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1 Introduction

Recent developments on duality symmetries [1] in supersymmetric quantum theories of
fields and strings seem to indicate that the known different string theories are different
manifestations, in different regions of the coupling constant space, of a unique more funda-
mental theory that, depending on the regime and on the particular compactification, may
itself reveal extra (11 or 12) dimensions [2], [3]. A basic aspect that allows a comparison
of different theories is their number of supersymmetries and their spectrum of massless
and massive BPS states. Indeed, to explore a theory in the nonperturbative regime, the
power of supersymmetry allows one to compute to a large extent all dynamical details
encoded in the low energy effective action of a given formulation of the theory and to
study the moduli (coupling constants) dependence of the BPS states. This latter prop-
erty is important in order to study more dynamical questions such as phase transitions in
the moduli space [4], [5], [6],[7], [8], [9] or properties of solitonic solutions of cosmological
interest, such as extreme black holes [10] and their entropy. A major mathematical tool
in these studies is the structure of supergravity theories in diverse dimensions [11] and
with different numbers of supersymmetries. These theories have a central extension that
gives an apparent violation of the Haag-Lopuszanski-Sohnius theorem [12], since they in-
clude “central charges” that are not Lorentz-invariant [13]. However, these charges are
important because they are related to p-extended objects (for charges with p antisym-
metrized indices) whose dynamics is now believed to be as fundamental as that of points
and strings [1]. In fact point-like and string-like BPS states can be obtained by wrap-
ping p (or p — 1) of the dimensions of a p-extended object living in D dimensions when
d > p dimensions have been compactified. It is the aim of this paper to give a detailed
analysis of central extensions of different supergravities existing in arbitrary dimensions
4 < D < 10 in a unified framework and to study the moduli dependence of the BPS mass
per unit of p-volume of generic BPS p-branes existing in a given theory. A basic tool
in our investigation will be an exploitation of “duality symmetries”[14], [15] (rephrased
nowadays as U-duality) of the underlying supergravity theory which, for a theory with
more than 8 supercharges, takes the form of a discrete subgroup of the continuous isome-
tries of the scalar field sigma model of the theory [16]. Duality symmetries, which rotate
electric and magnetic charges, correspond, in a string context, to certain perturbative or
nonperturbatives symmetries of the BPS spectrum, playing a crucial role in the study of
string dynamics. In many respects the present investigation can be considered as a com-
pletion of the list of theories reported in the collected volume papers by A. Salam and E.
Sezgin [11]. This paper will cover, for self-consistency, material covered but scattered in
the literature, and then some new material, such as the details of some theories in D = 6
and D = 8,9 dimensions. The basic focus of our approach is that the central extension of
the supersymmetry algebra [12][17] is encoded in the supergravity transformation rules.
The latter can be derived from supersymmetric Bianchi identities, even if the complete la-
grangian has not yet been derived. Of course a careful study of these identities also allows
a complete determination of the lagrangian, whenever it exists. Among the novelties of
this analysis is a new formulation of D = 4, N—extended theories with N > 2, in which a
manifest symplectic formulation is used. In particular all these theories have in common
a flat symplectic bundle which encodes the differential relations among the symplectic
sections and therefore among the central and matter charges. In this respect the N = 2



case, related to Special Geometry [18], [19], simply differs from the N > 2 cases by the
fact that the base space is not necessarily a coset space. This is related to the physical
fact that N = 2 Special Geometry suffers quantum corrections. For higher dimensional
theories, relations between central and matter charges for different p—extended objects
are derived in analogy with previous known results in D =4 and D = 5. For D > 4 the
embedding in a duality group that rotates electric into magnetic charges is only possible
for D/2 = p + 2, which covers the cases of D = 6,8.

A shorter version of this paper, with particular emphasis on the existence of duality
invariant entropy formulae in higher dimensions, already appeared in the literature [20].

The paper is organized as follows:
In section 2 we recall how different supergravity theories are related to the low-energy
limit of different string theories and their M-theory or F-theory extension.
In section 3, which is the main body of the paper, a general discussion of the geometric
framework for all D and N is presented and, in particular, the symplectic embedding of
all D = 4 theories is formulated. The subsequent sections, which may be skipped by
a reader not interested in the details of a particular theory, consider the higher D and
higher N theories in the formalism discussed in section 3. In section 4 the D =4, N > 2
theories are presented. In section 5 matter coupled D > 4 supergravities are discussed. In
sections 6 and 7 the maximally extended theories in odd and even dimensions respectively
are reported.

2 Extended supergravities and their relations with
superstrings, M-theory and F-theory

It is worth while to recall the various compactifications of superstrings in 4 < D < 10
as well as of M-theory and their relation to extended supergravities and their duality
symmetries. In the string context the latter symmetries are usually called S, T and
U-—dualities. S—duality means exchange of small with large coupling constant, i.e. strong-
weak coupling duality. T—duality indicates the exchange of small with large volume of
compactification while U-duality refers to the exchange of NS with RR scalars. The major
virtue of space—time supersymmetry is that it links toghether these dualities; often some
of them are interchanged in comparing dual theories in the nonperturbative regime. In
this paper we will only consider compactifications on smooth manifolds since the analysis
is otherwise more complicated (and richer) due to additional states concentrated at the
singular points of the moduli space. The key ingredient to compare different theories in
a given space-time dimension is Poincaré duality, which converts a theory with a (p + 2)-
form into one with a (D — p — 2)-form (and inverse coupling constant). For example, at
D = 9 Poincaré duality relates 4- and 5-forms, at D = 7 [2]| 3- and 4-forms and at D =5
2- and 3-forms [21]. These relations are closely related to the fact that type IIA and type
IIB are T-dual at D = 9 [22], heterotic on T3 is dual to M-theory on K3 at D = 7 [2]
and heterotic on K3 x S; is dual to M-theory on CY3 at D =5 [23], [9]. Let us consider
dualities by first comparing theories with maximal supersymmetry (32 supersymmetries).
An example is the duality between M-theory on S; at large radius and type ITA in D = 10
at strong coupling. For the sequel we will omit the regime where these theories should
be compared. We will just identify their low-energy effective action including BPS states.



Further compactifying type IIA on S, it becomes equivalent to IIB on S; with inverse
radius. This is the T-duality alluded to before. It merely comes by Poincaré duality,
exchanging the five form of one theory (IIB) with the 4-form of the other theory (IIA).
The interrelation between M-theory and type IIA and type IIB theories at D < 9 explains
most of the symmetries of all maximally extended supergravities. At D = 8 we have a
maximal theory with U-duality [16] group SI(3,Z) x SI(2,z). The SI(3,Z) has a natural
interpretation from an M-theory point of view, since the D = 8 theory is M-theory on
T3. On the other hand, the additional Si(2,Z) which acts on the 4-form and its dual
has a natural interpretation from the type IIB theory on 75, in which the SI(2,Z) is
related to the complex structure of the 2-torus [24]. At D = 7 the Si(5,z) U-duality
has no obvious interpretation unless we move to an F-theory setting [24] This is also
the case for D = 6,5,4, where the U-duality groups are O(5,5;Z), Es(Z) and E77(Z)
respectively. However, they share the property that the related continuous group has, as
maximal compact subgroup, the automorphism group of the supersymmetry algebra, i.e.
Sp(4), Sp(4) x Sp(4), Usp(8) and SU(8) respectively for D = 7,6,5 and 4. The U-duality
group for any D corresponds to the series of E;_p Lie algebras whose quotient with the
above automorphism group of the supersymmetry algebra provides the local description
of the scalar fields moduli space [25]. Recently, a novel way to unravel the structure
of the U-duality groups in terms of solvable Lie algebras has been proposed in [26].
Moving to theories with lower (16) supersymmetries, we start to have dualities among
heterotic, M-theory and type II theories on manifolds preserving 16 supersymmetries.
For D = 7, heterotic theory on T3 is “dual” to M-theory on K3 in the same sense that

M-theory is “dual” to type IIA at D = 10. Here the coset space O(1,1) x %

identifies the dilaton and Narain lattice of the heterotic string with the classical moduli
space of K3, the dilaton in one theory being related to the volume of K3 of the other
theory [2]. The heterotic string on T} is dual to type ITA on K3. Here the coset space
0O(1,1) x % identifies the Narain lattice with the “quantum” moduli space of K3
(including torsion). The O(1,1) factor again relates the dilaton to the K3 volume. A
similar situation occurs for the theories at D = 5. At D = 4 a new phenomenon occurs
since the classical moduli space Sg((i’)l) X O(%(i’éi)m) interchanges S-duality of heterotic
string with T-duality of type IIA theory and U-duality of type IIB theory [27]. If we
compare theories with 8 supersymmetries, we may at most start with D = 6. On the
heterotic side this would correspond to K3 compactification. However at D = 6 no M-
theory or type II correspondence is possible because we have no smooth manifolds of
dimension 5 or 4 which reduce the original supersymmetry (32) by one quarter. The least
we can do is to compare theories at D = 5, where heterotic theory on K3 x S; can be
compared [23] and in fact is dual, to M-theory on a Calabi-Yau threefold which is a K3
fibration [28]. Finally, at D = 4 the heterotic string on K3 x T3 is dual to type IIA (or IIB)
on a Calabi-Yau threefold (or its mirror) [29], [30], [31]. It is worth noticing that these
“dualities” predict new BPS states as well as they identify perturbative BPS states of one
theory with non-perturbative ones in the dual theory. A more striking correspondence
is possible if we further assume the existence of 12 dimensional F-theory such that its
compactification on T, gives type IIB at D = 10 [3]. In this case we can relate the
heterotic string on Ty at D = 8 to F-theory on K3 and the heterotic string at D = 6 on
K3 with F-theory on a Calabi-Yau threefold [8], [32]. To make these comparisons one has
to further assume that the smooth manifolds of F-theory are elliptically fibered [8]. An




even larger correspondence arises if we also include type I strings [33] and D-branes [34]
in the game. However we will not further comment on the other correspondences relating
all string theories with M and F theory.

3 Duality symmetries and central charges in diverse
dimensions

3.1 The general framework

All supergravity theories contain scalar fields whose kinetic Lagrangian is described by
o-models of the form G/H, with the exception of D =4, N =1,2and D =5 N = 2.
Here G is a non compact group acting as an isometry group on the scalar manifold while
H, the isotropy subgroup, is of the form:

H = HAut X Hmatter (31)

H 4. being the automorphism group of the supersymmetry algebra while H,, 446, is related
to the matter multiplets. (Of course H,uer = 1 in all cases where supersymmetric
matter doesn’t exist, namely N > 4 in D = 4,5 and in general in all maximally extended
supergravities). The coset manifolds G/H and the automorphism groups for various
supergravity theories for any D and N can be found in the literature (see for instance [11],
[35]). As it is well known, the group G acts linearly on the (n = p+2)—forms field strengths
Hé‘l,,,an corresponding to the various (p + 1)—forms appearing in the gravitational and
matter multiplets. Here and in the following the index A runs over the dimensions of some
representation of the duality group G. The true duality symmetry (U-duality), acting
on integral quantized electric and magnetics charges, is the restriction of the continuous
group G to the integers [16]. The moduli space of these theories is G(zZ)\G/H.

All the properties of the given supergravity theories for fixed D and N are completely
fixed in terms of the geometry of G/H, namely in terms of the coset representatives L
satisfying the relation:

L(¢') = gL(#)h(g, ) (3.2)

where g € G, h € H and ¢’ = ¢/(¢), ¢ being the coordinates of G/H. Note that the
scalar fields in G/H can be assigned, in the linearized theory, to linear representations
Ry of the local isotropy group H so that dim Ry = dim G — dim H (in the full theory,
Ry is the representation which the vielbein of G/H belongs to).

As explained in the following, the kinetic metric for the (p + 2)-forms H” is fixed in
terms of L and the physical field strengths of the interacting theories are ”dressed” with
scalar fields in terms of the coset representatives. This allows us to write down the central
charges associated to the (p + 1)—forms in the gravitational multiplet in a neat way in
terms of the geometrical structure of the moduli space. In an analogous way also the
matter (p + 1)—forms of the matter multiplets give rise to charges which, as we will see,
are closely related to the central charges. Note that when p > 1 the central charges do not
appear in the usual supersymmetry algebra, but in the extended version of it containing
central generators Z,, ..., associated to p-dimensional extended objects (a; - - - a, are a set
of space-time antisymmetric Lorentz indices) [36, 37, 13, 38, 39]



Our main goal is to write down the explicit form of the dressed charges and to find
relations among them analogous to those worked out in D = 4, N = 2 by means of the
Special Geometry relations [40][29].

To any (p+2)-form H* we may associate a magnetic charge ((D — p — 4)-brane) and
an electric (p-brane) charge given respectively by:

gA = HA EA = QA (33)

Sp+2 SD—p—2

where G = %.

