
A. Brodeur and S. L. Chin Vol. 16, No. 4 /April 1999 /J. Opt. Soc. Am. B 637
Ultrafast white-light continuum generation
and self-focusing

in transparent condensed media

A. Brodeur* and S. L. Chin
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We report an investigation of white-light continuum generation and self-focusing by 140-fs Ti:sapphire laser
pulses in extended transparent media. It is found that continuum generation is triggered by self-focusing and
that both phenomena depend on the medium’s bandgap. There is a bandgap threshold for continuum gen-
eration. Above that threshold the continuum’s width increases with increasing bandgap. Furthermore, the
beam’s self-focal diameter is discontinuous across the threshold. To explain the observations a mechanism is
proposed that involves multiphoton excitation of electrons into the conduction band at the self-focus; the gen-
erated free electrons cause spectral superbroadening and limit the self-focal diameter. The continuum beam’s
surprisingly low divergence is then investigated and explained in terms of a Kerr lensing effect. © 1999 Op-
tical Society of America [S0740-3224(99)00204-0]
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1. INTRODUCTION
The propagation of powerful ultrashort laser pulses in
transparent media can give rise to one of the most spec-
tacular phenomena of nonlinear optics: superbroadening
of the pulse’s spectrum into a white-light continuum, also
called a supercontinuum.1–15 This well-known phenom-
enon can occur in a wide variety of transparent condensed
media1–6,8,11,13,15 and in gases.2,7,9,10

The ultrafast white-light continuum is useful for vari-
ous applications as a tunable ultrafast light source.
Among these we find time-resolved broadband absorption
and excitation spectroscopy,2 optical parametric
amplification,16 and dynamic characterization of laser-
induced structural transitions.17 The continuum can
also be used for optical pulse compression.2

The first observation of the white-light continuum
dates back to the late 1960’s, when Alfano and Shapiro fo-
cused powerful picosecond pulses into glass samples.1

The continuum that they observed covered the visible
spectral range and extended into the near infrared. In
1983 Fork et al. generated the first femtosecond con-
tinuum by focusing powerful 80-fs pulses into an ethylene
glycol film6; the resultant continuum ranged from the ul-
traviolet to the near infrared. Continuum generation in
gases by femtosecond pulses was then demonstrated by
Corkum et al.7

The general characteristics of the femtosecond con-
tinuum are as follows: Its spectral width depends on the
medium in which it is generated,18 its spectrum is
modulated,1 its polarization is in the same direction as
the polarization of the input pulse,18 and its anti-Stokes
frequency components lag temporally its Stokes
components.6,19 The femtosecond continuum exhibits a
smaller beam divergence than the picosecond
continuum.7 When it is projected onto a screen the fem-
tosecond continuum beam appears to the eye as a white
0740-3224/99/040637-14$15.00 ©
disk, often surrounded by a distinct concentric rainbow-
like pattern (conical emission). For clarity, the term
‘‘white-light continuum’’ will hereafter refer to the low-
divergence, central part of the beam and exclude the coni-
cal emission.

Despite its widespread use the white-light continuum
remains far from being well understood. Especially in-
triguing is the mechanism that determines its spectral
width. Among the various mechanisms that have been
suggested so far, we find self-phase modulation (SPM),1,6,8

ionization-enhanced SPM,4,5 and four-wave mix-
ing.1,3,12,14 It is at present generally believed that the
main mechanism in femtosecond continuum generation is
SPM enhanced by self-steepening of the pulse.2,8 A
shortcoming of this model is its prediction of a broader
continuum in media with higher Kerr nonlinearity, a
trend that is not observed.2,11 For instance, the con-
tinuum generated in water is among the broadest ob-
served, despite the particularly low Kerr nonlinearity of
water.

Self-focusing is believed to play an important role in
continuum generation in extended media. Experiments
have shown that the power threshold for continuum gen-
eration coincides with the calculated critical power for
self-focusing.5,7,10,15 This is not surprising, considering
that the onset of catastrophic self-focusing at critical
power leads to a drastic increase in intensity,20,21 which
can enhance SPM. However, this coincidence also sug-
gests an intimate connection between the continuum and
the mechanism that stops catastrophic self-focusing.
Such a connection was first proposed by Bloembergen4 to
explain the picosecond continuum. In his model self-
focusing is stopped by avalanche ionization; the appear-
ance of free electrons enhances SPM and results in the
continuum. A similar mechanism can be envisaged for
femtosecond continuum generation in condensed media.
1999 Optical Society of America
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In this case an important mechanism of free-electron gen-
eration is multiphoton excitation (MPE).22,23

To better understand continuum generation and self-
focusing in the femtosecond regime it would be useful to
monitor experimentally the evolution of the pulsed laser
beam as it undergoes these processes. This approach
was used in 1966 by Garmire et al. in a study of self-
focusing of nanosecond pulses in CS2.

24 In that experi-
ment the evolution of the beam profile was measured by
insertion of beam splitters at various positions along the
CS2 cell. A different approach was used by Loy and
Shen25; in their experiment they measured the beam pro-
file by imaging the beam at a point in the medium, using
a lens located in the beam path at the output of the me-
dium. In the present study these concepts are used in a
new technique of imaging spectroscopy in which the beam
profile, the pulse spectrum, and the pulse energy can be
measured at any point along the propagation axis.26

In this paper we investigate the mechanisms that gov-
ern superbroadening and self-focusing of 140-fs Ti:sap-
phire laser pulses in condensed media. The results con-
firm that continuum generation is triggered by self-
focusing and reveal a strong dependence of continuum
generation and self-focusing on the medium’s bandgap.
A bandgap threshold is found below which the medium
cannot generate a continuum and above which the con-
tinuum width increases with the bandgap. This observa-
tion contradicts the theory of SPM in a neutral Kerr me-
dium, the mechanism that is generally accepted as being
responsible for continuum generation. Enhancement of
SPM by free electrons generated by MPE is proposed as
the primary mechanism of continuum generation. The
continuum beam’s anomalous divergence7 is also investi-
gated. It is found that the small divergence of the con-
tinuum beam does not imply the absence of strong self-
focusing but is rather due to a self-guiding mechanism
that involves the Kerr effect. Some of the results pre-
sented in this paper were reported in a previous Letter.27

Section 2 is a survey of the main mechanisms known to
be involved in the propagation of powerful laser pulses.
The experimental setup is presented in Section 3, fol-
lowed in Section 4 by an experimental description of con-
tinuum generation and self-focusing. The mechanism
that limits self-focusing and the mechanism that is re-
sponsible for continuum generation are investigated in
Subsections 5.A and 5.B, respectively. The continuum
beam’s anomalous divergence is investigated in Section 6.
Finally, the results are summarized in Section 7.

2. SURVEY
The Kerr nonlinearity, or intensity-dependent refractive
index, is a dominant nonresonant nonlinearity. In the
femtosecond regime it is due mainly to a distortion of the
electron cloud and has a time response of the order of an
electronic orbital period (;10216 s),28 which is much
shorter than the pulse duration. Two important effects
associated with this nonlinearity are self-focusing and
SPM. Because all transparent media possess an elec-
tronic Kerr nonlinearity these effects can occur in any
transparent medium; they are therefore important in any
application involving the propagation of powerful ul-
trashort pulses. In typical condensed media peak powers
in the megawatt range are required for self-focusing and
self-phase modulation to be important.

