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Background

Rapid advances in computing, sensor, communication technologies have led to develop-

ment of multiple aircrafts in dynamic three-dimensional environment. Formation con-

trol has been one of the most important research topics in multiple aircrafts systems due 

to its broad applications, including research and rescue missions, transportation, locali-

zation of chemical source, operational missions, to name of a few (Li et al. 2010; Waha-

rte and Trigoni 2010; Maza et al. 2010).

For the multi UAV system, estimating and tracking the motion of a moving target is a 

crucial problem. �e artificial potential field method is normally used to control a swarm 

of UAVs with obstacle avoidance (Khatib 1986). �e attractive force leads the UAV to the 

desired position and the repelling force keeps UAV from the collisions with other UAVs 

or obstacles. �e control force depends on the relation position of UAVs, targets and 

obstacles of the dynamic three-dimensional environment. �e artificial potential field 

around the obstacle provides the repelling force in a typically small range. �e attractive 

force effects in large range of the environment as long as it is observed.
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A common problem with the artificial potential field method is the existence of local 

minima in the multi UAV system. It means that the repelling force is in the opposite 

direction of approaching UAV and the UAV will stick in local minima. A possible solu-

tion to this problem is to add a small disturbance in vertical direction when it is stuck 

(Chengqing et al. 2000). However, the UAV can not maintain the speed and this problem 

becomes complicated as the number of UAVs in the formation increases. In Masoud and 

Masoud (2002) the UAVs avoid the obstacles without containing local minimum points 

by using combination of the artificial potential fields and static fields. In this method, 

UAVs are navigated by generalized artificial potential field in an area which has known 

static obstacles.

In recent years, a number of various approaches for controlling a group of mobile 

robots to follow the track which aims to reach target point by avoiding obstacles in 2D 

(two-dimensional) space, see Rezaee and Abdollahi (2014), Hu and Feng (2010), Cui 

(2010). �e collision and obstacle avoidance mechanism has been provided autono-

mously to ensure stability and robustness of the group by using this method. Further-

more, the tracks which aim to reach target points and avoid obstacles have been defined 

for the formation of UAVs in 3D (three-dimensional) space without effecting local mini-

mums in Garcia-Delgado et al. (2012), Filippis et al. (2012). In Weihua and Go (2011), 

model predictive control (MMPC) method for UAVs formation coordination and obsta-

cle avoidance for any shape and size of obstacles is introduced.

In this paper, the artificial potential field method is combined with rotational vec-

tors and applied to formation control of UAVs. An UAV in formation is defined as the 

leader. �e member UAVs follows the leader-UAV to track a moving target with obstacle 

avoidance in dynamic three-dimensional environment. By the attraction of the artificial 

potential field from the target, the leader will drive the formation to approach the tar-

get position. Each member-UAV will be connected with its neighbors and maintain in 

desired distance with neighbors. �e moving trajectory of each member-UAV is con-

trolled by the total potential field consisting of the attractive field of the leader and the 

repulsive fields of its neighbors. �e potential fields with rotational vectors around the 

obstacles are divided into two kinds of potential fields, the potential fields parallel to x–y 

plane and the potential fields parallel to y–z plane. Each kind of potential field has two 

directions of rotational vectors. In the potential field, the rotational vectors adjust the 

direction of a UAV to lead it toward its target without being trapped in local minimum 

positions. �is technique can choose the optimal path for each UAV and reconfigurate 

the formation for the swarm formation. �e formation of UAVs track a moving target 

and keep the robustness and stability of the formation with obstacle and collision-avoid-

ance by using this artificial potential field method.

�e rest of paper is organized as follows: In second section, dynamics of unmanned 

vehicles model is defined. �e proposed method of target tracking and formation con-

figuration is presented in third section. Fourth section presented the obstacle avoid-

ance method for unmanned vehicle formation. Fifth section gives the simulation results. 

