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Ultrasonic guided wave inspection of structures containing adhesively bonded joints requires an

understanding of the interaction of guided waves with geometric and material discontinuities or tran-

sitions in the waveguide. Such interactions result in mode conversion with energy being partitioned

among the reflected and transmitted modes. The step transition between an aluminum layer and an

aluminum-adhesive-aluminum multi-layer waveguide is analyzed as a model structure. Dispersion

analysis enables assessment of (i) synchronism through dispersion curve overlap and (ii) wavestruc-

ture correlation. Mode-pairs in the multi-layer waveguide are defined relative to a prescribed mode

in a single layer as being synchronized and having nearly perfect wavestructure matching. Only a

limited number of mode-pairs exist, and each has a unique frequency range. A hybrid model based

on semi-analytical finite elements and the normal mode expansion is implemented to assess mode

conversion at a step transition in a waveguide. The model results indicate that synchronism and

wavestructure matching is associated with energy transfer through the step transition, and that the

energy of an incident wave mode in a single layer is transmitted almost entirely to the associated

mode-pair, where one exists. This analysis guides the selection of incident modes that convert into

transmitted modes and improve adhesive joint inspection with ultrasonic guided waves.

VC 2013 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4795805]

PACS number(s): 43.35.Cg, 43.20.Mv [JAT] Pages: 2624–2633

I. INTRODUCTION

Ultrasonic guided waves enable structural health moni-

toring and nondestructive evaluation of inaccessible adhe-

sively bonded joints that would otherwise be impossible to

inspect, or would require significant disassembly to provide

access to the joint. They enable monitoring or testing to be

performed in an efficient manner since a relatively large area

can be monitored from one setup. However, these multi-

mode waves typically must be transmitted across transitions

in the waveguide. Selecting incident modes that are con-

verted to propagating modes in the second waveguide is a

significant challenge that once met should improve signal to

noise ratios and defect sensitivity. Herein, our objective is to

show that dispersion analysis is able to guide selection of

incident modes that are transmitted through a discrete wave-

guide transition. Nearly ideal transmission is expected for

special mode-pairs (which will be defined) that have highly

correlated wavestructures and synchronism. Thus, incident

and transmitted modes with overlapping dispersion curves

and matching wavestructures are sought. Since dispersion

analysis is not able to actually predict transmission across a

transition, a model is developed for that purpose.

The geometry analyzed is that of a discontinuous layer

adhesively bonded to a continuous layer as shown in the

cross-sectional view of Fig. 1. Our nomenclature is that layer

1 is continuous, layer 2 is discontinuous, the waveguide tran-

sition occurs at x1¼ x0, and the waveguides on either side of

the transition are denoted A (x1< x0) and B (x1> x0). Guided

wave propagation in the positive x1 direction is considered.

While the end goal is to monitor the adhesive joint in wave-

guide B, the scope of this paper is limited to mode conver-

sion and energy transmission through the waveguide

transition as a necessary step toward the end goal.

Relative to the literature on adhesive bond characteriza-

tion, the literature on guided wave transmission across a

transition region is limited. Rokhlin (1991) used the Wiener-

Hopf technique for analytical study of the interaction of

Lamb-type waves with the transition in adhesive joints. The

following studies relied on hybrid approaches that combined

analytical and numerical methods to understand guided

wave interaction with a transition (Chang and Mal, 1995;

Ditri, 1996; Lowe et al., 2000; Demma et al., 2003; Lanza di

Scalea et al., 2004; Song et al., 2005; Puthillath et al., 2007;

Puthillath et al., 2008).

Chang and Mal (1995) used a combination of finite ele-

ments (FE) at the transition and global functions to represent

wave propagation away from the transition, and a global-

local FE method to study guided wave mode conversion and
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reflection/transmission aspects. Ditri (1996) studied the

interaction of shear-horizontal (SH) waves at an abrupt

change in an isotropic layer using a collocation technique. A

very important contribution by Ditri is the mathematical

foundation of the coupling/noncoupling of SH wave modes

at waveguide transitions based on the orthogonality of the

displacement fields in the waveguides forming the transition

region. According to Ditri, any mode in the secondary wave-

guide whose displacement field distribution is orthogonal to

the displacement field distribution of the incident mode will

not be generated by the incident mode. Later, Demma et al.

(2003) applied FE and modal decomposition to study SH

wave interaction with a step discontinuity. Lowe et al.

