Ultimate Intrinsic Signal-to-Noise Ratio in MRI

Ogan Ocali, Ergin Atalar

A method to calculate the ultimate intrinsic signal-to-noise
ratio (SNR) in a magnetic resonance experiment for a point
inside an arbitrarily shaped object is presented. The ultimate
intrinsic SNR is determined by body noise. A solution is ob-
tained by optimizing the electromagnetic field to minimize
total power deposition while maintaining a constant right-
hand circularly polarized component of the magnetic field at
the point of interest. A numerical approximation for the opti-
mal field is found by assuming a superposition of a large
number of plane waves. This simulation allowed estimation of
the ultimate intrinsic SNR attainable in a human torso model.
The performance of six coil configurations was evaluated by
comparing the SNR of images obtained by the coils with the
ultimate values. In addition, the behavior of ultimate intrinsic
SNR was investigated as a function of main field strength. It
was found that the ultimate intrinsic SNR increases better
than linearly with the main magnetic field up to 10 T for our
model. it was observed that for field strengths of 4 T or higher,
focusing is required to reach the ultimate intrinsic SNR.

Key words: SNR optimization; RF coil design; skin effect;
focusing

INTRODUCTION

A fidelity measure that is independent of imaging param-
eters and the signal processing system is needed to com-
pare and evaluate magnetic resonance (MR) sensors ac-
curately. Such a measure is the intrinsic signal-to-noise
ratio {SNR), defined for a given sample-antenna combi-
nation as the MR signal voltage received from a 1-cm
cube of sample divided by the root-mean-square (RMS)
noise voltage received per square-root hertz of band-
width (1). In modern MRI systems, intrinsic SNR is the
limiting factor in image quality. Intrinsic SNR depends
on the coil geometry even if the coil noise is excluded.
The ultimate possible value of intrinsic SNR for a sample
with given shape and electrical properties, however, is
independent of coil design. By comparing the ultimate
intrinsic SNR value with the intrinsic SNR of a coil under
development, the coil designer can decide whether there
is room for further improvement.

In addition, knowledge of the ultimate intrinsic SNR
value can be used to determine the achievable SNR val-
ues as a function of the field strength. At each field
strength a different coil configuration may be optimum. It
is reasonable to assume that coils that perform close to
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the optimum will be used for each field strength. Hence,
in comparing different main field strength systems the
ultimate intrinsic SNR is a helpful measure.

For a fixed receiver coil configuration, quasistatic anal-
ysis predicts that the intrinsic SNR is linearly dependent
on the main magnetic field strength, since, under quasi-
static conditions, both MR signal and power loss increase
with the square of field strength (1, 2). Quasistatic anal-
ysis yields accurate results only for low field strength in
which the wavelength is much larger than the body size.
At high field strengths, the MR signal has to traverse
lossy media before reaching the MR antenna, which
causes a signal drop, called the skin effect. In addition,
the phase of the signal from different parts of the sample
will deviate (3, 4). Contrary to what might be assumed,
the skin effect may give rise to an increase in SNR if the
point of interest is close to the surface of the sample by
effectively screening the noise that is generated inside
the sample (5). When the point of interest is in the center
of the sample, however, it might seem that intrinsic SNR
would be less than linearly dependent on magnetic field
strength. In this paper, we show that this assumption is
incorrect.

The noise level is determined by dissipative power
losses in the system. There are various dissipation mech-
anisms that cause power loss, including conductor
losses, body losses, and radiation losses. Each loss mech-
anism contributes to the resistance in the equivalent
circuit. For properly designed systems, the limiting loss
mechanism (most significant noise source), should be the
body losses. Other losses can be reduced to insignificant
levels by use of proper materials, carefully designed coil
geometry, and low-noise electronic components. The ul-
timate value of the intrinsic SNR depends only on body
losses.

For a given body shape, a straightforward approach to
SNR optimization is to design the receiver antenna with
a number of unknown parameters (height, radius, etc.),
calculate the SNR parametrically, and determine the op-
timal values for those parameters. However, in the pro-
cess, one has to solve the associated electromagnetic field
equations in terms of unknown parameters, which is a
formidable task even for the simplest of shapes and even
with simplified approximations. Hence, the common ap-
proach is to assume quasistatic conditions and body
shape to be a semi-infinite plane (2, 6, 7), or an infinite
length cylinder. However, as we will show, these as-
sumptions lose validity even at moderate field strengths
(=0.5 T). Moreover, this approach gives optimal SNR for
only the chosen antenna configuration, which must be
determined carefully before the parametric optimization.

