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Abstract

In this paper, we investigate four different types of Ulam stability, i.e., Ulam-Hyers

stability, generalized Ulam-Hyers stability, Ulam-Hyers-Rassias stability and

generalized Ulam-Hyers-Rassias stability for a class of nonlinear implicit fractional

differential equations with non-instantaneous integral impulses and nonlinear

integral boundary condition. We also establish certain conditions for the existence

and uniqueness of solutions for such a class of fractional differential equations using

Caputo fractional derivative. The arguments are based on generalized Diaz-Margolis’s

fixed point theorem. We provide two examples, which shows the validity of our main

results.
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1 Introduction

Fractional calculus was originated from a question of L’Hospital, in which he asked about

the generalization of integral order differentiation. At the end of th century, Leibnitz

used a notation dm

dxm
g(t) for mth integral order derivative of a function g(t). At that time

L’Hospital asked a question, “What should happen if the order is 

?”. Leibnitz on th

September  (the exact beginning of the fractional calculus) replied, “It will be a para-

dox, from which later useful consequences will be drawn” []. After that, in , Lacroix

introduced fractional order derivative [].

Fractional calculus is as old as the conventional calculus, and it is the generalization of

integral order differentiation and integration to arbitrary non-integer order. For detailed

study, see the books such as [–] and the papers [, ]. The attraction towards this subject

is due to the fact that fractional derivatives and integrals are not a local property. That is

why fractional differential and integral models captured the reality of the nature better, as

these models considered the history and nonlocal distributed effects; for details, see the

monographs [–]. Fractional calculus has a large number of applications in different
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branches of science, engineering as well as in medical fields. The fractional differential

models describe many real world phenomena in different fields, i.e., biology, dynamical

systems, physics, control theory, chemistry and in many other fields, in a more efficient

and realistic way.

In recent research work, several researchers of mathematics community studied impul-

sive fractional differential equations due to their applications in different fields of engineer-

ing and medical sciences [, –]. Impulsive fractional differential equations are used

to describe real world phenomena like evolutionary processes characterized by abrupt

changes of the state at certain instants and many others. The monographs [–] treated

fractional differential equations with instantaneous impulses of the following form:

{

cDα
,tv(t) = u(t, v(t)), t ∈ [,T] \ {t, t, . . . , tm},

�v(t) = Ik(v(t
–
k )), k = , , . . . ,m,

(.)

where cDα
,t is the Caputo fractional derivative of order α ∈ (n – ,n), n is any natural

number with lower bound , u : [,T] × R → R is continuous, Ik : R → R are instan-

taneous impulses and tk satisfies  = t < t < · · · < tm = T , T > , v(t+k ) = limǫ→+ v(tk + ǫ)

and v(t–k ) = limǫ→– v(tk + ǫ) denotes the right and left limits of v(t) at t = tk , respectively.

In [] Mardanov et al. considered impulsive fractional differential equations with two

points integral boundary conditions of the following form:

⎧

⎪

⎨

⎪

⎩

cD
ξ

+p(t) = q(t,p(t)), t ∈ [,T] \ {t, t, . . . , tr},

p(t+k ) – p(t–k ) = Ik(p(tk)), k = , , . . . , r,

Ap() + Bp(T) =
∫ T


f (s,p(s))ds,

(.)

where A,B ∈ R
m×m are given matrices and det(A + B) �= . Here q, f : [,T] × R

m → R
m

and Ii :R
m →R

m are given functions.

Problems (.) and (.) do not characterize completely the process like hemodynamic

equilibrium of a person, i.e., the introduction of the drugs in the bloodstream and the

consequent absorption for the body are gradual and continuous processes. Such situations

are characterized by non-instantaneous impulses, which begin from an arbitrary fixed

point and stay active on a finite time interval.

Motivated by the above-mentioned work, we consider nonlinear implicit fractional

differential equations with non-instantaneous integral impulses and nonlinear integral

boundary condition in the following form:

⎧

⎪

⎨

⎪

⎩

cD
β
,ty(t) = f (t, y(t), cD

β
,ty(t)), t ∈ (tk , sk],k = , , , . . . ,m,β ∈ (, ],

y(t) = I
β
sk– ,tk

(ξk(t, y(t))), t ∈ (sk–, tk],k = , , . . . ,m,

y() = I
β

,Tη(t, y(t)),

(.)

where cD
β
,t is the Caputo fractional derivative of order β with lower limit ,  = t < s <

t < s < · · · < tm < sm = T , T >  is pre-fixed number. The functions f : [,T]×R×R →R,

η : [,T] × R → R are continuous and ξk : [sk–, tk] × R → R is also continuous for all

k = , , . . . ,m, which is known as non-instantaneous impulses. The notations I
β
sk– ,tk

and

I
β

,T are given to fractional integrals of order β with limits sk– to tk and  toT , respectively,
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and

I
β

,Tη
(

t, y(t)
)

=


Ŵ(β)

∫ T



(T – s)β–η
(

s, y(s)
)

ds.

Since , Ulam-type stability problems [] have been studied by a large number of

mathematicians. This stability analysis is very useful in many applications, such as nu-

merical analysis, optimization, etc., where finding the exact solution is quite difficult. For

detailed study of Ulam-type stability with different approaches, we recommend papers

such as [–].

The aim of this paper is to establish sufficient conditions for the existence, uniqueness

and Ulam-type stability for a class of nonlinear implicit fractional differential equations

with non-instantaneous integral impulses and nonlinear integral boundary condition, via

generalized Diaz-Margolis’s fixed point theorem. This paper is presented as follows. Sec-

tion  contains some basic definitions, notations and lemmas regarding fractional differ-

ential equations. Section  contains the framework of the solutions for problem (.). In

Section  we show some existence and uniqueness conditions, along with different types

of Ulam stability for problem (.). Section  contains some examples.

2 Preliminaries

In this section we gather some basic facts, definitions and lemmas regarding fractional

differential equations, which we utilized throughout this paper, to obtain ourmain results.

Definition . ([]) An arbitrary order fractional integral of a function δ ∈ L([,T],R+)

of order β ∈R+ is defined as

I
β
,tδ(t) =



Ŵ(β)

∫ t



(t – s)β–δ(s)ds, t > ,

where Ŵ is the Euler gamma function defined by Ŵ(β) =
∫ ∞


pβ–e–p dp.

Definition . ([]) The Caputo fractional derivative of order β ∈ R+, for a function

δ : [,T] →R, is defined as

(

cD
β
,tδ

)

(t) =


Ŵ(n – β)

∫ t



(t – s)n–β–δ(n)(s)ds, n = [β] + ,

where [β] denotes the integer part of the real number β .

Lemma . ([]) For a nonnegative value of β , we have

I
β
,t

(

cD
β
,tδ(t)

)

= δ(t) –

n–
∑

m=

δm()

m!
tm, n = [β] + .

Lemma . ([]) For β > , the Caputo fractional differential equation cD
β
,tδ(t) =  has

a solution of the following form:

δ(t) = a + at + at
 + · · · + an–t

n–,

where ai ∈R, i = , , . . . ,n –  and n = [β] + .
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Lemma . ([]) For β > , we have

I
β
,t

(

cD
β
,tδ(t)

)

= δ(t) + a + at + at
 + · · · + an–t

n–,

where ai ∈R, i = , , . . . ,n –  and n = [β] + .

Let J = [,T] and C(J ,R) be the space of all continuous functions from J to R. Let B̂ =

PC(J ,R) represent the space of piecewise continuous functions. Obviously, B̂ = PC(J ,R)

is a Banach space with the norm

‖y‖
B̂
= sup

t∈J

{

|y|
}

.

Now, we introduce the concept of Ulam-type stabilities for problem (.).

Let x ∈ B̂, ε > ,ψ > , λ ≥  and a nondecreasing function φ ∈ C(J ,R+). Let us consider

the following set of inequalities:

{

|cD
β
,tx(t) – f (t,x(t), cD

β
,tx(t))| ≤ ε, t ∈ (tk , sk],k = , , , . . . ,m,β ∈ (, ],

|x(t) – I
β
sk– ,tk

(ξk(t, y(t)))| ≤ ε, t ∈ (sk–, tk],k = , , . . . ,m,
(.)