These charges however are not the physical charges of the interacting theory; the latter
ones can be computed by looking at the transformation laws of the fermion fields, where
the physical field—strengths appear dressed with the scalar fields [20]. Let us first introduce
the central charges: they are associated to the dressed (p + 2)—forms Tz appearing in

the supersymmetry transformation law of the gravitino 1-form. Quite generally we have,
for any D and N:

04 = Dea+ Y ¢ Thpjaya, A" Vo 4 - (3.4)

where:
n

Ao = (r ~ o (D-n-1) ﬁ“l“@...an]) . (3.5)

Here D is the covariant derivative in terms of the space—time spin connection and the
composite connection of the automorphism group Hy, ¢; are coefficients fixed by su-
persymmetry, V? is the space-time vielbein, A = 1,---, N is the index acted on by the
automorphism group, I',,...,, are y—matrices in the appropriate dimensions, and the sum
runs over all the (p + 2)—forms appearing in the gravitational multiplet. Here and in
the following the dots denote trilinear fermion terms. Each n-form field-strength T% 5 is
constructed by dressing the bare field-strengths H* with the coset representative L(¢)
of G/H, ¢ denoting a set of coordinates of G/H. In particular, for any p, except for
D/2 = p+ 2, we have:

Thp = Lapa,(¢)H™ (3.6)

where we have used the following decomposition of L:
L= (L/fxlB7L?) Lil = (LAAB7LIA) (37)

Here L4 belongs to the representation of G' under which the (p + 2)—forms H” transform
irreducibly and the couple of indices AB and I refer to the transformation properties
of L under the right action of Hay X Hpaier. More precisely, the couple of indices AB
transform in the twofold tensor representation of H 4,;, which in general is a Usp(N) group
(except in D = 8 and D =9 theories where H 4, is SU(N) x U(1) or O(IN) respectively).
and [ is an index in the fundamental representation of H,,ue, Which in general is an
orthogonal group. Note that in absence of matter multiplets L = (L*,5). In all these
cases (D/2 # p + 2) the kinetic matrix of the (p + 2)—forms H” is given in terms of the
coset representatives as follows:

1
§LABALA§) — LinL'y = Nis (3.8)



with the indices of Hy,; raised and lowered with the appropriate metric of H4,; in the
given representation. For maximally extended supergravities My = LABALA% Note
that both for matter coupled and maximally extended supergravities we have:

Laag = NasL™yp (3.9)

When G contains an orthogonal factor O(m,n), what happens for matter coupled super-
gravities in D = 5,7,8,9, where G = O(10 — D, n) x O(1,1) and in all the matter coupled
D = 6 theories, the coset representatives of the orthogonal group satisfy:

L'nL =1 — LaLys — LiaLis = mas (3.10)
L'L=N — LiLys+ LianLis = Nys (3.11)
where 1 = (l"z)xm ]10 ) is the O(m,n) invariant metric and A = 1,--- m; I =
—dnxn
1,---,n (In particular, setting the matter to zero, we have in these cases Ny = nax).
In these cases we have:
LY = LA(3") as, (3.12)

(7")ap being the y-matrices intertwining between orthogonal and USp(N) indices.

When D is even and D /2 = p+2 the previous formulae in general require modifications,
since in that case we have the complication that the action of G on the p+2 = D/2-forms
(D even) is realized through the embedding of G in Sp(2n,IR) (p even) or O(n,n) (p odd)
groups [41], [42].
This happens for D =4, N > 1, D =6 , N = (2,2) and the maximally extended D = 6
and D = 8 supergravities. ! (The necessary modifications for the embedding are worked
out in section 3.2.)

Coming back to the case D/2 # p+2, it is now straightforward to compute the central
charges.

Indeed, the magnetic central charges for BPS saturated (D — p — 4)-branes can be
now defined (modulo numerical factors to be fixed in each theory) by integration of the
dressed field strengths as follows:

Z((:Y)l)AB - Sp+2 TAB - /Sp+2 LAiAB(¢)HAi = LAiAB(¢O)gAi (313)

where ¢g denote the v.e.v. of the scalar fields, namely ¢y = ¢(o0) in a given background.
The corresponding electric central charges are:

Z8an= [, Lasn (@) "HY = [ Nys LNp(6) "H™ = Lp(00)en,  (3.14)

These formulae make it explicit that LAAB and Lyap are related by electric-magnetic
duality via the kinetic matrix.

Note that the same field strengths 7%z which appear in the gravitino transformation
laws are also present in the dilatino transformation laws in the following way:

dxapc ="+ biLAiAB(¢)Hé\1imani [atanigq 4 ... (3.15)

!The 6 dimensional theories N = (2,0) and N = (4,0) do not require such embedding since the
3-forms H™ have definite self-duality and no lagrangian exists. For these theories the formulae of the
previous odd dimensional cases are valid.



In an analogous way, when vector multiplets are present, the matter vector field
strengths are dressed with the columns Ly of the coset element (3.7) and they appear in
the transformation laws of the gaugino fields:

SMy = el Plp :0,0'€” + oLy (§) FTPen + - - (3.16)

where Pip = Pjipd¢' (see eq. (3.23) in the following) is the vielbein of the coset manifold
spanned by the scalar fields of the vector multiplets, F4 is the field—strength of the matter
photons and ¢;, ¢y are constants fixed by supersymmetry (in D = 6, N = (2,0) and
N = (4,0) the 2-form FAT'? is replaced by the 3—form HA I'*¢). In the same way as for
central charges, one finds the magnetic matter charges:

Z(I = LAIFA = LAI(Qbo)gA (3.17)

Sp+2

while the electric matter charges are:

Zor= [, @) P = [ NasIh@) P =100 (38)

The important fact to note is that the central charges and matter charges satisfy
relations and sum rules analogous to those derived in D = 4, N = 2 using Special Ge-
ometry techniques [40]. They are inherited from the properties of the coset manifolds
G/H, namely from the differential and algebraic properties satisfied by the coset repre-
sentatives L’\.. Indeed, for a general coset manifold we may introduce the left-invariant
1-form Q = L™'dL satisfying the relation (see for instance [35]):

dQ+QAQ=0 (3.19)

where

Q = w'T; + P°T, (3.20)

T;, T, being the generators of G belonging respectively to the Lie subalgebra H and to
the coset space algebra IK in the Cartan decomposition

G=H+K (3.21)

G being the Lie algebra of G. Here w' is the IH connection and P%, in the representation
Ry of H, is the vielbein of G ﬁ/ H. Since in all the cases we will consider G/H is a symmetric
space ([K,IK] c H), w'C;*” (C;*” being the structure constants of G) can be identified
with the Riemannian spin connection of G/H.
Suppose now we have a matter coupled theory. Then, using the decomposition (3.21),
from (3.19) and (3.20) we get:
1
ALY = 5 Licpwp + L' Pip
dLy, = LYNw! + LA PP (3.22)

where Pfl p is the vielbein on G/H and wCQ p and wJI are the H 4y and H,, 44t connec-
tions respectively in the given representation. It follows:

VA L = LA P (3.23)

7



where the derivative is covariant with respect to the IH-connection w®%L . Using the
definition of the magnetic dressed charges given in (3.13) we obtain:

V7,5 = 2Py, (3.24)

This is a prototype of the formulae one can derive in the various cases for matter coupled
supergravities [20]. To illustrate one possible application of this kind of formulae let us
suppose that in a given background preserving some number of supersymmetries Z; = 0
as a consequence of 6\ = 0. Then we find:

VI Zup =0 d(ZasZ ") =0 (3.25)

that is the square of the central charge reaches an extremum with respect to the v.e.v. of
the moduli fields. Backgrounds with such fixed scalars describe the horizon geometry of
extremal black holes and behave as attractor points for the scalar fields evolution in the
black hole geometry [43].

For the maximally extended supergravities there are no matter field—strengths and the
previous differential relations become differential relations among central charges only.
As an example, let us consider D = 5, N = 8 theory. In this case the Maurer—Cartan

equations become:
A 1 1-acpD

dL g = §LAC’DQCZB + §L FPepap (3.26)
where the coset representative is taken in the 27 x 27 fundamental representation of FEg,
Ol = QQ[?Cég}, AB is a couple of antisymmetric symplectic—traceless USp(8) indices,
QAB is the USp(8) connection and the vielbein Popap is antisymmetric, C4p—traceless
and pseudo-real. Note that (L%, ,))* = LA“P. Therefore we get:

1-a
VLN = 5T “PPopas (3.27)
that is: )
VI Z,p5 = §ZCDPCDAB (3.28)

This relation implies that the vanishing of a subset of central charges forces the vanishing
of the covariant derivatives of some other subset. Typically, this happens in some super-
symmetry preserving backgrounds where the requirement dx apc = 0 corresponds to the
vanishing of just a subset of central charges. Finally, from the coset representatives rela-
tions (3.8) (3.10) it is immediate to obtain sum rules for the central and matter charges
which are the counterpart of those found in N = 2, D = 4 case using Special Geometry
[40]. Indeed, let us suppose e.g. that the group G is G = O(10 — D,n) x O(1,1), as it
happens in general for all the minimally extended supergravities in 7 < D <9, D =6
type IIA and D =5, N = 2. The coset representative is now a tensor product L — e’ L,
where e” parametrizes the O(1,1) factor.
We have, from (3.10)

L'nL =n (3.29)

where 7 is the invariant metric of O(10 — D, n) and from (3.8)
6_2U(LtL)Ag = NAg. (330)

8



Using eq.s (3.13) and (3.17) one finds:
1

52g322u3—-zzzz-zngnAnge*2“ (3.31)
1
§ZABZAB + Z1Zr = ¢"Nasg” (3.32)

In more general cases analogous relations of the same kind can be derived.

3.2 The embedding procedure for D/2 = p+ 2

In this subsection we work out the modifications to the formalism developed in the pre-
vious subsection in the case D/2 = p + 2, which derive from the embedding procedure
[41] of the group G in Sp(2n,R) (p even) or in O(n,n) (p odd). We mainly concentrate
on D = 4, while for D = 6,8 we just outline the procedure, referring for more details to
the next sections. Furthermore we show that the flat symplectic bundle formalism of the
D =4, N = 2 Special Geometry case [18], [19] can be extended to N > 2 theories. The
N = 2 case differs from the other higher N extensions by the fact that the base space of
the flat symplectic bundle is not in general a coset manifold.

Let us analyze the structure of the four dimensional theories.

In D =4, N > 2 we may decompose the vector field—strengths in self-dual and anti
self-dual parts:

1
FT = S(FFiF) (3.33)
According to the Gaillard—Zumino construction, G acts on the vector (F~*,Gy) (or its

complex conjugate) as a subgroup of Sp(2n,, R) (n, is the number of vector fields) with
duality transformations interchanging electric and magnetic field—strengths:

FA F2Y
= 34
S(%) (gA) (3:34)
where:
Gy = NagF*

Gy = NagF™™ (3.35)

4 B AC —C'A = 0
S = (C D) e G c Sp(2n,,R) — B'D —D'B = 0 (3.36)

AD—-C'B = 1

and Ny, is the symmetric matrix appearing in the kinetic part of the vector Lagrangian:
Liin = NasFAF % 4 hee (3.37)

If L(¢) is the coset representative of G in some representation, S represents the embed-
ded coset representative belonging to Sp(2n,, R) and in each theory, A, B,C, D can be
constructed in terms of L(¢). Using a complex basis in the vector space of Sp(2n,), we
may rewrite the symplectic matrix as an Usp(n,,n,) element:

1 (f+ih f+ih

U:ﬁ(f_ih L) = ATSA (3.38)

9



where:

ho—
A = (1. ?) (3.39)

The requirement U € Usp(n,,n,) implies:

(Bt = 1
Ut Zwp) 2 o (3.40)

The n, x n, subblocks of U are submatrices f, h which can be decomposed with respect
to the isotropy group Hayu: X Hpatter in the same way as L in equation (3.7), namely:

f = (fﬁBaffA)
h = (haag, har) (3.41)

where AB are indices in the antisymmetric representation of H 4, = SU(N) x U(1) and
I is an index of the fundamental representation of H,ue. Upper SU(N) indices label
objects in the complex conjugate representation of SU(N): (fiz)* = fA4E etc.

