sinh Z=? ginh “Zt? ginh i’
2n 2n 2n

but we must be more careful with the function pjg(z?,n,ﬁ). In fact, to be compatible
with (4.3), it must be 27n periodic functions along the imaginary axis, whose values at im
and —in are eFTi@=™/(2n) and +i(@=m)/(2n) regpectively. The most natural choice for such

a function is ’
+ a—T  a—msinh 2
P50, n,9) = cos o™ F sin 57 sin %” ) (4.20)

With this choice, we re-obtain the standard U(1) field, when n — 1. We also have to

recover the conventional branch-point twist field for @ = 0, but unfortunately it is not the
sin. h
2n7r sm

in eq. (4.20), we use 31112—smfsmh2 2 5/ (smhfsm 5-). Note that, interestingly the

case. The latter requirement can, nevertheless, be only satisfied if instead of sin

function that multiplies sin %" is exactly the inverse of the corresponding function for the

Dirac theory, which multiplies sin - in pT. Eventually, we arrive at our final expression
for Péﬂ)’(jﬂ), namely

sin X — sin T sinh? 2
Pj(gil):(¥l)(197n’19): — nmw _ (COS a2 Wq:sin a2 T S i W)
2nsmh78mh o cosh n n smhfsm 30
(4.21)

Using the formula (4.21) to construct the 2-particle form factors via (4.13) and (4.14) all
the axioms (4.1), (4.2), (4.3) are satisfied and the & — 0 and n — 1 limits yield the desired
results. i.e., the conventional branch-point and the standard U(1) twist field FFs. After
algebraic simplifications, the full 2-particle FF can be therefore written as

)

Q@ \gin T a=m Y Gipe=Tginh 2
FTEIEDGD 9 o (T5,)sin 3 cos S cosh g _sin S sinhg | yota)
2 Y 2nsinh Z=Y ginh =Y coS &~ sin &

2n 2n 2n

(4.22)
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where the range of « is [0, 27]. We can conform our results to the Dirac case and shift the
range of « to [—m, 7| by redefining our expression as

FZ§|(:‘:1)7(:F1) (19, n, Oé)

cos &=T cosh 2L sin &7 sinh 2 d(a=m)
Q@ \ging T n__—2n 2 S ) et mm e ifa>0
< B n> Sin n COS 5~ sin 5 — (4 23)
J— 3

— N T . ; at+m 9 o ot s 0 9 °

99 sinh =2 ginh =t? cos L cosh o= sin &L sinh 5~ \ 4 d(atm) n 0

2n 2n cos sin - e 27n I a< .

2n 2n

Finally, using eq. (3.11), we get

; ; TE|(F1),(%1 . . . .
Talce ) | [N E oy g n) itk >,
1 (¥9,n) = (i TS |(£1),(F1) (4.24)
eFieli=k)/np)s “(2mi(j — k) +9,n)  otherwise,
4.1 A-theorem test and higher-particle FFs
The validity of the solution can be checked by the A-theorem
o|1,1 TSI(£1),(F1 . TE|(F1),(£1 N
n /dﬁFB}Z (79) (FQBl( ) (F )(19,77,) +F23‘($)( )(ﬁ,n) ) (425)
32m2m2(TS) cosh? (19/2) ' ‘

The chiral conformal dimensions obtained from the appropriate integrals of the 2-particle
FFs gives the exact UV result [20]

ATE _ % (n B n*l) 4 (ef/@27)) (21n o] /(2m)) (4.26)

The FFs of higher particle numbers are obtained by using Wick’s theorem. Assuming
the ordering of the replica index p1 > puo > ... > uog, one has

TS| (Bura) (B i)
T21(8) o Jol (0 — Oy 1)
i) =(18) > 1] -2 77 : (4.27)
all pairings {I.m} B
where {l,m} runs over the possible pairs and FQT 5 1Bum): (Bmpim) o identically zero if 3; =

Bm = £1 due to the neutrality condition of the composite U(1) branch-point twist field.
Similarly to the Dirac theory, the FFs of the field 7~’§‘ can be again easily obtained from
that of 75. As long as the range of « is set to [—m, 7], the 2-particle FF can be written as

Fggl(ij)7(¢k) (197 n, OL) = Fg—]g_a Cen=a) =t (197 n, —Oé) . (428)

5 Form factors of the composite U(1) branch-point twist field via diag-
onalisation in replica space

In this section, we provide an alternative derivation of the two-particle FF of the modified
twist fields, based on the diagonalisation in the space of replicas [45]. This technique has
been already employed in [71] for the computation of the FF of the standard branch-point
twist fields. It works well for free theories when the S-matrix does not depend explicitly
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on the rapidities and it is more closely related to the approach in ref. [20]. We will briefly
summarise this formalism, discussing the case in which a non-vanishing flux is inserted.