{

|cD
β
,tx(t) – f (t,x(t), cD

β
,tx(t))| ≤ φ(t), t ∈ (tk , sk],k = , , , . . . ,m,β ∈ (, ],

|x(t) – I
β
sk– ,tk

(ξk(t, y(t)))| ≤ ψ , t ∈ (sk–, tk],k = , , . . . ,m,
(.)

and

{

|cD
β
,tx(t) – f (t,x(t), cD

β
,tx(t))| ≤ εφ(t), t ∈ (tk , sk],k = , , , . . . ,m,β ∈ (, ],

|x(t) – I
β
sk– ,tk

(ξk(t, y(t)))| ≤ εψ , t ∈ (sk–, tk],k = , , . . . ,m.
(.)

Definition . Problem (.) is Ulam-Hyers stable if there exists a real constant cf ,β ,g > 

such that, for given ε >  and for each solution x ∈ B̂ of inequality (.), there exists a

solution y ∈ B̂ of problem (.) with

∣

∣x(t) – y(t)
∣

∣ ≤ cf ,β ,gε, t ∈ J .

Definition . Problem (.) is generalized Ulam-Hyers stable if there exists a function

λf ,β ,g ∈ C(R+,R+), λf ,β ,g() =  such that, for given ε >  and for each solution x ∈ B̂ of

inequality (.), there exists a solution y ∈ B̂ of problem (.) with

∣

∣x(t) – y(t)
∣

∣ ≤ λf ,β ,g(ε), t ∈ J .

Definition . Problem (.) is Ulam-Hyers-Rassias stable with respect to (φ,ψ) if there

exists a real constant cf ,β ,g,ψ >  such that, for given ε >  and for each solution x ∈ B̂ of

inequality (.), there exists a solution y ∈ B̂ of problem (.) with

∣

∣x(t) – y(t)
∣

∣ ≤ cf ,β ,g,ψε
(

φ(t) +ψ
)

, t ∈ J .
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Definition . Problem (.) is generalized Ulam-Hyers-Rassias stable with respect to

(φ,ψ) if there exists a real constant cf ,β ,g,ψ >  such that, for each solution x ∈ B̂ of in-

equality (.), there exists a solution y ∈ B̂ of problem (.) with

∣

∣x(t) – y(t)
∣

∣ ≤ cf ,β ,g,ψ
(

φ(t) +ψ
)

, t ∈ J .

Remark . From the above definitions clearly we see that: () Definition . implies

Definition . if λf ,β ,g(ε) = cf ,β ,gε, λf ,β ,g() = ; () Definition . for ε =  implies Defini-

tion .; () Definition . for φ(t) = ψ =  implies Definition ..

Remark . A function x ∈ B̂ is a solution of inequality (.) if there exist a function

Q ∈ B̂ and an x-dependent sequence Qk , k = , , . . . ,m, such that

• |Q(t)| ≤ ε, t ∈ J .

• |Qk| ≤ ε, k = , , . . . ,m.

• CD
β
,tx(t) = f (t,x(t),CD

β
,tx(t)) +Q(t), t ∈ (tk , sk], k = , , . . . ,m.

• x(t) = I
β
sk– ,tk

(ξk(t,x(t))) +Qk , t ∈ (sk–, tk], k = , , . . . ,m.

Remark . A function x ∈ B̂ is a solution of inequality (.) if there exist a function

Q ∈ B̂ and a sequence Qk , k = , , . . . ,m, which depends on x, such that

• |Q(t)| ≤ φ(t), t ∈ J .

• |Qk| ≤ ψ , k = , , . . . ,m.

• CD
β
,tx(t) = f (t,x(t),CD

β
,tx(t)) +Q(t), t ∈ (tk , sk], k = , , . . . ,m.

• x(t) = I
β
sk– ,tk

(ξk(t,x(t))) +Qk , t ∈ (sk–, tk],k = , , . . . ,m.

Remark . A function x ∈ B̂ is a solution of inequality (.) if there exist a function

Q ∈ B̂ and a sequence Qk , k = , , . . . ,m, which depends on x, such that

• |Q(t)| ≤ εφ(t), t ∈ J .

• |Qk| ≤ εψ , k = , , . . . ,m.

• CD
β
,tx(t) = f (t,x(t),CD

β
,tx(t)) +Q(t), t ∈ (tk , sk], k = , , . . . ,m.

• x(t) = I
β
sk– ,tk

(ξk(t,x(t))) +Qk , t ∈ (sk–, tk], k = , , . . . ,m.

In order to use a fixed point approach for contractions on a generalized completemetric

space to obtain our main results, we need the following result.

Definition . ([] (Generalized metric space)) Let Y be a nonempty set, a function

d : Y × Y → [,∞] is said to be a generalized complete metric on Y if and only if for all

u, v,w ∈ Y the following conditions hold:

• d(u, v) ≥ ,

• d(u, v) =  if and only if u = v,

• d(u, v) = d(v,u),

• d(u, v) ≤ d(u,w) + d(w, v).

Definition . ([] (Generalized complete metric space)) Let Y be a generalized met-

ric space. If every d-Cauchy sequence in Y is d-convergent, then Y is called generalized

complete metric space, i.e., if {an} is a sequence in Y such that limm,n→∞ d(an,am) = ,

then there exists u ∈ Y such that limn→∞ d(an,u) = .
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Theorem . ([] (Generalized Diaz-Margolis’s fixed point theorem)) Suppose that

(Y ,d) is a generalized completemetric space, and an operator� : Y → Y is strictly contrac-

tive with Lipschitz constant L < . If there is an integer m≥  such that d(�m+x,�mx) < ∞

for some x ∈ Y , then we have the following:

(a) The sequence {�nx} converges to a fixed point x∗ of �.

(b) x∗ is the unique fixed point of � in Y ∗ = {y ∈ Y |d(�mx, y) < ∞}.

(c) If y ∈ Y ∗, then d(y,x∗) ≤ 
–L

d(�y, y).

3 The solution of a linear impulsive fractional boundary value problem

In this section we find the solution of a linear impulsive problem, which is the correspond-

ing linear form of problem (.), using Lemma .. Consider a linear form of problem (.),

i.e.,

⎧

⎪

⎨

⎪

⎩

cD
β
,ty(t) = f (t), t ∈ (tk , sk],k = , , , . . . ,m,β ∈ (, ],

y(t) = I
β
sk– ,tk

(ξk(t)), t ∈ (sk–, tk],k = , , . . . ,m,

y() = I
β

,Tη(t, y(t)),

(.)

where cD
β
,t is the Caputo fractional derivative (CDF) of order β with lower limit ,  = t <

s < t < s < · · · < tm < sm = T , T >  is pre-fixed number, f : J → R is a given continuous

function, ξk : [sk–, tk] → R, k = , , . . . ,m, are non-instantaneous impulses, η : [,T] ×

R →R is also a given continuous function, I
β
sk– ,tk

and I
β

,T are fractional integrals of order

β with limits sk– to tk and  to T , respectively.

Lemma . Let β ∈ (, ] and f : J →R be a given continuous function.A function y ∈ B̂ is

a solution of problem (.) if and only if y ∈ B̂ is a solution of the following integral equation:

y(t) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩


Ŵ(β)

∫ t


(t – s)β–f (s)ds + 

Ŵ(β)

∫ T


(T – s)β–η(s, y(s))ds, t ∈ [, s],

I
β
sk– ,tk

(ξk(t)), t ∈ (sk–, tk],

k = , , . . . ,m,


Ŵ(β)

∫ t


(t – s)β–f (s)ds + 

Ŵ(β)

∫ tk
sk–

(tk – s)β–ξk(s)ds

– 
Ŵ(β)

∫ tk

(tk – s)β–f (s)ds, t ∈ (tk , sk],

k = , , . . . ,m.

(.)

Proof For t ∈ [, s], consider

cD
β
,ty(t) = f (t), y() = I

β

,Tη
(

t, y(t)
)

.

Using Lemma . and the initial condition, we can get

y(t) =


Ŵ(β)

∫ t



(t – s)β–f (s)ds +


Ŵ(β)

∫ T



(T – s)β–η
(

s, y(s)
)

ds, t ∈ [, s].

If t ∈ (s, t], then y(t) = I
β
s ,t

ξ(t). For t ∈ (t, s], we consider

cD
β
,ty(t) = f (t), y(t) = I

β
s ,t

ξ(t).
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Applying Lemma . to the above equation and using the condition y(t) = I
β
s ,t

ξ(t), we

obtain

y(t) =


Ŵ(β)

∫ t



(t– s)β–f (s)ds+


Ŵ(β)

∫ t

s

(t – s)
β–ξ(s)ds–



Ŵ(β)

∫ t



(t – s)
β–f (s)ds.