Note that we can consider (fiz,haan) and (f} has) as symplectic sections of a
Sp(2n,,IR) bundle over G/H. We will see in the following that this bundle is actu-
ally flat. The real embedding given by S is appropriate for duality transformations of F'*
and their duals G*, according to equations (3.36), (3.35), while the complex embedding
in the matrix U is appropriate in writing down the fermion transformation laws and su-
percovariant field-strengths. The kinetic matrix N, according to Gaillard—Zumino [41],
turns out to be:

N=hfl  N=N (3.42)
and transforms projectively under Sp(2n,,IR) duality rotations:
N' = (C+ DN)(A+ BN)™* (3.43)
By using (3.40)and (3.42) we find that
(f) =iV =N)f (3.44)
which is the analogous of equation (3.9), that is
fass = (F Yasa = iN = N)asTas (3.45)
fix = (Y =iN = N)asTr (3.46)

It follows that the dressing factor (L)™' = (Lxap, Las) in equation (3.4) which was given
by the inverse coset representative in the defining representation of G has to be replaced
by the analogous inverse representative (faap, far) when, as in the present D = 4 case, we
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have to embed G in Sp(2n,R). As a consequence, in the transformation law of gravitino
(3.4), dilatino (3.15) and gaugino (3.16) we perform the following replacement:

(Laas, Lar) = (faap: far) (3.47)

In particular, the dressed graviphotons and matter self-dual field—strengths take the sym-
plectic invariant form:

1

Tig = i(f )aaF "= AN = N)asF > = haapF ™" — f450)
Ty i(F YF ™ = AN = N)asF % = hy F0 — fAGy
T = (i)
T = (T7) (3.48)

(Obviously, for N > 4, Ly; = fa; = 11 = 0). To construct the dressed charges one
integrates Tap = Tip + Tap and (for N = 3,4) Ty = T;" + T; on a large 2-sphere. For
this purpose we note that

Tis = haapF™ — f1565 =0 (3.49)
Tf = hatF™ = G =0 (3.50)
as a consequence of egs. (3.42), (3.35). Therefore we have:
Zap = /52 Tap = /SQ(TXB +Thp) = /52 Tip = haang™ — figea (3.51)
Zr = 52 Ty = /SQ(TI+ +T17) = /5'2 I = harg™ — f;\QA (N <4) (3.52)
where:
en= [ 61 g*= [ F (3.53)

and the sections (f*, hy) on the right hand side now depend on the v.e.v.’s of the scalar
fields ¢'. We see that the central and matter charges are given in this case by symplectic
invariants and that the presence of dyons in D = 4 is related to the symplectic embedding.
In the case D/2 # p+2, D even, or D odd, we were able to derive the differential relations
(3.24), (3.28) among the central and matter charges using the Maurer—Cartan equations
(3.23), (3.27). The same can be done in the present case using the embedded coset
representative U. Indeed, let T' = U~'dU be the Usp(n,,n,) Lie algebra left invariant
one form satisfying:

dl'+T'AT'=0 (3.54)

In terms of (f, h) I' has the following form:
=177 i(deh—thf) 1(deﬁ_th7) > _ (Q(H) ) )
P=vas <—i<ffdh —ntdf) —i(ftdh—ndf)) =\ P " (3.55)

where the n, x n, subblocks Q) and P embed the H connection and the vielbein of
G/H respectively . This identification folllows from the Cartan decomposition of the
Usp(ny,n,) Lie algebra. Explicitly, if we define the Hays X Hpaper—covariant derivative
of a vector V = (Vup, V1) as:

AB
YV —dV — Ve, w-= (“" o ) (3.56)
J
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we have:
QU = i[f1(Vh + hw) — BT (Vf + fw)] = wl (3.57)
where we have used:

Vh=NVf, h=Nf (3.58)

and the fundamental identity (3.40). Furthermore, using the same relations, the embedded
vielbein P can be written as follows:

P = “i(f'Vh — h'Vf) = ift(N — N)Vf (3.59)
From (3.38) and (3.55), we obtain the (n, X n,) matrix equation:

V(Ww)(f+ih) = (F+ih)P
V(w)(f —ih) = (f—ih)P (3.60)

together with their complex conjugates. Using further the definition (3.41) we have:

—A 1—aAcD
V(w)fig = fiPis+ §f Pagep

1- —
V) ff = §fAABPABI + fAJPJI (3.61)

where we have decomposed the embedded vielbein P as follows:

Papep  Paps )
P:( 3.62
Pen  Pry (3:62)

the subblocks being related to the vielbein of G/H, P = L™*VH) [, written in terms of
the indices of Hay X Hpauer- Note that, since f belongs to the unitary matrix U, we
have: (fig, fA)* = (TAAB,T I). Obviously, the same differential relations that we wrote
for f hold true for the dual matrix h as well.

Using the definition of the charges (3.51), (3.52) we then get the following differential

relations among charges:
- 1-cep
V(w)Zap = ZiPip+ §Z Papep
1~ _
V(w)Z; = §Z“ﬁa3r+2ﬂ# (3.63)

Depending on the coset manifold, some of the subblocks of (3.62) can be actually zero.

For example in N = 3 the vielbein of G/H = SU(3)ig§(’Z))le) [45] is Prap (AB antisym-
metric), I =1,---,n; A, B =1,2,3 and it turns out that Pspcp = Pry = 0.

In N = 4, G/H = SU(L,1) X 0(6:n) [46], and we have PABC’D = EABC’DP; P[J = F(SIJ,

U ~ 0(6)x0(n)
where P is the Kéhlerian vielbein of Sg(é’)l) , (A,---, D SU(4) indices and I, J O(n) indices)
0O(6,n)

and P;p is the vielbein of 506 x0(m) "

For N > 4 (no matter indices) we have that P coincides with the vielbein Pspcp of
the relevant G/H.

For the purpose of comparison of the previous formalism with the N = 2 Special

Geometry case, it is interesting to note that, if the connection Q) and the vielbein P

12



are regarded as data of G/H, then the Maurer—Cartan equations (3.61) can be interpreted

as an integrable system of differential equations for a section V = (Vyp, VI,VAB,VI) of
the symplectic fiber bundle constructed over G/H. Namely the integrable system:

Vap 0 0  3Papcp Paps Ve

D
v, 0 0 ip P 4
— 2 —
v Lpep pls 0 v’

has 2n solutions given by V = (f% 5, f4), (haas, ha,), A = 1,---,n. The integrability
condition (3.54) means that I is a flat connection of the symplectic bundle. In terms of the
geometry of G/H this in turn implies that the H—curvature, and hence the Riemannian
curvature, is constant, being proportional to the wedge product of two vielbein.

Besides the differential relations (3.63), the charges also satisfy sum rules quite anal-
ogous to those found in [40] for the N = 2 Special Geometry case.

The sum rule has the following form:

1. - 1
§ZABZAB + 2,7 = — 5 PM)P (3.65)

where M(N') and P are:

M:<]1 —Re/\/)(lm/\/ 0 )( 1 0>

0 1 0 ImN—1 —ReN 1 (3.66)

pP= (9A> (3.67)

€A

In order to obtain this result we just need to observe that from the fundamental identities
(3.40) and from the definition of the kinetic matrix given in (3.106) it follows:

ft = AW -R) (3.68)
pht = (NN =W (W -N) W (3.69)
hft = Nff (3.70)
fhl = ffiIN (3.71)

We note that the matrix M is a symplectic tensor and in this sense it is quite analogous
to the matrix Ny of the odd dimensional cases defined in equation (3.8). Indeed, one
sees that the matrix M can be written as the symplectic analogous of (3.8):

m=(5 o)) w5 o) .72

where (_0]1 g) (i) is the embedded object corresponding to the L of equation (3.8)

The formalism we have developed so far for the D = 4, N > 2 theories is completely
determined by the embedding of the coset representative of G/H in Sp(2n,IR) and by
the Usp(n,n) embedded Maurer—Cartan equations (3.61). We want now to show that
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this formalism, and in particular the identities (3.40), the differential relations among
charges (3.63) and the sum rules (3.65), are completely analogous to the Special Geometry
relations of N = 2 matter coupled supergravity [47], [18]. This follows essentially from the
fact that, though that the scalar manifold My_5 of the NV = 2 theory is not in general a
coset manifold, nevertheless it has a symplectic structure identical to the N > 2 theories.
Furthermore we will show that the analogous of the Maurer—Cartan equations of N > 2
theories are given in the N = 2 case by the Picard—Fuchs equations [19] for the symplectic
sections which enter in the definition of the Special Geometry flat symplectic bundle.

Indeed, let us recall that Special Geometry can be defined in terms of the holomor-
phic flat vector bundle of rank 2n with structure group Sp(2n,IR) over a Kdhler-Hodge
manifold [18].

If we introduce the Special Geometry symplectic and covariantly holomorphic section
of U(1)-weight p = —p=1:

V= (Nha) = (G2 a2, 7)) s A=1,..m (3.73)
and its covariant derivatives with respect to the Kéhler connection:
vwf::(@+§@K>Vz(ﬁ&mQ i=1,--n—1
V;V = (8% + g@%K > V =0 covariantly holomorphic (3.74)
then, defining the n x n matrices:

—Ai

=T has = (hahy) (3.75)

where TM = flégﬁ, ﬁAi = ha;9° , the set of algebraic relations of Special Geometry can
be written in matrix form as:

i(ffh—nlf) = 1
Uom—wn = o (376)
Recalling equations (3.40) we see that the previous relations imply that the matrix U:
1 /f+ih f+ih
U-;E(f_m 7—%> (3.77)

belongs to Usp(n,n). In fact if we set f4 — flesp = fﬁ_B and flatten the world-indices
of ( 7;/\’7;\ ) (or (h;, h;)) with the Kéhlerian vielbein P/ ,F; :

(FAT7) = (FAPL T

where 7,7 is the flat Kéhlerian metric and P?;, = (P~!)?, the relations (3.76) are just a

particular case of equations (3.40) since, for N = 2, H,; = SU(2) x U(1), so that fip is
actually an SU(2) singlet.

Let us now consider the analogous of the embedded Maurer—Cartan equations of G/H.

Defining as before the matrix one—form I' = U~'dU valued in the Usp(n,n) Lie algebra,

we see that the relation dI' + ' AT = 0 again implies a flat connection for the symplectic

- -7
P7),  P'Ping=g; (3.78)
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bundle over the Kédhler-Hodge manifold. However, this does not imply anymore that the
base manifold is a coset or a constant curvature manifold. Indeed, let us introduce the

covariant derivative of the symplectic section ( fA,ij\ ,TA, fA) with respect to the U(1)-
Kahler connection Q and the spin connection w!’ of M y_s:

VTR N =

Q0 0 0
- - A - 0 QL +wl 0 0
AT ST+ NTET | o T L e
0 0 0 —iQdl +uwl;
where: )
0= —%(@-ICdzi — F.Kd7) = dQ = igidZ’ A dF, (3.80)

(K is the Kéhler potential) the Kéahler weight of ( fA,T?) and (TA,TZT\) being p = 1 and
p = —1 respectively. Using the same decomposition as in equation (3.55) and eq.s (3.56),
(3.20) we have in the N = 2 case:

_/Q P
' = (5 a)
(19 0
Q = w-( 0 1Q5§+w{]> (3.81)
For the subblocks P we obtain:
P — —i(f'Vh— W'V f) = if'(N = N)Vf = (]SJ i ) (3.82)
T

where P’ = n/TP; is the (1,0)~form Kihlerian vielbein while PL=i (ft (N — N)Vf) JT is
a one—form which in general cannot be expressed in terms of the vielbein P! and therefore
represents a new geometrical quantity on M y_,. Note that we get zero in the first entry of
equation (3.82) by virtue of the fact that the identity (3.76) implies f*(N —N)asfZ =0
and that f* is covariantly holomorphic. If Q and P are considered as data on M y_s then
we may interpret I' = U~1dU as an integrable system of differential equations, namely:

0o 0 0 P
o o P P

VWV, V-V, V) =V, V5V, V 3.83
( y VTV I) ( y VIV ) 0 PT 0 0 ( )
P’ P‘]7 0 0
where the flat Kéhler indices I, 1, - - - are raised and lowered with the flat Kéahler metric

n;7. As it is well known, this integrable system describes the Picard-Fuchs equations
for the periods (V,V7,V,V;) of the Calabi-Yau threefold with solution given by the 2n
symplectic vectors V = (f*, hy). The integrability condition dI' +T AT = 0 gives three
constraints on the Kéahler base manifold:

diQ)+ P; APl = 0— 3,0,K =P iP;;= g3 (3.84)
(dw+wAw)s = P AP —idQs? — P’ A PL (3.85)
VPL =0 (3.86)
P;APL=0 (3.87)
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Equation (3.84) implies that M y_, is a Kdhler-Hodge manifold. Equation (3.85), written
with holomorphic and antiholomorphic curved indices, gives:

R.m = 9955 + 959y — PrmPing™ (3.88)
which is the usual constraint on the Riemann tensor of the special geometry. The further

Special Geometry constraints on the three tensor P;;; are then consequences of equations
(3.86), (3.87), which imply:

VP = 0
VP = 0 (3.89)

In particular, the first of eq. (3.89) also implies that P;j; is a completely symmetric
tensor.

In summary, we have seen that the N = 2 theory and the higher N theories have
essentially the same symplectic structure, the only difference being that since the scalar
manifold of N = 2 is not in general a coset manifold the symplectic structure allows the
presence of a new geometrical quantity which physically corresponds to the anomalous
magnetic moments of the N = 2 theory. It goes without saying that, when M y_, is itself
a coset manifold [44], then the anomalous magnetic moments P, must be expressible in
terms of the vielbein of G/H. We give here two examples.

e Suppose Mpy_s = 55831) X O(%(i’g)(n). The symplectic sections entering the matrix
U can be written as follows:
fo= s (LA LY
h = ie2(SL s, SL2nas) (3.90)
where A =1,---,2n, a =3,---,n, |z = (1,1,—1,---,—1) and we have set L* =
%(Lf +1iL4). In particular from the pseudoorthogonality of O(2,n) we have:
LML =0 (3.91)
Furthermore we have parametrized %1)1) as follows:

M(S) = —— ( L ﬁ) (3.92)

4ImS s q
14+|S[2+2ImS

We can then compute the embedded connection and vielbein using (3.55). In par-

i-S
ticular we find: 0 .
_ I

P=(p _75,) (3.93)

We see that the general P,7 matrix in this case can be expressed in terms of the

vielbein of G/H and one finds that the only non vanishing anomalous magnetic
moments are:

?abs = 5abP,S = GK(Sab. (394)
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S0*(12)
ue) -

Note that this manifold also appears as the scalar manifold of the D =4, N =6
theory, and we refer the reader to section 4 for notations and parametrization of
G/H.