(2000) performed an elaborate FE analysis to understand the

mode conversion and transmission of Lamb modes across an

adhesive step-lap joint along with the influence of the bond

geometry for s0 mode incidence. They used a two-

dimensional Fourier transform technique to analyze the

mode conversion aspects associated with the step transition

in the lap joint. They observed that a higher energy is carried

by the first order modes in the bond region and explain it in

terms of wavestructures. Lanza di Scalea et al. (2004) com-

plimented the work of Lowe et al. (2000) by experimentally

studying the transmission of the a0 mode across an alumi-

num step-lap joint. The wavestructure based explanation to

mode conversion parallels that of Lowe et al. (2000). They

observed that the fundamental modes in the bond region

play a major role in energy transfer from an a0 mode inci-

dence at the joint.

Matt et al. (2005) also studied the wave propagation

along and across a cross-ply composite spar attached to a

quasi-isotropic skin using one-dimensional semi-analytical

finite element (SAFE) based calculations. They found the

most sensitive point for inspection to be the location where

mode coupling occurred between the fundamental symmetric

and the first order antisymmetric mode in the bonded region

of the joint. This results in a larger interlayer energy transfer.

They employed the ratio of the power flow in a subset of the

total number of layers to the total cross-sectional power flow

in order to determine the strength of energy transmission for

different bond conditions. Song et al. (2005) developed a

hybrid approach combining FE and boundary elements to

study the guided wave mode conversion at a step-lap welded

steel connection. From a parametric study varying the over-

lap length, they observed that the incident mode, frequency

range, and overlap length all influence the transmission and

reflection of guided waves. A hybrid FE technique to

compute mode conversion and scattering at a bonded joint

transition and a parametric study along the same lines were

performed by Puthillath et al. (2007) and Puthillath et al.

(2008).

The body of this paper first summarizes the fundamental

dispersion analysis for guided waves in a traction-free multi-

layer (Sec. II) and then extends that analysis to the correla-

tion of wavestructures as well as defines and investigates

mode-pairs (Sec. III). As mode-pairs satisfy the displacement

continuity conditions at the waveguide transition, nearly all

the energy in the incident mode is expected to be transferred

to the mode pair. Section IV presents a hybrid model that

couples SAFE analysis with the normal mode expansion

(NME) to show that wavestructure matching, and mode-

pairs in particular, do correlate with energy transfer through

the transition. Model predictions are compared with the dis-

persion analysis in Sec. V, and then conclusions are drawn.

II. DISPERSION ANALYSIS

Wave propagation within a single layer (e.g., layer 1 in

waveguide A shown in Fig. 1) is governed by Navier’s equa-

tion of motion

ðkþ lÞuj;ij þ lui;jj ¼ q€ui; (1)

where k and l are Lame’s constants, q is mass density, and u

is the displacement. Traction-free boundary conditions for

waveguide A are Tiðx3 ¼ 0; h1Þ ¼ 0. For the multi-layer

plate in waveguide B, Eq. (1) holds for each layer and the

traction-free boundary conditions are Tiðx3 ¼ 0; h1 þ h3
þ h2Þ ¼ 0. The continuity equations must also be satisfied

between the layers in waveguide B,

uiðx3 ¼ h1Þjlayer 1 ¼ uiðx3 ¼ h1Þjadhesive; (2a)

Tiðx3 ¼ h1Þjlayer 1 ¼ Tiðx3 ¼ h1Þjadhesive; (2b)

uiðx3 ¼ h1þh3Þjlayer2 ¼ uiðx3 ¼ h1þh3Þjadhesive; (2c)

Tiðx3 ¼ h1þh3Þjlayer2 ¼Tiðx3 ¼ h1þh3Þjadhesive: (2d)

The dispersion analysis takes the waveguide cross-section to

be prismatic (Auld, 1990; Rose, 1999). Thus, dispersion

analyses of waveguides A and B must be performed sepa-

rately. Presuming that layers 1 and 2 are aluminum and the

adhesive is epoxy with the parameters given in Table I, the

dispersion curves for both waveguides A and B are shown in

Fig. 2. Dashed and solid lines represent waveguides A and B,

respectively, in both the phase velocity and group velocity

dispersion curves. The modes in A are labeled as antisym-

metric (“a”) or symmetric (“s”) with a numeric subscript.

FIG. 1. (Color online) The transition between single layer waveguide A and

multi-layer waveguide B occurs at x1¼ x0. Wave propagation is in the x1
direction.

TABLE I. Waveguide parameters.