If t ∈ (s, t], then y(t) = I
β
s ,t

ξ(t). When t ∈ (t, s], we consider

cD
β
,ty(t) = f (t), y(t) = I

β
s ,t

ξ(t).

With the help of Lemma . and condition y(t) = I
β
s ,t

ξ(t), we get

y(t) =


Ŵ(β)

∫ t



(t–s)β–f (s)ds+


Ŵ(β)

∫ t

s

(t–s)
β–ξ(s)ds–



Ŵ(β)

∫ t



(t–s)
β–f (s)ds.

Generally, if t ∈ (sk–, tk], then y(t) = I
β
sk– ,tk

ξk(t). For t ∈ (tk , sk], we consider

cD
β
,ty(t) = f (t), y(tk) = I

β
sk– ,tk

ξk(tk).

Using Lemma . and condition y(tk) = I
β
sk– ,tk

ξk(tk), we obtain

y(t) =


Ŵ(β)

∫ t



(t–s)β–f (s)ds+


Ŵ(β)

∫ tk

sk–

(tk–s)
β–ξk(s)ds–



Ŵ(β)

∫ tk



(tk–s)
β–f (s)ds.

Conversely, let y ∈ B̂be a solution of the impulsive fractional integral equation (.). Using

the fact that cD
β
,t is the left inverse of I

β
,t , we can easily get our required result. �

Remark . If x ∈ B̂ represents a solution of inequality (.), then x ∈ B̂ is a solution of

the following integral inequality:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

|x(t) – 
Ŵ(β)

∫ t


(t – s)β–f (s,x(s), cD

β
,tx(s))ds

– 
Ŵ(β)

∫ T


(T – s)β–η(s,x(s))ds|

≤ εtβ

Ŵ(β+)
, t ∈ [, s],

|x(t) – I
β
sk– ,tk

ξk(t,x(t))| ≤ ε, t ∈ (sk–, tk],k = , , . . . ,m,

|x(t) – 
Ŵ(β)

∫ t


(t – s)β–f (s,x(s), cD

β
,tx(s))ds

– 
Ŵ(β)

∫ tk
sk–

(tk – s)β–ξk(s,x(s))ds

+ 
Ŵ(β)

∫ tk

(tk – s)β–f (s,x(s), cD

β
,tx(s))ds|

≤ ε
Ŵ(β+)

{tβ + (tk – sk–)
β + t

β

k }, t ∈ (tk , sk],k = , , . . . ,m.

As from Remark ., we have

⎧

⎪

⎨

⎪

⎩

CD
β
,tx(t) = f (t,x(t),CD

β
,tx(t)) +Q(t), t ∈ (tk , sk],k = , , . . . ,m,

x(t) = I
β
sk– ,tk

(ξk(t,x(t))) +Qk , t ∈ (sk–, tk],k = , , . . . ,m,

x() = I
β

,Tη(t,x(t)).
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Using Lemma ., the solution of the above problem is

x(t) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩


Ŵ(β)

∫ t


(t – s)β–[f (s,x(s), cD

β
,tx(s)) +Q(s)]ds

+ 
Ŵ(β)

∫ T


(T – s)β–η(s,x(s))ds, t ∈ [, s],

I
β
sk– ,tk

(ξk(t,x(t))) +Qk , t ∈ (sk–, tk],

k = , , . . . ,m,


Ŵ(β)

∫ t


(t – s)β–[f (s,x(s), cD

β
,tx(s)) +Q(s)]ds

+ 
Ŵ(β)

∫ tk
sk–

(tk – s)β–[ξk(s,x(s)) +Qk]ds

– 
Ŵ(β)

∫ tk

(tk – s)β–[f (s,x(s), cD

β
,tx(s)) +Q(s)]ds, t ∈ (tk , sk],

k = , , . . . ,m.

With the help of the above solution and Remark ., we verified Remark . in the fol-

lowing lines.

For t ∈ [, s], we consider

∣

∣

∣

∣

x(t) –


Ŵ(β)

∫ t



(t – s)β–f
(

s,x(s), cD
β
,tx(s)

)

ds –


Ŵ(β)

∫ T



(T – s)β–η
(

s,x(s)
)

ds

∣

∣

∣

∣

=

∣

∣

∣

∣



Ŵ(β)

∫ t



(t – s)β–
[

f
(

s,x(s), cD
β
,tx(s)

)

+Q(s)
]

ds +


Ŵ(β)

∫ T



(T – s)β–η
(

s,x(s)
)

ds

–


Ŵ(β)

∫ t



(t – s)β–f
(

s,x(s), cD
β
,tx(s)

)

ds –


Ŵ(β)

∫ T



(T – s)β–η
(

s,x(s)
)

ds

∣

∣

∣

∣

≤


Ŵ(β)

∫ t



(t – s)β–
∣

∣Q(s)
∣

∣ds

≤
ε

Ŵ(β)

∫ t



(t – s)β– ds

≤
εtβ

Ŵ(β + )
.

For t ∈ (sk–, tk], k = , , . . . ,m, consider

∣

∣x(t) – I
β
sk– ,tk

ξk
(

t,x(t)
)
∣

∣ =
∣

∣I
β
sk– ,tk

ξk
(

t,x(t)
)

+Qk – I
β
sk– ,tk

ξk
(

t,x(t)
)
∣

∣

= |Qk| ≤ ε, k = , , . . . ,m.

For t ∈ (tk , sk], k = , , . . . ,m, we consider

∣

∣

∣

∣

x(t) –


Ŵ(β)

∫ t



(t – s)β–f
(

s,x(s), cD
β
,tx(s)

)

ds –


Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,x(s)
)

ds

+


Ŵ(β)

∫ tk



(tk – s)β–f
(

s,x(s), cD
β
,tx(s)

)

ds

∣

∣

∣

∣

=

∣

∣

∣

∣



Ŵ(β)

∫ t



(t – s)β–
[

f
(

s,x(s), cD
β
,tx(s)

)

+Q(s)
]

ds

+


Ŵ(β)

∫ tk

sk–

(tk – s)β–
[

ξk
(

s,x(s)
)

+Qk

]

ds

–


Ŵ(β)

∫ tk



(tk – s)β–
[

f
(

s,x(s), cD
β
,tx(s)

)

+Q(s)
]

ds
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–


Ŵ(β)

∫ t



(t – s)β–f
(

s,x(s), cD
β
,tx(s)

)

ds

–


Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,x(s)
)

ds +


Ŵ(β)

∫ tk



(tk – s)β–f
(

s,x(s), cD
β
,tx(s)

)

ds

∣

∣

∣

∣

≤


Ŵ(β)

∫ t



(t – s)β–
∣

∣Q(s)
∣

∣ds +


Ŵ(β)

∫ tk

sk–

(tk – s)β–|Qk|ds

+


Ŵ(β)

∫ tk



(tk – s)β–
∣

∣Q(s)
∣

∣ds

≤
ε

Ŵ(β)

∫ t



(t – s)β– ds +
ε

Ŵ(β)

∫ tk

sk–

(tk – s)β– ds +
ε

Ŵ(β)

∫ tk



(tk – s)β– ds

≤
εtβ

βŴ(β)
+

ε(tk – sk–)
β

βŴ(β)
+

εt
β

k

βŴ(β)

=
ε

Ŵ(β + )

{

tβ + (tk – sk–)
β + t

β

k

}

.

Hence Remark . is verified.

Remark . If x ∈ B̂ represents a solution of inequality (.), then x ∈ B̂ is a solution of

the following integral inequality:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

|x(t) – 
Ŵ(β)

∫ t


(t – s)β–f (s,x(s), cD

β
,tx(s))ds

– 
Ŵ(β)

∫ T


(T – s)β–η(s,x(s))ds|

≤ 
Ŵ(β)

∫ t


(t – s)β–φ(s)ds, t ∈ [, s],

|x(t) – I
β
sk– ,tk

ξk(t,x(t))| ≤ ψ , t ∈ (sk–, tk],k = , , . . . ,m,

|x(t) – 
Ŵ(β)

∫ t


(t – s)β–f (s,x(s), cD

β
,tx(s))ds

– 
Ŵ(β)

∫ tk
sk–

(tk – s)β–ξk(s,x(s))ds

+ 
Ŵ(β)

∫ tk

(tk – s)β–f (s,x(s), cD

β
,tx(s))ds|

≤ 
Ŵ(β)

∫ t


(t – s)β–φ(s)ds

+ 
Ŵ(β)

∫ tk

(tk – s)β–φ(s)ds +

ψ(tk–sk–)
β

Ŵ(β+)
, t ∈ (tk , sk],k = , , . . . ,m.