The integrable system in this case can be written as follows:

e As a second example we consider the special coset manifold

1% 0 0 0 1 iPC D Vv
Vi | | O 0 Pap  3Pasco | | Vop
7o pAB 1paBCD 0 7P

where PABCD is the Kihlerian vielbein (1,0)-form (Papcp = (PAE¢P)* is a (0,1)-

form) and:
1 CDEF, AB .
Pap = qreapoppe P50 PP = (Pag)” (3.96)
Moreover, fap transforms in the 15 of SU(6), f is an SU(6) singlet and TAB _
(fap)*. It follows:

1% 0 0 0 3Pcpy |4
A T [
Ve 0 Llpascp g 0 ver
Hence: ]
vV = §R?BCDVCD (3.98)
If we set: ) B B
Vep = P AV VAP = PPy, (3.99)

where the curved indices k,[ are raised and lowered with the K#hler metric, one
easily obtains:

1 - 1 —_
V,V; = §PAB,iPCD,jR£BCnglVZ = ZEABCDEFPAB,iPCD,jPEF,kgleZ~ (3.100)

Therefore the anomalous magnetic moment is given, in terms of the vielbein, as:

— 1
Pijr = ZEABCDEFPAB,z‘PCD,jPEF,k (3.101)

The other two equations of the integral system give:

1
Vv,V = 5PCD,,;VC’D - ViV =V
ViVap = Pap,V — ViV5=g5V (3.102)

which are the remaining equations defining N = 2 Special Geometry.
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To complete the analogy between the N = 2 theory and the higher N theories in D = 4,
we also give for completeness in the N = 2 case the central and matter charges, the
differential relations among them and the sum rules.

Let us note that also in N = 2 the kinetic matrix Ay which appears in the vector
kinetic Lagrangian 2:

LGt = Ny F M F~5 4 he. (3.103)
1

FEA — S+ i*)FA (3.104)

Gy = NasF ™™ (3.105)

is given in terms of f, h defined in eq. (3.75) by the formula:
Nis = har(f7H)5 (3.106)
The columns of the matrix f appear in the supercovariant electric field strength FA
PN = FA 4 pA5% P e — i N yatipe®BV + hec. (3.107)

(The columns of 2% would appear in the dual theory written in terms of the dual magnetic
field strengths) .
The transformation laws for the chiral gravitino 14 and gaugino \*! fields are:

0tay = Dyea +eapTpy"e” + - (3.108)
N4 =10, 2 e + %Tjuyv“”giieABeB + - (3.109)
where:
T = hyF* — Gy (3.110)
To = hy F* — 721Gy (3.111)
are respectively the graviphoton and the matter-vectors z° (i = 1,---,n) are the complex

scalar fields and the position of the SU(2) automorphism index A (A,B=1,2) is related
to chirality (namely (¢4, A*) are chiral, (1/4, \;) antichiral). In principle only the (anti)
self dual part of F' and G should appear in the transformation laws of the (anti)chiral

fermi fields; however, exactly as in eqgs. (3.49),(3.50) for N > 2 theories, from equations
(3.105), (3.106) it follows that :

TT =hyF™ — 261 =0 (3.112)

so that T'=T~ (and T =T ). Note that both the graviphoton and the matter vectors
are Usp(n,n) invariant according to the fact that the fermions do not transform under the
duality group (except for a possible R-symmetry phase). To define the physical charges
let us note that in presence of electric and magnetic sources we can write:

FA = gh, / Gr = ea (3.113)
S2 S2

2The same normalization for the vector kinetic lagrangian will be used in section 4 when discussing
D =4, N > 2 theories
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The central charges and the matter charges are now defined as the integrals over a S? of
the physical graviphoton and matter vectors:

Z = /S T= /SQ(hAFA — f2Ga) = (ha(2,2)g" — f(2,Z)en) (3.114)

where 2%,Z' denote the v.e.v. of the moduli fields in a given background. Owing to eq
(3.74) we get immediately:
Z; =V.Z (3.115)

We observe that if in a given background Z; = 0 the BPS states in this configuration have
a minimum mass. Indeed

ViZ=0—0]Z>=0. (3.116)
As a consequence of the symplectic structure, one can derive two sum rules for Z and Z;:
N 1

\Z | Zi =12 £ Z:ig7Z5 = —§PtMiP (3.117)

where: I —ReN\ (ImN 0 10

—Re, m.
My = (0 1 ) ( 0 ImN—1> (—Rej\f ]1> (3.118)
1 —ReF\ (ImF 0 1 0
M- = (0 1 ) ( 0 ImF1> (—ReF ]1> (3.119)
and:

P =(g" e) (3.120)

Equation (3.118) is obtained by using exactly the same procedure as in (3.66). The sum
rule (3.119) involves a matrix M_, which has exactly the same form as M provided
we perform the substitution My, — Fay = %(XA = e*%fA). It can be derived
in an analogous way by observing that, when a prepotential F' = F(X) exists, Special
Geometry gives the following extra identity:

— . 1 0
fH(F =Fasfy = —ing n= ( 0 1. ) (3.121)
from which it follows:
faft = i(F-F)" (3.122)
ot = i(F'~FY) =iF(F-F) 'F (3.123)

Note that while ImN has a definite (negative) signature, ImF is not positive definite.

To conclude this section, we outline the embedding procedure in D = 6 and in D =8
maximal supergravities. More details are given in sections 5.2 and 7.

In D = 8, N = 2 the situation is exactly similar to the D = 4 case, where instead
of 2—forms field—strengths we now have 4—forms. In the case at hand the 4—form in the
gravitational multiplet and its dual are a doublet under the duality group Si(2, R). The
embedding procedure and the relevant relations are discussed in section 7.

19



Finally in D = 6 the 3—form field strengths H* which appear in the gravitational
and /or tensor multiplet have a definite self-duality

H* = %(HA +* 7 (3.124)
In this case we have a T-duality group of the form G = O(m,n). In the chiral N = (2,0)
and N = (4,0) theories, the number of self-dual tensors H**1 in the gravitational multi-
plet, A; = 1,---m and antiself-dual tensors H 2 in the matter multiplet, Ay = 1,---n
are different in general and G acts in its fundamental representation on (H+A1, H=42) so
that no embedding is required. The procedure to find the charges and their relations is
thus completely analogous to the odd dimensional case. One finds e.g. for the magnetic
charges: (Z,Zr) = (Lxg", Larg") for(2,0) theory (I = 1,---,n), n being the number of
vector multiplets, and (Z,, Z;) = (Larg", Larg") (r = 1,---,5) for(4,0) theory, r being
the number of self-dual 2-forms in the gravitational multiplet (see sect.5.2). However,
due to the relation:
Ny H® = gy H”, (3.125)

O(n,m .
fw as in (3.10),

(3.8), we have no distinction among electric and magnetic charges. Indeed

where 1 and N are defined in terms of the coset representatives o

en = //\/’AE*HE = /nAzHE = NAng” (3.126)

The six dimensional N = (2,0) and N = (4,0) matter coupled theories are discussed in
section 7.

In D = 6 maximally extended theory we have an equal number (five) of self-dual and
anti self-dual field strengths and therefore a Lagrangian exists. The group G = O(5,5)
rotates among themselves H* and H~ in the representation 10. The analogous of the
Gaillard—Zumino construction in this case would define an O(5,5) embedding of O(5)
rotating among themselves (H*,G") or (H~,G~) where

G =N:H* (3.127)

N, N- = —(N,)! is the kinetic metric of the 3-forms in the Lagrangian: Ly;, =

SH M ANH® + Ny H A HT®. In this case we obtain a formula analogous to (3.51),
(3.52) which is however invariant under O(5,5) instead of Usp(n,n). Namely the central
charges of D =6 , N = (4,4) have the following dyonic form:

Ziap = [iea + hasg® (3.128)

which is O(5,5) invariant with respect to the off diagonal metric n = (O ]1). Even

1 0
in this case the relation (3.125) holds so that only ten independent charges exist. The

maximally extended D = 6 supergravity is discussed in detail in section 8.

Finally, in the N = (2,2) (Type ITA) six dimensional theory we have a single 2—form
in the gravitational multiplet. Here the embedding group is O(1,1) and acts in the two
dimensional representation on the self-dual and antiself-dual parts of the 3—form H = dB.
More details on this case are given in section 7.
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4 N > 2 four dimensional supergravities revisited

In this section and in the following ones we apply the general considerations of section 3 to
the various ungauged supergravity theories with scalar manifold G/H for any D and N.
This excludes D =4 N = 2, already discussed in section 3.2, and D =5 N = 2 for which
we refer to the literature [50]. Our aim is to write down the group theoretical structure
of each theory, their symplectic or orthogonal embedding, the vector kinetic matrix, the
supersymmetric transformation laws, the structure of the central and matter charges, the
differential relations originating from the Maurer—Cartan equations and the sum rules
the charges satisfy. For each theory we give the group—theoretical assignments for the
fields, their supersymmetry transformation laws, the (p+2)—forms kinetic metrics and the
relations satisfied by central and matter charges. As far as the boson transformation rules
are concerned we prefer to write down the supercovariant definition of the field strengths
(denoted by a superscript hat), from which the susy-laws are immediately retrieved. As it

has been mentioned in section 3 it is here that the symplectic sections (f45, f2, 72 B 71})
appear as coefficients of the bilinear fermions in the supercovariant field—strengths while
the analogous symplectic section (haag, har, haas, har) would appear in the dual magnetic
theory. We include in the supercovariant field—strengths also the supercovariant vielbein
of the G/H manifolds. Again this is equivalent to giving the susy transformation laws of
the scalar fields. The dressed field strengths from which the central and matter charges
are constructed appear instead in the susy transformation laws of the fermions for which
we give the expression up to trilinear fermion terms. It should be stressed that the
numerical coefficients in the aforementioned susy transformations and supercovariant field
strengths are fixed by supersymmetry (or ,equivalently, by Bianchi identities in superspace
), but we have not worked out the relevant computations being interested in the general
structure rather that in the precise numerical expressions. However the numerical factors
could also be retrieved by comparing our formulae with those written in the standard
literature on supergravity and performing the necessary redefinitions. The same kind of
considerations apply to the central and matter charges whose precise normalization has
not been fixed. In the Tables of the present and of the following sections, we give the
group assignements for the supergravity fields; in particular, we quote the representation
Ry under which the scalar fields of the linearized theory (or the vielbein of G/H of the full
theory) transform. Furthermore, for D = 4,8 only the left-handed fermions are quoted.
Right handed fermions transform in the complex conjugate representation of H. In the
present section we apply the cosiderations given in section 3.2 to the 4D—-Supergravities for
N > 2. Throughout the section we denote by A, B, - - indices of SU(N), SU(N)® U(1)
being the automorphism group of the N—extended supersymmetry algebra. Lower and
upper SU(N) indices on the fermion fields are related to their left or right chirality
respectively. If some fermion is a SU(N) singlet chirality is denoted by the usual (L) or
(R) suffixes. Right-handed fermions of D = 4 transform in the complex f representation
of SU(N) x U(1) X Hpatter-

Furthermore for any boson field v carrying SU(N) indices we have that lower and
upper indices are related by complex conjugation, namely:

(vap...)* ~ TAB (4.1)
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e Let us first consider the N = 3 case [45]. The coset space is:

SU(3,n)

G/H = SU3) @ SU(n) ® U(1)

(4.2)

and the field content is given by:

(Ve ¥au AP x () A=123 (gravitational multiplet) (4.3)
(Au, Aa, A\ry, 32)! I=1,---,n (vector multiplets) (4.4)

The transformation properties of the fields are given in the following Table 1 3 The

Table 1: Transformation properties of fields in D =4, N =3

| | Vi [Yan | Ay (x| X [ My | Lis | L7 | Bu |
SU@3,n) || 1 1 |3+n| 1 1 1 3+n|3+n| -
SUB) L] 3] 1 | 1] 3 1 3 1 3
SU(n) 1 1 1 1 n n 1 n n
U o 2 0 |32 312 301+2] n | -3 [3+n

embedding of SU(3,n) in Usp(3 4+ n,3 + n) allows to express the section (f,h) in
terms of L as follows::

f% = E(LAA&ZI) (4.5)

haw = —i(JfD)as Jz(]l""g)*“” 0 ) (4.6)

_ﬂnxn

where AB are antisymmetric SU(3) indices, I is an index of SU(n) ® U(1) and ZAI
denotes the complex conjugate of the coset representative. We have:

Nias = (hf as = —i(JfTf as (4.7)

The supercovariant field-strengths and the supercovariant scalar vielbein 13;4 =
(L'VE L) A are:

1 —A 1 ~I a . — a
FY = dA™ - §f23¢ PP+ §fjA)\A’Yal/)AV +ifABX () Vatbce PV
+ he (4.8)

~ _I —
PIA = PIA - )‘B¢C€ABC - )\I(R)Q/JA
where:
1 1
PIA _ §6ABCPIBC _ §6ABC(Lflv(SU(3)XU(l))L)IBC
= PldZ (4.10)
pA Pr4 (4.11)

3We recall that Ry denotes the representation which the vielbein of the scalar manifold belongs to.
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2" being the (complex) coordinates of G/H and H = Ha, = SU(3) x U(1) . The

chiral fermions transformation laws are given by:

0pa = Dep+ 2T, 5, AVee® + - (4.12)
Oxwy = 1/2T g ece™ + - (4.13)
A4 = —iP; B7i8az"7“ece,43(; + Tf‘aw“beA + - (4.14)
M‘{L) = iPIA,iaaZi’YaeA + - (4.15)

where Typ and T have the general form given in equation (3.48). Therefore, the
general form of the dyonic charges (Zap,Z;) are given by eqns. (3.51)— (3.53).
From the general form of the Maurer-Cartan equations for the embedded coset
representatives U € Usp(n,n), we find:

1A fi
v ( AB > =1 ) P,%upc (4.16)
haas haz
According to the discussion given in section 3, using (3.51), (3.52) one finds:
V(H)ZAB == 7IPIC€ABC (417)
1—
vz, = §ZABPICeABC (4.18)
and the sum rule:
1l_aB — 1,
§Z ZAB+ZIZI:—§P M(N)P (4.19)

where the matrix M(A) has the same form as in equation (3.66) in terms of the
kinetic matrix A of eq.(4.7) and P is the charge vector P* = (g, e).