Let us consider the creation operator A}L., 4 (¥) of a particle/antiparticle in the j-
th replica. The cyclic symmetry of replicas can be diagonalised moving to a “replica
Fourier space”

“ . 2mkj

1 n—1
Al )= =3 5
) \/ﬁjzo

Al L (9), (5.1)

where we identified j ~ j +n and k ~ k + n. In order to account for the correct
(anti)commutation relations (and hence S-matrix) of bosons and fermions, the index k
should be either integer or half-integer according to the following rules

e for bosons (S(¥)=1) k=0,...,n—1;

o for fermions (S(0) = —1) k= —251, ... 2L
Actually, different prescriptions can be found in the literature for the diagonalisation in
the replica space [20, 45, 46, 84, 85]. These prescriptions are all related to each other
by unitary transformations and in the end the diagonal modes simply get a phase. Since
here we are only interested in the absolute value squared of the form-factors, this issue is
irrelevant and any prescription would give the same result. The advantage of this approach

is that the modified twist field 7,* does not mix different Fourier modes and, consequently,
its non-vanishing 2-particle form factors are just

Feo(9) = (O|T,2(0)A], L (9) A, _(0)]0). (5.2)

These FF have to satisfy the following bootstrap equations

Fo (0 + 2mi) = X050 F_(—0), (5.3)
Res Fo.(9) = i(1 — X050 ) (72), (5.4)
Fo(=0) = SW)FgL(9), (5.5)

which obviously differ from the equations given in [71] for the conventional twist field. The

+ia/n

only difference is the additional phase shift e , as a consequence of the fact that 7%

introduces a phase €!/™ between each couple of consecutive replicas. (In principle, other
choices for the phase of the single field are possible with the constraint that the total phase
is e'*; however, these different choices lead to different Fourier modes (5.1) for 7,%.) For
simplicity we will focus on Fi* | for a > 0, since the other cases are obtained by symmetry.
Given the form factors (5.2) in Fourier space, the physical ones are obtained as sum over

the Fourier modes. In particular one has

<0|7;la(O)A;7+(’l9)A;7_(0)|0> _ <0|7;L(x(0) (\/15 ;Al_‘_(ﬁ)e"‘lhﬁ) <\}ﬁ ;AT“_(ﬁ)e—zzq‘/J> ‘0>
= S FL). (5-6)
k
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5.1 Complex bosons

A solution of the bootstrap equations for the complex boson is

Fo () (T s < @ 7rk> eQ9/2mntkd /n—9/2 5
=— sin [ — + — :

kot " 2n  n cosh /2
The sum over the modes (5.6) is easily done using

n—1 “yn . s Y

. e —1 iy 1y Sin
Z ek — T e (n=1) Sini , (5.8)
k=0 2

to get

6(119/271'77,719/277,

(01720 Al L (9)Al_(0)]0) = —i(7,2) (ere/2n=im/2n5inh 2T (c.c.)),

(5.9)
which corresponds to the result (4.22) by standard methods. This is the physical solution

2n sinh 19;& sinh 2=
n 2n

only for o > 0, while the one for a < 0 can be obtained by symmetry. One can derive the
same expression starting from the ansatz

eaﬁ/27rn—19/2n

2n sinh 19;—” sinh ’927—”
n n

(017, (0)A] , (9)A] _(0)[0) = (7,2} (Coe™?/2n 4 Cre??m) - (5.10)

compatible with the monodromy equations, and choosing Cj, C7 such that the poles are

Res (07;7(0)A] , (9)A] _(0)]0) = i(T;7). (5.11)

Res  (0]7,%(0)A] , (9)A] _(0)|0) = —ie™*(T,2). (5.12)

Y=2inmw—im
This result is valid also when analytically continued to n — 1, and provides the FF of V,
(nonzero if « # 0). Indeed, in that limit, the poles at ¢ = i, 2inm — im collapse together
with an additional zero so that a single pole is left at ¥ = iw, as a consequence of
sinh 1&% 1

: — =4 5.13
sinh 1”% sinh 197% sinh 1(’17% ( )

This leftover pole is exactly the one for the single replica model, namely

Res (0]V°(0)A] L (9)A] _(0)|0) = i(1 — e)(°). (5.14)

V=im
5.2 Dirac fermions

Similar calculations can be done for free fermions, which lead to

' ] o Tk eaﬁ/27‘rn+k1‘}/n
fﬁ+(19) = ’L<7;Q> Sin <2n + ’I’L> W (515)
The sum over the modes is performed using
n=1 . .
22: . emn/2 _ e—mn/Q B sin % (5 16)
) € T eiyn/2 _ p—iyn/2 T sin% ’ ’
k=—2_2

2
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to obtain

(O T,2(0)A] L (9)A] _(0)]0) =
aﬁ/Zﬂn . — ) )
—(T,™) 5 — (e“‘/Q” sinh v_in + e/ ginh vt
2n sinh “H' sinh “TT n n

> C(517)

and this provides an alternative derivation of the FF in eq. (3.27).

As for the case of complex boson, this solution can be also obtained making the ansatz

aﬁ/2wn

2n sinh ’9“” sinh & ’9 in

OT2(0)A] L ()41 _(0)]0) = (7;7) (Coe™20 + 1?0, (5.18)

and fixing Cj, C; compatibly with the kinematical residues.

6 U(1) charged moments in free massive QFTs

In this section, we first present some basic and elementary facts about the U(1) charged
moments Z,(«) for free theories with U(1) symmetry. Exploiting the QFT scaling form,
some of our results are valid for arbitrary massive QFTs with U(1) symmetry with free
bosonic/fermionic type UV limiting CFT as well. We restrict our analysis to a subsystem
composed of a single interval and the full quantum system is prepared in its ground state.
In this setting, the charged moments and later on entropies as well can be calculated from
the two-point functions of the U(1) composite twist fields, which we explicitly calculate in
the following. Specifying the subsystem as an interval A = [u,v] (with £ = v — u), the
charged moments are written as

Zn(0) = T (plhe@Qn) = (e (T, (u, 0) 7 (v, 0)) , (6.1)

where ¢ is the UV regulator, (f; is a normalisation constant for the charged moments and
dy is the scaling dimension of the composite twist field
2

B _a” Di
g gaTe = J2 (1T F o e (6.2)
T(n—n7t) - (27r) — + 2|m|1, complex Boson.