Finally, some conclusions and ideas for future work are given in sixth section.
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Unmanned vehicle dynamical equations and control

First, we consider UAV’s dynamical equations which has been widely used in many lit-

eratures (Rezaee and Abdollahi 2013; Lin 2014; Wang and Xin 2013). �e unmanned 

vehicle dynamical equations can be described by 3-DOF (degree of freedom) point mass 

model as follows (Wang and Xin 2013):

where m is UAV’s mass, D is the damping coefficient, T is the engine thrust, g is the 

gravitational acceleration, (ẋ, ẏ, ż) is the velocity vector of UAV at coordinate axis direc-

tion in 3D space, L is the lift force, αn is the flight path angle, βn is the heading angle, δn is 

banking angle, V is the air speed which is assume to be be equal to the ground speed in 

this paper. Figure 1 is shown the UAV aerodynamic coordinate system model.

�e control inputs of UAV is engine thrust T, lift force L, and the banking angle δ. �e 

highly nonlinear UAV model (1) can be pre-linearized using feedback linearization as 

follows (Menon et al. 1999):

where (ux,uy,uz) is the virtual acceleration control inputs. �e virtual control inputs are 

designed base on the linear model (2). �e real control inputs can be obtained through 

the following equations

(1)

ẋ = V cosαn cosβn

ẏ = V cosαn sin βn

ż = V sin αn

V̇ =
T − D

m
− g sin αn

α̇n =
L cos δn − mg cosαn

mV

β̇n =
L sin δn

mV cosαn

(2)

ẍ = ux

ÿ = uy

z̈ = uz

Fig. 1 Unmanned aerial vehicle aerodynamic coordinate system model
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where tan βn = ẏ/ẋ and sin αn = żn/Vn.

Formation control

In this section presents, an extended artificial potential field method is presented for a 

leader–follower formation of UAVs with obstacle avoidance in 3D environment.

Control algorithm for each member‑UAV

�e motion of the member-UAV is driven by the total artificial force that consists of two 

components as follows:

where m is the mass of the nth UAV. �e first component fnc is an attractive force to 

control the UAV to reach the spherical surface whose center is leader UAV. fnc can be 

described as:

where

where (xl , yl , zl) is the coordinate of the leader UAV. ks is the gain coefficient.

�e second component fn, which is the resultant force of repulsive forces of the UAVs, 

is created to arrange the unmanned vehicles evenly distributed on the spherical surface. 

We define leader-UAV as the center at 
(

xl , yl , zl
)

 and all UAVs have been negatively or 

positively charged. �e repulsive forces affect on the unmanned vehicles which have 

identical electric charge. �e control force that is defined in (5) keeping the UAVs on 

the spherical surface whose radius is ra and center is 
(

xl , yl , zl
)

. �e unmanned vehi-

cle reaches the equilibrium point when the resultant of repulsive forces tangent to the 

spherical surface acting on an UAV is zero. It means that the distances between UAVs 

are equal. �en, the goal is achieved. �e repulsive force between two UAVs is defined as 

follows:

(3)

δ = tan
−1

(

uy cosβ − ux sin β
(

uz + g
)

cosα −
(

ux cosβ + uy sin β
)

sin α

)

L = m

(

uz + g
)

cosα −
(

ux cosβ + uy sin β
)

sin α

cos δ

T = m
((

uz + g
)

sin α +
(

ux cosβ + uy sin β
)

cosα
)

+ D

(4)un =
fnc + fn

m

(5)fnc =

(

fxnc , fync , fznc
)

(6)

fxnc = −ks(xn − xl)
(

(xn − xl)
2
+

(

yn − yl
)2

+ (zn − zl)
2
− ra

2

)

fync = −ks
(

yn − yl
)

(

(xn − xl)
2
+

(

yn − yl
)2

+ (zn − zl)
2
− ra

2

)

fznc = −ks(zn − zl)
(

(xn − xl)
2
+

(

yn − yl
)2

+ (zn − zl)
2
− ra

2

)
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where qn is electric quantity of the nth unmanned vehicle, qi is electric quantity of the 

ith unmanned vehicle, kr is the repulse constant coefficient, rni is the distance between 

the ith and the nth unmanned vehicle. �e amount of unmanned vehicle is N. Hence, the 

resultant of the repulsive forces from the other unmanned vehicles on the nth unmanned 

vehicle is given as follows:

In Fig. 2, P is the initial position of UAV. P′ is the position of UAV after move. Q1 is pro-

jection of P on the X0 − O − Y0 plane. Q2 is projection of P′ on the X0 − O − Y0 plane. 