We solve the problem for an arbitrary body shape with
uniform electrical properties. Although the second as-
sumption is unrealistic, if the wavelength is larger than
the internal structural heterogeneity dimensions or the
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differences in electrical properties are not too great, this
assumption is valid.

The intrinsic signal and noise voltages can be deter-
mined with only the knowledge of the electromagnetic
fields generated by the receiver antenna when it is used
as a transmitter antenna using the reciprocity principle
(5). When body noise is predominant, SNR optimization
is equivalent to the constrained optimization problem of
minimizing total power deposited in the body, under the
constraint of having a fixed value for the transverse,
circularly polarized component of the magnetic field at
the point of interest. Therefore, instead of parametrically
optimizing the receiver antenna, we perform the optimi-
zation over the electromagnetic field, regardless of the
receiver antenna structure. Surprisingly, the problem of
determining the optimal electromagnetic field is a much
easier task than determining the electromagnetic field
generated by a given MR coil. The solution to the above
optimization problem gives us the electromagnetic field
generated by the optimal MR coil when used as a trans-
mitter antenna. The optimal electromagnetic field de-
pends on the location of the point of interest as well as
the shape and electromagnetic properties of the body.

We assume that the optimal electromagnetic field can
be expressed as a linear combination of a finite number of
plane waves, which serve as basis functions. The optimi-
zation problem then becomes that of determining the
optimal weight of each plane wave. In terms of mathe-
matical operations, this method is equivalent to deter-
mining the optimal weights of a linear array of coils of
which each coil generates one of the plane waves when
used as a transmitter with unity current at its terminals.

THEORY

The signal voltage amplitude from a 1-ml voxel of sample
in an MRI experiment is given as

vs = wu/H- M| [1]

using the reciprocity principle (5). vg is the signal volt-
age, M is the total transverse nuclear magnetic moment
vector in 1 ml of sample, p is the magnetic permeability
of the sample, o is the operating Larmor frequency of the
nuclei of interest, and H is the magnetic field generated
by the coil at unit input current. In Eq. [1], H and M are
complex valued, phasor domain vectors, and their inner
product is considered.

Assuming the main magnetic field is in the z direction,
we can write the magnetic moment of the sample voxel as

M = My, — jM,ii,

which corresponds to a time domain rotating magnetic
moment of

M(t) = M, cos(wt + )b, — M, sin(wt + ¢)&,

¢ being an arbitrary reference phase. M, is the instanta-
neous magnitude of the time domain magnetic moment
in the sample voxel, immediately after the application of
an ideal 90° pulse. The signal drop due to finite values of
T, and T, are not included in M.
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H can be decomposed into its right- and left-hand
circularly polarized components

H=H,4, + H._

where the unit right- and left-hand polarized vectors are
given as @, = (@, * ji,)/J2 and the right- and left-hand
polarized components of H H. = (H, * H)/;2. The
signal voltage in Eq. [1] can be expressed in terms of M,
and the right-hand circularly polarized component of the
magnetic field as

v, = \2ZouMH, (2]

The RMS noise voltage per one square-root Hertz can
be calculated as

Vn = \4kBTR, [3]

where kg is the Boltzmann constant, T is the sample
temperature, and R is the real part of the input imped-
ance seen from the input terminals of the coil. The in-
trinsic SNR becomes (1)

¥ = E«_I—Ii [4]
VN \/;?

The only coil-dependent parameters that affect the
SNR are R and H, . To improve SNR we must increase H
and decrease R, which are usually conflicting goals in
receiver coil design.

Note that the observed SNR in the resulting images is
given as

V{N,N, NEX

W (5]

where F > 1 is the system noise figure, V is the sample
volume in milliliters, where NEX is the number of image
repetitions, N,, N, are the number of readout points and
phase encoding steps, respectively, and *BW is the re-
ceiver bandwidth. Observe that this expression accounts
for the noise reduction due to effective data averaging
that is performed during image reconstruction. In prac-
tice, where magnitude images are displayed, SNR on the
images approach the value given by Eq. [4] only at the
bright locations where SNR is large (8).