Remark . If x ∈ B̂ represents a solution of inequality (.), then x ∈ B̂ is a solution of

the following integral inequality:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

|x(t) – 
Ŵ(β)

∫ t


(t – s)β–f (s,x(s), cD

β
,tx(s))ds

– 
Ŵ(β)

∫ T


(T – s)β–η(s,x(s))ds|

≤ ε
Ŵ(β)

∫ t


(t – s)β–φ(s)ds, t ∈ [, s],

|x(t) – I
β
sk– ,tk

ξk(t,x(t))| ≤ εψ , t ∈ (sk–, tk],k = , , . . . ,m,

|x(t) – 
Ŵ(β)

∫ t


(t – s)β–f (s,x(s), cD

β
,tx(s))ds

– 
Ŵ(β)

∫ tk
sk–

(tk – s)β–ξk(s,x(s))ds

+ 
Ŵ(β)

∫ tk

(tk – s)β–f (s,x(s), cD

β
,tx(s))ds|

≤ ε
Ŵ(β)

∫ t


(t – s)β–φ(s)ds

+ ε
Ŵ(β)

∫ tk

(tk – s)β–φ(s)ds +

εψ(tk–sk–)
β

Ŵ(β+)
, t ∈ (tk , sk],k = , , . . . ,m.

By using Remark . and Remark ., we can verify Remark . and Remark ., respec-

tively, by the same procedure as we used for verification of Remark ..
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4 Main results

In this section, we prove four different types of Ulam stability results for problem (.).

We also establish some conditions for the existence and uniqueness of the solutions of

problem (.) in view of Theorem ..

First, we introduce the following assumptions:

(A) The function f : J ×R×R →R is continuous.

(A) There exist constants K̄f >  and  < L̄f <  such that

∣

∣f (t,ω,̟) – f (t,ω,̟)
∣

∣ ≤ K̄f |ω –ω| + L̄f |̟ –̟|

for all ω,ω,̟,̟ ∈R and t ∈ J .

(A) There exists a constant Lη >  such that

∣

∣η(t,ω) – η(t,̟ )
∣

∣ ≤ Lη|ω –̟ |

for all ω,̟ ∈R and t ∈ J .

(A) There exists a constant Lξk >  such that

∣

∣I
β
sk– ,tk

ξ (t,ω) – I
β
sk– ,tk

ξ (t,̟ )
∣

∣ ≤ Lξk |ω –̟ |

for all ω,̟ ∈R and t ∈ (sk–, tk], k = , , . . . ,m.

(A) Let φ : J →R+ be any continuous nondecreasing function from the space of continu-

ous functions C(J ,R+), there exist nonnegative constants cφ and cβ such that

(∫ t



(

φ(s)
)

γ ds

)γ

≤ cφφ(t), t ∈ J ,

and

(∫ t



(

cD
β
,tφ(s)

)

γ ds

)γ

≤ cβφ(t), t ∈ J ,

where  < γ < β ≤ .

Theorem . Assume that (A)-(A) are true and a function x ∈ B̂ satisfies inequality

(.), then there exists a unique solution x of problem (.) such that

x(t) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩


Ŵ(β)

∫ t


(t – s)β–f (s,x(s),

cD
β
,tx(s))ds

+ 
Ŵ(β)

∫ T


(T – s)β–η(s,x(s))ds, t ∈ [, s],

I
β
sk– ,tk

(ξk(t,x(t))), t ∈ (sk–, tk],

k = , , . . . ,m,


Ŵ(β)

∫ t


(t – s)β–f (s,x(s),

cD
β
,tx(s))ds

+ 
Ŵ(β)

∫ tk
sk–

(tk – s)β–ξk(s,x(s))ds

– 
Ŵ(β)

∫ tk

(tk – s)β–f (s,x(s),

cD
β
,tx(s))ds, t ∈ (tk , sk],

k = , , . . . ,m,

(.)

and

|x(t) – x(t)| ≤
[

cφ
Ŵ(β)

( –γ

β–γ
)β–γ (Tβ–γ + t

β–γ

k ) +
(tk–sk–)

β

Ŵ(β+)
]ε(φ(t) +ψ)

 – L
(.)
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for all t ∈ J ,  < γ < β ≤ , tk , sk– are considered to be maximum values and L =

max{L,L} < , where

L = max

{

K̄f cφ + L̄f cβ

Ŵ(β)

(

 – γ

β – γ

)–γ
(

s
β–γ

k + t
β–γ

k

)

+ Lξk

∣

∣

∣
k = , , . . . ,m

}

,

L = max

{

K̄f

Ŵ(β + )

(

s
β

k + t
β

k

)

+ Lξk

∣

∣

∣
k = , , . . . ,m

}

,

i.e., problem (.) is Ulam-Hyers-Rassias stable.

Proof Let Y be the space of piecewise continuous functions defined by

Y = {p : J →R|p ∈ B̂}, (.)

and let us introduce a generalized complete metric on Y as

d(p,q) = inf
{

C +C ∈ [,∞]|
∣

∣p(t) – q(t)
∣

∣ ≤ (C +C)ε
(

φ(t) +ψ
)}

, (.)

for all t ∈ J , where

C ∈
{

C ∈ [,∞]|
∣

∣p(t) – q(t)
∣

∣ ≤ Cεφ(t)
}

, t ∈ (tk , sk],k = , , . . . ,m

and

C ∈
{

C ∈ [,∞]|
∣

∣p(t) – q(t)
∣

∣ ≤ Cεψ
}

, t ∈ (sk–, tk],k =, , . . . ,m.

Now, we define an operator � : Y → Y by

(�y)(t) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩


Ŵ(β)

∫ t


(t – s)β–f (s, y(s), cD

β
,ty(s))ds

+ 
Ŵ(β)

∫ T


(T – s)β–η(s, y(s))ds, t ∈ [, s],

I
β
sk– ,tk

(ξk(t, y(t))), t ∈ (sk–, tk],

k = , , . . . ,m,


Ŵ(β)

∫ t


(t – s)β–f (s, y(s), cD

β
,ty(s))ds

+ 
Ŵ(β)

∫ tk
sk–

(tk – s)β–ξk(s, y(s))ds

– 
Ŵ(β)

∫ tk

(tk – s)β–f (s, y(s), cD

β
,ty(s))ds, t ∈ (tk , sk],

k = , , . . . ,m,

(.)

for all y ∈ Y . Clearly,� is awell-defined operator because y and f are continuous functions.

To achieve our goal, first we need to prove that � is strictly contractive on Y . For this

we take any p,q ∈ Y and C,C ∈ [,∞], using Eq. (.), we get

∣

∣p(t) – q(t)
∣

∣ ≤

{

Cεφ(t), t ∈ (tk , sk],k = , , . . . ,m,

Cεψ , t ∈ (sk–, tk],k = , , . . . ,m.
(.)

From the linearity property of Caputo fractional derivative, Eqs. (.), (.) and assump-

tions (A)-(A), we obtain the following.
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Case : For t ∈ [, s], we have

∣

∣(�p)(t) – (�q)(t)
∣

∣ =

∣

∣

∣

∣



Ŵ(β)

∫ t



(t – s)β–f
(

s,p(s), cD
β
,tp(s)

)

ds

+


Ŵ(β)

∫ T



(T – s)β–η
(

s,p(s)
)

ds

–


Ŵ(β)

∫ t



(t – s)β–f
(

s,q(s), cD
β
,tq(s)

)

ds

–


Ŵ(β)

∫ T



(T – s)β–η
(

s,q(s)
)

ds

∣

∣

∣

∣

≤


Ŵ(β)

∫ t



(t – s)β–
∣

∣f
(

s,p(s), cD
β
,tp(s)

)

– f
(

s,q(s), cD
β
,tq(s)

)
∣

∣ds

+


Ŵ(β)

∫ T



(T – s)β–
∣

∣η
(

s,p(s)
)

– η
(

s,q(s)
)
∣

∣ds

≤


Ŵ(β)

∫ t



(t – s)β–
[

K̄f

∣

∣p(s) – q(s)
∣

∣ + L̄k
∣

∣

cD
β
,tp(s) –

cD
β
,tq(s)

∣

∣

]

ds

+


Ŵ(β)

∫ T



(T – s)β–
[

Lη

∣

∣p(s) – q(s)
∣

∣

]

ds

≤
K̄fCε

Ŵ(β)