Q3 is projection of P′ on the Z0 − O − Q1 plane. By decomposing the resultant force in 

three directions, component forces are in the x-axis direction, y-axis direction and the 

z-axis direction, respectively. It is shown in Fig. 2 as follows:

(7)fni = kr
qnqi

r2ni

(8)fn = krqn

N∑

i=1,i �=n

qi

r2ni

(9)

fxn = krqn

N∑

i=1,i �=n

qnqi

r2ni
cos θni cosϕni

fyn = krqn

N∑

i=1,i �=n

qnqi

r2ni
cos θni sin ϕni

fzn = krqn

N∑

i=1,i �=n

qnqi

r2ni
sin θni

Fig. 2 Direction of the unmanned vehicle movement
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where

Consider the nth UAV’s dynamical equation (2), the nth UAV’s dynamical equations 

based on the virtual structure can be rewritten as:

Given the above discussion, the repulsive force that is proportional to 1/rni avoids the 

collision between unmanned vehicles. �e control force (uxn ,uxn ,uxn) in (10) leads the 

UAVs toward the equilibrium points on the spherical surface.

Control algorithm for the UAV‑leader

�e motion of the UAV-leader is driven by the attractive force to reach a mov-

ing target. �e position of leader UAV pl = (xl , yl , zl). Consider the target position is 

pt = (xt , yt , zt) , the attractive force can be stated as follow:

if r < d

else

where kt is the positive constants. dlt is the distance between target and the leader UAV. 

dlt =

√

(xt − xl)
2
+

(

yt − yl
)2

+ (zt − zl)
2
.rt is defined as the range of the target.

sin θni =
zn − zi

|rni|

cos θni =

√

(xn − xi)
2 +

(

yn − yi
)2

|rni|

cosϕni =
xn − xi

√

(xn − xi)
2 +

(

yn − yi
)2

sin ϕni =
yn − yi

√

(xn − xi)
2 +

(

yn − yi
)2

rni =

√

(xn − xi)
2 +

(

yn − yi
)2

+ (zn − zi)
2

(10)

uxn =
fxnc + fxn

m

uyn =
fync + fyn

m

uzn =
fznc + fzn

m

(11)

fxatt = −kt(xl − xt)

fyatt = −kt
(

yl − yt
)

fzatt = −kt(zl − zt)

fxatt = −kt(xl − xt)
dlt

rt

fyatt = −kt
(

yl − yt
)dlt

rt

fzatt = −kt(zl − zt)
dlt

rt
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�e relative velocity among the leader and the target is added as a damping force to 

control the leader-UAV when it approaches the range of the target position. �e damp-

ing force force is proposed as follows:

where km is the positive amplification coefficient. �e control force is the resultant force 

of the attractive force and damp force

Stability analysis

In order to analyze the stability of the formation, we analyze the a UAV at the equilib-

rium point. It means that fn is zero. Lemma 3.1 provides a trajectory that UAV moves to 

a spherical surface whose center is (xc, yc, zc) and radius is ra. It is stable when the UAV 

reaches the spherical surface. In other words velocity of UAV will be zero.

Lemma 1 �e desire trajectory of UAV satisfies

where (x, y, z) �= (xc, yc, zc).

Proof By inserting r2 = (x − xc)
2
+

(

y − yc
)2

+ (z − zc)
2,ϕ = arctan

((

y − yc
)/

(x − xc)
)

 

and θ = arctan

(

(z − zc)

/(

√

(

y − yc
)2

+ (x − xc)
2

))

 into Eq. (6). ϕ and θ are shown 

in Fig. 2. �e equations can be achieved as follows:

To prove the stability of UAV arriving at the spherical surface, it is obvious that θ̇ and ϕ̇ 

converge to zero when r = ra, we define the error ε = r − ra and choose the following 

Lyapunov function candidate:

(12)

fxdam = −km(ẋl − ẋt)

fydam = −km
(

ẏl − ẏt
)

fzdam = −km(żl − żt)

(13)

fxl = fxatt + fxdam
fyl = fyatt + fydam

fzl = fzatt + fzdam

(14)

ẋ = −(x − xc)
(

(x − xc)
2
+

(

y − yc
)2

+ (z − zc)
2
− ra

2

)

ẏ = −
(

y − yc
)

(

(x − xc)
2
+

(

y − yc
)2

+ (z − zc)
2
− ra

2

)

ż = −(z − zc)
(

(x − xc)
2
+

(

y − yc
)2

+ (z − zc)
2
− ra

2

)

(15)ṙ = −r

(

r
2
− ra

2

)

θ̇ = 0 ϕ̇ = 0

(16)V (ε) = ε2
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�e derivative of the Lyapunov function (4) is given by

Substituting (3) into (5), we have

Because (x, y, z) �= (xc, yc, zc), it can be deuced that r > 0. It is obvious that V̇ (ε) ≤ 0. 