A. Self-Focusing
Self-focusing20,21 is a well-known phenomenon that arises
in the propagation of a powerful laser beam in a Kerr me-
dium, in which the index of refraction is n 5 n0 1 n2I
(n0 is the linear index of refraction, n2 is the nonlinear
index of refraction, and I is the field intensity). For a cw
Gaussian beam, catastrophic self-focusing occurs at pow-
ers that exceed the critical power20

Pcrit 5
3.77l0

2

8pn0n2
, (1)

where l0 is the laser wavelength. The Gaussian beam
then collapses to a singularity at a distance20

zf ~P ! 5
0.367ka0

2

@~AP/Pcrit 2 0.852!2 2 0.0219#1/2
, (2)

where P is the beam power, k 5 2p/l0 is the wave num-
ber, and a0 is the input beam’s radius at the 1/e level of
intensity. This distance is measured from the waist of
the Gaussian beam at the medium’s entrance.

In most experimental investigations of self-focusing an
external lens is used to force self-focusing within the
length of the medium. For a lens with focal length f we
obtain the self-focusing distance zf8 by using the lens
transformation29

zf8 5
zf f

zf 1 f
. (3)

With positive focusing we thus have zf8 < f, i.e., the self-
focus occurs before the geometrical focus.

For a laser pulse the beam power P varies with time.
In the slowly varying envelope approximation (which is
valid for pulses as short as roughly 10 optical cycles,30 or
;30 fs at 800 nm) and in the approximation of a disper-
sionless medium, self-focusing can be described in terms
of the moving-focus model.20,21 The laser pulse is then
viewed as consisting of a longitudinal stack of infinitely
thin transverse slices that propagate independently from
one another at the pulse’s group velocity. Each slice be-
haves according to its own power; the slices with power
exceeding Pcrit undergo a collapse at a distance given by
Eq. (2). Because the position of the self-focus depends on
power, various slices will collapse at different positions.
When the pulse is much shorter than the self-focusing
distance the first slice to self-focus is the most powerful
slice at the center of the pulse. This implies that an in-
tensity spike develops initially at the center of the pulse
during self-focusing.

Medium dispersion can be important when one is con-
sidering self-focusing of ultrashort pulses. The connec-
tion among self-focusing, group-velocity dispersion
(GVD), and SPM has been investigated.15,31–36 During
self-focusing an ultrashort pulse broadens spectrally be-
cause of SPM, but the new frequency components suffer a
temporal rearrangement that is due to GVD. This
causes a reduction of peak power during self-focusing,
such that a higher input power is required for the onset of
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catastrophic self-focusing. Therefore Pcrit is higher for
ultrashort pulses than for long pulses.31,32,34 The tempo-
ral rearrangement of the frequency components as a re-
sult of GVD during self-focusing can also result in a tem-
poral splitting of the pulse.33 An experimental
observation of pulse splitting was reported in Refs. 15, 35,
and 36.

B. Limitation of Self-Focusing
The transverse diameter of a self-focus is expected to be
limited to a finite size by mechanisms that compete with
the Kerr nonlinearity. Nonparaxial calculations have
shown that diffraction should stop the collapse at a self-
focal diameter of approximately one optical wavelength.37

However, high intensities are achieved before this lower
limit is attained, and the approximation of a strictly Kerr
nonlinearity does not hold.

The generation of free electrons is an important mecha-
nism that limits self-focusing in condensed media.38

Free electrons induce a negative change in the index of re-
fraction, which is given in the Drude approximation by (in
electrostatic units)39

Dne 5 2
2pe2Ne

n0me~v0
2 1 n2!

, (4)

where Ne is the electron density, n is the electron collision
frequency, and v0 is the laser frequency. When Ne
reaches ;1017–1018 cm23 the Kerr index n2I is canceled
by Dne , and self-focusing stops.38

Two important mechanisms of free-electron generation
by a laser field in condensed matter are MPE and ava-
lanche ionization. The Keldysh theory of MPE in con-
densed matter40 calculates perturbatively the transition
rate W of an electron from an initial state in the valence
band of the material to a final state in the conduction
band, where it is essentially free41 and oscillates in the la-
ser field. In that transition the electron gains an energy
in excess of the bandgap energy Egap between the valence
and conduction bands. In the regime considered in this
study, the dependence of W on intensity I is of the type
W } IN, where N is the integer part of @(Egap /\v0) 1 1#
and v0 is the laser frequency.

In avalanche ionization a seed electron (generated by
ionization of a shallow trap or an impurity) is heated by
the laser field until it has sufficient energy to excite an-
other electron into the conduction band by collision.
These two electrons then go on and excite two more elec-
trons, and so on. In this avalanche process the free-
electron density Ne grows exponentially.38 Avalanche
ionization requires lower intensities than multiphoton
ionization but it also requires time to build up. The rela-
tive importance of MPE and avalanche ionization de-
pends on the pulse duration.

In the nanosecond pulse regime stimulated Raman
scattering can contribute to the limitation of self-focusing
by depleting the pulse energy.42 On the other hand, with
femtosecond pulses self-focusing can ultimately be
stopped by GVD by temporal stretching of the pulse.32,34
C. Self-Phase Modulation
SPM20,21,43 arises from the temporal distribution of non-
linear phase in a laser pulse, in much the same way that
self-focusing arises from the spatial distribution of non-
linear phase in a laser beam. A laser pulse with on-axis
intensity distribution I(z, t) that propagates over a dis-
tance L in a medium with index n 5 n0 1 n2I will accu-
mulate an on-axis nonlinear phase distribution

fNL~t! 5 E
0

L

n2I~z, t!
v0

c
d z, (5)

where c is the speed of light. The spectrum implied by
this nonlinear phase covers frequencies ranging from the
maximum Stokes extent

Dv2
SPM 5 S 2

df NL

dt D
min

(6)

to the maximum anti-Stokes extent

Dv1
SPM 5 S 2

df NL

dt D
max

. (7)

One sees that Dv2
SPM (Dv1

SPM) is given by the maximum
rate of increase (decrease) of the nonlinear phase along
the pulse.

In simple SPM theory30,44 the pulse intensity I(t) does
not vary with propagation distance z. The accumulated
nonlinear phase is thus proportional to the pulse’s inten-
sity envelope. The instantaneous frequency is then
Stokes shifted (i.e., redshifted) at the front of the pulse
and anti-Stokes shifted (i.e., blue shifted) at the back of
the pulse.

SPM in the ultrafast regime should be quite strong be-
cause the Stokes (anti-Stokes) broadening is inversely
proportional to the pulse’s rise time (decay time). The
rigorous theory of strong SPM developed in Ref. 8 yields
an asymmetrical broadening that is stronger on the anti-
Stokes side than on the Stokes side. For the hyperbolic
secant input pulse E0(r, t) 5 E0(r)sech(t /t08), the broad-
ening is given by

Dv6
SPM

v0
5 1/2~AQ2 1 4 6 uQu! 2 1, (8)

where Q 5 2n2IL/ct08. For Q ! 1, Eq. (8) reduces to
simple SPM theory. This asymmetrical broadening is ob-
tained in the approximation of a constant pulse shape.
The asymmetry is more pronounced when self-steepening
is taken into account.8

The SPM theory discussed so far arises from the Kerr
nonlinearity. However, free-electron generation by the
laser pulse can also contribute to SPM. The nonlinear
index change is then a combination of the Kerr index n2I
and the free-electron index Dne ; the latter, being nega-
tive, contributes to enhance anti-Stokes SPM. This
mechanism is discussed further in Subsection 5.B.