∫ t



(t – s)β–φ(s)ds +
L̄fCε

Ŵ(β)

∫ t



(t – s)β–
(

cD
β
,tφ(s)

)

ds

+
L̄ηCε

Ŵ(β)

∫ T



(T – s)β–φ(s)ds

≤
K̄fCε

Ŵ(β)

(∫ t



(t – s)
β–
–γ ds

)–γ (∫ t



(

φ(s)
)

γ ds

)γ

+
L̄fCε

Ŵ(β)

(∫ t



(t – s)
β–
–γ ds

)–γ (∫ t



(

cD
β
,tφ(s)

)

γ ds

)γ

+
LηCε

Ŵ(β)

(∫ T



(T – s)
β–
–γ ds

)–γ (∫ T



(

φ(s)
)

γ ds

)γ

≤
K̄fCε

Ŵ(β)

(

 – γ

β – γ

)–γ

tβ–γ cφφ(t) +
L̄fCε

Ŵ(β)

(

 – γ

β – γ

)–γ

tβ–γ cβφ(t)

+
LηCε

Ŵ(β)

(

 – γ

β – γ

)–γ

Tβ–γ cφφ(t)

≤

[

K̄f cφ(
–γ

β–γ
)–γ

Ŵ(β)
s
β–γ

 +
L̄f cβ (

–γ

β–γ
)–γ

Ŵ(β)
s
β–γ

 +
Lηcφ(

–γ

β–γ
)–γ

Ŵ(β)
Tβ–γ

]

×Cεφ(t)

=
( –γ

β–γ
)–γ

Ŵ(β)

[

(K̄f cφ + L̄f cβ )s
β–γ

 + LηcφT
β–γ

]

Cεφ(t).

Case : For t ∈ (sk–, tk], k = , , . . . ,m, we have

∣

∣(�p)(t) – (�q)(t)
∣

∣ =
∣

∣I
β
sk– ,tk

ξk
(

t,p(t)
)

– I
β
sk– ,tk

ξk
(

t,q(t)
)
∣

∣

≤ Lξk

∣

∣p(t) – q(t)
∣

∣ ≤ LξkCεψ .
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Case (a): For t ∈ (tk , sk] and s ∈ (tk , sk], k = , , . . . ,m, we have

∣

∣(�p)(t) – (�q)(t)
∣

∣ =

∣

∣

∣

∣



Ŵ(β)

∫ t



(t – s)β–f
(

s,p(s), cD
β
,tp(s)

)

ds

+


Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,p(s)
)

ds

–


Ŵ(β)

∫ tk



(tk – s)β–f
(

s,p(s), cD
β
,tp(s)

)

ds

–


Ŵ(β)

∫ t



(t – s)β–f
(

s,q(s), cD
β
,tq(s)

)

ds

–


Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,q(s)
)

ds

+


Ŵ(β)

∫ tk



(tk – s)β–f
(

s,q(s), cD
β
,tq(s)

)

ds

∣

∣

∣

∣

≤

∣

∣

∣

∣



Ŵ(β)

∫ t



(t – s)β–f
(

s,p(s), cD
β
,tp(s)

)

ds

–


Ŵ(β)

∫ t



(t – s)β–f
(

s,q(s), cD
β
,tq(s)

)

ds

∣

∣

∣

∣

+

∣

∣

∣

∣



Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,p(s)
)

ds

–


Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,q(s)
)

ds

∣

∣

∣

∣

+

∣

∣

∣

∣



Ŵ(β)

∫ tk



(tk – s)β–f
(

s,q(s), cD
β
,tq(s)

)

ds

–


Ŵ(β)

∫ tk



(tk – s)β–f
(

s,p(s), cD
β
,tp(s)

)

ds

∣

∣

∣

∣

≤
( –γ

β–γ
)–γ

Ŵ(β)

[

(K̄f cφ + L̄f cβ )s
β–γ

k

]

Cεφ(t) + LξkCεψ

+
( –γ

β–γ
)–γ

Ŵ(β)

[

(K̄f cφ + L̄f cβ )t
β–γ

k

]

Cεφ(t)

≤

[

K̄f cφ + L̄f cβ

Ŵ(β)

(

 – γ

β – γ

)–γ
(

s
β–γ

k + t
β–γ

k

)

+ Lξk

]

× (C +C)ε
(

φ(t) +ψ
)

.

Case (b): For t ∈ (tk , sk] and s ∈ (sk–, tk], k = , , . . . ,m, we have

∣

∣(�p)(t) – (�q)(t)
∣

∣ =

∣

∣

∣

∣



Ŵ(β)

∫ t



(t – s)β–f
(

s,p(s), cD
β
,tp(s)

)

ds

+


Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,p(s)
)

ds

–


Ŵ(β)

∫ tk



(tk – s)β–f
(

s,p(s), cD
β
,tp(s)

)

ds
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–


Ŵ(β)

∫ t



(t – s)β–f
(

s,q(s), cD
β
,tq(s)

)

ds

–


Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,q(s)
)

ds

+


Ŵ(β)

∫ tk



(tk – s)β–f
(

s,q(s), cD
β
,tq(s)

)

ds

∣

∣

∣

∣

≤

∣

∣

∣

∣



Ŵ(β)

∫ t



(t – s)β–f
(

s,p(s), cD
β
,tp(s)

)

ds

–


Ŵ(β)

∫ t



(t – s)β–f
(

s,q(s), cD
β
,tq(s)

)

ds

∣

∣

∣

∣

+

∣

∣

∣

∣



Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,p(s)
)

ds

–


Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,q(s)
)

ds

∣

∣

∣

∣

+

∣

∣

∣

∣



Ŵ(β)

∫ tk



(tk – s)β–f
(

s,q(s), cD
β
,tq(s)

)

ds

–


Ŵ(β)

∫ tk



(tk – s)β–f
(

s,p(s), cD
β
,tp(s)

)

ds

∣

∣

∣

∣

≤

[

K̄f

Ŵ(β + )

(

s
β

k + t
β

k

)

+ Lξk

]

Cεψ

≤

[

K̄f

Ŵ(β + )

(

s
β

k + t
β

k

)

+ Lξk

]

(C +C)ε
(

φ(t) +ψ
)

.

From the above cases, for any p,q ∈ Y and L < , we obtain

∣

∣(�p)(t) – (�q)(t)
∣

∣ ≤ L(C +C)ε
(

φ(t) +ψ
)

, t ∈ J ,

that is,

d(�p,�q) ≤ L(C +C)ε
(

φ(t) +ψ
)

, t ∈ J ,

which implies that � is strictly contractive on Y .

It follows from Eqs. (.) and (.) that for any arbitrary p ∈ Y , there exists a constant

 < λ < ∞ such that

∣

∣(�p)(t) – p(t)
∣

∣ =

∣

∣

∣

∣



Ŵ(β)

∫ t



(t – s)β–f
(

s,p(s),
cD

β
,tp(s)

)

ds

+


Ŵ(β)

∫ T



(T – s)β–η
(

s,p(s)
)

ds – p(t)

∣

∣

∣

∣

≤ λεφ(t) ≤ λε
(

φ(t) +ψ
)

, t ∈ [, s],

also there is a constant  < λ < ∞ such that

∣

∣(�p)(t) – p(t)
∣

∣ =
∣

∣I
β
sk– ,tk

ξk
(

t,p(t)
)

– p(t)
∣

∣

≤ λεψ ≤ λε
(

φ(t) +ψ
)

, t ∈ (sk–, tk],k = , , . . . ,m.
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Furthermore, we can also find a constant  < λ <∞ such that

∣

∣(�p)(t) – p(t)
∣

∣ =

∣

∣

∣

∣



Ŵ(β)

∫ t



(t – s)β–f
(

s,p(s),
cD

β
,tp(s)

)

ds

+


Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,p(s)
)

ds

–


Ŵ(β)

∫ tk



(tk – s)β–f
(

s,p(s),
cD

β
,tp(s)

)

ds – p(t)

∣

∣

∣

∣

≤ λε
(

φ(t) +ψ
)

for all t ∈ (tk , sk], k = , , . . . ,m.

Since f , ξk and p are bounded on J and φ(·) +ψ > , therefore Eq. (.) implies that

d(�p,p) < ∞.

By using Theorem .(a), there exists a continuous function x : J →R such that�np →

x in (Y ,d) as n → ∞ and �x = x, that is, x satisfies Eq. (.) for all t ∈ J .