The value of R in Eq. [3] can be found by evaluating the
total dissipated power when the MR receiver is used as a
transmitter antenna with unit current at its terminals,

SNR =¥

R= Ploss [6]

In mechanisms causing power loss, only body noise
determines the ultimate value of the intrinsic SNR.

Assuming that the body does not contain any lossy
magnetic material, which is a good approximation for
living tissue, the power deposited in the body can be

evaluated as
Ruogy = J |E(r)]? o dv [7]
b

ody
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where E(r) denotes the electric field at point r, o is the
conductivity, and the integral is evaluated over the body
volume.

To find the ultimate possible value of intrinsic SNR,
we minimize the value of R,.q, while having a fixed
value of signal voltage, v,, in Eq. [4]. The optimization is
performed over the electromagnetic field set up by the
antenna when it is used to transmit with unit current at
its input.

We assume that the main magnetization is parallel to
the z axis. The optimization is performed over electro-
magnetic fields E(r) and H(r) that satisfy the phasor do-
main Maxwell’s Eg. [9] inside a given body shape:

v X H(r) = (o + jwe)E(r) [8]

v X E(r) = — jou H(r) [9]

The optimal electromagnetic field can be scaled arbi-
trarily without changing its optimality, allowing us to
normalize the right-hand circularly polarized component
of the magnetic field at the point of interest, r,, to unity,
e.g., H (r;) = 1.

It can be shown (Appendix A) that the problem of
determining the ultimate SNR is reduced to finding H(r),
E(r) such that for all test fields, H,, E1, that also satisfy
the Maxwell’s equations, the following equation holds:

J E*(r)Er(r)odv = A(Hr,(ry)) {10]
body

where

A= j |E(r)|*0 dv [11]
body

and H;, denotes the right-hand circularly polarized
component of the test magnetic field. Observe that A is
independent of the test field, Hy, E,, and the optimality
condition provides a relationship between all test fields
and the optimal field, H(r), E(r).

If the optimality condition is satisfied, SNR cannot be
improved by the addition of any coil, nor by any means
of signal combination.

The aim of this method is to determine the electromag-
netic field that satisfies this optimality condition. To that
end we approximate the solution as a superposition of
modes (basis functions) with unknown coefficients
(weights) as in the mode matching method (MMM),
which is used in analysis of electromagnetic wave prob-
lems (10). In the MMM, the weights are determined by
using the boundary conditions, whereas in our method
the weights are determined by using the optimality con-
dition. The reliability of the modal expansion depends
on the type of problem and the chosen basis functions. A
rigorous analysis of reliability and practicability of vari-
ous mode sets for various problems is given in ref. 10.

For our problem, in the interior of a given source-free
finite volume, assuming a homogeneous medium, it is
possible to express the electromagnetic field solution as
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an infinite linear combination of plane waves (10-12):

Y

E(r) = Y, aEfr) [12]

i

o

H(r) = D, oH{r) {13]

i

where E{r) and H;(r) represent RMS electric and mag-
netic fields associated with the i/ mode, which we as-
sume to be a plane wave propagating in the k; direction

Ei(r) = E;pe kilgit [14]
H;(r) = Hype title/et [15]

where E,,, H,, are constant vectors and are related to k; by
Maxwell’s equations, and «; are gains associated with
each plane wave. Unlike the mode matching method, we
use the optimality condition to solve for the unknown
weights. For each propagation direction two plane waves
of orthogonal polarizations are included in the mode set.
Equivalently each propagation direction is repeated in
the mode set with different E;, and H;,.

To make the problem amenable to numerical compu-
tation, we assume that the solution can be expressed as a
linear combination of a finite number of plane waves,
simply by restricting the upper limit of the summations
in Egs. [12] and [13] to a finite number. Note that any
required precision can be achieved by increasing the
number of modes. Also note that it is possible to choose
other sets of vector basis functions for special cases to
improve speed and accuracy, e.g., Bessel functions for
cylindrical symmetric problems or spherical harmonics
for a sphere, etc. (10). In our examples the plane waves
are preferred because of their completeness and simplic-
ity. Results of numerical computations suggest that the
plane wave expansion is a good approximation when the
point of interest is more than 0.01 wavelengths away
from the boundaries.