Material

Thickness

(mm)

Density

(kg/m3)

Young’s modulus

(GPa)

Poisson’s

ratio

Aluminum 2 2700 69.43 0.33

Epoxy 0.3 1104 2.56 0.40

Titanium 2 4430 111 0.31
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The modes in B are incrementally numbered for generality

and to avoid confusion.

Close examination of the phase velocity dispersion

curves in Fig. 2(a) reveals certain frequency ranges where

two modes for B nearly lay over those for A. Five such

domains are highlighted in Fig. 2. These modes within B are

termed a “mode-pair” for that particular mode in A. A formal

wavestructure-based definition for a mode-pair is provided

in Sec. III. An example mode-pair for mode s2 in A is modes

10 and 11 in B within the 1.73–2.33MHz frequency range.

Not only do the phase velocity dispersion curves match

within this frequency range, but to a lesser degree so do the

group velocity curves [see Fig. 2(b)]. It is easy to find

regions other than the five marked in Fig. 2(a) where disper-

sion curves for waveguides A and B match, and this will be

commented on in Sec. III.

The wavestructures of the s2 mode in A and the mode-

pair 10-11 in B at 1.98MHz are shown in Fig. 3.

Remarkably, the displacement profiles within layer 1 are

nearly identical for all three modes; this is discussed with

respect to displacement continuity conditions in Sec. III.

Since the mode in the primary waveguide is symmetric, the

in-plane displacement (u1) distributions in layer 1 for mode-

pair 10-11 are nearly symmetric while the out-of-plane

displacement (u3) distributions are antisymmetric. The in-

plane displacement distributions in layer 2 are �1.0� and

þ1.0� their counterparts in layer 1 for modes 10 and 11,

respectively. Thus, the in-plane displacement distribution in

the adhesive is antisymmetric for mode 10 and symmetric

for mode 11. Overall, mode 10 is antisymmetric while mode

11 is symmetric. Notice that the in-plane displacement at the

interface between layer 1 and the adhesive is quite large for

both modes 10 and 11. Further, the in-plane displacement

gradient through the thickness of the adhesive is severe for

FIG. 2. (Color online) Superimposed (a) phase velocity and (b) group veloc-

ity dispersion curves for waveguides A and B.

FIG. 3. (Color online) Displacement wavestructures at 1.98MHz for (a) s2
mode in A, (b) mode 10 in B, and (c) mode 11 in B.
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both modes 10 and 11. These wavestructure features are ad-

vantageous for monitoring adhesive integrity.

The source of mode-pair formation appears to be related

to the symmetry limitations of wave modes for the wave-

guide. The existence of mode-pairs in B and their special

features with respect to the phase and group velocity match-

ing and similarity in wavestructure with the corresponding

mode in A is expected to be very useful for mode selection.

Wavestructure correlation is assessed quantitatively and

used to formally define a mode-pair in Sec. III.

III. ADDITIONAL DISPERSION ANALYSIS:

CORRELATION AND MODE-PAIRS

A mode in waveguide A having a wavestructure that

matches that in waveguide B in the connected subdomain (C

in layer 1) is intuitively expected to ensure efficient transfer

of energy across the transition (Auld, 1990; Lowe et al.,

2000; Lanza di Scalea et al., 2004; Matt et al., 2005). Thus,

we seek modes in B that have nearly identical wavestructure

in layer 1. In other words, we seek to satisfy the displace-

ment continuity conditions between waveguides A and B at

x1¼ x0 for the incident mode in A with a mode or mode-pair

in B. In this way, additional modes in B are not required to

satisfy the continuity conditions, and maximum energy will

be transferred from the incident mode in A to the mode or

mode-pair in B. Note, however, that traction continuity at

x1¼ x0 is not specifically addressed.

Wavestructure matching is assessed by establishing a cor-

relation coefficient, similar in name to that employed by Matt

et al. (2005). The correlation between two vectors is their co-

variance normalized with respect to the product of their stand-

ard deviations. High correlation does not necessarily mean

that the vectors are identical, but rather that they are scalable.

A wavestructure matching coefficient, qAiBj
jf ;C, is defined

here for frequency f as the summation of the correlation

between the components of the wavestructure of the ith mode

in waveguide A to the wavestructure of the jth mode in wave-

guide B over the length of the connected region C defined by

x1¼ x0, 0� x3� h1. It is mathematically expressed as

qAiBj
jf ;C ¼

X

3

k¼1

cov
�

uAi

k ; u
Bj

k

�

rAi
rBj

; (3)

where cov and r represent covariance and standard devia-

tion, respectively.