3. EXPERIMENTAL SETUP
With the setup of Fig. 1 the beam profile, the pulse spec-
trum, and the pulse energy can be measured at any point
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along the propagation axis during self-focusing and
white-light continuum generation in condensed media.26

The input laser pulses are produced by a Ti:sapphire
chirped-pulse amplification laser chain (Clark-MXR CPA-
1). The chain generates a 1-kHz pulse train, from which
a 10-Hz beam is sliced and sent to the setup. The pulse
duration is 140 fs FWHM (transform limited), and the
central wavelength is l0 5 796 nm. The pulse energy is
attenuated before the compressor with a half-wave plate
followed by a polarizer. The resultant pulse energy is
typically of the order of 1 mJ. The beam is spatially fil-
tered before the compressor, and the central part of the
resulting Airy pattern is selected with an iris, producing a
beam with radius a0 5 0.80 mm (1/e of fluence). One ob-
tains the latter beam by sending the first beam through
an iris and measuring the iris diameter for which 63% of
the pulse energy is transmitted.

The beam enters the setup of Fig. 1 through a mechani-
cal shutter activated by a trigger box synchronized with
the laser chain. The shutter selects a single pulse from
the 10-Hz train. The energy of the input pulse is mea-
sured with calibrated photodiode PD1, which detects the
partial reflection from a pellicle beam splitter. Only the
laser shots with energy within 61% of the desired input
energy are recorded. After the beam splitter the beam is
focused with lens f1 (focal length, 125 mm) into the solid
or liquid, where it propagates vertically upward. The liq-
uids are contained in a cylindrical stainless-steel cell
equipped with fused-silica windows at both ends. The di-
ameter of the cell is 75 mm, its length is 70 mm, and the
depth of the liquid within the cell (i.e., the thickness of
liquid through which the pulse propagates) is 30 mm.
The cell window is 3 mm thick, and its diameter is 25 mm.
We study the propagation in solids by replacing the cell
with various solid samples with the following thicknesses:
LiF, 10 mm; CaF2, 6.2 mm, UV-grade fused silica, 10 mm;
NaCl, 20 mm; SF-11 glass, 10 mm.

We measure the pulse’s spectrum and beam profile by
imaging the output surface of the medium with lens f2 (fo-
cal length, 65 mm; achromatic, UV cutoff at 350 nm or
28 500 cm21) onto the entrance slit of the spectrograph.
The distance between lens f2 and the slit (image plane) is

Fig. 1. Experimental setup for measuring the evolution of the
beam profile, the pulse spectrum, and the pulse energy during
propagation.
96 cm, for a magnification of 29.2. The imaging resolu-
tion is ;5 mm. Images are captured on a single-shot ba-
sis with a cryogenically cooled charge-coupled device
(CCD) detector. The CCD is located at the image plane
of the spectrograph and is activated by the trigger box.
We measure the beam profile by opening the slit of the
spectrograph and setting the spectrograph to zero order
and measure the spectrum by closing the slit to 50 mm
and setting the spectrograph to first order. Filters are
used to isolate different parts of the spectrum: BG18 for
l , 630 nm and RG850 for l . 850 nm. All spectra
shown are corrected for filter, grating, and CCD re-
sponses. The total transmitted pulse energy (hence en-
ergy loss) is measured with calibrated photodiode PD2 de-
tecting light scattered by a (removable) MgO2 diffuser
and averaged over 50 shots. The photodiode signal is
corrected for the photodiode’s spectral response when the
measured pulse has a broad spectrum (for a continuum
pulse this correction is typically ;1%).

We choose to image the medium’s output surface rather
than a plane in the bulk of the medium to avoid nonlinear
propagation between the object and image planes of lens
f2 , which would introduce aberrations. The propagation
from the medium’s output surface to the slit of the spec-
trograph occurs in air, which can be considered a linear
medium in this experiment. When it is going through
lens f2 the beam has a large diameter, and the propaga-
tion is essentially linear.

To measure the pulse at different stages of propagation
in the medium we move focusing lens f1 upon a transla-
tion stage. For instance, to measure the geometrical fo-
cus of the beam we position lens f1 such that the geo-
metrical focus is at the output surface of the medium. A
displacement of f1 by an amount Dz away from the me-
dium implies an increase by Dz of the optical path s from
the lens to the medium’s output surface. Displacing the
lens by Dz is thus equivalent to increasing the length of
the medium by Dz/n0 (and still measuring the beam at
the output surface). Therefore, moving lens f1 away from
the medium by Dz yields a measurement of the beam at a
stage of propagation farther by Dz/n0 along the propaga-
tion axis.

4. MEASUREMENT OF CONTINUUM
GENERATION AND SELF-FOCUSING
In this section we describe various aspects of self-focusing
and continuum generation in condensed media, as mea-
sured with the setup of Fig. 1.

A. Effect of Self-Focusing on the Beam Focus
In the linear regime (i.e., at low power) the diameter of
the beam focus in the medium is determined by the diam-
eter of the input beam and the focal length of the focusing
lens. The situation is expected to be different at high
power, when self-focusing imposes additional beam con-
traction. When the beam power equals the critical power
Pcrit we expect a self-focus to form at the geometrical focus
(see Subsection 2.A). At higher power, the self-focus
should form at a position closer to the medium entrance.
Let us see how self-focusing affects the beam profile at the
geometrical focus in water.
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We measure the beam profile at the geometrical focus
(i.e., at the beam waist) by positioning lens f1 such that
the geometrical focus is at the output surface of the me-
dium. We do this by moving lens f1 until the diameter of
the beam’s image on the CCD detector is minimized.
There is 6;200 mm uncertainty in the position of f1 with
this procedure because of the depth of the beam’s focus.
We then observe the effect of self-focusing by varying the
pulse’s input peak power.

At low power the FWHM beam waist is d . 27 mm.
This linear-regime diameter is determined by the focus-
ing geometry and the refractive index of water. d de-
creases with increasing power, reaches a minimum dmin ,
and then increases [Fig. 2(a)]. Note that d is the time-
integrated diameter and is larger than the actual self-
focal diameter, as we discuss further in Subsection 5.A
below. We define the threshold power for self-focusing
Pth

sf as the input peak power at the entrance of the me-
dium for which dmin occurs. Figure 2(b) shows the beam
profile that corresponds to dmin in water. In the approxi-
mation of a strictly Kerr nonlinearity and a dispersionless
and absorptionless medium, Pth

sf would be equal to Pcrit be-
cause the self-focus would occur at the geometrical focus
of the focusing lens [Eqs. (2) and (3)].

When the power is increased above Pth
sf the position

where dmin occurs moves toward the entrance of the me-
dium. For all investigated media dmin occurs at ;500
mm before the geometrical focus when P 5 1.1 Pth

sf , in
agreement with Eqs. (2) and (3). Diameter dmin remains
practically constant at powers above Pth

sf . For instance,
in water dmin remains within 0.5 mm of 10 mm from P
5 1.1 Pth

sf to P 5 2Pth
sf . The so-called filament associated

with these dynamics is discussed in Subsection 4.B.
The reduction of focal diameter that results from an in-

crease of power toward Pth
sf causes a drastic increase in fo-

cal intensity. In water, for instance, the focal spot rap-

Fig. 2. (a) Beam diameter d (FWHM) at the position of the geo-
metrical focus, as a function of input peak power. Squares,
C2HCl3 (trichloroethylene); circles, water. (b) Beam profile in
water with diameter dmin when P 5 1.1 Pth

sf .
idly shrinks from the linear focal diameter d . 27 mm to
a self-focal diameter of less than 10 mm. This implies a
more than tenfold increase in intensity. We shall see in
Subsection 4.B that this increase triggers continuum gen-
eration.

B. Continuum Generation during Self-Focusing
In most media a threshold peak power Pth

wl can be found
(in the megawatt range) above which the pulse is trans-
formed into a white-light continuum. The resultant
beam appears to the eye as a white spot when the beam is
projected onto a screen. When the pulse’s peak power is
just above Pth

wl the white spot has a radius that is compa-
rable with the radius of the pump beam in the linear re-
gime. As the peak power is increased to a few Pth

wl a col-
orful ring pattern appears, surrounding the central spot.
A further increase in peak power causes the diameter of
the central white spot to increase and eventually to fill
the ring pattern. The resultant appearance is a white
solid disk with a blue rim.