Next, we verify that

{

p ∈ Y |d(p,p) < ∞
}

= Y .

For any p ∈ Y , since p and p are bounded on J and mint∈J ε(φ(t) + ψ) > , there exists a

constant  < λp <∞ such that

∣

∣p(t) – p(t)
∣

∣ ≤ λpε
(

φ(t) +ψ
)

, t ∈ J .

Therefore, we get d(�p,p) <∞ for all p ∈ Y , that is,

{

p ∈ Y |d(p,p) < ∞
}

= Y .

Hence, in view of Theorem .(b), we conclude that x is the unique continuous function

with property (.).

On the other hand, it follows from Remark . and assumption (A) that: for t ∈ [, s],

we have

∣

∣

∣

∣

x(t) –


Ŵ(β)

∫ t



(t – s)β–f
(

s,x(s), cD
β
,tx(s)

)

ds

–


Ŵ(β)

∫ T



(T – s)β–η
(

s,x(s)
)

ds

∣

∣

∣

∣

≤
ε

Ŵ(β)

∫ t



(t – s)β–φ(s)ds

≤
ε

Ŵ(β)

(∫ t



(t – s)
β–
–γ ds

)–γ (∫ t



(

φ(s)
)

γ ds

)γ

≤
ε

Ŵ(β)

(

 – γ

β – γ

)–γ

tβ–γ cφφ(t)
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≤

[

cφ

Ŵ(β)

(

 – γ

β – γ

)–γ

s
β–γ



]

εφ(t)

≤

[

cφ

Ŵ(β)

(

 – γ

β – γ

)–γ

s
β–γ



]

ε
(

φ(t) +ψ
)

;

for t ∈ (sk–, tk], k = , , . . . ,m, we have

∣

∣x(t) – I
β
sk– ,tk

ξk
(

t,x(t)
)∣

∣ ≤ εψ ;

for t ∈ (tk , sk], k = , , . . . ,m, we have

∣

∣

∣

∣

x(t) –


Ŵ(β)

∫ t



(t – s)β–f
(

s,x(s), cD
β
,tx(s)

)

ds –


Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,x(s)
)

ds

+


Ŵ(β)

∫ tk



(tk – s)β–f
(

s,x(s), cD
β
,tx(s)

)

ds

∣

∣

∣

∣

≤
ε

Ŵ(β)

∫ t



(t – s)β–φ(s)ds +
ε

Ŵ(β)

∫ tk



(tk – s)β–φ(s)ds +
εψ(tk – sk–)

β

Ŵ(β + )

≤
ε

Ŵ(β)

(∫ t



(t – s)
β–
–γ ds

)–γ (∫ t



(

φ(s)
)

γ ds

)γ

+
ε

Ŵ(β)

(∫ tk



(tk – s)
β–
–γ ds

)–γ (∫ tk



(

φ(s)
)

γ ds

)γ

+
εψ(tk – sk–)

β

Ŵ(β + )

≤
ε

Ŵ(β)

(

 – γ

β – γ

)–γ

tβ–γ cφφ(t) +
ε

Ŵ(β)

(

 – γ

β – γ

)–γ

t
β–γ

k cφφ(t) +
εψ(tk – sk–)

β

Ŵ(β + )

≤
ε

Ŵ(β)

(

 – γ

β – γ

)–γ

Tβ–γ cφφ(t) +
ε

Ŵ(β)

(

 – γ

β – γ

)–γ

t
β–γ

k cφφ(t) +
εψ(tk – sk–)

β

Ŵ(β + )

≤
cφ

Ŵ(β)

(

 – γ

β – γ

)β–γ
(

Tβ–γ + t
β–γ

k

)

εφ(t) +
εψ(tk – sk–)

β

Ŵ(β + )

≤

[

cφ

Ŵ(β)

(

 – γ

β – γ

)β–γ
(

Tβ–γ + t
β–γ

k

)

+
(tk – sk–)

β

Ŵ(β + )

]

ε
(

φ(t) +ψ
)

.

Using the definition of � given in Eq. (.), from the above cases we get

∣

∣x(t) – (�x)(t)
∣

∣ ≤

[

cφ

Ŵ(β)

(

 – γ

β – γ

)β–γ
(

Tβ–γ + t
β–γ

k

)

+
(tk – sk–)

β

Ŵ(β + )

]

ε
(

φ(t) +ψ
)

,

that is,

d(x,�x)≤
cφ

Ŵ(β)

(

 – γ

β – γ

)β–γ
(

Tβ–γ + t
β–γ

k

)

+
(tk – sk–)

β

Ŵ(β + )
, t ∈ J (.)

and tk , sk– are considered to be maximum values. Hence, in view of Theorem .(c)

together with (.), we obtain

d(x,x) ≤
d(x,�x)

 – L
≤

[
cφ

Ŵ(β)
( –γ

β–γ
)β–γ (Tβ–γ + t

β–γ

k ) +
(tk–sk–)

β

Ŵ(β+)
]

 – L
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implies that

∣

∣x(t) – x(t)
∣

∣ ≤
[

cφ
Ŵ(β)

( –γ

β–γ
)β–γ (Tβ–γ + t

β–γ

k ) +
(tk–sk–)

β

Ŵ(β+)
]ε(φ(t) +ψ)

 – L

for all t ∈ J ,  < γ < β ≤ , where tk , sk– are considered to be maximum values and L < .

Hence problem (.) is Ulam-Hyers-Rassias stable with respect to (φ,ψ). �

Remark . By choosing ε = , problem (.) is generalized Ulam-Hyers-Rassias stable

with respect to (φ,ψ), in view of Definition ..

Theorem . Let cf ,β ,g >  be a real constant. Assume that (A)-(A) are true and a

function x ∈ B̂ satisfies inequality (.), then there exists a unique continuous function

x : J →R satisfying Eq. (.) and

∣

∣x(t) – x(t)
∣

∣ ≤ cf ,β ,gε, t ∈ J , (.)

with

cf ,β ,g =
[ 
Ŵ(β+)

{Tβ + (tk – sk–)
β + t

β

k }]

 – L
,

where tk , sk– are considered to be maximum values and

L = max

{

K̄f

Ŵ(β + )

(

s
β

k + t
β

k

)

+
Lξk

Ŵ(β + )
(tk – sk–)

β
∣

∣

∣
k = , , . . . ,m

}

< ,

that is, problem (.) is Ulam-Hyers stable.

Proof First, define a set Y of all piecewise continuous functions p : J →R in the following

way:

Y = {p : J →R|p ∈ B̂}, (.)

and let us introduce a generalized complete metric on Y as

d(p,q) = inf
{

C +C ∈ [, +∞]|
∣

∣p(t) – q(t)
∣

∣ ≤ (C +C)(ε)
}

, (.)

for all t ∈ J , where

C ∈
{

C ∈ [,∞]|
∣

∣p(t) – q(t)
∣

∣ ≤ Cε
}

, t ∈ (tk , sk],k = , , . . . ,m,

and

C ∈
{

C ∈ [,∞]|
∣

∣p(t) – q(t)
∣

∣ ≤ Cε
}

, t ∈ (sk–, tk],k = , . . . ,m.
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Define an operator � : J →R by

(�y)(t) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩


Ŵ(β)

∫ t


(t – s)β–f (s, y(s), cD

β
,ty(s))ds

+ 
Ŵ(β)

∫ T


(T – s)β–η(s, y(s))ds, t ∈ [, s],

I
β
sk– ,tk

(ξk(t, y(t))), t ∈ (sk–, tk],

k = , , . . . ,m,


Ŵ(β)

∫ t


(t – s)β–f (s, y(s), cD

β
,ty(s))ds

+ 
Ŵ(β)

∫ tk
sk–

(tk – s)β–ξk(s, y(s))ds

– 
Ŵ(β)

∫ tk

(tk – s)β–f (s, y(s), cD

β
,ty(s))ds, t ∈ (tk , sk],

k = , , . . . ,m,

(.)

for all y ∈ Y . Clearly, � is a well-defined operator, because y and f are continuous func-

tions.

Next, we have to prove that � is strictly contractive on Y . For any p,q ∈ Y and C,C ∈

[, +∞], using Eq. (.), we have

∣

∣p(t) – q(t)
∣

∣ ≤

{

Cε, t ∈ (tk , sk],k = , , . . . ,m,

Cε, t ∈ (sk–, tk],k = , , . . . ,m.
(.)