The covariance can be shown to be an alternate means

of expressing the orthogonality of the wavestructures, which

is a check for guided wave mode coupling developed by

Ditri (1996) for SH waves. Here, qAB¼ 0 for fully decoupled

modes. Additionally, qAB satisfies reciprocity as a conse-

quence of the commutative property of each term in qAB.

Employing the normality of the guided wave modes, the

contribution of each mode at a prescribed frequency normal-

ized with respect to all possible modes at that frequency is

an indicator of the energy partitioning among modes. The

partitioned expression of the wavestructure matching coeffi-

cient is obtained by normalizing with respect to all modes in

waveguide B,

q
p
AiBj

jf ;C ¼
qAiBj

jf ;C
X

NB

j¼i

qAiBj
jf ;C

: (4)

The partitioned wavestructure matching coefficient for

the incident s1 mode from waveguide A to B is shown in

Fig. 4. The coefficient is clearly high where the phase ve-

locity dispersion curves overlap, suggesting that the inci-

dent mode will get mode converted to the overlapped mode

in B resulting in strong energy transfer across the transition.

The s1 mode overlaps modes in B for much of its length,

but q
p
AB is highest between 3–4MHz where the overlap is

with modes 9 and 10, which we will soon show to be a

mode-pair. The other overlapping lengths are with a single

mode: mode 8 in the highly dispersive region, and then

mode 9. It is important to point out that dispersion curve

overlap is not necessary for wavestructure correlation as

indicated by modes 3 and 4 at 1.5MHz in Fig. 4. However,

we will see in Sec. IV that wavestructure correlation with-

out dispersion curve overlap (i.e., synchronism) does not

lead to strong energy transfer.

Wavestructure correlation can be taken a step further

and used to formally define a mode-pair. To this end, we

define a mode-pair as two modes in waveguide B that each

has a nearly perfect correlation coefficient, i.e., they each

match the wavestructure in waveguide A. Since Lamb-like

wave modes do not have displacement components in the x2
direction, perfectly matched wavestructures have a correla-

tion coefficient qAB¼ 2.0. A value of 1.9 has been selected

to represent “nearly perfect” matching. This definition was

used to distinguish the mode-pairs highlighted in Fig. 2(a)

from other regions having overlapping dispersion curves but

not correlated wavestructures.

The mode-pairs 3-4, 6-7, 9-10, and 10-11 for incident

modes s0, a1, s1, and s2, respectively, are shown in Figs. 5–8.

Figure 2(a) shows that five mode-pairs occur for the first

eight incident modes in A. Details are provided for four of

these five sets of mode-pairs to show that each case is

unique. The mode-pair not shown is 11-12 for the s2 incident

FIG. 4. (Color online) Partitioned wavestructure correlation coefficient

superimposed on dispersion curves for waveguide B given an incident s1
mode in A. The incident s1 mode dispersion curve is dashed.
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mode for approximately 2.6–2.9MHz. Each of Figs. 5–8 has

three components.

(i) The correlation coefficients qAB for the mode pair are

plotted as a function of frequency. This plot enables

the frequency range over which the mode-pair exists

to be determined. Mode-pairs are defined to have

nearly perfect correlation coefficients qAB � 1:9. The

dotted-dashed vertical lines mark the frequency range

of the mode pair. A symbol marks the frequency for

which wavestructures are plotted. Obviously, there is

no correlation coefficient below the cutoff frequency

if one exists.

(ii) The x-k dispersion curves for the mode-pair and the

incident mode are plotted, where x¼ 2pf is the angu-

lar frequency and k¼x/cp is the wavenumber. Since

the group velocity is defined to be cg¼ dx/dk, x-k

FIG. 5. (Color online) Mode-pair 3-4 for

incident mode s0. The correlation coeffi-

cients (top-left), dispersion curve overlap

(bottom-left), and the wavestructure at

1.30MHz (right column). The incident

mode is shown with dashed lines in the dis-

persion curve overlap and the wavestructure

plots.

FIG. 6. (Color online) Mode-pair 6-7 for

incident mode a1. The correlation coeffi-

cients (top-left), dispersion curve overlap

(bottom-left), and the wavestructure at

1.85MHz (right column). The incident

mode is shown with dashed lines in the dis-

persion curve overlap and the wavestructure

plots.
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dispersion curves show both phase velocity matching

(at intersection points) and group velocity matching

(identical slopes). The incident mode is shown with a

dashed line, and the frequency range of the mode-pair

and the wavestructure point are also marked.