Comparison of Pth
wl and Pth

sf in several media shows that
Pth

wl . Pth
sf within a 610% precision. For instance, in wa-

ter there is continuum generation at P 5 1.0Pth
sf but not

at P 5 0.9Pth
sf . This observation confirms that self-

focusing triggers continuum generation.7,9,10

One can easily find the white-light threshold Pth
wl of a

medium by looking at the output beam by eye while vary-
ing the input peak power. This is much more convenient
than finding the self-focusing threshold Pth

sf , which re-
quires imaging the geometrical focus of the beam while
varying the power. Therefore, in the following measure-
ments the input peak power will be defined in terms of its
ratio to Pth

wl. It should then be remembered that Pth
wl and

Pth
sf are essentially equivalent. Along the same line, we

recall that Pth
sf is equivalent to the theoretical Pcrit in the

approximation of a strictly Kerr nonlinearity and a dis-
persionless and absorptionless medium.

Examples of continua generated in water, UV-grade
fused silica, and NaCl at input peak power P 5 1.1 Pth

wl

are shown in Figs. 3(a), 3(b), and 3(c), which show, respec-
tively, the central, the anti-Stokes, and the Stokes parts
of the continuum. These spectra are measured ;1 mm
after the position where the continuum is fully developed;
i.e., f1 is positioned so the continuum is completely gener-
ated ; 1 mm below the medium’s output surface. The
spectra of Fig. 3 are acquired with the beam centered on
the vertical slit of the spectrograph (50 mm wide) and are
an integral of the signal measured along the length of the
slit. Note the similarity between the spectra generated
in water and in fused silica.

Typical features of the continuum are a modulation
near the laser wavelength, smoothness in the wings, and
a long anti-Stokes wing. The spectra exhibit a strong
Stokes–anti-Stokes asymmetry. The part of the con-
tinuum that is perceived as white light represents a small
fraction of the pulse energy: In the case of water at P
5 1.1 Pth

wl, only 0.6% of the pulse energy is in the region
l , 650 nm.

The anti-Stokes wing usually falls off abruptly. We
define the anti-Stokes broadening Dv1 5 vmax 2 v0 ,
where vmax is the anti-Stokes frequency where the signal
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drops below the detection threshold and v0 is the laser
frequency. Choosing a somewhat higher signal level to
define this width would yield essentially the same result
because of the abrupt decrease in the signal at the end of
the anti-Stokes wing. The Stokes broadening is defined
in a similar manner as Dv2 5 vmin 2 v0 , where vmin is
the Stokes frequency where the signal drops below the de-
tection threshold (note that the Stokes wing does not end
abruptly as the anti-Stokes wing does). In this experi-
ment the measured Dv1 extends over 10 000–20 000
cm21, depending on the medium, whereas the Stokes
broadening Dv2 is limited to a modest 21000–2000 cm21

in all media. The spectral extent is not limited by the de-
tector’s sensitivity.

The medium that generates the largest anti-Stokes
broadening is lithium fluoride (LiF). The anti-Stokes
part of the continuum generated in this medium at P
5 1.1 Pth

wl is shown in Fig. 4. The spectrum extends well
into the ultraviolet. This spectrum is measured with a
different setup that does not include an imaging lens, be-

Fig. 3. Typical white-light continuum spectra generated in wa-
ter, UV-grade fused silica, and NaCl at P 5 1.1 P th

wl. (a) Central
part. The curves are shifted vertically for clarity. (b) Anti-
Stokes part. The intense wavelength components around the la-
ser wavelength are suppressed with a BG18 color filter, which
eliminates l . 630 nm. (c) Stokes part. The intense wave-
length components around the laser wavelength are suppressed
with a RG850 color filter, which eliminates l , 850 nm. All
spectra are corrected for filter, CCD, and grating responses.
cause the short wavelengths would be absorbed by imag-
ing lens f2 . The sample is placed in front of the spec-
trograph slit, and the beam is focused directly into the
sample.

The observed spectra do not exhibit Raman features.
In particular, in water there is no dip at ;630 nm because
of inverse Raman scattering involving the 3650-cm21

O—H stretching mode.5 We observed such a dip when
the peak power strongly exceeded Pth .

Figure 5 shows the evolution with propagation distance
in water of beam width d, anti-Stokes broadening Dv1 ,
and pulse energy. One can see from the top figure that
the beam contracts with propagation (left to right in the
figure) and reaches a minimum of ;10 mm at z ; z0
2 500 mm, where z0 is the geometrical focus. The beam
stays contracted at that diameter up to z ; z0
2 300 mm and diverges slowly to a diameter of ;11 mm
at z ; z0 . It then diverges more rapidly with further
propagation. Increasing the input peak power leads to a
contraction that starts earlier in propagation but still fin-
ishes at z ; z0 .

We interpret the region of contracted propagation from
z ; z0 2 500 mm to z ; z0 as a filament that arises from
the moving-focus dynamics: The most powerful slice of

Fig. 4. Anti-Stokes part of the continuum generated in LiF at
P 5 1.1 Pth

wl.

Fig. 5. Evolution of FWHM beam width d, anti-Stokes broaden-
ing Dv1 , and the pulse energy with propagation distance in wa-
ter at P 5 1.1 Pth

wl. z0 is the position of the geometrical focus,
measured with a precision of 6200 mm.
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the pulse self-focuses near z ; z0 2 500 mm and the slice
with approximately the critical power self-focuses at z
; z0 . The region between these two points is a continu-
ous distribution of self-foci associated with intermediate
powers. The observation of a filament that starts earlier
along the z axis with higher power is consistent with the
moving-focus model. The fact that the end of the fila-
ment does not change with power is also consistent with
the moving-focus model and with Eq. (3). These concepts
have been explored in Refs. 45 and 46 in the context of
beam filamentation in air. It should be noted that we ob-
serve a second filament alongside the original filament
when the peak power is increased to ;5Pth . The length
of the original filament is thus limited, because the addi-
tional power goes into a new filament rather than into an
extension of its length.

One can see from Fig. 5 that the continuum starts to
appear when the beam is contracted into a filament. The
spectrum broadens rapidly over a distance of ;200 mm,
after which it is a fully developed continuum. The bot-
tom part of Fig. 5 shows that the continuum develops con-
currently with an energy loss of a few percent.

C. Media That Cannot Generate a Continuum
The white-light continuum described in Subsection 4.B is
not observed in all transparent condensed media. In
SF-11 glass, trichloroethylene, benzene, toluene, and CS2
the pulse is not transformed into a continuum when the
peak power exceeds Pth

sf . The spectrum measured after
propagation in one of these media is comparatively much
narrower and nearly symmetric (Fig. 6). After propaga-
tion in these media the beam remains invisible to the eye
when the beam is projected onto a screen; at several Pth

sf

the central part of the beam acquires at best a dim red-
dish tint. There is no sharp threshold for the appearance
of this visible light, and there is no visible light at powers
below P . 10Pth

sf . The appearance of this dim visible
light in the forward direction at high power is often ac-
companied by the appearance of a colorful pattern of coni-
cal emission surrounding the beam, similar to that ob-
served in the media that can generate a white-light
continuum.