To keep track of the leading ¢-dependence as well, we rewrite the charged moments as
Zn(@) = R (T (w, 0) T, (v,0)) = ¢ (me)* @ [(m ™25 (T)?)] Ho (). (6.3)

Using the standard two-particle approximation, the scaling function of the two-point cor-

relation, H, n(m/), for generic n can be written as

HZP(ml) =1 + % h AOf (0, m)Ko(2ml cosh(9/2)) (6.4)
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due to the expansion of the 2-point function

~ dd;dv N (—
<7;La(€7 0)7;?(070» ~ <7;La>2+ Z / 14V2 T [(+5),( k)(ﬁl%n)|267rm(cosh191+cosh792)

22]
N Z/ d191d;922'| F =248 (19, ) |2~ rm(cosh D1 teosh 92)
j,k=1
= (T)2 (14_4::2/ dd fp (0, n) Ko (2md cosh (19/2))) . (6.5)

In the above formula f3 / p(¥,n) is implicitly defined as

(T2 LE(0,m) EJFT”l D(@,n) 24 |Fy= T (9, ) 2

_— (6.6)
::jgj|f§F3K*1%“*”(zndj-ﬁ,n)ﬁ-kj{:|EQC?“+1”‘*”(2ﬂ¢j-ﬁ,n)F.
§=0 j=0
To ease our notations, we introduced the index k which is either D or B referring to
the Dirac fermion and complex boson respectively. The calculation of the von-Neumann
entropy (and of the corresponding charged moments) requires the correct analytic contin-
uation fg‘(ﬁ,n) of the function f&(¥,n), in such a way to justify the treatment of n as a
continuous variable. While for any integer n > 2, f(J,n) = f,?‘(z?,n), this equality is no
longer true at n = 1: fo(0,1) equals f&(9,1) for k = D, B, any o and ¥ # 0. In other
words f&(1),1) is not a continuous function in 9. An important consequence of this fact is
that the derivative of f&(¢,n) w.r.t. n contains a (1)) contribution. See appendix A for
more details.
Eq. (6.4) with (6.6) provides an explicit final result for the Rényi entropies with integer
n > 1. In fact for the leading spatial dependence, we can use the small ¥ behaviour of the
f2(9,n) derived also in appendix A. Plugging the expansions in egs. (A.21) and (A.24)
into the integral in eq. (6.5) and using [21]

1 [ 9\ [0\ F(n+%) o—2me B
o | ok (amecon ) (5) = = gt + OLm0 ™ (0)

we immediately have

n 6—2m€

HZP(ml) =1+ —

47T ml

(1+0((me)™1), (6.8)

for n > 1 and for both x = D, B. Notably the leading order of H2(m/() is a-independent.

As already mentioned for the limit n — 1 and for the derivative of f&(¥,n) w.r.t.
n, we have to use the proper the analytic continuation f(1J,1) of f&(9,n). Using the
Taylor expansion in ¢ of the analytic parts of fg‘(ﬂ, 1) (that can be found in the appendix
as eqs. (A.22) and (A.25)), the leading behaviour is determined by the constant 2sin? 2

5
Therefore we have the x-independent expression for H, 2p1t

1 e—2mt
2pt(m€)—1—i—2sm %4—6 7
m

(1+0((me)™1), (6.9)
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manifesting the discontinuous behaviour compared to eq. (6.8). For the derivative of H, ffﬁ,

we have
9 ropt 1 L gae ™ -1
—HZP (ml)|p=1 = —cos aKy(2ml) + 2sin” — (I4+0((m6)~)
on % 4 2 4mmi (6.10)
= cos aﬁe_%w + 2sin? g6_2m£ +O(e™™ ) (me)3/?) |
a 8 /ml Y Al ’

o -
again for both statistics x. Here the first term comes from the §(¢) in lim1 8—f,?(19, n) and
n— n

in the second line we also used that Ko(z) ~ e *,/5-.
Summarising, the leading spatial dependence of charged moments for n > 2 can be

written as

—2m/

_ ra 242 1, [ (=202 ) (00 \2 ne
Zn(Oé) - Cn,n(mg) [(m <77$,n> )] (1 + A7 mﬁ

(1 +O((m€)_1)>, (6.11)
where k = D, B, (2, is a normalisation constant, € is a UV regulator and the VEV of
the composite twist fields is calculated in appendices B and C for fermions and bosons,

respectively. For n = 1, we have instead

Z1(0) = 6y (me) ™% [(m ™28 (T2 )2)] (1 +2sim? S~

and for the derivative

0 1 a? a2 _o? 9 oo e 2mt
N — | - - —_ 2 « 2 Q i _
8nZl(a)’n:1 (3 27r2> (me)2=> In(me) g, [(m™ 2= (T.7)7)] (1 +2sin 2 drml

) .2 —2m/ —2ml
+ G2 (me) 2 [(m ™2 (T29)%)] <cosa\fem +2sin” % ZW)

Q

a o~ a2 g e
Fame) S (5 (7)) (14 2sn?

a . ) o
% (g WG abimt 5 Il (T2 D)l ) (6.13)

These formulas are the final results of this paper, which are derived based solely on the form
factor bootstrap. They perfectly match with the results of ref. [20] derived by completely
different means.