(iii) The wavestructures for the mode-pair at the specified

frequency are shown along with the wavestructure for

the incident mode (dashed lines). These figures show

that the nearly perfect matching of a mode-pair

indicates that they have the same shape in the C sub-

domain. Because wavestructures are eigenvectors that

represent the shape of the displacement profile, only

shape correlation is necessary and absolute values are

insignificant. As already mentioned, the displacement

u2 is always zero.

The top-left plots in Figs. 5–8 indicate that the correla-

tion coefficient can change quite rapidly with frequency,

FIG. 7. (Color online) Mode-pair 9-10 for

incident mode s1. The correlation coeffi-

cients (top-left), dispersion curve overlap

(bottom-left), and the wavestructure at

3.18MHz (right column). The incident

mode is shown with dashed lines in the dis-

persion curve overlap and the wavestructure

plots.

FIG. 8. (Color online) Mode-pair 10-11 for

incident mode s2. The correlation coeffi-

cients (top-left), dispersion curve overlap

(bottom-left), and the wavestructure at

1.90MHz (right column). The incident

mode is shown with dashed lines in the dis-

persion curve overlap and the wavestructure

plots.
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demonstrating that the wavestructure for a prescribed mode

can change abruptly with frequency. Outside of the mode-

pair frequency domain one mode may have a stronger

wavestructure correlation than the other (i.e., mode 3 rela-

tive to mode 4 in Fig. 5, and mode 10 relative to mode 9 in

Fig. 7), or one mode may match at lower frequencies while

the other matches better at higher frequencies (i.e., modes 6

and 7 in Fig. 6), or it could be that neither mode matches

well (i.e, modes 10 and 11 in Fig. 8). Within the mode-pair

domain synchronism of both phase and group velocities

occurs as shown at the bottom-left in Figs. 5–8. However,

outside of the mode-pair domain there is typically a mis-

match in phase or group velocity of one or both of the

modes in waveguide B relative to the incident mode in A.

The exception to this general rule is mode-pair 3-4 for inci-

dent mode s0 (Fig. 5), where dispersion curve overlap

occurs for approximately 0.5–2.9MHz, but the mode-pair

subdomain is only 1.2–1.7MHz. The right column in Figs.

FIG. 9. (Color online) 1-mm thick alumi-

num layer 2. Mode-pair 5-6 for incident

mode a1. The correlation coefficients (top-

left), dispersion curve overlap (bottom-

left), and the wavestructure at 2.09MHz

(right column). The incident mode is shown

with dashed lines in the dispersion curve

overlap and the wavestructure plots.

FIG. 10. (Color online) 2-mm thick tita-

nium layer 2. Mode-pair 11-12 for incident

mode s2. The correlation coefficients (top-

left), dispersion curve overlap (bottom-

left), and the wavestructure at 1.90MHz

(right column). The incident mode is shown

with dashed lines in the dispersion curve

overlap and the wavestructure plots.
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5–8 show that the shapes of the displacement profiles in

layer 1 match very well, as required by the high correlation

coefficient. In layer 2, the shape of the displacement pro-

files are mirror images. Furthermore, in the adhesive the in-

plane displacement component has a large gradient, which

is beneficial for defect monitoring in the adhesive. The

location of the peak in-plane displacement in the adhesive

is mode-dependent, which illustrates the importance of

proper mode selection.

The waveguide transition studied up to this point is quite

simple because the bonded joint is symmetric about its mid-

plane as shown in Fig. 1, which brings up the question of

whether mode-pairs are present at transitions where waveguide

B is not symmetric about the midplane. Thus, two variations to

the joint shown in Fig. 1 are considered. (i) The thickness of

layer 2 is reduced from 2mm to 1mm. (ii) The layer 2 material

is changed from aluminum to titanium (see Table I).

Figure 9 shows the mode-pair 5-6 for incident mode a1
and a 1mm thick aluminum layer 2. This is the only mode-

pair that exists, although some modes in waveguide B are

well correlated to modes in waveguide A. The right column

in Fig. 9 indicates that the displacement profiles in layer 2

also match well, while those in the adhesive do not. On the

other hand, if layer 2 is 2mm thick titanium, then mode-

pairs very similar to those shown in Figs. 5–8 exist. The

mode-pair 11-12 for incident mode s2 is shown in Fig. 10. In

this case, the mode-pair exists close to the cutoff frequency.