Fig. 6. Spectra generated in trichloroethylene and in SF-11
glass at P 5 1.1 Pth

sf . Note the absence of a long anti-Stokes
wing.
D. Bandgap Dependence of Continuum Generation and
Self-Focusing
Investigation of continuum generation and self-focusing
in several media revealed a dependence on Egap , the
bandgap of the material.47 The most striking observa-
tion is that continuum generation occurs only in media
with Egap larger than the threshold Egap

th . 4.7 eV. Also
surprising is a trend of increasing Dv1 with increasing
Egap . Observation of this trend in several media led us
to investigate LiF, the medium with largest Egap . In-
deed, LiF yielded the broadest continuum. The depen-
dence of Dv1 on Egap is shown in Fig. 7(a) and in Table 1,
along with various measured self-focal characteristics.

One can see from Table 1 that dmin also exhibits a dis-
continuity at Egap

th . Typically, media with Egap , Egap
th

yield dmin ; 15 mm, whereas media with Egap . Egap
th

yield dmin ; 10 mm. This discontinuity translates into a
jump in maximum fluence across Egap

th . We also point out
the trend of increasing maximum fluence with increasing
Egap above Egap

th , despite the roughly constant dmin .
In Table 1, Pth designates either Pth

wl, for media that
generate a continuum, or Pth

sf , for media that do not gen-
erate a continuum (we recall that Pth

wl . Pth
sf ). One can

see that Pth tends to increase with Egap . This implies
that the Kerr index n2 decreases with Egap because the
theoretical Pcrit is inversely proportional to n2 . There-
fore Dv1 increases with decreasing n2 . This observation
contradicts the theory of SPM in neutral Kerr media,

Fig. 7. (a) Dv1 versus bandgap in various media: a, LiF; b,
CaF2; c, UV-grade fused silica; d, water; e, D2O; f, 1-propanol; g,
methanol; h, NaCl; i, 1,4-dioxane; j, chloroform; k, CCl4; l,
C2HCl3; m, benzene; n, CS2; o, SF-11 glass. (b) Intensity Istop
required in Keldysh theory for MPE rate W 5 1018 cm23 fs21 as a
function of bandgap (solid curve). The curves for W 5 1017 and
W 5 1019 cm23 fs21 are displayed for comparison. The top axis
shows the bandgap normalized to the laser photon energy.
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which predicts an increase of Dv1 with increasing n2
[Eqs. (6)–(8)].

5. PROPOSED MECHANISM
A. Limitation of the Self-Focal Diameter by Generation
of Free Electrons
To gain insight into the bandgap dependence of the con-
tinuum, let us first consider the mechanism that stops the
beam’s catastrophic collapse in a self-focus. In the case
of picosecond pulses, for which self-focal diameters of
typically 6–10 mm are observed,28 the mechanism gener-
ally invoked is avalanche ionization of the medium38,48

(see Subsection 2.B). Questions regarding the mecha-
nism limiting self-focusing for femtosecond pulses were
raised initially by Corkum et al.7 Those authors ob-
served that the onset of catastrophic self-focusing leaves
the spatial characteristics of the beam practically un-
changed after the beam’s focus. Furthermore, little en-
ergy loss was observed. These observations, which are
not expected from avalanche ionization as a limiting
mechanism, triggered theoretical work on the connection
among self-focusing, GVD, and SPM.31–34

The bandgap dependence of the self-focal diameter ob-
served in the present study suggests that free-electron
generation by MPE is important in the limitation of self-
focusing of 140-fs Ti:sapphire pulses in condensed media.
Indeed, the bandgap is an important parameter that gov-
erns MPE. We note that the lack of observed Raman ac-
tivity in our spectra rules out stimulated Raman scatter-
ing as the main limiting mechanism.

1. Description of the Mechanism and Estimates
During self-focusing a sharp intensity spike develops in
the laser pulse.20,31,45,46 Assuming that self-focusing is

Table 1. Self-Focal Characteristics Measured in
Various Media at P 5 1.1 Pth

a

Medium
Egap
(eV)

dmin
(mm)

Dv1

(cm21)
Fmax

(J/cm2)
E loss

61 (%)
P th

(MW)

LiF 11.8 10.8 19 800 1.3 13 8.8
CaF2 10.2 10.4 18 300 1.0 11 7.4
Water 7.5 9.8 14 600 0.62 4 4.4
D2O 7.5 10.6 14 600 0.46 4 3.6
Fused silica 7.5 10.4 13 500 0.57 3 4.3
Propanol 6.2 9.1 14 200 0.57 3 3.3
Methanol 6.2 10.2 14 500 0.54 4 3.9
NaCl 6.2 9.9 9 000 0.29 3 2.0
1,4-Dioxane 6.0 9.3 10 200 0.44 3 2.7
Chloroform 5.2 10.0 11 200 0.29 1 2.2
CCl4 4.8 8.7 10 400 0.44 2 2.5
C2HCl3 4.7 14.6 950 0.08 ,1 1.2
Benzene 4.5 14.0 600 0.07 ,1 0.90
CS2 3.3 15.6 400 0.01 ,1 0.23
SF-11 glass 3.3 15.6 340 0.03 3 0.52

a For media with Egap . Egap
th 5 4.7 eV, Pth is the measured Pth

wl (which
is .Pth

sf ), and for media with Egap , Egap
th 5 4.7 eV, Pth is the measured

Pth
sf , dmin is the diameter (FWHM) of the beam waist (60.5 mm); Fmax is

the maximum fluence; E loss is the percentage of energy loss with respect to
the input energy (excluding linear losses).
limited by MPE, the index change n2I that is due to the
Kerr effect should be canceled by Dne , which is the index
change caused by free electrons [Eq. (4)] that appears at
the peak of the intensity spike. In the approximation
v0

2 @ n2 this cancellation should occur when

n2I 5
2pe2Ne

n0mev0
2 . (9)

To find the intensity Istop and the electron density
Ne

stop that satisfy this relation, let us examine the MPE
rate W in the case of water. Using the Keldysh theory of
MPE,40 we obtain the intensity dependence of W, shown
as a solid curve in Fig. 8. We must now determine at
which point on this curve Eq. (9) will be satisfied. One
can see from the figure that W increases rapidly with in-
tensity; this implies that during self-focusing most of the
free electrons appear at the peak of the intensity spike,
during the half-cycle (1.3 fs) when the electric field is
maximum. The MPE rate required for generation of a
free-electron density Ne in one half-cycle is given by

W @cm23/fs# ;
Ne @cm23#

~1.3 fs!
. (10)

Combining Eq. (9) and relation (10), we find that the Kerr
index is canceled when the MPE rate is

W @cm23/fs# ;
n0mev0

2n2I

2pe2~1.3 fs!
. (11)

This relation is plotted as a dashed curve in Fig. 8. The
two curves cross at Istop ; 1012 W/cm2 and Wstop
; 1018 cm23/fs. Using relation (10), we find that Ne

stop

; 1018 cm23, which is similar to the density required for
stopping self-focusing by avalanche ionization.4,38

Let us see whether these results are consistent with
the experiment. First, we can estimate the free-electron
density Ne

stop generated in our experiment in water by as-
suming that MPE accounts for most of the energy loss (a
loss of Egap57.5 eV per generated free electron in water).
We approximate the plasma volume to a 200-mm-long cyl-
inder with a diameter that cannot be larger than dmin

Fig. 8. Intensity and MPE rate at which self-focusing stops in
water. Solid curve, the MPE rate versus intensity in water, cal-
culated from the Keldysh theory of MPE. Dashed curve, the
MPE rate versus intensity for which the Kerr index and the
plasma index cancel in water, from Eq. (9) (assuming that MPE
occurs in half of an optical cycle). The point where the two
curves cross gives the intensity and MPE rate when self-focusing
stops. We use n2 5 2 3 10216 cm2/W, extracted from the mea-
sured critical power in water.
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5 9.8 mm (see Table 1) and cannot be smaller than ;1
mm, the theoretical lower limit set by diffraction.37 We
obtain 1 3 1017 , Ne

stop , 1 3 1019 cm23, which is con-
sistent with Ne

stop ; 1018 cm23 obtained from expressions
(9)–(11).