We assume that the body under consideration has a
magnetic permeability equal to that of free space; thus,
inserting Egs. [14] and [15] into Maxwell’s Eqs. [8] and
[9] (each individual mode has to satisfy Maxwell’s equa-
tions) one obtains

1
H;o = - k; X Ej [16]
J@ o
ki-ki= — joplo + joe) [17]
Eig * k,' =0 [18]

We choose the wave vectors k; as

= | . 3
k= ki~ jopilo + joe] 191

where k; is a real unit vector in the three dimensions for
each i. The two polarization directions for each wave
vector can be chosen arbitrarily, as long as they are or-
thogonal to each other.
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One may interpret each k; vector as a directional an-
tenna placed far away from the body pointing toward the
body. The direction of plane waves, k;, must be chosen
such that the plane waves set achieves good coverage of
the search space. We distribute the wave vectors over the
surface of a sphere evenly.

Once the directions and the number of plane waves are
selected, assuming that o is independent of position,
body neise resistance can be written as

Hbody =0 f ”E(I‘)”de [20]
body
=0 j 1> aEf(r)|2dv [21)
body 1
=> 2> 04?01,'{J' Ei(r)*E(r}dv} (22]
i j body
= a*"Ra [23]

where a = [a,, a,, * - -, a,]" is the coefficient vector, each
element is the weight of the corresponding plane wave,
and R is the noise correlation matrix related to the plane

waves (13)
i = 0 J
b

Finding the ultimate intrinsic SNR becomes a task of
minimizing the total power loss or the equivalent noise
resistance

Ei(r)*Ej(r)dv [24]
ody

R, = min o*TRa [25]

subject to

H.(r)) = 2, a;H;.(r,)) =ba =1 [26)

i

where the computation of R, b = [H,,, H,; ., Hyy, .. .,
H,_]1is presented in Appendix B for various shapes. The
optimal gain vector, «,y,, is then computed as

R*lb*T

bR-b* 127]

aopt =

Finally the value of the total dissipated power or the
noise resistance, R, is found by

1
Rmin = agpt l{aopt = W [28]

from which the value of the ultimate intrinsic SNR can be
determined as

¥ _ \/gle“OMO

max [29]
vakp TR nin
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ALGORITHM

Determination of the maximal SNR and the optimal elec-
tromagnetic field is performed as described in the follow-
ing steps: (1) (Input) Obtain the shape and electrical
properties of the object at the operating frequency; (2)
Select wave-vectors, k;, as in Eq. [19] and polarization
directions; (3} Set up the matrix R in the linear equation
as shown in Eq. [24] and Appendix B, or follow the lines
of Appendix B numerically; (4) Set up the matrix b as in
Eq. [26] using the coordinates of the point of interest, at
which SNR will be optimized; (5) Solve the equations to
get the optimal coefficient vector, «, as in Eq. [27]. (6) If
desired, determine the electromagnetic field as the opti-
mal linear combination of the plane wave modes as in
Egs. {12] and [13]. (7) Find the value of &, ,, using Eq.
[28]. (8) Repeat steps 47 for all desired points of interest
to get a map of ultimate SNR.

In step 2, as the number of plane waves grows, the
resulting set of equations will be more difficult to solve
numerically, because each mode will have closer neigh-
bors and the equations will be closer to being linearly
dependent. As the number of modes increases, the nu-
merical precision of the computer operations must in-
crease. Conversely, the number of modes chosen should
be as high as possible to avoid discretization errors. As
the number of modes decreases, the precision of approx-
imating the solution as a linear combination of the cho-
sen modes will decrease. As the number of modes in-
creases, the resulting SNR eventually saturates (when
using double precision number representation), usually
before the point where the solution to the linear equation
set becomes impossible due to numerical errors such as
truncation and round-off.

In step 3, the matrix R is conjugate symmetric, hence
only about half of the elements are actually calculated,
and the rest of the matrix elements are determined by
complex-conjugation. For step 5, we recommend the use
of a high precision linear equation solver. This equation
set is inherently difficult to solve. The numerical errors
can be decreased either by decreasing the number of
modes or increasing the precision of the number repre-
sentation.