For N = 4 [46], the coset space is a product:

SU,1) _ O(6,n)

G/H = 4.20
/ U(l1) 0(6) ® O(n) (420)
The field content is given by: Gravitational multiplet:
(Viad)AuaAﬁBaXABCaS) (A,B = 1a)4) (421>
Vector multiplets:
(Alh /\A7 6¢)I ([ =1, n) (422)
The coset representative can be written as:
LN, — M(S)LA (4.23)
where LA, parametrizes the coset manifold % and

M(S) = —— ( ! i;?) (4.24)

iTmsS s q
11[S[?+2ImS

i-S
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Table 2: D = 4, N = 4 transformation properties

| | Vi [da | Ay [ xao [ Aia | M(S)Lap | M(S)L7 | Ru |

SULL [ 1 | 1 - 1 | 1 2x 1 2 x 1 -
O6,n) | 1 1 |6+n 1 1 [1x(6+n)|1x(6+n)| -
o6) | 1| 4 1 T |1 1x6 1 6
O(n) 1 1 1 1 n 1 n n
U(1) 0] 3 0 s | -3 1 1 0

The group assignments of the fields are given in Table 2. With the given coset
parametrizations the symplectic embedded section (f2, has) is (apart from a unessen-

: i+Sy.
tial phase 2):

K
2

A = e (L%, LY) (4.25)

hAg = ieg(SLFABﬁAF,gLFInAF) (4.26)

where K = — log[i(S — S)] is the Kihler potential of <Y/:1

U(&) , and the kinetic matrix
N = hf~! takes the form:

1 —— A _
Naz = 5(8 = 5Ly P Lyap + Smax (4.27)
The supercovariant field strengths and the vielbein of the coset manifold are:

FA = dAM + [fﬁB(clﬂAd)B + CQEC%XABCV“)
—A a = a
+ f}\(c;),q/) %/\{41/ + C4XABC%I,)\ID6ABCDV Vb) + h.c.]
P = P-— EAXBCDEABCD

~ — —C
P,{xB = P,{xB - (¢AAIB + €apep /\ID)

where P = PgdS and Pi; = Pl .d¢’ are the vielbein of Sgg;) and 5 Ao
respectively. The fermion transformation laws are:

0pa = Dex+ ar Ty AVt - (4.32)
dXAaBc = astﬁaS’}/aEDEABcD + agT[;me’yabEC] + - (4.33)
ONy = aaPlp0.0'7 " + asTy v es + -+ (4.34)

where the 2—forms Typ and T} are defined in eq.(3.48) By integration of these two-
forms, using eq.(3.50)—(3.53) we find the central and matter dyonic charges given in
eq.s (3.51), (3.52). From the Maurer-Cartan equations for f, h and the definitions
of the charges one easily finds:

_ 1 =
VW Z 0y = Z'Piap + jeancoZ” P (4.35)
1_ _
VoM 7, — §ZABPIAB + Z1P (4.36)
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In terms of the kinetic matrix (4.27) the sum rule for the charges is given by
eqs.(3.65)—(3.67):

1 - — 1

§ZABZAB +21Z; = 5 P'MN)P (4.37)
For N > 4 the only available supermultiplet is the gravitational one, so that H,,u4er = 1.
The embedding procedure is much simpler than in the matter coupled supergravities since
for each N > 4 there exists a representation of the scalar manifold isometry group G given
in terms of Usp(n,,n,) matrices.

e For the N = 5 theory [48] the coset manifold is:

SU(1,5)
G/H=—"+ 4.38
JH = 255 (439)
The field content and the group assignments are displayed in table 3. Here x,y, - - - =
Table 3: Transformation properties of fields in D =4, N =5
| [ Ve | ¥a; | xaBosxe | A [ LY | Ry |

SU(1,5) || 1 1 1 - 6 -

SU(5) 1 5 (10,1) 1 5 5

U(1) 0] 2] G- 0 ]1]2
1,---,6 and A,B,C--- = 1,---,5 are indices of the fundamental representations

of SU(1,5) and SU(5),respectively. L% denote as usual the coset representative
in the fundamental representation of SU(1,5). The antisymmetric couple AY,
AY =1,---,5, enumerates the ten vectors. The embedding of SU(1,5) into the
Gaillard-Zumino group Usp(10, 10) is given in terms of the three-times antisymmet-
ric representation of SU(1,5), a generic element t"¥* satisfying:

1
177 — ieacyzuvwtuvw (439)
We may decompose t*¥* as follows:
tAEﬁ
e = <tAEF _ (ATTAIIG ) (AS, - =1,--+,5) (4.40)
= ATI6
In the following we write ¥ = t"*. The 20 dimensional vector (F¥4* G7y)

transforms under Sp(20,R), as well as, for fixed AB, each of the 20— dimensional
vectors (f4%, hazap) of the embedding matrix:

_ 1 (f+ih f+ih
U—ﬂ(f_ih f_ih) (4.41)

The supercovariant field-strengths and vielbein are:

FAS =AM ¢ ( AEAB(GIEAQ/)B + a2$c’7aXABCVa) + h.c.) (4.42)

Pascp = Pasop — Xjapctp) — €apcpeX Vv (4.43)
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where Pigcp = €apcpr PP is the complex vielbein, completely antisymmetric in

SU(5) indices and (Papop)* = pAEer.

The fermion transformation laws are:

0a = Dea+ agT g )A€ Vo + - (4.44)
oxaBo = 1Papcpi0ad’ye” + asT g ec) + - - (4.45)
SABCD ,, =7 _4
Oxwy = a6P;  0up ' eapcpp +--- (4.46)
where:
1,— 1
Tap = —g(f JasapFM = Z(N — NMasraf apF™>
1
= §(h/\2ABFAE — f™i5Gas) (4.47)
1
Nisan = ihAmAB(f_l)Ain (4.48)
: oL _
g;{:E - _1/28}7%; gAE = g/—\’—z + gAE (449)

With a by now familiar procedure one finds the following (complex) central charges:

1
Zap = §(h/\z|ABgAE — ¥ peas) (4.50)
where:
AS AS
A = /S F (4.51)
ens = / Gas (4.52)
5’2

From the Maurer—Cartan equation

1-axicD

vUO) AR AR — 3 Piscp (4.53)
and the analogous one for h we find:
1—
VUG 7, — §ZCDPABCD (4.54)

Finally, the sum rule for the central charges is:

1 —A 1 rAa
~ 22T = —~ (g™, eas) M(N)asra (g ) (4.55)
2 2 era

where the matrix M(N) has exactly the same form as in eq (3.66).

e The scalar manifold of the N = 6 theory has the coset structure:

SO*(12)

G/H = (o)

(4.56)
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Table 4: Transformation properties of fields in D =4, N =

| [ Ve | va | xape,xa | AN ] Sy | Ry |
SO*(12) 1 1 1 - 32
SU(6) 1 6 (20 + 6) 1 (15,1) + (15,1) | 15
U(l) 0 % (%7 _g) 0 (L _3) + (_ 73) 2

We recall that SO*(2n) is defined as the subgroup of O(2n,C) that preserves the
sesquilinear antisymmetric metric:

0 1
ticr=c,  c=(2 ) (4.57)
The field content and transformation properties are given in Table 4, where A, B, C' =
1,---,6 are SU(6) indices in the fundamental representation and A = 1,---,16. As
it happens in the N = 5 theory, the 32 spinor representation of SO*(12) can be
given in terms of a Usp(16, 16) matrix, which we denote by S¥(a,r = 1,--+,32), so
that the embedding is automatically realized in terms of the spinor representation.
Employing the usual notation we may set:

o 1 (fNiihy Tyt iha
Sr - T = A . —A =
\/§ f[ —ihps f[ — ihpr

where A, I = 1,---,16. With respect to SU(6),the sixteen symplectic vectors

(4.58)

(fA har), (I = 1,---,16) are reducible into the antisymmetric 15— dimensional
representation plus a singlet of SU(6):
(ff har) = (fap, haas) + (f*, ha) (4.59)

It is precisely the existence of a SU(6) singlet which allows for the Special Geometry
52121)2) as discussed in section 3.2 Note that the coset element S has
no definite U(1) weight since the submatrices f4z, f* have the weights 1 and -
3 respectively. The supercovariant field-strenghts and the coset manifold vielbein

have the following expression:

structure of

~

PN = dAN 4 [ (Y + andoraxEOV)
+ a3 PevaxV + hecl (4.60)
Papop = Papop — Xjapc¥n) — €apoperX " (4.61)

where Pigcp = PABCD,idzi is the Kéahler vielbein of the coset. The fermion trans-
formation laws are:

0a = Dea+biTyp A Vot - (4.62)
oxaBo = byPapcpifaz'y*€” + bsT g7 " ec) + - - (4.63)
5XA = b4PyiBCDE8aZi’ya€F€ABCDEF + b5T(;b’yab6A —+ .. (4.64)
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where:

Tap = —i(?il)AABF_A (465)
T = —i(f OaF™ (4.66)

With the usual procedure we have the following complex dyonic central charges:

Zap = haapg™ — figea (4.67)
7 = hag" — fles (4.68)

in the 15 and singlet representation of SU(6) respectively. Notice that although
we have 16 graviphotons, only 15 central charges are present in the supersymmetry
algebra. The singlet charge plays a role analogous to a “matter” charge. From the
Maurer—Cartan equations:

1zAlcD 1-a
Vihe = 3/ “PPaen + af eapcpsrPCPP" (4.69)
1
vt = MfA‘ABEABCDEFPCDEF (4.70)

and the relation (3.42) one finds:

VPO Z,p = %ZCDPABCD + %ZEABCDEFP CPEE (4.71)
vy — ﬁiw exscpppPCPEF (4.72)
and the sum-rule (3.65):
1, —aB 7 1. A g9”
S ZasZ" 4 27 =~ (4" en) M(N)as (ez) (4.73)

with the usual meaning for M(N) (see eq.(3.66)).

In the N = 8 case [49] the coset manifold is:

(4.74)

The field content and group assignments are given in the following Table 5:

Table 5: Field content and group assignments in D = 4, N = 8 supergravity
| [ Vi [ da [ AV [ xaBe | S¢ | B |

Exn] 1] 1 - 1 56 -

SU®)| 1 | 8 1 56 | 28 +28 | 70
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Asin N = 5,6, the embedding is automatically realized in terms of the 56 defining
representation for E7 which belongs to Usp(28,28) and it is given by the usual coset
element (3.38) where

f+ih = fA5 +ihasas (4.75)
F—ih = FUY it

AY, AB are couples of antisymmetric indices, with A, ¥, A, B running from 1 to 8 .
The supercovariant field-strengths and coset manifold vielbein are:

FA = dAM 4 [l 08 + aXx POype V) + he]  (477)

Pipcp = Papep — Xac¥p] + h.c. (4.78)
—EFGH . .
where PABCD = %GABCDEFGHP = (L_IVSU(S)L)AB\CD = PABC’D,idQsz (¢Z CO-

ordinates of G/H). The fermion transformation laws are given by:

0pa = Dea+ asTp A"Vt - (4.79)
oxac = asPapcpi0ad'y e’ + asT[ZBmﬂabEC} + (4.80)
where:
1 ,— 1
Typ = —§(f 1)AEABFAE: Z(N—N)AE,FA]%\EFFA
1 AS AS
= §(hAEABF — [*59ax) (4.81)
with:
1
Niasra = §hA2AB(f71)A?A (4.82)
0L
Ors = _1/2W (4.83)

With the usual manipulations we obtain the central charges:

ZaB = %(hAEABgAE — fMigeas), (4.84)
the differential relations:
VSU® Z 4p = %7 “PPisen (4.85)
and the sum rule:
%ZABZAB _ _%(QAE, eas)M(N)asra (gll:i > (4.86)
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5 Matter coupled higher dimensional supergravities

With the exception of D = 5, N = 2 supergravity in which the vector multiplets moduli
space is described by Very Special Geometry [50][51], all the higher dimensional super-
gravities exhibit a coset structure G/H asin D =4, N > 3. As we are going to see, their
structure is completely fixed in terms of the coset representative L and in particular the
“dressed” central and matter charges satisfy relations quite analogous to those discussed
in the four dimensional case for N > 2.

In this section we discuss the matter coupled supergravities deferring the maximally
extended cases to next section.

We begin by considering all the matter coupled supergravities which have the coset
structure:

O(10 — D, n)
O(10 — D) ® O(n)

Actually this class covers all the cases except D =6, N = (2,0) and D = 6, type [IB.
It is convenient to treat separately the odd and the even dimensional cases.

G/H =

x O(1,1) (5.1)

5.1 0Odd dimensional theories

The three cases D = 5,7,9 can be discussed at the same time [52], [53], [54], [55], [56],
[57] if one takes in D = 5 one of the vectors dualized with a two form and disregard the
presence of hypermultiplets. With these assumptions the field content for all the three
theories is given by:

Gravitational multiplet:

(Vs aps Buws Ay, XA, 0) (w=1,---,D) (5.2)

Vector multiplet:

(AIM)‘A?(lo_ D)¢)I (I: 177”) (53)
where a runs from 1 to 10 — D, the coset manifold of the scalar fields being given in
equation (5.1).