Let us now see whether the experimental self-focal in-
tensity Istop achieved in water is comparable with the cal-
culated value Istop ; 1012 W/cm2. Beforehand, some at-
tention should be paid to what is actually measured in the
experiment. Indeed, the maximum intensity reached in
the filament cannot be inferred from the smallest mea-
sured diameter dmin along the filament, because dmin is
the time-integrated beam diameter. To grasp these con-
cepts fully one has to refer to the moving-focus model of
self-focusing (see Subsection 2.A). Under conditions of
linear focusing, i.e., when focusing is due solely to an ex-
ternal lens and not to self-focusing, all the slices are fo-
cused to the same diameter. The maximum intensity
Istop achieved in the focus is then given by ;Fmax /t0 ,
where Fmax is the maximum fluence and t0 is the input
pulse duration (FWHM). When self-focusing occurs,
however, various longitudinal slices of the pulse contract
to different diameters according to the ratio of their own
power to Pcrit . At the position with the smallest mea-
sured beam diameter dmin , a slice can be self-focused to
the limiting diameter d limit , while the rest of the pulse is
not focused so tightly. Furthermore, whereas a particu-
lar slice with supercritical power might form a self-focus
at the position where the measurement is made, other
slices with supercritical power might form a self-focus at
an earlier or later position along the axis. Those slices
would not be contracted to d limit at the position of mea-
surement. For these reasons the measured fluence dis-
tribution (time integral of the intensity distribution) has
a diameter dmin larger than the actual limiting diameter
d limit . As a result, Istop has to be greater than Fmax /t0 .

Using these concepts, we estimate (using Fmax
5 0.62 J/cm2; see Table 1) that the self-focal intensity
achieved in water at P 5 1.1 Pth

wl is greater than 5
3 1012 W/cm2. This value is larger than Istop
; 1012 W/cm2, the value obtained from expressions (9)–
(11), thus reinforcing the assumption that MPE does oc-
cur in the self-focus.

Our estimates of Istop and Ne
stop also agree with recent

studies of laser-induced breakdown of water,22,23 which
have shown that a 100-fs pulse with a peak intensity of
5 3 1012 W/cm2 can generate a free-electron density Ne
. 1018 cm23. It is therefore reasonable to assume that
in our experiment significant MPE occurs in the self-focus
and stops self-focusing.

2. Bandgap Dependence
Table 1 shows that dmin is larger in media with Egap
, Egap

th than in media with Egap . Egap
th . To get some in-

sight into this behavior let us consider the bandgap de-
pendence of MPE in the framework of Keldysh theory.40

We saw above that MPE should stop self-focusing when
the MPE rate reaches W ; 1018 cm23 fs21. The intensity
Istop at which this rate is achieved depends on the band-
gap. This dependence is shown in Fig. 7(b). The jumps
in Istop at Egap 5 m\v0 , where m 5 3, 4, 5..., indicate the
passage from m-photon to (m 1 1)-photon excitation.
The jump of approximately an order of magnitude at m
5 3 is of particular interest inasmuch as it occurs at the
measured Egap

th . 4.7 eV. In media with Egap , Egap
th self-

focusing stops at a low intensity because of MPE, thus ex-
plaining the large dmin . This observation is consistent
with MPE as the mechanism that stops self-focusing.

3. Other Considerations
So far we have neglected avalanche ionization as a
mechanism of free-electron generation with 140-fs pulses.
At I 5 1013 W/cm2, the doubling time for the electron den-
sity during an avalanche in typical materials is estimated
to be longer than ;50 fs, based on dielectric breakdown
measurements in NaCl.38 This implies ;3 doubling gen-
erations in a 140-fs pulse. However, approximately 30
doubling generations are needed to build up a
1017–1018-cm23 electron density by avalanche ionization,4

thus requiring an ;1.5-ps pulse duration. The pulse in
this experiment is thus too short for avalanche ionization
to account entirely for the calculated density. The calcu-
lations of Feng et al.23 show that, in water, avalanche ion-
ization can be completely neglected for pulse durations of
;40 fs or less. According to their calculations, although
MPE dominates in the femtosecond regime there is still a
contribution from avalanche ionization. However, be-
cause avalanche ionization takes time to build up it
should be more important in the back of the pulse than in
the front, and it should not be involved in the limitation of
the self-focus at the front of the pulse, which occurs on a
short time scale. Furthermore, self-focusing should be
weaker at the back of the pulse because of defocusing by
electrons generated at the front of the pulse. Therefore
our neglect of avalanche processes should not have a sig-
nificant effect on our analysis of the limitation of the self-
focal diameter.

Besides inducing defocusing, MPE also causes an en-
ergy loss. This implies a reduction of power that can stop
catastrophic self-focusing. During self-focusing only the
supercritical section of the pulse, i.e., the section where
the power exceeds Pcrit , suffers the onset of catastrophic
self-focusing and the energy loss that are due to MPE.
Most of the pulse suffers only a radial contraction fol-
lowed by defocusing owing to diffraction. This explains
the somewhat small measured energy losses. The energy
loss in the supercritical section of the pulse translates
into a localized reduction of power. Assuming a Gauss-
ian input pulse with peak power P 5 1.1 Pcrit , approxi-
mately one third of the pulse energy is localized in the
section of the pulse with power that exceeds Pcrit . A
typical energy loss of 5% then translates into a reduction
of power of ;25% in the supercritical section of the pulse.
The section thus becomes subcritical, and catastrophic
self-focusing is stopped. This MPE-linked mechanism
would combine with electron defocusing to stop self-
focusing.

B. White-Light Continuum from Self-Phase Modulation
Enhanced by Free-Electron Generation
The mechanism usually invoked to explain the ultrafast
continuum is SPM in a neutral Kerr medium.8 However,
the results presented here are not consistent with that
model. For instance, Eq. (8) is unable to account for the



646 J. Opt. Soc. Am. B/Vol. 16, No. 4 /April 1999 A. Brodeur and S. L. Chin
large measured spectral asymmetry. In water we ob-
serve Dv2 . 20.15v0 . This value corresponds to Q
. 0.3 in Eq. (8), which in turn implies that Dv1

. 20.16v0 , i.e., a nearly symmetric spectrum where
Dv1 . 1.07Dv2 . Inclusion of self-steepening does not
significantly increase this asymmetry when Q . 0.3.8

The theoretical asymmetry is thus clearly insufficient
compared with the measured asymmetry, Dv1

. 7Dv2 . In addition, we observe an increase of Dv1

with decreasing Kerr nonlinearity, which is contrary to
the prediction of usual SPM theory.

Four-wave mixing can also cause a large spectral
broadening.3,12,14 However, in the regime that we inves-
tigated the white-light beam has a narrow divergence of
less than 1.3 deg (see Section 6 below). This narrow di-
vergence is not consistent with the phase-matching re-
quirements of four-wave mixing. Furthermore, a strong
decrease in spectral density should be observed near 400
nm, i.e., at twice the laser frequency, because shorter
wavelengths would require higher-order processes. The
limitations of four-wave-mixing in explaining continuum
generation are discussed in Ref. 5. It is, however, likely
that four-wave mixing plays a role in continuum genera-
tion at regimes well above threshold.12,14 Note that four-
wave mixing has been proposed to explain the conical
emission that surrounds the on-axis continuum beam, be-
cause it predicts an angular spread of the generated fre-
quencies owing to phase-matching considerations.49

However, the conical emission could also arise from spa-
tial SPM in a plasma during continuum generation.46

The observed spectra do not exhibit Raman features.
The absence of observed Raman activity can be attributed
to the fact that in our experiment only a small portion of
the pulse undergoes critical self-focusing because the
peak power exceeds Pth by only 10%. This translates
into an intensity spike that is too short for Raman modes
to be activated. A strong Raman contribution to con-
tinuum generation should also translate into a large
Stokes broadening, which is not observed.