A A4

\/ ~

FIG. 1. Human torso model. The cylinder has an elliptic profile and
is filled with a NaCl solution.
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FIG. 2. Optimal value of the intrinsic SNR versus number of modes
used in the simulation. Note the saturation after number of modes
exceeds 200.

APPLICATIONS
Coil Performance Map

The ultimate intrinsic SNR provides a useful absolute
reference value for coil performance evaluation. In gen-
eral, ultimate intrinsic SNR is a position-dependent
number; thus, at each point the relative performance of a
given coil to the optimal field is different. We propose
the use of a coil performance map (CPM), which is de-
fined as the ratio of the actual obtained SNR to the
ultimate intrinsic SNR as a function of space. This map
provides position-dependent relative performance infor-
mation. Using this information, it is possible to make
various design decisions, such as element size and place-
ment, or to determine the best place to use the coil.

We performed ultimate intrinsic SNR computations for
a human torso model. The model was a finite cylinder
with an elliptic profile, filled with a material that had
conductive loss and dimensions similar to that of an
adult human torso, as seen in Fig. 1. We took the effective

0.05f

Y Coordinate (m)}

3.5e+04
-0.05
7e+04

-0.15 -0.1 -G.05 [ 0.05 0.1 0.15
X Coordinate (m)

FIG. 3. Uitimate intrinsic SNR as a function of position of the point
of interest inside the torso model.
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conductance as o = 0.37 (Qum)~* as representative of
average human tissue conductivity and assumed a proton
MR susceptibility of 3 X 107°, which is very close to that
of water (14). We used a relative dielectric constant of
77.7.

We placed the torso axis in the z direction, parallel to
the main magnetic field, and the long axis of the ellipse
was in the x direction. We took the points of interest
axially in the x-y plane at the midsection of the torso. We
chose the number of modes in the computations in a

FIG. 4. The right-hand polarized component of the magnetic field
(sensitivity} in the solution field for the point of interest (a) at the
center, (p)atx =7,y =0cm, (c) at x = 0, y = 5 cm. Note that in
the optimal field the sensitivity has a maximum at the edge closest
to the point of interest.
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FIG. 5. The human torso phantom with a gpflex coil placed at the
midsection. The surrounding rings are for mechanical stability.

range of 200-500, depending on the point of interest. In
Fig. 2 the optimal value of the intrinsic SNR, as the result
of the simulation at x = 5 cm versus number of modes at
1.5 T is shown. From this plot, it is seen that the optimal
intrinsic SNR saturates after the number of modes ex-
ceeds 200-300. The value of the ultimate intrinsic SNR
versus point position at 1.5 T is shown as a contour map
in Fig. 3. At the points very close to the surface (=1 cm),
the R™* b calculation gave large numerical errors before
reaching the steady-state values of the ultimate intrinsic
SNR; thus, the results in that crux are unreliable. Observe
that the ultimate intrinsic SNR increases as the point of
interest gets closer to the surface of the sample. Also note
that for each different point, the simulation results in a
different optimal electromagnetic field, meaning that for
each point of interest there is a unique coil configuration
that optimizes the SNR. In Fig. 4 we depict the right-hand

Signa 1.5T SYSMRO10CO JOHNS HOPKINS 1
A200 atalar/ocali

usnr-

FSE
TR:6000
BTE: 15/Ef
VEC:1/1 16kHz

BODY
FOV:40x40
1.5thk/2.5sp
1/02:00
ESGN?SG!I. NEX

(%]
= 3336 L = 1453

FIG. 6. Torso phantom image using body coil.
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polarized component of the magnetic field in the x, y
field, as an intensity map at 1.5 T for three different
points of interest. These maps provide an intuitive idea
about the coil structure and placement necessary to
achieve the ultimate intrinsic SNR.