7 U(1) symmetry resolved partition functions and entropies

For free theories, the symmetry resolved partition functions and entropies have been already
calculated in ref. [20] from the charged moments that were equivalent to those in the
previous section. It is however useful to recall some steps of this derivation within the
notations of this paper, because the computation of the SR entropies from charged moments

is non-trivial.
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Let us start recalling the definition of the symmetry resolved partition functions (1.7)
in terms the charged moments (1.6):

T da —;
Zolqa) = / do g (a)eia, (7.1)
_g 2m

To perform the Fourier transform of egs. (6.11)—(6.13), the knowledge of both (7.%,) and
(i p is required as well. Although we computed the VEV of the composite twist-fields (see
appendices B and C), which is a universal quantity (once the UV normalization is fixed),
there is no general recipe to obtain (¢, since it is non-universal and its knowledge does
not rely on QFT techniques.

Following ref. [20], we can write the logarithm of the charged moments (6.11)—(6.13)
for both fermions/bosons as

©) ne—2m€
In Z, (o) ~nZ o
nZ,(a) ~InZ"(a) + y——
—2m/l
0 .2«
InZ;(a) ~In Z} )(a) t o sin’ IR (7.2)
an In Z, ()] p—q+ = an In Z}7 ()] pp—s1+ + 7 608 aKo(2ml) + ...,

where In Z%") () is

In 29 (a) = ! (n - nil) + i In(me) for Dirac fermion (7.3)

" 6 27%n ’ ’

1 2
In Z,(LO) () = ( (n — nil) a + M) In(me), for complex boson. (7.4)

3 C2m2n o

The ¢-independent contributions of order O(1) (in the limit ¢ — 0) are neglected explicitly
and correspond to non-universal quantities.

From eq. (7.2) the symmetry resolved von Neumann (n = 1) and Rényi entropies
can be straightforwardly computed following [20]. We only report here the leading and
sub-leading contributions to the entropies as

1
Sn(qa) — Sp ~ — B Inln (me)~! + O(1) for Dirac fermion, (7.5)
Sn(qa) — Sp ~ —Inln (me) ™' + O(1) for complex boson,

for n > 1. The total Rényi and von Neumann entropy has the following large ¢ behaviour

—2m/l
(g a__n e
Sn_G(n n )log(me) n—147rm£+”' n>1, 76)
1
Sy~ glog;(msf1 — ZK0(2m€) +...,

where the non-universal constants are again neglected explicitly and ¢ = 1,2 for complex
fermions and bosons, respectively. We recall that the result for 57 is already known from
ref. [46]; in particular we get —1Ko(2m¢) which is the double of what was found in the
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Ising field theory because two particles are present in the theory. In contrast, for n > 1
the n-th entropy depends strongly on the theory under consideration beyond the leading
order reported above.

At leading order in the limit ¢ — 0, one observes the equipartition of entanglement,
namely that S, (g4) does not depend explicitly on g4. Nevertheless, the equipartition is
broken explicitly whenever ¢ # 0. A careful analysis has been already performed in [20],
where it has been shown that the terms which break explicitly equipartition maybe be

written as a power series in W.
Finally we want to mention that the total von Neumann entropy can be written as [86]
S =>"p(qa)S(qa) = Y pqa) Inp(qa) = S+ 57, (7.7)
A qa

where p(qa) = Z1(q4) equals the probability of finding g4 as the outcome of a measurement
of Q 4. The contribution S€ is called the configurational entanglement entropy and measures
the total entropy due to each charge sector (weighted with the corresponding probability) [9,
87] and S/ denotes the fluctuation (or number) entanglement entropy, which instead takes
into account the entropy due to the fluctuations of the value of the charge in the subsystem
A ]9, 33, 88, 89]. In eq. (7.5) the log-log term is necessary in the SR quantity to cancel the
same contribution to the total entropy coming from S;.

8 Conclusions

In this paper we applied the 141D bootstrap approach to compute the form factors of
the composite branch-point twist fields which are directly related to symmetry resolved
entropies. The technique was initiated in ref. [21] for discrete symmetries and we generalised
here to a U(1) conserved charge. For simplicity, we focused on free theories, namely the
free massive Dirac theory and the free massive complex boson theory, both of which admits
a U(1) symmetry. The motivation for the study of these free theories is twofold. In fact,
despite the absence of interactions, the form factors of the corresponding composite branch-
point twist fields are highly non-trivial. As a consequence, these calculations serve both
as a warm-up toward interacting theories (without many technical complications like non-
diagonal scattering etc.) and as a reference point to test future results for integrable models
in the non-interacting limit.