In this light, it is clear that another mechanism should
be invoked to explain continuum generation. We con-
sider the enhancement of SPM by generation of free elec-
trons through MPE.

1. Description of the Mechanism
The fact that continuum generation is triggered by the
onset of catastrophic self-focusing suggests that free elec-
trons may be involved in continuum generation. Such a
mechanism was first proposed by Bloembergen to explain
the picosecond continuum, in the form of SPM enhance-
ment by avalanche ionization.4,5 The situation is some-
what different with femtosecond pulses, for which the
main mechanism of free-electron generation in a con-
densed medium is MPE.22,23,40

We can explain the continuum observed in this experi-
ment by reviving Bloembergen’s model of ionization-
enhanced SPM4,5 in the context of femtosecond pulses and
MPE. We see from Eq. (7) that in conventional SPM
theory the anti-Stokes broadening is proportional to the
maximum rate of decrease of the nonlinear phase. To in-
clude self-focusing in this picture we should first consider
the nonlinear phase in the moving-focus model.4 During
self-focusing a sharp intensity spike develops first at the
center of the pulse. The intensity of this spike reaches a
maximum Istop , at which point the spike generates free
electrons and is defocused. Slices with slightly less
power form their own self-foci further along the propaga-
tion axis. In other words, the spike splits into two: One
spike moves toward the front of the pulse, and the other
moves toward the back of the pulse. However, the back
of the pulse propagates through the free electrons gener-
ated by slices ahead such that self-focusing is weaker at
the back of the pulse.23,45,46 The spike at the front of the
pulse propagates in a neutral medium and causes a large
nonlinear index change. As the spike moves toward the
front of the pulse, a large nonlinear phase fNL accumu-
lates in the front of the pulse. Because the appearance of
free electrons occurs in a very short time (which in Sub-
section 5.A we estimate to be half of an optical cycle), the
drop in index following the peak of the spike also occurs in
a short time. The drop in nonlinear phase near the
middle of the pulse is therefore quite sharp and translates
into a large anti-Stokes broadening. The increase in
nonlinear phase at the front of the pulse is much more
gradual and results in a smaller Stokes broadening.

2. Numerical Simulations
The mechanism described was simulated in a one-
dimensional calculation of pulse propagation in water.
For the calculations the pulse is segmented into discrete
temporal slices at intervals d t 5 0.25 fs. The distance
along the propagation axis from the self-focus of the most
powerful slice to the self-focus of a slice with critical
power is divided into 1000 segments of length d z (at P
5 1.1 Pcrit , d z . 0.5 mm). We assume that only the
slices in the leading half of the pulse self-focus, because
the trailing half propagates in the track of free electrons
left behind by the front of the pulse.

We calculate the position of the self-focus associated
with each temporal slice t i with power exceeding Pcrit
from Eqs. (2) and (3), using the focusing geometry of the
experiment. For each of these slices a nonlinear index
change Dni(t) is assigned to the point in the medium
where the self-focus is formed. The nonlinear phase fNL
of the slices in the vicinity of slice t i is then incremented
by an amount determined by Dni(t): The nonlinear
phase fNL

i21 of slice t i21 is incremented by DfNL
i21

5 (2p/l0)Dni(t i21)d z, the nonlinear phase fNL
i of slice

t i is incremented by DfNL
i 5 (2p/l0)Dni(t i)d z, and so

on. With this procedure the fNL accumulated through-
out the pulse is obtained. The resultant spectrum is then
computed by a fast Fourier transform.

The total index change Dni(t) associated with the self-
focus of slice t i is a combination of the Kerr and the free-
electron index changes. Dni(t) is assigned the following
simple temporal distribution21 [Fig. 9(a)]: Dni(t) in-
creases linearly during trise5100 fs, reaches a maximum
n2Istop , and then drops to zero over t fall51.3 fs. The slow
increase in Dni(t) is due to the Kerr index associated with
the slices in front of slice t i . The rapid drop in Dni is
due to the cancellation of the Kerr index by the free elec-
trons generated during half of an optical cycle. Note that
Dni is taken to be positive at all times. This approxima-
tion should not affect the qualitative behavior of the re-
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sultant spectrum, because spectral broadening depends
on the rate of change of Dni , not on its magnitude. To
account for the defocusing that is due to free electrons,
only the leading half of the pulse is allowed to self-focus.

A simulation of the propagation in water was per-
formed with input peak power 1.1 Pcrit , n2 5 2
3 10216 cm2/W (estimated from the measurements in wa-
ter), and a maximum intensity Istop 5 1 3 1013 W/cm2.
The propagation leads to a 506-mm long filament that
ends at the geometrical focus of the focusing lens, in
agreement with the measured filament shown in Fig. 5.
The simulation yields the dashed-curve spectrum in Fig.
9(b). The general shape of the calculated spectrum is
similar to that of the measured spectrum (solid curve),
showing a long but weak anti-Stokes wing. For compari-
son the corresponding simple SPM spectrum is shown as
a dotted curve. We calculated the simple SPM spectrum
by assuming the Gaussian intensity distribution with
maximum intensity 1 3 1013 W/cm2 sustained over 500
mm. Note the similarity of the Stokes side of the simple
SPM spectrum to the measured spectrum; the main dis-
crepancy lies on the anti-Stokes sides of the spectra.

Fig. 9. (a) Time dependence of the total change in refractive in-
dex at a self-focus in the simulation. (b) Continuum spectra
generated water at P 5 1.1 Pcrit in the experiment, in a one-
dimensional simulation including the moving-focus dynamics un-
der MPE conditions, and in simple SPM. (c) Simulated spectra
associated with the following respective values of trise , t fall and
Istop : 1, 100 fs, 1.3 fs, 1013 W/cm2; 2, 100 fs, 5 fs, 1013 W/cm2; 3,
50 fs, 5 fs, 1013 W/cm2; 4, 100 fs, 5 fs, 2 3 1013 W/cm2. The spec-
tra are vertically shifted for clarity.
The numerical model does not depend strongly on the
assigned Dn(t), as we can see from Fig. 9(c), which shows
the spectra that correspond to various values of trise and
t fall . The strongest dependence is on the intensity Istop
achieved in the self-focus. The effect of doubling Istop
from 1 3 1013 to 2 3 1013 W/cm2 is shown by spectra 1
and 4 of Fig. 9(c). The anti-Stokes wing is more impor-
tant at the higher intensity.

The simplified model presented here can therefore ex-
plain the principal features of the observed continua.
The main discrepancy between the simulated and the
measured spectra lies in the anti-Stokes wing of the spec-
trum, which falls off faster in the simulation than in the
experiment. A better description would require more-
rigorous calculations, which are beyond the scope of this
study.

3. Bandgap Dependence
Now that we have established MPE-enhanced SPM as a
plausible mechanism for continuum generation, let us see
how it can explain the observed dependence of Dv1 on the
bandgap of the medium. To this end, we again turn to
the Keldysh theory of MPE in condensed media, as was
done in Subsection 5.A to explain the bandgap depen-
dence of the measured self-focal diameter.