It follows from the property that the Caputo fractional derivative of a constant is always

zero, Eqs. (.), (.) and from assumptions (A)-(A) that:

Case : For t ∈ [, s], we have

∣

∣(�p)(t) – (�q)(t)
∣

∣ =

∣

∣

∣

∣



Ŵ(β)

∫ t



(t – s)β–f
(

s,p(s), cD
β
,tp(s)

)

ds

+


Ŵ(β)

∫ T



(T – s)β–η
(

s,p(s)
)

ds

–


Ŵ(β)

∫ t



(t – s)β–f
(

s,q(s), cD
β
,tq(s)

)

ds

–


Ŵ(β)

∫ T



(T – s)β–η
(

s,q(s)
)

ds

∣

∣

∣

∣

≤


Ŵ(β)

∫ t



(t – s)β–
∣

∣f
(

s,p(s), cD
β
,tp(s)

)

– f
(

s,q(s), cD
β
,tq(s)

)
∣

∣ds

+


Ŵ(β)

∫ T



(T – s)β–
∣

∣η
(

s,p(s)
)

– η
(

s,q(s)
)
∣

∣ds

≤


Ŵ(β)

∫ t



(t – s)β–
[

K̄f

∣

∣p(s) – q(s)
∣

∣ + L̄k
∣

∣

cD
β
,tp(s) –

cD
β
,tq(s)

∣

∣

]

ds

+


Ŵ(β)

∫ T



(T – s)β–
[

Lη

∣

∣p(s) – q(s)
∣

∣

]

ds

≤
K̄f

Ŵ(β)

∫ t



(t – s)β–Cε ds +
L̄f

Ŵ(β)

∫ t



(t – s)β–
(

cD
β
,tCε

)

ds

+
Lη

Ŵ(β)

∫ T



(T – s)β–Cε ds,
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which implies that

∣

∣(�p)(t) – (�q)(t)
∣

∣ ≤
K̄fCε

Ŵ(β + )
tβ +

LηCε

Ŵ(β + )
Tβ

≤

(

K̄f s
β
 + LηT

β

Ŵ(β + )

)

Cε.

Case : For t ∈ (sk–, tk], k = , , . . . ,m, we have

∣

∣(�p)(t) – (�q)(t)
∣

∣ =
∣

∣I
β
sk– ,tk

ξk
(

t,p(t)
)

– I
β
sk– ,tk

ξk
(

t,q(t)
)
∣

∣

≤ Lξk

∣

∣p(t) – q(t)
∣

∣ ≤ LξkCε.

Case (a): For t ∈ (tk , sk] and s ∈ (tk , sk], k = , , . . . ,m, we have

∣

∣(�p)(t) – (�q)(t)
∣

∣ =

∣

∣

∣

∣



Ŵ(β)

∫ t



(t – s)β–f
(

s,p(s), cD
β
,tp(s)

)

ds

+


Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,p(s)
)

ds

–


Ŵ(β)

∫ tk



(tk – s)β–f
(

s,p(s), cD
β
,tp(s)

)

ds

–


Ŵ(β)

∫ t



(t – s)β–f
(

s,q(s), cD
β
,tq(s)

)

ds

–


Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,q(s)
)

ds

+


Ŵ(β)

∫ tk



(tk – s)β–f
(

s,q(s), cD
β
,tq(s)

)

ds

∣

∣

∣

∣

≤

∣

∣

∣

∣



Ŵ(β)

∫ t



(t – s)β–f
(

s,p(s), cD
β
,tp(s)

)

ds

–


Ŵ(β)

∫ t



(t – s)β–f
(

s,q(s), cD
β
,tq(s)

)

ds

∣

∣

∣

∣

+

∣

∣

∣

∣



Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,p(s)
)

ds

–


Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,q(s)
)

ds

∣

∣

∣

∣

+

∣

∣

∣

∣



Ŵ(β)

∫ tk



(tk – s)β–f
(

s,q(s), cD
β
,tq(s)

)

ds

–


Ŵ(β)

∫ tk



(tk – s)β–f
(

s,p(s), cD
β
,tp(s)

)

ds

∣

∣

∣

∣

≤
K̄f

Ŵ(β + )

(

tβ + t
β

k

)

Cε +
Lξk

Ŵ(β + )
(tk – sk–)

βCε

≤

[

K̄f

Ŵ(β + )

(

s
β

k + t
β

k

)

+
Lξk

Ŵ(β + )
(tk – sk–)

β

]

(C +C)(ε).
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Case (b): For t ∈ (tk , sk] and s ∈ (sk–, tk], k = , , . . . ,m, we have

∣

∣(�p)(t) – (�q)(t)
∣

∣ =

∣

∣

∣

∣



Ŵ(β)

∫ t



(t – s)β–f
(

s,p(s), cD
β
,tp(s)

)

ds

+


Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,p(s)
)

ds

–


Ŵ(β)

∫ tk



(tk – s)β–f
(

s,p(s), cD
β
,tp(s)

)

ds

–


Ŵ(β)

∫ t



(t – s)β–f
(

s,q(s), cD
β
,tq(s)

)

ds

–


Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,q(s)
)

ds

+


Ŵ(β)

∫ tk



(tk – s)β–f
(

s,q(s), cD
β
,tq(s)

)

ds

∣

∣

∣

∣

≤

∣

∣

∣

∣



Ŵ(β)

∫ t



(t – s)β–f
(

s,p(s), cD
β
,tp(s)

)

ds

–


Ŵ(β)

∫ t



(t – s)β–f
(

s,q(s), cD
β
,tq(s)

)

ds

∣

∣

∣

∣

+

∣

∣

∣

∣



Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,p(s)
)

ds

–


Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,q(s)
)

ds

∣

∣

∣

∣

+

∣

∣

∣

∣



Ŵ(β)

∫ tk



(tk – s)β–f
(

s,q(s), cD
β
,tq(s)

)

ds

–


Ŵ(β)

∫ tk



(tk – s)β–f
(

s,p(s), cD
β
,tp(s)

)

ds

∣

∣

∣

∣

≤
K̄f

Ŵ(β + )

(

tβ + t
β

k

)

Cε +
Lξk

Ŵ(β + )
(tk – sk–)

βCε

≤

[

K̄f

Ŵ(β + )

(

s
β

k + t
β

k

)

+
Lξk

Ŵ(β + )
(tk – sk–)

β

]

(C +C)(ε).

From above, we obtain

∣

∣(�p)(t) – (�q)(t)
∣

∣ ≤ L(C +C)(ε), t ∈ J ,

that is,

d(�p,�q) ≤ L(C +C)(ε), t ∈ J ,

which implies that � is strictly contractive on Y for any p,q ∈ Y and L < .
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Let p ∈ Y , it follows from the continuity property of p and �p that there exists a

constant  < ϑ < ∞ such that

∣

∣(�p)(t) – p(t)
∣

∣ =

∣

∣

∣

∣



Ŵ(β)

∫ t



(t – s)β–f
(

s,p(s),
cD

β
,tp(s)

)

ds

+


Ŵ(β)

∫ T



(T – s)β–η
(

s,p(s)
)

ds – p(t)

∣

∣

∣

∣

≤ ϑ(ε), t ∈ [, s],

also there exists a constant  < ϑ < ∞ such that

∣

∣(�p)(t) – p(t)
∣

∣ =
∣

∣I
β
sk– ,tk

ξk
(

t,p(t)
)

– p(t)
∣

∣ ≤ ϑ(ε), t ∈ (sk–, tk], k = , , . . . ,m.

Furthermore, we also can obtain a constant ϑ between  and ∞ such that

∣

∣(�p)(t) – p(t)
∣

∣ =

∣

∣

∣

∣



Ŵ(β)

∫ t



(t – s)β–f
(

s,p(s),
cD

β
,tp(s)

)

ds

+


Ŵ(β)

∫ tk

sk–

(tk – s)β–ξk
(

s,p(s)
)

ds

–


Ŵ(β)

∫ tk



(tk – s)β–f
(

s,p(s),
cD

β
,tp(s)

)

ds – p(t)

∣

∣

∣

∣

≤ ϑ(ε), t ∈ (tk , sk], k = , , . . . ,m.

As f , ξk and p are bounded on J and ε > , therefore Eq. (.) implies that

d(�p,p) < ∞.

According to Theorem .(a), there exists a continuous function x : J → R such that

�np → x in (Y ,d) as n→ ∞ and �x = x, that is, x satisfies Eq. (.) for all t ∈ J .

Next, we check that

{

p ∈ Y |d(p,p) < ∞
}

= Y .