We determined all the form factors of the composite field using two different methods:
standard form factor bootstrap approach and diagonalisation in replica space. For the
Dirac theory, form factors with higher particle numbers turned out to be Pfaffians of the
2-particle ones. For the complex boson, form factors with many particles can be obtained
using Wick’s theorem and the 2-particle form factor. The form factors for odd particle
numbers and for non-neutral (with respect to the U(1) charge) particle configurations
are zero. Our solutions have been tested using the A-theorem sum rule. Furthermore,
we recovered known particular limits: when the flux corresponding to the U(1) charge is
zero, the conventional branch-point twist field form factors are re-obtained, whereas for a
single replica we got the conventional U(1) twist field from factors. In addition, we also
determined the exact vacuum expectation values for the composite fields.
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Although the main goal of this work was the complete determination of the non-
trivial form factors, we also presented the asymptotic results for the charged moments, the
charged partition functions, and, eventually, the symmetry resolved entropies. We used
the two-particle approximation for the 2-point correlation function of the composite fields,
which gives accurate results for the charged moments when the considered subsystem is a
long interval embedded in the ground state of an infinite system. For n = 1, a non-trivial
analytic continuation is also necessary. We showed that the charged moments obtained from
form factor sums equal those in ref. [20] obtained by completely different means. Following
ref. [20], we finally re-derived the charged partition functions and the symmetry resolved
entropies, including sub-leading corrections that breaks the equipartition of entanglement.

Our results are the starting point to systematically compute higher and higher cor-
rections to the symmetry resolved entanglement and to consider subsystems consisting of
disjoint intervals as well. These directions can be an interesting object of future studies. Fi-
nally, the application of these form factor techniques to interacting integrable field theories
with U(1) symmetry is on the way and will be presented in forthcoming publications.
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A Analytic continuation for fg/B(ﬁ, n)

The analytic continuation of the quantity f&(J,n) with x = D, B is a subtle issue. The
corresponding quantities f(¢,n) for the standard branch-point twist field of the Ising and
sinh-Gordon models were carefully analysed in ref. [46] where it was shown that the analytic
continuation f(©,n) with domain n € [1, 00) can be defined from f(9,n) forn = 2,3,.... It
turned out that f(ﬂ,n) = f(¥,n) for integer n > 2, but, for n — 1, f(¥,1) = 0 everywhere
except in the origin, where it converges to % (To be more precise, f (0,m) as well as f(0,n)
are understood as limg_,q f (¥,n) and limy_,o f(9¥,n). The non-uniform convergence is
present in limy,_,q limg 9 f (¥',n) as a function of ¥.) The convergence in n is therefore

non-uniform, which results in a d-function in the derivative lim1 o f (¥,n), yielding
n— mn

0 - 1
lim — =71’-8(V). Al
lim (9, 1) = 75(9) (A1)
This derivative is an important quantity as it governs the leading long-distance behaviour
of the entanglement entropy. However, not all the analysis of ref. [46] is necessary here
to obtain f(9,n): only some of the basic ideas from [46] are needed and presented
here accordingly.
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We first claim, that for the conventional branch-point twist field, the functions f,ﬁ(ﬁ, n)
can be simply written as

)
- tanh 5

Fo(9,n) = — 52Im [ B VD (29 pim n) — BV (229 4 2imm i m)|

<7b/BJJ
(A.2)

This can be justified following the logic of [46]: recalling the definition of fp, /B(¥,n)

n—1 n—1
(Ton)? fu@,m) = 237 FAEVCY (9 4 omigy (B (9 4 27ig)) " = 3 su(9,),
j=0 §=0
(A.3)
one can consider the following contour integral and treat j as a continuous parameter
1
— @ dzmcot(mz)s. (¥, z), (A.4)
211 C

where the contour is a rectangle with vertices (—e—iL,n—e—iL,n—e+iL, —e+iL). This
contour integral is zero as when L — oo, the contributions of the horizontal lines vanish
and, at least in free field theories, the vertical contributions cancel each other due to the
periodicity of s, (9,2 +n) = 52s.(9,2) and S2 = 1 for K = D, B. We can evaluate the
integral (A.4) by the residue theorem; the poles are at the positions z =1,2,...,n— 1, at

z = % + %, and z =n — % + %. Using the explicit values of the residues, we end up with

n—1 s
tanh ? ) .
O—E:s,@(ﬁ,j)—i-(:;?;zﬂm [EFHEDED (29 i m) ~ FH DD (20 4 2inm—imn)|
]:O R,n

(A.5)
from which eq. (A.2) is inferred.
More importantly, the derivatives of fp(1,n) and fg(9,n) at n = 1 have essentially
the same §-type behaviour. It is straightforward to show that the difference of the two
functions can be recast as

4tanh ¥ cos? X cosh £ tanh -2 (2cosh ¥ + cosh 22 — 2cos T + 3
Folo,m) — Fo(0m) = — Ftanh o (2c0sh § + cosh 3 — 2c0s £ + 3

2n
n (cosh % — cos 2—”)

n

(A.6)
This is a smooth analytic function also when n approaches one. Differentiating (A.6) and
taking n — 1, we obtain identically zero. Therefore, combining eq. (A.1) with fp(9,n) =
2fIsing(19> n), we have

. 0 9#0,
lim fo(¢,n) = A.
liny (0. n) {1 T (A7)
.0z
}Ll_)ml %fn(é‘, n) = 7725(’19) . (A.8)
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In a similar spirit, we can easily derive the corresponding derivatives for fg(ﬁ, n). For
both the complex boson and the Dirac theory, we can write f(9,n) as

n—1
(T2 £ (0,m) = 3 FF VY (o 4 2mi) (B 10DT0 (<0 4 2 )
7=0
n—1
+ > FFICVEY g y omig) (B]CVED (g 4 2mig) )
Jj=0