The transformation properties of the fields are given in Table 6, where:

Table 6: Transformation properties of fields in matter coupled D =5 (N =4), D =7
(N=2),D=9 (N =1)

| | Vi [Huwp|  Fo [ L% e[ [XT[M7] Ry |
O0-Dn) || 1] L |[I0-D+n|10-D+n| 1|1 1] 1 -
O(1,1) 0 2 1 0 100 o0 -
Hpye 1 1 1 10—-D O|N| N| N [10-D
H,otter 1 1 1 n 0 1 1 n n
HAut X Hmatter = 0(10 — D) X O(n) (54)
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H 4. acts on the index A = 1,---, N of the spinors as a unitary symplectic group in
D = 5,7 according to:

O(10— D) ~ Usp(4) D=5
~ Usp(2) D=r. (5.5)

In D=9 Hpy = 1. Hpaner always acts in the vector representation labelled by the index
I. The coset representative of (5.1) is:

e’ LA = e (LA 5, LY) (5.6)

where e” parametrizes O(1,1), o being the real scalar field of the gravitational multiplet

and LY is the representative of %. The indices AB of L*,5 are Usp(N) =

H gty antisymmetric indices for D = 5 (N = 4) and symmetric indices for D = 7 (N = 2)
intertwining between the vector representation of O(10 — D) and the representation of
Usp(N):

Lp = Livas (5.7)

where 47, 5 are gamma-—matrices of O(10 — D). For D = 9 L, — L*045 = L* (A,B=1).
The index I of L} is an index of O(n) = Hmattery in the vector representation. As
usual, the set of n, gravitational and n, matter field-strengths F* of the vectors (A%, A7)
(A=1,---,ny + n,) transform among themselves under O(10 — D,n) x O(1,1) while
H = dB is charged under O(1,1) only (we have labelled the O(1,1) representations by
the ”charge” under the shift e — e71¢).

The supercovariant field—strengths contain, as in 4 dimensions, the coset representa-
tives, but in the defining representation of G. We have *:

H = dB+ aiasdA® A A% + a0 0 Tyt BC o5V
+ age® P T PCapV oV (5.8)

FA = dAN £ e P PP LA + b B TP VOLA,
+ by TN VLA (5.9)
P! = (3)*Plg = (7)""(Pip — ¥a)p) (5.10)
do = do— EAXA (5.11)
(5.12)

where Cy4p is the invariant metric of Sp(N) in D = 5,7 while in D = 9 we set Cap = 043,
A,B=1. Pip = Pj}p,;d¢" and do are the vielbein 1-forms of ()((13010[)7%() and of O(1,1)
respectively.

The supercovariant field strengths appear in the transformation laws of the fermions
dressed with coset representatives:

571),4 = DGA + ClTAB\abAabCEB‘/c + C2Tv\abcAade6A‘/d + (5 ]-3)

Sxa = dil0u0€a + doTappl™€” + dsT)ape T en + - - (5.14)

6Ny = fT*Plp0.0'€” + fol L, T®es + - - (5.15)
“In all higher dimensional theories the space-time y—matrices are denoted as I'® (a =0,---,D — 1).

31



10—D,n)

where A,q,...q, 1S given in equation (3.5), ¢' are the coordinates of W and
Tap = GUNAELEABFA = G_ULAABFA
T, = eNyLSFN = e oLy Fh (5.16)
T = NWeH = e¥H

are the dressed graviphotons, matter vectors and 3—form. Here the vector kinetic matrix
Ny and the 3—form metric N are:

NAE = 6_2U(LABALSB+LIAL12) (517)
NUE) = o (5.18)

and we have used the pseudo-orthogonality relations of O(10 — D, n) :
mas = (LaapLs™® — LarLsy) (5.19)

where 7 is the O(10 — D, n) invariant metric. At this point it is very easy to construct
the dressed charges for the gravitational and matter multiplets. Defining the magnetic
charge as:

= FA (5.20)
S2
9= |1 (5.21)
we have the vector central charge:
Zap = [, Tan = ¢ " Luan(9)g" (5.22)
the 3—form central charge:
— _ 20
Z = S3T_6 g (5.23)
and the gaugino matter charge:
Zp = /S Ty = e Lar(@)g" (5.24)

where on the r.h.s. the scalar fields o, ¢* are understood as v.e.v.’s on a given background.
From the Maurer Cartan equation for the coset representative e’ L'\, we now have:

V(e LM g) = “ LN P, (5.25)

where V denotes the derivative covariant under the composite connection of H 4, X
Hpatter = O(10 — D) @ O(n). It follows:

ViZap = ZiPlp, (5.26)
1 _
V7, = Z(Pj“BZAB+PIABZAB)—ZIda (5.27)

In particular, if Z; = 0, the invariant

M(d) = 5ZapZ (5.28)



reaches a minimum.
Furthermore, using eq.s (5.17) and (5.19) one also finds:

1

—AB
5ZapZ" + ZiZ = G *Nasg™ (5.29)
1 —A 9%
Y P 712 = g masgTe? (5.30)

These “obvious” sum rules are the counterpart of the sum rules found in N =2, D =4
for the central and matter charges.
Finally we observe that the electric charges associated to F* and H are defined as:

en = //\/’AE*FE e= /674” *H (5.32)

Let us note that N =4, D = 5 is usually formulated dualizing the 3-form H® in terms
of an extra 2—form F = dB

dB =* He ™ (5.33)
In this case, instead of (5.8), we have:
F=dB+ fle_%@Aq/)B(DAB + fge_Q"@A%XBV“(DAB (5.34)
and the transformation rules of d94, x4 are changed accordingly:
5ha = Dea+ a(TapawA™ €V, + bTip A Cape®Ve) + - -- (5.35)
Sxa = I0u0€s + d(TapapPe” — 20T, T ) + - - - (5.36)
(5.37)
where T, =e?°F,;. Note that in this case the kinetic matrix for the singlet is:
N =e' (5.38)
We now have that the central charges are:
Zag = e ¢ Laap —be*mCup (5.39)
Z = €m (5.40)

where m = [q F', while the matter charges are the same as in (5.24).
Note that the 2—forms Ty and T appear in dx 4 with a relative weight, —2b, which is
fixed by supersymmetry. By Usp(4)—covariant differentiation one obtains:

VZap = Z'Piap—22%do (5.41)
VZ = 2Zdo (5.42)
1 _
VZ = ((ZasPiP + Z'’ Pap1) — Zrdo (5.43)
where: )
7% = 5 (Zas + 30ZC4p) (5.44)
The sum rules are:

1 _
5ZABZAB 2722 - 7,77 = ¢"Nisg® (5.45)
72 = m’N (5.46)
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5.2 Even dimensional matter coupled theories

e InD =28, N =1[58], [59] we have again a coset manifold of the class (5.1), namely:

0O(2,n)
G/H=———"—""+="—"-x0(1,1 5.47
/= 5 b * O (547
The field content is:
Gravitational multiplet:
(V:J¢u7BﬂV7Aﬁ7X=O-) (M: 1:78) (548>
Vector multiplets:
(A, A, 20)M (M=1,---,n,) (5.49)

where 1, x, A are complex Weyl spinors. The group assignments can be read from
Table 7, where the first entries in the last row are the weight under Hy,, = U(1).

Table 7: Transformation properties of fields in matter coupled D =8 (N = 1)

| [V [Huo | o [ I5 [ @ [ [ xo [ M [ ]

0(2,n) 1 1 [2+n|2+n] 1 1 1 1 -
0(1,1) 0 2 1 0 1 0 0 0 -
UML) x0m) | (0,1) [ (0,1) ] (0,1) | (2,n) | (0,0) [ (1L,1) | (=1,1) | (1,n) | (2,n)

From the coset representative decomposition:
e”Lg = e’ (LY, L}) (A=1,2) (5.50)

setting L* = L& + 1LY we have the following supercovariant field-strenghts:

H = dB+ aimasdA* A A% + (a2e® Y pT ot + hc)V

(ase* Y Tapxr + h.c.)VV? (5.51)

PN = dAM 4 (b P I + hec)

(boe” P, Tox gL + h.c)VO + (bse® ), T ALLA 4 b))V (5.52)

P! =4, N, — Yp)p (5.53)
(5.54)
(5.55)

+

)
|+

do = do—PpxL —YrXr

where P! = Pldz' is the Kéhlerian vielbein of % and do the einbein of

O(1,1). We have now a complex graviphoton:
T® = e L FA (5.56)
while the dressed vector matter and tensor charges are:
" = L/F* (5.57)
T® = e ¥H (5.58)
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T® TG) and T! appear in the susy transformation laws of the fermions:

0pp = Dep + clTa(g)A“bceRV; + czTéggA“deeLVg +--- (5.59)
Sxp = diTOu0ep + doTPT % + dsTIT %y + - .- (5.60)
SN = ADPlo2er + foThT % + - - (5.61)

Taking into account:

mae = LLsy — LarLsy (5.62)
Ms = (L(AZE)+LAILEI> e (5.63)
we find:
7@ = e Ly(2)g" (5.64)
Z0 = ey (5.65)
Zr = La(2)g* (5.66)
where
— A A
9= SBH g = st (5.67)

The differential relations and sum rules among the charges are:

vz® = z;P' - 72%do (5.68)
vz® = —2729do (5.69)
1, _
VZ; = §(ZPI + ZPy) (5.70)
Z(2)7(2) —ZiZ; = gAnAng (571)
72079 4+ 7,72, = ¢MNaxng® (5.72)
Let us now consider the D = 6 matter coupled theories.
For type IIA [60], [61] ((Ny, N_) = (2,2)) the coset manifold is
O(4,n)
G/H=—"—""+>—-x0(1,1 5.73
and the field content is:
Gravitational multiplet:
(V;,wAmwAwBuu,AzaXAaXA,U) (a = 1""a4) (574>
Vector multiplets: ‘
(Au, Aa, A, 49)° (t=1,---,n) (5.75)

The group theoretical assignments under the duality group O(4,n) x O(1,1) can be
read from Table 8. In the present case H,: = O(4) acts as SUL(2) x SUg(2) on the

35



Table 8: Transformation properties of fields in matter coupled D =6 N = (2,2)

| Vi [ Hup | E [ L5 | € | aw | xa [ Xy | Ru |
O(4,n) 1 1 |44+n|4+n| 1 1 1 1 -
O, 1) 0 | 2 1 0 T 1 0 | 0 | 0 | -
ST xSURQ) LD |G| LD | 4 | L@y e @) @2
O(n) 1 1 1 n 1 1 1 n n

two left—-handed and two right—-handed fermions. In particular, left-handed spinors
transform as doublets under SUL(2) and as singlets SUg(2) (the opposite happens
for right-handed ones, which are not quoted in the Table). The two chiralities are
distinguished by indices A, A respectively (4, A = 1,2). SUL(2), SUg(2) indices are
raised and lowered with the metric e4p, €, respectively. The coset representative
is decomposed as follows:

e’L = e’ (L, LY) (5.76)
where r = 1,---,4 is a vector index of O(4), and we also define
L) = Lyely, (5.77)

where €, ; is a quaternion converting O(4) into SU(2) x SU(2) indices. The super-

covariant field—strengths have the following form:

o~

H = dB+ alnAgdAA A A%
¢ (@ T Pean + 3 TapPe5) V°
4 e <a3EAra,,XBeAB @5 TapxBe s B) yayb (5.78)
A — i
FA = At ye (bﬂ/; YPLA, + by ¢BLAAB)

A A
+ e (b2¢ ToBLA  + bod PaxBLAAB)

+ € (bgv‘raxg - Ega“‘raxg) VerA, (5.79)
P" = P — (¢"NB(e,) 4 + hc.) (5.80)
do = do— (EAXA + h.c.) (5.81)

where PI" = (L7'VHL)" = PIrd¢'. The supersymmetry transformation laws for
the chiral fermions are as follows:

0ba = Dea+ T yp A"V, + Tl A e Vy + - (5.82)
Oxa = dil0,0eq + doTypyoplane” + dsTiapl ™ea + - - (5.83)
O\, = [Pl 0.6 + 1L, T % + - - (5.84)
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with analogous expressions for the antichiral ones. Here

T,z = e LypF"
T = efaLA[FA
T = e 2H

(5.85)

By integration of the above 2— and 3—forms on S? and S® respectively we find the
central charges. Turning back to the O(4) vector indices we have:

Z, = e Lag™
20

Z = e
Zr = e “Larg"
Furthermore, from Maurer—Cartan equations and:

Nys = e 2 (L,aL’s + LiaLrs)
s = LyaL's — LinL's

we obtain:

VZ, = Z;P'-Zdo

VZ = —-2Zdo
VZ[ = ZTP[T—Z[dO'
7, 7"+ 717" = ¢“Naxg”

77" — 7178 = ¢Pmamg®

The last two cases in D = 6 are N = (2,0) and Type IIB (N =

For Type I1B the field content is:
Gravitational multiplet:

(V,f,l/)Au,5B:[,,) (bw=1,---6;A=1,---
Tensor multiplets:
(B;VJ)\AJ5¢)I (I: 17"'7”)
and the scalar coset manifold is:
O(5,n)
G/H = T\
/ O(5) x O(n)

(5.86)
(5.87)
(5.88)

(4,0)) theories [62].