Since V (ε) = 0 only if r = ra, it follows that velocity is non-increasing, θ̇ = 0, ϕ̇ = 0 and 

V (ε) is bounded. In other words, UAV’s trajectory converges to the spherical surface. 

Unmanned vehicle will have no rotational motion when arrives at the spherical surface.�

Obstacle avoidance

In this section, a novel method of obstacle avoidance for single UAV is presented. �e 

strategy for formation obstacle avoidance is also proposed.

Obstacle avoidance

We consider the trajectory tracking problem of UAV in dynamic 3-D environment. �e 

position of UAV is available. We assume that obstacles can be detected by the UAV vision 

sensor. Without loss of generality, the obstacle can be considered as a rectangular solid 
(

xo ± v1, yo ± v2, z0 ± v3
)

. Where 
(

xo, yo, z0
)

 is the center of obstacle. (±v1,±v2,±v3) 

are its vertices which parallel to x-, y-, z-axis respectively. �e potential field covers the 

obstacles with the minimum volume that satisfies

�e potential field method depends on repulsive force. When the repulsive force is 

in the opposite direction of approaching UAV, the UAV will stick in a local minimum 

position. To avoid this condition, rotational vectors are added to adjust the direction of 

the UAV. �e potential fields with rotational vectors which cover this ellipsoid can be 

divided into two kinds of potential fields: the potential field which is parallel to x–y plane 

with rotational vectors and the potential field which is parallel to y–z plane with rota-

tional vectors. It is depicted in Fig. 3. �e desired trajectories which are effected by two 

kinds of potential fields with rotational vectors respectively are shown in Fig. 3.

Where γn and φn are the velocity angles that take affect respectively in two kinds of 

potential fields.

�e trajectories of the UAV which only be effected by the rotational vectors in the poten-

tial fields parallel to x–y plane can be divided into two directions: clockwise direction 

and counterclockwise direction.

(17)V̇ (ε) = 2εṙ

(18)V̇ (ε) = −2ε2r(r + ra)

(19)
1

3v2
1

(x − xo)
2
+

1

3v2
2

(

y − yo
)2

+
1

3v2
3

(z − zo) = 1

(20)

φn = arctan
(

ẏ, ẋ
)

γn = arctan

(

ż,

√

ẋ2 + ẏ2
)
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�e trajectories of UAV which only be effected by the rotational vectors in the poten-

tial fields parallel to y–z plane can be divided into two directions: upward direction and 

downward direction.

Obstacle avoidance path optimization

In this section, the strategy of avoidance obstacles for formation is studied and the 

control force for single UAV is presented. We desire the rotational vectors effect when 

(21)

ẋ =
v2

v1
(x − xo)

ẏ = −
v1

v2

(

y − yo
)

in clockwise direction

ż = 0

(22)

ẋ = −
v2

v1
(x − xo)

ẏ =
v1

v2

(

y − yo
)

in counterclockwise direction

ż = 0

(23)

ẋ =
v1v2

v3
√

v12 + v22
(z − zo) cos (φn)

ẏ =
v1v2

v3
√

v12 + v22
(z − zo) sin (φn) in upward direction

ż = −
v3

√

v12 + v22

v1v2
(x − xo) cos (φn) +

v3
√

v12 + v22

v1v2

(

y − yo
)

sin (φn)

(24)

ẋ = −
v1v2

v3
√

v12 + v22
(z − zo) cos (φn)

ẏ = −
v1v2

v3
√

v12 + v22
(z − zo) sin (φn) in downward direction

ż =
v3

√

v12 + v22

v1v2
(x − xo) cos (φn) +

v3
√

v12 + v22

v1v2

(

y − yo
)

sin (φn)

Fig. 3 The potential fields with rotational vectors around an obstacle
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an UAV enter the range of the obstacle and be enlarged when the UAV is closer to the 

obstacle. �e range of obstacle is denoted by rv. �e distance between the UAV to the 

obstacle is satisfying

�e control force for avoidance obstacle can be stated as follow:

�erefore the control force can be stated as follows:

if ra < ro

else

where fdesire =

(

fxl , fyl , fzl
)

 for leader-UAV and fdesire =
(

fxnc + fxn , fync + fyn , fznc + fzn
)

 for 

member UAVs.