We next constructed a phantom whose dimensions
matched the torso model (see Fig. 5). The phantom was
filled with tap water, and 76.6 g of NaCl was added for
electrical loading. With this loading, the normality of the
salt became 0.0322 Eq/liter. Using modified Stogyrin ex-
pressions (15), we obtained a conductance of o = 0.372
and a relative dielectric constant of €, = 77.7, which lie in
the human tissue parameter range at 1.5 T. The phantom
was constructed of Plexiglas because of its ideal mechan-
ical and electrical properties. The phantom was imaged
using various coils, with a pulse sequence that mini-
mized T,, T, effects. We used a fast spin echo sequence
with a TR of 6 s and a TE of 14 msec, 256 X 256 data
acquisition matrix, and 1 NEX. The images of the torso
phantom using the body coil, a 5-inch dual coil with two
different coil placements, a commercial flexible coil from
GE (gpflex), and an optimized experimental cardiac
phased array (16) at 1.5 T using a GE Signa Horizon
system are shown in Figs. 6-10.

To measure the noise level, a difference image is ob-
tained by subtracting the original image from another
image of the same slice taken with the same imaging
parameters immediately after the first image to minimize
possible instability artifacts. The standard deviation is
calculated in an artifact-free region of interest of the
difference image.

To convert from intrinsic SNR to image SNR, we used
Eq. [5], with a receiver bandwidth of =16 kHz and a
256 X 256 acquisition matrix. The pixel volume was
0.16 X 0.16 X 0.15 ml. Naturally, we expect the CPM to
have values between 0 and 1.0 at all points. The GPMs of

FIG. 7. Torso phantom image using a 5-inch dual coil placed at top
and bottom.
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FIG. 8. Torso phantom image using a 5-inch dual coil placed at the
side.

the above-mentioned coils are found by using the SNR
from the images in Figs. 6—10 and are shown in Figs.
11-15. From these CPMs we can determine the point
where the coils get closest to the ultimate performance
and how much room there is for further improvement.
The cardiac array coil (16) has a point around the heart
location at which it achieves almost 80% of the ultimate
performance. This performance is very high, considering
that we did not incorporate the system losses nor T, and
T, effects. The TR/TE choices of 6 s/14 msec minimize
the T,, T, effects, and there is some uncertainty in the
MR susceptibility and actual SNR measurements. Yet for

atalar/ocali

FIG. 9. Torso phantom image using gpflex coil.
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the cardiac phased array, we can safely state, based on its
CPM, that there is not much room for further improve-
ment. For the dual coil in the top-down arrangement, we
observe that there are two distinct peaks in the CPM,
which indicate that the coils are either too small or they
are separated too much. Note the increase in the CPM
when the dual coils are brought closer to the side. Body
coil performance is best at the center, but performs less
than 36% at all points.

Skin Effect versus Focusing at High Field Strength

We performed simulations for the human torso model
described above, with the point of interest at the center of
the torso. We calculated the ultimate intrinsic SNR ver-
sus the main magnetic field strength for various values of
the effective conductivity (see Fig. 16). Effective conduc-
tivity of various types of human tissue lies between 0.2
and 1.4 {m) ! at the frequencies of interest, and in this
region our simulations show that ultimate intrinsic SNR
increases faster than linearly with the main magnetic
field strength below 10 T.

For the case in which effective conductivity equals 0.2
(Qm)™", the ultimate intrinsic SNR dependence on B,
changes from a linear relation, predicted by quasistatic
analysis, to an almost cubic relation around B, = 2 T.
This high increase is due to the focusing effect, which is
best demonstrated by comparing the sensitivity maps in
Fig. 17 at 4.7 T and 10 T with the sensitivity map at 1.5
T (Fig. 4a). Observe that the optimal electromagnetic
field is focused at the center, which is our point of
interest. Also observe the decrease in focus size as B, is
increased to 10 T. At high frequencies the wavelength
and the focus size become less than the torso dimensions,
and the antenna becomes sensitive to noise generated in
a small volume of the sample.

FIG. 10. Torso phantom image using cardiac phased array coil.
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FIG. 11. CPM of body coil.

At low main field strengths (<0.5 T}, the value of the
ultimate intrinsic SNR is inversely proportional to the
square root of the effective conductance, as seen in
Fig. 18 (a line with —0.5 slope in a log-log scale). This
indicates that the optimal electromagnetic field is almost
independent of the conductance, and hence the noise
resistance is almost linearly on o. At high field strengths
ultimate intrinsic SNR decreases almost exponentially
with increasing conductance because of the skin effect,
as seen in Fig. 19 (almost linear dependence in a log-
linear scale). In our plots the ultimate intrinsic SNR has
a maximum in the range of 0.2-10 T only for s = 3.2 and

0.4 T T T T T T T
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FIG. 12. CPM of 5-inch dual coil placed at top and bottom of the
forso phantom.
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s = 3.8 (Am)*, well above the human tissue conductiv-
ity range.