=3 s2(0.9), (A.9)

and consider the contour integral
1
— (D dzmcot(mz)s (9, 2) , (A.10)
2mi Je
with the same contour as before. This contour integral is again zero for the same reasons as
above: the contributions of the horizontal lines vanish and, in free field theories, the vertical

contributions cancel each other because S2 = 1. We can evaluate the integral (A.10) by

the residue theorem. The poles are at the positions z =1,2,...,n—1, at z = % + %, and
z=n— % + %. Using the explicit values of the residues, we end up with
n—1 s

tanh b

S s (9,5) =— o [F7F VD (294 n)+ B TVED (—29 4 )
j=1 K,n

et R IENED oy 4 iornim n)— el FIFICDHD (_219+¢27m—m,n)}

(A.11)
from which the analytic continuation of f&(¢,n) for both k = D, B is inferred as
7o tanh § T (+1)(~1 , T (~1)(+1 ,
fe(@,n)=— <7;an>22 Im {FQ" |F1( )(—219+z7r,n)+F2“ =D )(—219+27r,n)
—e_"O‘FQT”a‘(H)(_l)(—219+i27rn—i7r,n)—emFQﬂfal(_l)(H)(—219+i27m—i7r,n)} .
(A.12)

It is easy to check that f&(9,n) = f&(9,n) for integers n > 1.

The derivative of f,f‘ (¥,n) can be obtained without further work exploiting the prop-
erty that the function fg/B(ﬂ, n) — cos« fD/B(ﬂ, n) is smooth and converges to a smooth
function as n — 1. Indeed, using eqgs. (A.2) and (A.12) we immediately have

8 sinh? ¢ sin? % cosh 1970‘

FO(9,1) — fp(0,1) = Al
fD(ﬁv ) COSOéfD(ﬁ, ) (COSh’L9 + 1)(C08h(219) — 1) ) ( 3)
and
lim 9 [N"(ﬁ n) — cos o fp (1 n)}
n—1 8n D ’ ’
. 1 Yo . o & . g & .
= (o 0 1) |:27TCOSh - (21900th19s1n 5 2sin 5 asmoz) (A.14)

9
+2 sinh ve (7‘(‘2 coth ¥ sin a — 29« sin? 3)}
T
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for the Dirac theory and

™

f%(09,1) —cosa fp(9,1) = 25ech2g sin? % cosh (19 - W) , (A.15)
and

2 tanh gcschQ'ﬁ ‘sin %]
X

™

X [wcosg <(27T - ’04)|Sinh§7a| — |a]sinh (19 (2 B T)))
sm2’ (19|a| cosh ( ( — @)) + 92w — |a|) cosh 19:)

—27 sinh ¢ cosh (19 - M)] (A.16)

™

lim — [fB( n) — cososz(ﬁ,n)} =

n—10n

+

e
sin —
2

for the complex boson theory.
These expressions lead to the main result of this appendix namely

8sinh? ¥sin? & cosh &
lim fg(ﬁ’ n) — (cosh19+1)(6052h(219)—1) v # 0, (A17)
n—1 1 Y = 0’

and

0 1
TlLlel 5, /p(0,n) =r2cosad()+

m(cosh+1)

{27r cosh 19704 (219 cothdsin? < —2sin? < —asin a)
™ 2
2

—|—281nh197a(7r coth¥sin o — 29 sin? —)}

2
(A.18)

for the Dirac theory and

2sech2’9 sin? 5 cosh (19 — M) ¥ #£ 0,

™

(A.19)
1 9 =0,

TlLlinl fB(ﬁu n) = {
and

2 tanh 2csch?y| sin ¢ |
- — 2 2 2
7111_>m1 anf B(¥,n) =7"cosad(d) + - X

x [mos‘; ((%— o) sin‘;" — Ja|sinh <q9( - V;")))
sin ‘(ﬁ!a!cosh< ( ’j‘)) +9(27 — |a]) cosh 19)

-2 sinhﬁcosh( — Wﬂ , (A.20)

™

_l’_

sin —
2

for the complex boson.

The computation of further, sub-leading ¢-dependent corrections is not addressed in
this work, but can be straightforwardly achieved. To use eq. (6.7), one eventually needs
to expand f"‘(z? n), fg amlytw(vﬁ‘, 1) and lim,,_,; %fg’analytic

(9, n) into series around ¥ = 0,
which can be computed easily using the above formulas. The quantities f,? amlytic(ﬁ‘, 1)

and lim,_.; % fg‘ (malytic(ﬁ, n) are understood as first performing the n — 1 limit and only
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then the ¢ — ¢ limit (and in particular ¥ — 0). For the Dirac fermions we have

—m2 (n? 4 2) + 127 csc 2 (asin @ 4 wcot T cos &) + 602

fo,n) =1+ TP 92 4+0(0"), (A.21)
for n # 1 and
2 2\ 12 o
Fo .2 ((m* = 2a?) sin 5) 2 4
fD,analytic(ﬁa 1) = 2sin 5 - o2 9° + 0(19 ), (A22)
for n = 1 and for the derivative
.0 2 adsina 2a%sin?% 2 a1 .
7!LI—)H11 %fD,analytic(ﬂa ’I’L) = <_ 37‘(‘2 - 7T2 2 + g Sln2 E + gOéSané 192 + 0(194) )

(A.23)
and for the complex Boson

2m—
72 (n* —4) +6mesc? I (]a\ COSWTM—I-(Q?T— |a|) cos %) —6a%+127 |oz]192

+0O(Y (A.24)
for n # 1 and
7 (9,1) = 25in% < 1 2 1(1-“')2—1 sin? = 92 + O(9%) (A.25)
B,analytic\"» - 1 2 9 T 4 1 9 s .
for n = 1 and for the derivative
9,
7lzl—>Inl %fB,analytic(’lgv n) (AQG)
_ <|a| (la] = 27) (|| — )] sin ] —37E523042 — 67 || + 272) (cos o — 1)) 9 4+ 0(0Y)