Based on the trajectories in clockwise and counterclockwise direction which are 

effected by potential field with rotational vectors on x–y plane, the control force for 

avoidance obstacle can be designed as follows:

or

where ko is the gain coefficient. �e rotational vectors in clockwise and counterclockwise 

direction are depicted in Fig. 4.

ρn is the angle between line linking the UAV and the center of gravity of the obstacle 

and the horizontal axis. χn is the direction of potential field vector. φn is the move direc-

tion of UAV. It can be obtained as follows:

(25)ro =

√

(x − xo)
2
+

(

y − yo
)2

+ (z − zo)
2

(26)fnr = (fxnr , fynr , fznr )

fr = fdesire +

∣

∣fdesire
∣

∣fnr

r2o

(

1

ro
−

1

rv

)

(27)fr = fdesire

(28)

fxrxy = ko
v2

v1

(

y − yo
)

fyrxy = −ko
v1

v2
(x − xo) in clockwise direction

fzrxy = 0

(29)

fxrxy = −ko
v2

v1

(

y − yo
)

fyrxy = ko
v1

v2
(x − xo) in counterclockwise direction

fzrxy = 0

(30)

φn = arctan
(

ẏ, ẋ
)

χn = arctan

(

−v21xo, v
2
2yo

)

ρn = arctan
(

yo − y, xo − x
)
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�e direction of rotational vectors around the obstacle satisfies

if φn ≥ ρn rotational vectors will be in clockwise direction.

if φn < ρn rotational vectors will be in counterclockwise direction.

Based on the trajectories in upward and downward direction which are effected by 

potential field with rotational vectors on y–z plane, the control force for avoidance 

obstacle can be designed as follows:

or

�e rotational vectors in upward and downward direction can be depicted in Fig. 5.

ϑn is the angle between line linking the UAV and the center of gravity of the obstacle 

and the horizontal axis. ζn is the direction of potential field vector. γn is the move direc-

tion of UAV. It can be obtained as follows:

(31)

frxyz = ko
v1v2

v3
√

v12 + v22
(z − zo) cos (φn)

fryyz = ko
v1v2

v3
√

v12 + v22
(z − zo) sin (φn) in upward direction

frzyz = −ko
v3

√

v12 + v22

v1v2
(x − xo) cos (φn) +

v3
√

v12 + v22

v1v2

(

y − yo
)

sin (φn)

(32)

frxyz = −ko
v1v2

v3
√

v12 + v22
(z − zo) cos (φn)

fryyz = −ko
v1v2

v3
√

v12 + v22
(z − zo) sin (φn) in downward direction

frzyz = ko
v3

√

v12 + v22

v1v2
(x − xo) cos (φn) +

v3
√

v12 + v22

v1v2

(

y − yo
)

sin (φn)

Fig. 4 The trajectories in clockwise and counterclockwise direction respectively on x–y plane base on poten-

tial field with rotational vectors
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�e direction of rotational vectors around the obstacle satisfies

if γn ≥ ϑn rotational vectors will be in downward direction.

if γn < ϑn rotational vectors will be in upward direction.