Let us first look at the dependence of Dv1 on Egap and
compare it with the dependence on Egap of the intensity
Istop required for stopping self-focusing. Comparing Figs.
7(a) and (b), we can see that Istop is larger in media with
Egap . Egap

th than in media with Egap , Egap
th . There is in-

deed a jump in Istop at Egap
th , which is due to the passage

from three- to four-photon MPE. Similarly, we see from
Fig. 7(a) that a continuum is generated only in media
with Egap . Egap

th . We can deduce that the intensity
achieved in the latter is sufficient to accumulate enough
nonlinear phase for continuum generation. In media
with Egap , Egap

th self-focusing is stopped by free-electron
defocusing before an intensity sufficient for continuum
generation is achieved.

The increase of Istop with Egap is also consistent with
the observed trend of increasing Dv1 with increasing
Egap . A higher Istop implies the accumulation of a larger
nonlinear phase and thus larger broadening. The nu-
merical simulations of Subsection 5.B.2 showed that an
increase in Istop indeed leads to an increase in anti-Stokes
broadening. The fact that no clear discontinuities are ob-
served in continuum behavior at Egap 5 6.2, 7.8,...eV
could be due to the modification of the band structure in
the presence of an intense field.50

4. Other Considerations
The effect of GVD on pulse propagation has not been in-
cluded in the proposed mechanism. A possible conse-
quence of GVD could be the splitting of the pulse during
self-focusing15,33,35,36 before the occurrence of MPE. The
effect of this splitting is similar to the effect discussed
above of the splitting of the intensity spike in the moving-
focus model. The MPE that causes strong anti-Stokes
SPM occurs in the intensity peak at the front the pulse
and causes the peak at the back of the pulse to defocus.



648 J. Opt. Soc. Am. B/Vol. 16, No. 4 /April 1999 A. Brodeur and S. L. Chin
We remark that continua generated in gases7,10 gener-
ally exhibit a weak dependence of Dv1 on the medium
(i.e., gas species) and a nearly symmetric spectrum, un-
like the continua of this experiment. Continua from
gases are also narrower (Dv1 . 0.5v0) than those from
condensed media (Dv1 . 0.8v0 2 1.6v0). The contribu-
tion of free electrons to continuum generation could there-
fore be more important in condensed media than in gases.

6. ANOMALOUS DIVERGENCE OF THE
CONTINUUM BEAM
The femtosecond continuum generated in condensed me-
dia at powers just above Pth

wl has a divergence that is com-
parable with the divergence of the pump beam in the lin-
ear regime. This observation is surprising, considering
that self-focusing should play an important role in con-
tinuum generation. Indeed, during self-focusing the
beam collapses to a small diameter, which should imply a
large continuum divergence. This observation suggests
the absence of a self-focus; it is in part the observation of
a small continuum divergence by Corkum et al.7 that trig-
gered theoretical work on the interplay of self-focusing,
self-phase modulation, and GVD.15,31–34 In this section
we show that the anomalous low divergence of the con-
tinuum beam is actually due to a self-guiding mechanism
that channels the white-light beam after its generation in
a self-focus.

Measurements of the divergence of the white-light con-
tinuum generated in fused silica at P 5 1.1 Pth

wl are per-
formed with the setup of Fig. 10(a). We perform mea-
surements at various wavelengths by sending the beam
through an interference filter (10-nm bandwidth) onto the
slit of the spectrograph. The FWHM diameter of the re-
corded beam is measured along the slit axis. The diver-
gence angle is defined as the ratio of the beam diameter

Fig. 10. (a) Setup used for divergence measurements. z is the
distance between the sample’s output surface and the geometri-
cal focus. (b) Divergence of the continuum beam generated in
UV-grade fused silica. The divergence is shown as a function of
wavelength for various values of distance z from the output sur-
face of the sample to the geometrical focus.
on the slit to the distance from the sample’s output sur-
face to the spectrograph slit. We can change the distance
z from the output surface of the sample to the geometrical
focus of the lens by moving the focusing lens, which re-
sults in the output surface’s coinciding with a different
stage of propagation. We calibrate z by using the fact
that at P 5 1.1 Pth

wl the continuum appears ;500 mm be-
fore the geometrical focus along the propagation axis (see
Section 4). This means that when focusing lens f1 is po-
sitioned such that the continuum is generated just be-
neath the sample’s output surface, the geometrical focus
is ;500 mm above the output surface, and we set z
5 0.5 mm.

The beam divergence of the continuum generated in
fused silica is shown in Fig. 10(b) as a function of wave-
length. One can see that the overall divergence of the
continuum is lowest when the geometrical focus is inside
the sample, at z 5 21.0 mm and z 5 20.3 mm. In these
cases the continuum is generated well inside the medium.
The overall divergence of the continuum is larger when
z 5 0.3 mm and the continuum is generated closer to the
surface (at this point the geometrical focus is outside the
sample) and is even larger when it is generated just be-
neath the output surface at z 5 0.5 mm. At z
5 1.0 mm there is no white-light generation, although
there is spectral broadening, but the divergence at wave-
lengths l 5 700, 750, 850 nm is larger than at the previ-
ous values of z.

It is clear from these observations that the continuum
beam has a lower divergence when it is allowed to propa-
gate in the medium for some distance after its generation.
For instance, going from z 5 20.3 mm to z 5 0.3 mm re-
duces the overall divergence by a factor of ;2. There is
thus a self-guiding effect taking place after the self-focus.
This effect can be described in the following manner:
Once white light is generated near the axis it starts to di-
verge because of diffraction and of the free electrons lo-
cated on the axis. However, the high-intensity beam
that generated the white light is also expanding but at a
reduced rate (because of the Kerr lens that it induces).
While the high-intensity beam is expanding it guides the
white light beam and reduces its far-field divergence.

The observation of a low continuum divergence is
therefore not inconsistent with self-focusing as a trigger-
ing mechanism, as was suspected by Corkum et al.7 In
fact, the large divergence observed when the continuum is
generated close to the surface is evidence that strong self-
focusing has occurred. For instance, at z 5 0.5 mm the
divergence at l 5 600 nm is ;3 deg, which is approxi-
mately ten times larger than the divergence of the input
beam in the linear regime. The source size at l
5 600 nm should therefore be less than ;3 mm (i.e., more
than ten times smaller than the input beam’s focal diam-
eter in the linear regime) and not much larger than the
lower limit of ;1 mm set by diffraction.37

7. SUMMARY
In this paper we have investigated white-light continuum
generation and self-focusing in transparent condensed
media, using 140-fs Ti:sapphire laser pulses. An inti-
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mate connection was established between the two phe-
nomena, as their threshold powers coincide.

The investigation revealed four features of the con-
tinuum: (i) a bandgap threshold for continuum genera-
tion, (ii) an increase of continuum width with increasing
bandgap (i.e., decreasing Kerr nonlinearity), (iii) a very
strong Stokes–anti-Stokes asymmetry of the continuum
(anti-Stokes wing much larger than Stokes wing), and (iv)
an energy loss of a few percent during continuum genera-
tion. Furthermore, the self-focal diameter was found to
be smaller above the bandgap threshold than below.

SPM theory, which is generally thought to explain the
continuum, is not consistent with these features. We
have proposed a mechanism that involves free-electron
generation in the self-focus by multiphoton excitation; the
free electrons would be responsible for enhancing anti-
Stokes broadening and for limiting the beam collapse that
is due to self-focusing. The proposed mechanism is con-
sistent with the observations enumerated in the previous
paragraph. A one-dimensional numerical simulation of
continuum generation was presented that supports the
proposed mechanism.

Finally, the low beam divergence of the continuum was
explained in terms of a Kerr-lens effect in the beam pe-
riphery. It was shown that this low divergence does not
imply the absence of strong self-focusing in continuum
generation.

ACKNOWLEDGMENTS
The authors thank A. Talebpour, J. Paul Callan, and M.
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