4) (5.96)

(5.97)

(5.98)

The transformation properties of the fields are encoded in the following Table 9
where Ha,; = O(5) acts as Usp(4) on the indices A, B of the left-handed gravitino
and right-handed spin 1/2 fermions A4 of the tensor multiplet. H,,aer = O(n)
acts on the indices I. As usual we decompose the coset representative of G/H as

follows:
L = (L}, Ly) r=1-,5
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Table 9: Transformation properties of the fields in D = 6, N = (4,0)

(D=6 N=@0) | V& |HipHup| LS [ da [ N7 | Ry |

O(5,n) 1 5+n 54n| 1 1 -
O(5) x O(n) (1,1) (1,1) (5,n) | (4,1) | (4,n) | (5,n)

and, setting L4, = L2,z (Yyzare gamma-matrices of O(5)), the supercovariant
three—form and the vielbein can be written as follows:

HY = dB™+ LA 0 TPV + e LN ToyosCABVV (5.100)
Pl = P NP () ap (5.101)

where P! = PI"d¢" is the vielbein of G/H. The transformation laws of the fermions
are:

6Ya = Deg+ a1Tapape A CP ecVy+ - - - (5.102)
SA4 = PLO,¢T () Pep + b T, TCPep + - -- (5.103)

where the 3— form dressed field—strenghts appearing in the gravitino and dilatino
transformation laws are:

Tap = Lyap HY (5.104)
T, = La H™ (5.105)

We get the following central and matter charges (Z, = £ ZapyAB):

Z, = Lpng® (5.106)
Z; = Lagh (5.107)

We note that in this case there is no distinction between magnetic and electric
charges. Indeed from the previous definitions it follows:

Nys*H*® = gy H” (5.108)
Integrating both sides on a three—sphere we get:
en = Mg (5.109)

The differential relation derived from the Maurer—Cartan equations and the sum
rules are:

VZ, = Z;P! (5.110)
VZ; = Z'Py (5.111)
ZZy+ Z1Z; = ¢*Nasg” (5.112)
7.2, — 7171 = g"nasg” (5.113)
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e Finally, we consider shortly the N = (2,0), D = 6 theory [63], [64], [32].
The field content is:
Gravitational multiplet:

(V;’wAM’B:u) (:U’: 1"",6; A= 1’2) (5114>
Tensor multiplets:
(B, x",5¢)" (I=1,---,n) (5.115)
Vector multiplets:
(A, M) (a=1,---,m) (5.116)
Hypermultiplets:
The coset manifold is in this case:
O(1,n)
G/H = 5.118
JH =55t @ (5118)

where O is a quaternionic manifold parametrized by the hypermultiplet scalars
q. Notice that in this theory the automorphism group coincides with the holonomy
factor SU(2) of Q. However, since the hypermultiplets do not enter in the definition
of the supersymmetry charges, we forget about them in the following. Table 10
shows the transformation properties of the fields where ¥4 and A9 are chiral while

x4 are antichiral. We set

Table 10: Transformation properties of fields in D=6, N=(2,0)

pvp) Trpvp

[D=6, N=(20) [ Vi [Hiy Hup [ Fia [ L [ X7 [ X3 | Ru |
1

O(1,n) n+1 1 |n+1| 1 1] 1] -
O(n) 1 1 1 | (n,1)| 1 n | 1] n
Usp(2) 1 1 1| 1 |2 |2 21

L= (LA LY (5.119)

and write down the supercovariant field—strenghts as:

HY = dB"+ a,ChdA° A AP 4 a, LA Topa Ve

+ aa LA Ty aVoV? (5.120)

F* = dA* + b ' T AV (5.121)

Pl = Pl (5.122)

where P! = Pld¢' is the vielbein of G/H, C}; are constants and the SU(2) indices
A, B,---=1,2 are contracted with €45. The fermions transformation laws are:

04 = Dey+bTp TP Vet - (5.123)

X = byPlo.¢' T P ep + byT) T*e Pep + - - (5.124)

OXG = DyFST%ey 4 - (5.125)
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with:
T=LyH™, T'=L{,H?* (5.126)

Using a by now familiar procedure we may construct the charges associated to
three—form H* = (LAHY + LAHT):

Z = Lag" (5.127)

Z; = Laigh (5.128)
satisfying:

VZ = Z;P! 5.129

VZ; = ZF;
272+ Z1Z; = ¢*Nysg®
77— 7171 = ¢*naxg”

Asin Type I1B theory there is no distinction between electric and magnetic charges.
We have of course also the charges associated to the vector two—form F'* namely
the magnetic charge:

m'= [ F (5.133)

and the electric charge:
— A * pa
€q = /54 LACLs " F (5.134)

since in this case the kinetic matrix for the vector is:

Nag = LaCly. (5.135)

6 Maximally extended supergravities in odd dimen-
sions

The common feature of all maximally extended supergravities is that the relations between
central and matter charges are now substituted by relations among central charges only,
in the same way as it happens in D =4, N = 5,6, 8. By abuse of language we also include
in this section the D = 5, N = 6 theory which, though not maximally extended, does not
admit matter coupling.

e D=5 N =06 [53] Coset manifold:

_ SU*(6)
~ Usp(6)

G/H (6.1)

Field group assignments:

where A, B; A, ¥ =1,---,6, the spinors are pseudo-Majorana and the dilatino field
X4Bc can be decomposed as follows:

XABC =>O<ABC +CiaBX0) (6.2)
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Table 11: Transformation properties of fields in D =5, N =6

| [ Vel da| F* [ xapc | L% [ Ru |
SU6) ] 1 | 1] 15 1 15 | -
Usp6) || L | 6 | 1 |14 +6 |14+ 1] 14

Xapc being the antisymmetric € 4p-traceless representation of Usp(6). In D = 5,
N = 6, we have 15 vectors in the antisymmetric irrep of SU*(6). We take the coset
representatives in the same representation, namely LA%‘B = L&Lg}], where Lﬁ is
in the fundamental representation of SU*(6) and A, ¥ and A, B are SU*(6) and

Usp(6) indices respectively. Note that with respect to Usp(6) we have:

oAE
LA =L 45+ Cypl™™ (6.3)

o AX
where L 45 is Cap-traceless. The coset representative L satisfies:

Lo = & (6.4

The supercovariant vector field-strengths and vielbein are:
PN = AN 4 (I (a8 9P + s orax POV + hoc] (6.5)
Pip = Pap—9° Xanc (6.6)

where Pap = Pap;d¢" belongs to the 14 irrep. of USp(6) (that is it is antisym-
metric and C4p traceless). The fermion transformation laws define the physical
graviphotons Ty g:

6Ya = Dea+ asTapapA™PVe+ -+ (6.7)
Sxapc = aiPapvacc) + asy Tuyianec) + - - (6.8)

where the two-form T4 is given by:

1

Tap = §LAE\ABFAE (6.9)
The magnetic central charges are:
Z :/T = L sang™® (6.10)
AB o AB = 5 ASABY .
and with the usual procedure, setting
Zag = Zag +Cap”Z (611)
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we get

1o
VZ = ZZABPAB (6.13)
o o 1 1) 2
VZAB = ZC[ACCDPB}D‘{'ECABZLMPLM—{—gZPAB (614)
and the sum rule: . )
ZQAENAE,FAQM = §ZA37AB (6.15)
where: 1
—A
Nasra = §LA2ABL A (6.16)

e D=5 N =28 [65]
The coset manifold is Eg)/Usp(8) and the coset representative L%, antisymmetric
and C4p traceless in the USp(8) indices AB, is taken in the 27 x 27 defining represen-
tation of Egg). The Usp(8) indices A, B are raised and lowered with the symplectic

metric Cap (i.e. Zyp =CarC BM7LM). Spinors are symplectic-Majorana.

The field content and the transformation properties are given in Table 12. As usual

Table 12: Transformation properties of fields in D =5, N =8

| [ Ve | ¢ | F*™ | xac | L"p | Ry |
Fow || L] 1| 27| 1 | 27 | -
Usp(8) | 1 | 8 1 48 27 | 42

the coset representatives appear in the supercovariant field strengths as follows:
= —A —A
FAY = FAY ) WP LAY 5 4 agth T ox apc LAEPCVE (6.17)

while the vielbein Pagcp = Pa BCD,idgb", completely antisymmetric and pseudoreal,
is related to its supercovariant part Pagpcp as:

Papcp = Papcp — YaXsop (6.18)

The physical graviphotons appear in the transformation laws for the fermions:
6Ya = Des+ biTapap A€V, + - - (6.19)
Sxapc = baPapcp,i0ad'T € + bs(Tiapal ec) — %C[ABTC}DabFabED)(ﬁQO)

where .
Tap = 513,413A2FAE (6.21)

5We have adopted the convention, for lowering and raising indices, that:

CapVE =Vy; CAByg = VA, (6.12)
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and the vectors kinetic matrix is:

Nasira =

where Lappay = (LAZAB)_l.

1
2

AB
~Lapax L TA =

N —

Defining the magnetic and electric charges

AY

9

S2

the magnetic central charges are:

Zap = =Lasan

1
2

The Maurer Cartan equations for the L’s are:

dLr>

1

=_IA

2

S CD
e A+

1
2

(¢)g™>

LapasLepra

(DAC(DBD

1
FA 0 eps =/ “NasraF™2
s3 2

AXCD
=L Pepag

(6.22)

(6.23)

(6.24)

(6.25)

where QL 5 = QQ[?A(S%], QC, belongs to the Lie algebra of Usp(8). It follows:

V(Usp(S))ZAB —

Furthermore, from (6.22) we find

1
2

~ZapZ"" = -

1
4

The electric central charges are given by:

e D=7 N=4[66]
The coset space is:

QAZN AE\FAQFA

1_cp
3 Z Pcpas

(6.26)

(6.27)

(6.28)

(6.29)

and the field content with the transformation properties under G and H is given in
Table 13, where ¢4 and x4 are symplectic-Majorana spinors and y’# satisfies the

Table 13: Transformation properties of fields in D =7, N =4

| [ Vi [ Baw | A" [ 2% [ 4 [ X | Bu |
SIGYT L ] 5 10 | 5 | 1] 1] -
oG) | 1] 1 1 | 5| 4] 16|14

irreducibility constraint

(’YI)ABXIB =0
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71 being the O(5) gamma matrices. USp(4) symplectic indices A, B, - - - are raised

and lowered with C4p. Besides L* in the fundamental representation of SI(5) we

also introduce the coset representatives L% ; = L[?ILE}] in the representation 10 of

0(5).
Then the supercovariant field strengths are:

—~

H» = dBy+ alLAI(’yI)ABEAFawBV“ + ageps,..x, 152 N AR5
+ asLarpalapx 1 VeV? (6.31)
FAS = gAAS 4 by LAZ}J(,YIJ)ABEAwB
b (v a0 T BV (6.32)
Py = Prj— EAX(IB(’YJ))AB (6.33)

where Py = Pprjd¢* (I, J symmetric and traceless) is the coset vielbein.

The fermion transformation laws are:

0ha = Dea+ crTsp AV + Ty APV, + - - (6.34)
oy = PO T (1)) ane” + esTipiyTe” + T ee® + -+ (6.35)

where (FA* = dAM*® Hy = dB,)

T[%a] = Li(v")apHa (6.36)
T((j)é) = L5y — 46" 1) apH, (6.37)
T((fl)B) = Lyt (vig)aF™ (6.38)
Tis = Lok (vixs — 361x7s) ap ™™ (6.39)

By integrating the 3—form T}, T2%) on S8 and the 2—form T3, 752 on S2 we get
the following set of central and matter charges:

1
Z((fl)B) = §LA2U(’YIJ)ABQAZ (6.40)
Z[(jig} = Ly(v")asg* (6.41)
Z(?,)axé) = Li(" —46"1) apg" (6.42)
1
Z,(ff)am = §LA£J(’YK1J — 30k17s) aBg"™> (6.43)
where
g = FY o gy = / Hy (6.44)
S2 g3
and Z(If(l?g) and Z%) g satisfy the constraint:
(12" Nap = (12" ®)ap =0 (6.45)
From the Maurer Cartan equations
VOO Ly, = LI Py (6.46)



and from the definition of the kinetic matrix

Nas = Ly Ls; (6.47)
we find:
Vo6 Z16) — 7 plJ (6.48)
vO® z172) —  Z@K p]] (6.49)
Z®1Z3 = M\ng” (6.50)

where we have traded the Usp(4) indices of the dressed charges with O(5) indices
according to:

Z13) _ Z(3)( TyAB (6.51)
ZI11(2) _ Z(2) (’Y )AB
D =9, N = 2 The coset manifold is:

Si(2,R)
0(2)

and the field content and group assignements are given in Table 14. Here A, B, C' are

G/H = x O(1,1) (6.53)

Table 14: Transformation properties of fields in D =9, N = 2

| | Vi [ Cuwp | By [ Ap | Au [ Lap | € [ ¥ [ X7 | R |
SI(2,R) T2 21 2 i1 1.
O(1,1) 0 1 |1]0][1] 0 |1]0] 0 |-
oR) [ 1] 1 [t [t [1] 2 [1]22+2]2

sz(z R)

O(2) vector indices, L%, 5 is the coset representative of symmetric and trace-
less in A, B, e? parametrizes O(1,1), A = 1,2 are indices of S1(2,R) in the defining
representation. Y4, xapc are Majorana spinors. x agc is completely symmetric and
can be decomposed as

X4BC =Xapc +0(ABX0) (6.54)
The supercovariant field strengths are defined as follows:
HY® = dB* 4+ ayeps(A* A dA® + A% A dAY) + axe P Loto VoL
+ a3 YT PEVIVIC (6.55)
HY = dC+b(B* NdAy + AN AN N dAZeps) + boe” D Topth BV A VPeus
+ b3 X LapepCVVEVE (6.56