We conclude this appendix mentioning the behaviour for n — oo, for which we are
going to show that the limiting functions for f&(J,n) and f.(9,n) are the same. More
precisely, we have that

0
(2792 + 7T2) tanh 5

Jim F(0,e%n +¢) = 2GR (A.27)
and ) s
- . m* tanh &
. « 4 _ 2

for any constant ¢ and any direction ¢ on the complex plane. This large n behaviour is
related to the unicity of the analytic continuation [46] by Carlson’s theorem [90]. Indeed,
let us suppose the existence of another function g (19, n), which satisfies (9, n) = (9, n)
for n-s with n > 1. We assume that §&(9,n)| < Cedl”l for Re(n) > 0 and with ¢ < 5
this assumption is motivated by the fact that both Tr (p) and Tr (p’}‘em‘@f‘) behave so
for finite systems, see again ref. [46] for a detailed discussion. Then Carlson’s theorem
can be applied to f¥(9,n) — §*(9,n), which is zero for all positive integers. Based on
our motivating assumptions for g (9, n) and the actual behaviour of f&(1J,n) the theorem
implies the unicity of the continuation (19, n).
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B Vacuum expectation value of 75

The determination of the vacuum expectation value (VEV), i.e., the zero particle FF is
generally a difficult task and for the branch-point twist fields, the VEV has been derived
only for the Ising model, both for the conventional field [46] and for the composite one [21]
and for the conventional twist field in the complex boson theory [83]. Strictly speaking the
VEYV is not unique, of course, but prescribing the standard conformal normalisation, i.e.,
requiring that

lim (7,%(¢, 0)T,2(0,0)) £ =1 (B.1)

=0

it can be usually unambiguously defined. In this appendix, we derive the VEV T, for
the Dirac field using and modifying ideas taken from refs. [21, 45, 46, 91]. Following these
ideas, we eventually proceed in a very similar way to the logic of section 5, that is, we
essentially perform a diagonalisation in the space of replicas and exploit the factorisation
of the field into Fourier components in the replica space.

Let us consider Dirac fermion fields and denote the one living on the jth replica by V.
Similarly to section 5, we can consider the replica space spanned by vectors of the form
(,,...,%,)" and search for a matrix 7 whose action in the space replica corresponds to
the U(1) composite twist field. Since the total phase picked up by the twist field when
turning around the entire Riemann surface is €'®, the transformation matrix 7 can be
obtained by multiplying the transformation matrix of the conventional fields [45] by e*®/",
as done in ref. [20]. Accordingly the following representation is obtained

0000 --- 0 (—1)"H!
1000 ---0 O
0100 ---0 0
20010 0 0 ‘ (B.2)

0000 .0 0
0000 ---1 0

The transformation matrix 7 has to be diagonalised for the determination of the VEV [46].
The eigenvalues of 7 can be written as e?2™/7ei/™ with k ranging from —(n — 1)/2 to
(n — 1)/2 for both even and odd n. Using the eigenvectors of 7 new fermion fields Wy
can be defined as well. These new fermion fields satisfy the canonical anticommutation
relations {W,(z), UL, (¢/)} = dppd(x — ), {Up(x), Up(2')} = 0 and {¥] (), UL, (2')} = 0.

The eigenvalues of the transformation 7 obtained above are compatible with the four-
point function of the composite U(1) branch-point twist field [20]

(Wl ()4 () TR () TOW)) 1 (2 —w) (& —w)\ " 7
<7;La(w)7~;la(w/ > Y ((Z—U),) (Z/—'w)> ) (B?))

at the UV critical point. Eq. (B.3) means that performing a clock-wise turn on W (2’)

i (2k+a)/n

around the twist field 7 inserted at w, the correct factor of e is accumulated.
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From eq. (B.3) the factorisation of the composite U(1) branch-point twist field naturally
follows and this fact makes it possible to compute the UV dimensions of the factorised
components and eventually to determine the VEV in the massive theory. The factorisation
of the composite U(1) branch-point twist field in our case can be written as

(n—1)/2
Tow) = [I  T(w), (B.4)

k=—(n—1)/2

and the action of 7,7, (w) is non trivial only on the ¥y and \11;2 fields. The (chiral) conformal
dimension of 7;, can be can be obtained from the relation [12, 47, 48]

T Ten @) T @) _ (w—w)
(T ()T () '

(B.5)

(z = w)* (z —w)*’
where T}, is the stress-energy tensor of the £ components, as the stress-energy tensor can
be shown to factorise into k£ sectors as well. The analysis of computing the conformal
dimensions was performed in [20] leading us to the result

Ak:1<k+ < )2. (B.6)

2\n 2mn

It can now be checked that the total conformal dimension of the composite twist field

. _ 2
agrees with the known value i (n—n 1) + 2(2?rﬁ because for even n we have

%(171/2)2 ) )
= et 1 -1 a
+ =—(n-— + , B.7
p 2(2m)*n 24 ( ) 2 (2m)%n (B.7)
and for odd n »

2 l 2 O£2 1 1 ()é2
-] +——==(n-n"" )+ —5. B.8
,; <n> 2(2m)%n 24 ( ) 2(27) n (B:8)