For our torso model, even when the point of interest is
in the center, our results favor the use of high main field
strengths. As the point of interest moves closer to the
surface, the advantage of a high field strength system will
increase. However, to use this advantage, we need coils
with focusing capability that are not yet available. As the
material conductivity exceeds 2.6 (Qm) ' or the body
size increases, higher field values will lose their appeal
in terms of the ultimate value of intrinsic SNR. Note that
this analysis ignores T, and T, relaxation effects, which
are also significant when comparing different field
strengths but are beyond the scope of this work.

CONCLUSIONS

A method to calculate the ultimate possible value of the
intrinsic SNR for given shapes of homogeneous materials
with finite volume is presented. We use exact solutions
of Maxwell’s equations, and the ultimate intrinsic SNR
value is determined for totally external sensors.

We compared experimental results from actual coils
with the ultimate intrinsic SNR maps. The ultimate in-
trinsic SNR was used as a reference value in evaluating
performances of actual coils and can be used to make
design decisions.

The method was then used for comparison of different
field strength systems. In terms of ultimate performance,
high field strength systems offer more than expected. Our
calculations show that the ultimate performance is
achieved by focusing the electromagnetic field at the
point of interest to compensate for the loss of signal
caused by the skin effect. Using this method, we also find
the electromagnetic field generated by the optimal MR
coil.
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FIG. 13. CPM of 5-inch dual coil placed at the side of the torso
phantom.
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APPENDIX A

We will prove that the optimal electromagnetic field
must satisfy Eq. [10], which we repeat here

JU E*(r)Ef(r)dv = A(Hr.(ro)) (A1]

body

A= Ja |E(r)|*dv [A2]

body

where Er(r), H(r) are arbitrary test fields that also satisfy
Maxwell’s equations. To that end, we will show that if
Eq. [10] is not satisfied for at least one test field, E(r),
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FiG. 15. CPM of cardiac phased array.
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H.(r), then we can improve the original electromagnetic
field by adding a small amount of the test function,
hence, a contradiction. The test field can be thought of as
the electromagnetic field of a potential additional coil; if
the optimality condition is not satisfied, we show that it
is possible to improve SNR by using the information
obtained by the additional coil as an additional element
in a linear array.

If the optimality condition is violated for this test field,
that is, if

Ja E*(r)Ef(r)dv = A (Hp(rg), A # A [A3]
body

then consider the new electromagnetic field, E(r), H.(r),
which is an € parametric linear combination of the orig-
inal and the test field

_ E(r) — e[(A' = }) Hr(rp) |*Ex(r)

E.(r)
1 — e[ (A — A) Hp(x0) 1* Hy. (ro)

He(l‘) _ H(r) - 6[()\ - )\) HT*(I‘U)]*HT(I‘) [AS]
11— E[()\, — )\) HT+(I‘0)]*HT+(110)

Because E_(r), H.(r) is a linear combination of the
original and the test electromagnetic fields, and both
satisfy Maxwell’s equations which are linear, the new
electromagnetic field also satisfies Maxwell’s equations.
Moreover, the new magnetic field at the point of interest
is

H..(r) = H.(rg) — e[(A — A) Hyi(ro)]* Hy o (xo) (A6]
1 — (A" — A) Hyy (vo)]* Hr4 (1)

=1 [A7]
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FIG. 16. Ultimate intrinsic SNR versus main field strength at the
center of the human torso model for different values of effective
conductance s.
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b

FIG. 17. The right-hand polarized component of the electromag-
netic field (sensitivity) optimized at the center of the torso for main
field strength () 4.7 T, (b) 10 T. Note the decrease in the focus size
as the field increases.

which is true for all values of ¢, because the original
electromagnetic field has a unity sensitivity at the point
of interest.