Now,we consider the strategy of avoidance obstacle for formation. During the forma-

tion maneuver, �e control force for avoidance obstacle can be obtained by compare 

|γn − ζn| with |φn − χn|

if |φn − χn| < |γn − ζn|

else

�e control force for avoidance obstacle can be normalized and modified

(33)

γn = arctan

�

ż,

�

ẋ2 + ẏ2
�

ζn = arctan





v1v2

v3

�

v2
1

+ v2
2

(z − zo),

−
v3

�

v2
1

+ v2
2

v1v2
(x − xo) cos (φ) −

v3

�

v2
1

+ v2
2

v1v2

�

y − yo
�

sin (φ)

ϑn = arctan

�

zo − z,

�

(xo − x)2 −
�

yo − y
�2

�

(34)

fxnr = fxrxy

fynr = fyrxy

fznr = fzrxy

(35)

fxnr = fxryz

fynr = fyryz

fznr = fzryz

(36)fnr =

(

fxnr
∥

∥fnr
∥

∥

,
fynr

∥

∥fnr
∥

∥

,
fznr

∥

∥fnr
∥

∥

)

Fig. 5 Rotational field with rotational vectors in upward direction and the downward in clockwise and coun-

terclockwise direction respectively on y–z plane
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Simulation result

�is section shows the performance of the proposed approaches in different scenar-

ios. In Scenario 1, the leader UAV tracks the target position by using provided control 

algorithm.

Scenario 1

Consider the target as a moving point in the free space. �e initial position is (30, 20, 

10), and the initial position of the leader is (0, 0, 0). �e trajectory of target depends on 

(13) can be described as fxt = 10, fyt = 10 × sin (1/8xv), fzv = 2. �e simulation result 

in Fig. 6 shows that while reaching to the trajectory of the target the leader UAV always 

kept stable.

Scenario 2

Consider an obstacle with vertices located in (20 ± 2, 20 ± 3, 10 ± 3). �e leader UAV 

switches to obstacle avoidance mode when it is close to the obstacle. �e leader UAV 

selects the optimal trajectory, therefore it can catch up the target rapidly with a smoothly 

trajectory. Figure 7 shows the scenario of leader UAV flying with obstacle avoidance. 

Scenario 3

Consider four member UAVs and a leader UAV, the initial position of member UAVs 

are as follows: p1 = (0.5, 1, 2.5), p2 = (3.5, 3.5, 7), p3 = (2,−1, 6.5), p4 = (2, 3, 6.5). 

�e initial position of the leader UAV is pL = (1, 1, 5.5) and the obstacle with ver-

tices is located in po = (20 ± 2, 20 ± 3, 10 ± 3). Without loss the generality, we set 

M = 1,D = 1, kr = 5, ks = 5, kt = 2, km = 1.5, ra = 2. Simulation results depicted in 

Fig. 8 show that the organization of five UAVs is influenced by obstacle in 3D environ-

ment. �e swarm avoids obstacle effectively and reconfigure the formation after avoid-

ing the obstacle. �e algorithm of the formation control, the leader-following motion 

of the formation, the obstacles avoidance, the collision avoidance between UAVs in the 

formation and the stability of the formation while moving are verified by simulation.

Fig. 6 Unmanned vehicle flying in Scenario 1
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Scenario 4

�e simulation case for a swarm of UAVs tracks the target with two obstacles, the initial position 

of the member UAVs are as follows: p1 = (1, 0, 6), p2 = (0, 1, 6), p3 = (0, 2, 6), p4 = (2, 0, 6) . 

�e initial position of the leader UAV is pL = (0, 0, 6). �e obstacles with vertices are located 

in po1 = (6 ± 3, 6 ± 2, 6 ± 2), po2 = (18 ± 3, 12 ± 2, 6 ± 2). Figure  9 shows that every 

UAV can choose the optimal trajectory without requiring specific order or desire position 

in the formation. Obstacle avoidance is achieved successfully at t = 800 s. �e formation of 

UAVs is rebuilt and maintained while the formation tracks a moving target.

Conclusion

In this paper, an formation control approach has been addressed for multi-UAV systems 

to track a moving target under the drive of a UAV-leader based on the artificial potential 

field method combined with rotational vectors. �e UAVs were able to configure the for-

mation easily and quickly based on the attractive artificial potential field and move to the 

targets position. �e repulsive forces kept UAVs from collision with each other during 

the maneuver. �e effectiveness of the algorithm was verified through the simulations. 
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Fig. 7 Unmanned vehicle formation flying in Scenario 2

5
10

15
20

25
30

0

5

10

15

20

25

30

5

10

15

x

y

z

Fig. 8 Unmanned vehicle formation flying in Scenario 3
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Furthermore, exploring more features of the proposed method, we will focus on control-

ling the formation of UAVs in specific shape as the future direction of this research.
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