Based on the above analysis, a natural assumption is that the decomposition of the
composite branch-point twist fields can be equivalently written in terms of conventional
U(1) twist fields/vertex operators V'™ as

nT_l kEy o
To(w @) = [[ Vo (w,@) = [[ Vi > (w,) (B.9)
k k:,”T—l

since the left and right conformal dimension of these fields is exactly % (% + ﬁ)Q Un-
der the plausible assumption that this factorisation of the composite branch-point twist
field also holds in the off-critical theory (which is also justified by section 5) its vacuum
expectation value can be obtained by exploiting the results in ref. [92]

m : 1

VP = ’
i =(3) G- 9)C0+9)

(B.10)
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where G(x) is the Barnes G-function. Hence, for the n-copy Dirac theory we have

n—1

—1 2
m (nil’,; +(2:)2n> 1
(T8 = () II __ — (B.11)
2 o am G(1— 2 G(1 + 20l

Using the integral representation of the Barnes G-function, we can rewrite the VEV as

Dmn/ — 5

- /oo dt (sinht co§h (5%) —Qnsinh% (n- n—1 . o2 ~\] B2
o t 2sinh > sinh®¢ 12 (27)2%n

C Vacuum expectation value of 773&,71

—_— <m>(+<>)

To determine the VEV of the composite U(1) branch-point twist field in the free complex
boson theory, we can proceed in a similar fashion, and our eventual computation boils down
again to writing the VEV of the composite branch-point twist field as a product of VEVs
for conventional U(1) twist fields. Contrary to the case of the free Dirac theory, however,
we now face an important subtlety when defining the VEVs (V) in the complex boson
theory. This theory is not compact and as a consequence the short-distance behaviour
of the theory and the proper definition of the VEV are non-trivial [83], because of the
presence of a zero mode. Consequently, the explicit value of the VEV is non-universal,
in the sense that depends on the employed normalisation. This problem was carefully
discussed in ref. [83], where an expression for the VEV was actually proposed based on a
natural regularisation of the fields and on the angular quantisation scheme. In the following
derivation, we adopt this convention, which was already used in [83] to derive the VEV of
the conventional branch-point twist field (in a similar calculation to what follows).

To proceed with our eventual derivation in the standard way, we first of all need again
the transformation matrix 7, whose action in the space replica space (i.e. on the vector

(®,,...,®,)7") corresponds to the composite twist field can now be written as [20]
0000 ---01
1000 ---00
0100 ---00
__g2|0010 00| 1)
0000 --00

0000 ---10
The eigenvalues of 7 are the roots of unity times e?®/™ that is e'2™/m¢i@/" with k ranging

from 0 to n—1. Similarly to the Dirac case, one can introduce new Bose fields, which satisfy
the canonical commutation relations [y (x), @L, (z)] = Ok po(z — '), [Pp(x), Pr(2')] =0

~32 -



and [@L(w),@,ﬁ,(x/ )] = 0. In complete analogy with the Dirac case, the factorisation of
composite twist field is inferred as [20]

n—1
= [ Tin(w), (C.2)
k=0
where the conformal dimension of each component is

1/k o E o >
ANp=~——-+—])[1————]. .
k 2 (n + 27m) ( n  2mn (C3)

The total conformal dimension of the composite twist field agrees with the known value
for any n, that is

8- Z ( 2|:Jz> (1 7% 2’70:7|1> 112 (n=n7t) - 2(2?:))271 * 4:7|z' (C-4)

Based on the above analysis, the decomposition of the composite branch-point twist

fields is assumed again and is rephrased as
n n
®) = [ 7 (w, @) = [] VE (w, @), (C.5)
k=0 k=0

in terms of conventional bosonic U(1) twist field V7*, with cpk = E + 50— and whose left

and right conformal dimensions are exactly 3 (% + %) (1 - £ %> Assuming that this

type of factorisation of the composite branch-point twist ﬁeld also holds in the off-critical
theory we can obtain its vacuum expectation value exploiting the results in ref. [83]

o\ (1— )/(2ﬂ.)2 _2 > Sinhtln(cosht) @ . _(’D
(V5) =N (me'®)? % exp{ 77/0 dt(4t2+7r2)cosh2t 7Tcos§s1nh t(1 -

+2tsin§cosh (t (1-‘2’))” (C.6)
with

N = exp {_;('YE +1n2) + %(1 — In(27)) — /0°° %eit ((et Si?)}zzog}ft " 21’>>} ’
(c.7)

where vg is Euler’s constant.
Hence, for the VEV of the composite U(1) branch-point twist field in complex boson
theory we have

2

;(n_l)_aiJrﬂ) 1 [ _ sinht In(cosht)
S ) =N (me'®E <6 R L R / dt
(TE.n) ( ) L 0 (4¢2 + 72) cosh? ¢

— 2it —2i 1)t + 2it || — 2
y (2t—i7r)csc<7r i )cos im(n+ 1)t 4+ 2it|a| —7la]+ 7
2n 2mn
2it 2i( 1)t 2it
+(2t + im) csc il mim+2i(n + DY) = (v + z)|a!>
2n 2m™n

(2 )
(2 — im) ese (77 2n> Sm( m— 2it)(m(n — 1) + |a|))
( ) (w+2n n—1)+|ay))]}_

(C.8)
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For n = 1, this formula again equals the vacuum expectation value of the standard U(1)
twist field [83)].
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