Calculating the deposited power for the new combined
field we find

J o EXr)E/r)dv

body

J'G [E*(r)E(r) — e[(A" = A) Hri(rg) JE*(r) E4(r) Jdv

body

|1 —€e[(A" = A) HT+(1'0)]*HT+(I'0)|Z

JO e[\ = A) Hro(ro) JE(r) E(r)dv

_ body [AB}

ll —€[(A —A) HT+(1'0)]*HT+(I'0)|2

f” |€[()\, - )\)HT+(I'0)]*ET(I‘)|ZdV
body

|1 — el (A" = A) Hra(x0)]* Hra (1) [°
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By performing a Taylor expansion of Eq. [A8] in powers
of €, and dividing both sides by o one obtains

f o EXr)E[(r)dv
body [AQ]

=\ — 2€[(A" — A)Hy (1y)]* + C(e?)

where O(e?) takes the terms with second or higher powers
of € into consideration. Hence, the deposited power for
the new combined electromagnetic field can be made less
than that of A by choosing € > 0 sufficiently small, and
the new field is better than the original field in terms of
SNR.

APPENDIX B

The entries of the R matrix (noise correlation matrix) can
be computed as follows.

I?ﬁ = .[
b

and the row vector, b € €7, (sensitivity matrix) as
follows:

E,(r,)*E{(r,)dv, (B1]

ody

b; = H;,(ry) [B2]

where H;, denotes the right-hand circularly polarized
component of the H field of the /* mode in the x, y plane.
With our definitions of the modes it becomes

Hy. + jH,
H,, = 2 L0 (B3]
2

10* T
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FIG. 18. Ultimate intrinsic SNR versus effective conductance at
low main field strength (0.2 T). Observe that the log-log plot has
about —1/2 slope, which is in accordance with the quasistatic
assumptions.
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FIG. 19. Ultimate intrinsic SNR versus effective conductance at high main field strength (10 T). Note the exponential dependence of the

ultimate intrinsic SNR on the conductance indicating the skin effect.

For a cube centered at the origin with edges of 2 * |
length, the computation of Ry, is as follows, using Eq. [24]

Bij =g J E,-(I‘p)*El-(I‘P)de [B4]
body
= oE}Ej J g Miklrgy (Bs]
body
= oE}Ej Dikj, — k1) Di(kj, — k%) Di(k;, — k3,) (B8]

where k;, k,,, k,;, € € denote the x, y, zcomponent of the
th

i wave vector and the function D/ - ) is given as

2 sin{al)
Dfa) = ———— [B7]

o

and if the parameter « equals zero, D, takes the value 21.
Observe that k,,, k;,, k;, may take complex values. In that
case we adhere to the definition of sinus function

e]x _ evjx
sin(x) = ——— (B8]
2)

This computation is easily extended to a filled rectangu-
lar box by simply scaling the axes. Observe that comput-
ing R is equivalent to evaluating the 3D Laplace trans-
form of a function that has the value, oEj, Ej, inside the
body and 0 outside the body.

In the case of a filled cylinder with a circular profile,
the computation of b is exactly the same. Assuming a
length of 2*] along the z direction, with radius, r,,

R;=oE}E f e Jlo~kirqy [B9]

body

1 . .
= UE?() . Ejo f eﬂ(ka—lcz) 7dz
—~1
(B10]

vy 2
. fr rdrj i o~ /ltkix—k)cos(8)+ (kiy— kj)sin(6)]
0 0

2
= oE% - Ejp Di(k;, — k7, z \/;:rch(krc) (B11]

where J,( - ) denotes the first-order ordinary Bessel func-
tion [17], and k = [(k;, — k7)* + (k;, — k},)%1"2

In the case where the profile is elliptic, defined by the
equation

[B12]

the computation of the b matrix is the same, but for
computation of the R matrix we must make the scaling
coordinate transformation

x' = [B13]

which gives us the result

2
Rj]‘ = O'E:‘O ‘ E]O Dl(kjl - kfz E \/;rcll(k,rc)
[B14]

where k' = [c?(k; — k3,07 + (k;, — k3)*1Y2

Because the medium is lossy, the wave vector is, in
general, complex valued. Thus, we must evaluate the
Bessel function for complex arguments. We use a series
approximation for the Bessel function (17).
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