B
=
Il

dAM + clLAABw VB 4 ey LA g XA POT bV

(

dA + d160¢ Ya + dae” XAPa¢AVa (
=~ —C o

= (

(

B
Il

.«
oy
Il

Pap — %" Xapc
do = do— @AXA
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SL(2,R)

00) - The fermion transformation

where Pap = Pap;d¢" is the real vielbein of
laws are:

0pa = Dea+ hTop A e Vi + LT, APV,
+ BT APV, + LTS A™ ey Vet -+ (6.61)

Sxapc = MiPupi0.0'T c) + hoTopeal o apec
+  h3Tanjavel ecy + haTiapal ey + hs T ®dapecy + - - - (6.62)

where
TW = e HW (6.63)
T% = e LyapH® (6.64)
Ts = LaapF@* (6.65)
T® e " F? (6.66)

By integration of the previous (p + 2)—forms on SP*? we get the magnetic central
charges:

70 = evg g = / H® (6.67)
7% = e Laang™ gA—/H<3>A (6.68)
28 = Laapm*  m = [P (6.69)
7P = em; m:/F(Q) (6.70)

Using now the Maurer Cartan equations for the coset representative e 7 Lyap we
find:

VOO (e " Laag) = € (LacaPpyc — doLyap) (6.71)
where the indices between brackets are symmetric and traceless. Therefore:
7(4) 7(4)
0 | 250 | = —| 25 (6.72)
AS) 72
Z(3) Zg))A
Vi (Zé?) = (Z(2() PB)C,z‘ (6.73)
AB C(A

Finally the kinetic matrices for the p—forms are:

NW = % (6.74)
1

N = 56720LAABL2AB (6.75)
1

N = §LAABLEAB (6.76)

NO = % (6.77)

(6.78)
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It follows:

(ZW) = eg (6.79)
SZHZOP = PN (6.80)
% HZPAE = AN (6.81)

(Z@)2 = ePm? (6.82)

(6.83)

7 D =6and D =8 maximally extended supergravities

e The field content of D = 6 N = (4,4) supergravity [67] is given by the following
gravitational multiplet:

(V:awAuawAu?B:zf?B;faAzdaXAI?XAI?Lwy) (71)

(I,I=1,-,5;a,d=1,---, 4, A, A=1,--- 4y 2,y = 1,---,10) where L, is the
coset representative of:
0(5,5)

G/H = 5 = 06)

(7.2)

and
H e = Usp(4) x Usp(4) ~ O(5) x O(5) (7.3)

The group theoretical assignments for the fields are defined in Table 15. Here, 14,14

Table 15: Transformation properties of fields in maximally extended D = 6, N = (4,4)
supergravity

(D=6 N=(4 | Vi [Hip Hay | Far | LYY, | el | XX | Ry |
0(5,5) 1 10 16 10 1;1 1;1 -
1

0(5) x 0(5) LU | (L | 6,0):(L5) | (41);(L4) | (5,4);(45) | (5,5)

are chiral and antichiral gravitinos and transform under H4,; in the fundamental
representation of the two Usp(4) factors respectively. The dilatinos x; 4, x4 are
instead spinor-vectors under each O(5) with the couple of indices A (IA) trans-
forming in the 5 and 4 of the two O(5) factors respectively. The dilatinos chiralities
are related to dotted and undotted indices in the opposite way as for the gravitinos.
The conversion between O(5) and USp(4) indices is performed via the O(5) y—
matrices (7)) ag, (77) 5. Raising and lowering of the Usp(4) indices are performed
with the symplectic metric C4p according to the rule: 14 = C,p5%? (and the same
for dotted indices).

Note that we have labelled the index of the spinorial representation 16 of O(5,5)

47



with a couple of indices a, &. The coset representative in the 16 irrep will be de-
noted in the following U “0;‘4 1 Let us recall that in D = 6 we can decompose H Ainto
real self-dual and antiself-dual parts which transform irreducibly under the Lorentz
group. Defining

H® = (HM,HY) (z=1,---,10;A=1,---,5) (7.4)

0O(5,5) acts as a T—duality group on H” in the fundamental representation. How-
ever, in D/2 = p+2, p odd, the p+2—forms are also acted on by the Gaillard—Zumino
duality group O(n,n) (n being the number of p + 2 tensors). In D = 6, p = 1 and
n = 5, so that the Gaillard—Zumino duality group is again O(5,5). Quite generally,
when D/2 = p+ 2, p odd, the kinetic lagrangian for the p + 2-forms H** has the

following form:
Lyin = HANGHS 4+ HANGHT® (7.5)

where the kinetic matrices N'* satisfy:
NE = —(NF) (7.6)
and transform projectively under O(n,n):
NY = (C+ DN*) x (A+ BN, (7.7)

Here we have used a notation where a generic element of O(n,n) is decomposed in
n X n blocks as follows:

S — (é ZB)) € O(n,n) (7.8)
satisfying:
C'A+ AlC 0 (7.9)
C'B+A'D = 1 (7.10)
D'A+B'C = 1 (7.11)
D'B+B'D = 0 (7.12)

where the O(n,n) invariant metric has the off diagonal form:

n:(g g). (7.13)

Identifying S with the coset representative of O(n,n) it is convenient, in analogy
with the 4 dimensional case, to express the n x n subblocks of L in the following

way:
_ fo+fo -1
S_\/i(h;rh hi_h> (7.14)

and the orthogonality relations become:

Wfo+flh. = 0 (7.15)
W fe+ flhy = =1 (7.16)
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The kinetic matrices N, N_ can be expressed in terms of fi and hy as follows:

h_ — N+f_ (717)
h+ — N_f+ (718)

so that (7.15) can be also rewritten as:
PN = N =1 (7.19)

As in the four dimensional case, the matrices Ny transform projectively under the
S-duality group O(5,5):

. = (C+ DNy)(A+ BN:)™ (7.20)

The supercovariant field-strengths are:

HY = (dBM + fA (1 1) 45 F A% (7.21)
+ ()l Tatp PV 4 XA T V) (7.22)
HY = (dBY + 2 (/1 @ 1) g5 F A% (7.23)
S FA GO VY WIS G WIN L) (7.24)
Fod — gAed 4 UXj(EAl/)A + YAIFad)B (,YI)ABVa
+ X" () V) (7.25)
Py = Pry— EAXjB('YJ)AB — EAXIB(’YJ)AB (7.26)
The transformation laws of the chiral fermions are:
0a = Dea+ TrpamelA™ (v PepVa+ Ty i AV, +-- (7.27)
o' = P,ijFaEB (78 + Tryjabel ™4 + ﬂflfirabeB(’YI)AB +--0 (7.28)
where:
Tre = fAI+H+A. (7.29)
Tyi = U,gail™ (7.30)

The central charges for the 3— and 2— forms are found by integration of the corre-
sponding 3- and 2-forms T, T, on S® and S? respectively. Defining:

SBHA = ¢ (7.31)
= Grn = ea (gA = m :NAgH ) (732)
Fod = g0 (7.33)

S2
where g and e are magnetic and electric charges respectively, we find:

Zir = [JRN = NanHM
= [ (har B 4 AGE + g HY + £1.657)

= hA1+gA + f;\_’_e/\ (7.34)
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Note that in the second line of eq. (7.32) we have inserted the last two terms which
sum up to zero using the relations (7.18) and (7.30).

In an analogous way one gets:
Z_j=hyi g+ fiea (7.35)
For the magnetic charge of the dressed vector fields we get:

Zsa=1, c‘yAAgaéy (7.36)

e

The Maurer—Cartan equations give the following relations:
VZy = P,iZj_ (7.37)
VZyi = Zps(Y L0 L P (7.38)

The sum rules for the dyonic charges associated to the 3—forms can be obtained by
using the same procedure as in the 4-dimensional case, provided we use the (7.19)
instead of (3.40). One gets:

ZisZer =247 = (g, ) MN N () (7.39)
where NN~ NN NN — A
M(Nﬁ*?'/\/’*) = ( (N_ —N+)_1N+ (N_ —N+)_1 > (7.40)
For the vector central charges one gets:
ZyiZ™ = g™ N, 559" (7.41)

We observe that we have obtained five electric charges e) and five magnetic charges
g*. However, as in the D = 6, N = 1 case, electric and magnetic charges are
not independent. Indeed, if we use the 3—form H?* previously defined, we have the

T—duality relations:

Ny HY = nxy*Hy (7.42)

where:
Ngy = LgrLyr+ L,;L,; (7.43)
Ney = LzILyI - ijLyj (744)

and L, L7 are the representatives of O(5,5) in the fundamental representation.
Therefore, as in the D =6, N = (2,0) case:

g = —e, (7.45)

so that the distinction between electric and magnetic charge is immaterial. From
(7.42) it follows that L,;H” has definite self-duality. Indeed we have:

LxIHm = LmI(Nil)xynyz *H* = L:l;nyz *H* = L:r[ “H* (746)

The analogous expression L_; H” is antiself-dual. Finally, we observe that the matrix
Ny, contrary to what happens for N, transforms tensorially under O(5,5).
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e Let us now discuss the N =2, D = 8 theory [68].

Coset manifold:
SI(3,R) " Si(2,R)
0(3) U(1)

G/H = (7.47)
Field content:
(VA C;wpy BA AAa L?: L?: ¢A7 AI) (748)

nZ

where LY, (A, I = 1,2,3) is the coset representative of Sl(3R and AY (a,i=1,2)is

the representative of Sl(%;;) A=1,2isaSU(2) index of HAut = SU(2) xU(1) and

¥4, X! are left handed spinors, the right handed parts being denoted by ¥4, x4. It
is convenient to decompose y4! into the 2 and % SU(2) representations according

2
to:

olA
X =x" + (") X" (7.49)

The group theoretical assignments are displayed in Table 16

Table 16: Transformation properties of fields in D=8, N=2

oTA
SI(3,R) 1 1 3 3 3 1 1 1 1 -
SI(2,R) 1| 1 |1 |2 12111
SU(2) 1| 1 |1 |1 [3[1 2425
U(l1) 0 0 0 0 0 1 % —% % 2
We parametrize the coset representative of Sl(%lf){ in the following way:
o Ly L?
Lo = ( oo ) (7.50)
where:
NapLO L = 1 (7.51)
LT = L (7.52)
and we define:
f=LL+L% ; h=L,-L% (7.53)

The SI(2,R) group acts as a Gaillard—Zumino S—duality group on the SI(2,R)
vector (HW* GW*) where
oL

gabcd / 5Habcd (754)
the kinetic 1 x 1 “matrix” A/ = S being given by:
LY — L%
==t (7.55)
L} + I3
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Furthermore, the same group SI(2,IR) acts as a T—duality group on the doublet
of 2—forms Fg, (A = 1,2,3) so that in the supercovariant expression of Fg there
appear naturally L9, while in the supercovariant 4-form there appear naturally the
expressions f = L} + L. The supercovariant field strengths and vielbein are:

HY = do+ f (aIZAFableeAB + aQEAFabCXJIB(JI)AB + h.c.)

(a3B* A Fy + h.c.) (7.56)
H®OY = dB" + b " FR Aas

bo(P Lot P LA (o)) 2V 4 bsth Lo LAVAVY + he)  (7.57)

+

+

Fy = dAS+ (ClLiEAd)BLAAB
+ &0 TuxXPLas(ox) ape” Ve + hoc.) (7.58)
P — P (3 pn(o?)E + he) (7.59)
P = P—(x"a+he) (7.60)

where P!/ = PI'd¢" is the SI(3,IR)/O(3) vielbein, symmetric and traceless in the
O(3) indices I,.J, while P = PgdS is the complex 1-bein of SU(1,1)/U(1) ~
Si(2,R)/0(2).

The transformation rules for the fermions are:

Sha = Dey+di T A%decBY e,

+ dy T8 Ad(gh) BepViy + dsT 2 (07 ap AC€PV, + -+ (7.61)
X = P0G (05 e + KT (0" — 2617 Aye?
+ f3T (01 = 26T A ey ... (7.62)
Ox* = giPs0,ST " + goT, T e P e,
+ g TR T () Bep + - - (7.63)
where:
TW- = F'H- (7.64)
T = LyH (7.65)
T2 = Lo:L’F§ (7.66)

Note that as in D = 4 we have:
TW- =F'H =N -N)fH =hH — fG =hH — fG=T® (7.67)

since:

hHY — fG* =0. (7.68)

Integrating on SP*2 the (p+2)—forms 7™, TI(3), Tl(i) appearing in the fermions trans-
formation laws we obtain:

ZW = hg— fe (7.69)
Z® = LA (7.70)
Z2) = LasLigs (7.71)
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Note that the central charge associated to the 4—form is dyonic while those associated
to the three and two forms are magnetic. The corresponding electric charges are
retrieved as usual by integrating Ay, H> and Né\ﬁEFEﬁ.

The Maurer—Cartan equations give rise to the following differential relations among
the charges:

VZ+[ — Z+_[P++ + Z7[P,+ (772)
VZ; = Z;P’ (7.73)
VZ = —-ZP (7.74)

where P, and P_, are the components of the zweibein of sz(g%;)z) in a real notation.

Finally, from the explicit expression of the kinetic matrices:

NW = pft (7.75)
Nas = LarLs; (7.76)
NI = (LayLpy + La-L ) L7 L7 (7.77)

we get the following sum rules:

ZiZr = ¢*Nisg” (7.78)
ZyZop = ngé\ﬁzgg (7.79)
g
2P = gom(?) (7.50)
1 —ReN\ (ImN 0 1 0
M:(o 1 )( 0 ImN—l)(—ReN 1)' (7.81)
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