For any p ∈ Y , since p and p are bounded on J and ε > , there exists a constant  < ϑp <

∞ such that

∣

∣p(t) – p(t)
∣

∣ ≤ ϑp(ε), t ∈ J .

Thus we obtain d(�p,p) < ∞ for all p ∈ Y , that is,

{

p ∈ Y |d(p,p) < ∞
}

= Y .

Hence, in view of Theorem .(b), we conclude that x is the unique continuous function

satisfying Eq. (.).
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On the other hand, it follows from the definition of � and Remark . that

∣

∣x(t) – (�x)(t)
∣

∣ ≤

[



Ŵ(β + )

{

Tβ + (tk – sk–)
β + t

β

k

}

]

ε,

that is,

d(x,�x)≤


Ŵ(β + )

{

Tβ + (tk – sk–)
β + t

β

k

}

, t ∈ J , (.)

and tk , sk– are considered to be maximum values. From above Eq. (.) and Theo-

rem .(c), we have

d(x,x) ≤
d(x,�x)

 – L
≤


Ŵ(β+)

{Tβ + (tk – sk–)
β + t

β

k }

 – L
,

which implies that

∣

∣x(t) – x(t)
∣

∣ ≤ cf ,β ,gε

for all t ∈ J and  < β ≤ , with

cf ,β ,g =
[ 
Ŵ(β+)

{Tβ + (tk – sk–)
β + t

β

k }]

 – L
,

where tk , sk– are considered to be maximum values and

L = max

{

K̄f

Ŵ(β + )

(

s
β

k + t
β

k

)

+
Lξk

Ŵ(β + )
(tk – sk–)

β
∣

∣

∣
k = , , . . . ,m

}

< .

Hence problem (.) is Ulam-Hyers stable. �

Remark . If λf ,β ,g(ε) = cf ,β ,gε with λf ,β ,g() = , then problem (.) is generalized Ulam-

Hyers stable.

5 Examples

In this section we show the applicability of our main results by providing some examples.

Example . Consider

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

cD


,ty(t) =

|y(t)|+|cD


,ty(t)|

(+et )(+|y(t)|+|cD


,ty(t)|)

, t ∈ (, ]∪ (, ],

y(t) = I


,ξ(t, y(t)) =



Ŵ(  )

∫ 


( – s)

–
 log |y(s)|ds, t ∈ (, ],

y() = I


,η(t, y(t)) =



Ŵ(  )

∫ 


( – s)

–
 cos |y(s)|ds,

(.)

where cD


,t is the Caputo fractional derivative of order 


with lower limit ,  = t < s =

 < t =  < s =  and J = [, ].
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And

⎧

⎪

⎪

⎨

⎪

⎪

⎩

|cD


,tx(t) –

|x(t)|+|cD


,tx(t)|

(+et )(+|x(t)|+|cD


,tx(t)|)

| ≤ εφ(t), t ∈ (, ]∪ (, ],

|x(t) – 

Ŵ(  )

∫ 


( – s)

–
 log |x(s)|ds| ≤ εψ , t ∈ (, ],

with condition

x() = I


,η

(

t,x(t)
)

=


Ŵ( 

)

∫ 



( – s)
–
 cos

∣

∣x(s)
∣

∣ds.

Denote the continuous functions f , ξ and η as follows:

f
(

t, y(t), cD
β
,ty(t)

)

=
|y(t)| + |cD



,ty(t)|

( + et)( + |y(t)| + |cD


,ty(t)|)

, t ∈ (, ]∪ (, ]

with K̄f =


and L̄f =



,

ξ
(

t, y(t)
)

= log
∣

∣y(t)
∣

∣, t ∈ (, ]

with Lξk = ., for k = ,  and

η
(

t, y(t)
)

= cos
∣

∣y(t)
∣

∣, t ∈ [, ]

with Lη = ..

We put γ = 

, ε = ψ = 


, φ(t) = et and cφ = cβ = 


, we have

(∫ t



(

es
)
ds

)



≤




(

et
)

= et , t ∈ [, ]

and

(∫ t



(

cD


,te

s
)
ds

)



≤




(

et
)

= et , t ∈ [, ].

From the above considerations, we clearly see that (A)-(A) are satisfied.

As

L = max

{

K̄f cφ + L̄f cβ

Ŵ(β)

(

 – γ

β – γ

)–γ
(

s
β–γ

k + t
β–γ

k

)

+ Lξk

∣

∣

∣
k = , 

}

,

L =

{

K̄f

Ŵ(β + )

(

s
β
 + t

β


)

+ Lξ

}

.

By putting the above values, we get L = max{., .} ≈ . and L =

.≈ ., so L = . < .
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By Theorem ., there exists a unique solution x : [, ] →R such that

x(t) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩



Ŵ(  )

∫ t


(t – s)

–
 (

|x(s)|+|cD


,tx(s)|

(+es)(+|x(s)|+|cD


,tx(s)|)

)ds

+ 

Ŵ(  )

∫ 


( – s)

–
 cos |x(s)|ds, t ∈ [, ],

I


,(ξ(t,x(t))) =



Ŵ(  )

∫ 


( – s)

–
 log |x(s)|ds, t ∈ (, ],



Ŵ(  )

∫ t


(t – s)

–
 (

|x(s)|+|cD


,tx(s)|

(+es)(+|x(s)|+|cD


,tx(s)|)

)ds

+ 

Ŵ(  )

∫ 


( – s)

–
 cos |x(s)|ds

+ 

Ŵ(  )

∫ 


( – s)

–
 (

|x(s)|+|cD


,tx(s)|

(+es)(+|x(s)|+|cD


,tx(s)|)

)ds, t ∈ (, ],

(.)

and

∣

∣x(t) – x(t)
∣

∣ ≤
[.] 


(et + 


)

 – .
≈ .

{





(

et +




)}

,

which implies that problem (.) is Ulam-Hyers-Rassias stable.

Remark . If we set ε = , then problem (.) is generalized Ulam-Hyers-Rassias stable.

Example . Consider problem (.) and

⎧

⎨

⎩

|cD


,tx(t) – f (t,x(t), cD



,tx(t))| ≤ ε, t ∈ (, ]∪ (, ],

|x(t) – I


,ξ(t,x(t))| ≤ ε, t ∈ (, ],

with condition

x() = I


,η

(

t,x(t)
)

=


Ŵ( 

)

∫ 



( – s)
–
 cos

∣

∣x(s)
∣

∣ds.

The continuous functions f , ξ and η are defined as follows:

f
(

t, y(t), cD


,tx(t)

)

=
|x(t)| + |cD



,tx(t)|

( + et)( + |x(t)| + |cD


,tx(t)|)

, t ∈ (, ]∪ (, ]

with K̄f =


and L̄f =



,

ξ
(

t,x(t)
)

= log
∣

∣x(t)
∣

∣, t ∈ (, ]

with Lξk = ., for k = ,  and

η
(

t, y(t)
)

= cos
∣

∣y(t)
∣

∣, t ∈ [, ]

with Lη = ..
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We put γ = 

and ε is any positive real constant, i.e., ε > . From the above considera-

tions, we clearly see that (A)-(A) are satisfied.

As we have

L = max

{

K̄f

Ŵ(β + )

(

s
β
 + t

β


)

+
Lξ

Ŵ(β + )
(t – s)

β

}

.

By putting the above values, we obtain L ≈ . < .

In view of Theorem ., there exists a unique solution x : [, ]→R satisfying Eq. (.)

and

∣

∣x(t) – x(t)
∣

∣ ≤ cf ,β ,gε, t ∈ J

with

cf ,β ,g =



Ŵ(  )
(


 + ( – )


 + 


 )

 – .
≈ . > ,

which implies that

∣

∣x(t) – x(t)
∣

∣ ≤ (.)ε.

Thus problem (.) is Ulam-Hyers stable.

Remark . If we consider λf ,β ,g(ε) = cf ,β ,gε, i.e., λf ,β ,g(ε) = (.)ε with λf ,β ,g() = , then

problem (.) is generalized Ulam-Hyers stable.

6 Conclusion

In view of generalized Diaz-Margolis’s fixed point theorem, we established sufficient con-

ditions for the existence and uniqueness of the solutions of problem (.) and proved dif-

ferent types of Ulam stability results for nonlinear implicit fractional differential equations

of problem (.), taking into account the Caputo fractional derivative and its two proper-

ties, i.e., Caputo fractional derivative is a linear operator and its derivative of a constant is

zero.
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