While the correlation of wavestructures leads us to

believe that satisfying the displacement continuity conditions

across C at the waveguide transition will result in strong

energy transfer, we seek proof. A model is presented in Sec.

IV that predicts mode conversions and energy transfer.

IV. HYBRID MODE CONVERSION MODEL

Analysis at a discrete transition to determine transmitted

and reflected modes can demonstrate whether the wavestruc-

ture matching and mode-pair concepts are correlated with

mode conversion and energy transfer. A hybrid model com-

bining SAFE analysis and the NME is developed and applied

to analyze the wave scattering at a waveguide transition.

The SAFE framework, as developed in Galan and

Abascal (2002), Hayashi et al. (2003), and several other pub-

lications, has tremendous advantages in handling guided

wave propagation across complex cross-sections having a

prismatic geometry. Essentially, SAFE analysis employs an

exponential propagating term to represent the wave propaga-

tion along the waveguide and a FE discretization of the

cross-section. The fundamental equations for SAFE analysis

are based on the same principles as FE. At each frequency, a

quadratic eigensystem is obtained whose solution provides

the dispersion curves and modal wavestructures. The NME

assumes the completeness of guided wave modes, i.e., any

displacement can be expressed in terms of the displacement

wavestructures of the modes present in the waveguide at that

frequency (Kirrmann, 1995).

SAFE analysis is coupled with the NME here in order to

predict guided wave mode conversion at waveguide transi-

tions. Considering wave propagation as a plane strain

problem, evaluation of mode conversion at a waveguide

transition is reduced to the analysis of the interface between

waveguides A and B (x1¼ x0). The common cross-sectional

line at the transition is discretized into quadratic elements.

For convergence of the solution, the dimension of the quad-

ratic elements (Le) in every material layer is calculated using

(Galan and Abascal, 2002)

Le ¼
1

4

2pcT

xmax

� �

; (5)

where cT is the transverse wave speed and xmax is the maxi-

mum angular frequency. Equation (5) simply indicates that

there should be at least four quadratic elements per shear

wavelength.

The framework provided by Cho and Rose (1996), Rose

(1999), Galan and Abascal (2002), and Song et al. (2005)

enables determination of mode converted reflected and

transmitted waves from an incident wave in waveguide A. A

single mode incidence is simulated by providing the dis-

placement and traction profiles to the nodes corresponding to

the incident mode (a right propagating wave in waveguide

A) at the common junction C in the transition (see Fig. 1). At

the waveguide transition x1¼ x0, the displacement and trac-

tion continuity conditions are imposed as are the traction-

free conditions on the free surface. The resultant scattered

displacement and stress profiles must satisfy

uIi þ uRi ¼ uTi

TI
i þ TR

i ¼ TT
i

)

0 � x3 � h1

TT
i ¼ 0; h1 � x3 � h2 þ h3; (6)

where the superscripts I, R, and T refer to the incident,

reflected, and transmitted fields, respectively. In the SAFE

analysis, the displacement continuity conditions are enforced

exactly by using matching meshes at the junction and by set-

ting equal the displacements of coincident nodes. On the

other hand, the traction continuity is applied in a weak man-

ner. By premultiplying the stresses by a virtual displacement

and integrating over the cross-section consistent nodal forces

are obtained, which are later used to write the equilibrium

equations at each node.

At each frequency, the NME is applied to express the dis-

placements and tractions in each waveguide in terms of all the

possible modes existing in each of them. The modes calcu-

lated with SAFE analysis are used in the NME expansion

X

Nj

m¼1

aðxÞmj /iðx3;xÞ
m
j ¼ uiðx3;xÞj;

X

Nj

m¼1

aðxÞmj wiðx3;xÞ
m
j ¼ Tiðx3;xÞj; (7)

m¼ 1;2; :::;Nj modes in waveguide j (calculated with

SAFE),

i ¼ 1; 2; 3 (directions),

j ¼ A;B (waveguides),

aðxÞmj ¼ amplitude coefficient of mode m in waveguide j,

/iðx3;xÞ
m
j ¼ Displacement of mode m along direction i

in waveguide j,
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uiðx3;xÞj ¼ Resultant displacement along direction i in

waveguide j,

wiðx3;xÞ
m
j ¼ Traction on plane normal to x1 in direction

i of mode m in waveguide j,

Tiðx3;xÞj ¼ Resultant traction on plane normal to x1 in

direction i in waveguide j.

Only wave modes carrying energy away from the junc-

tion (i.e., reflected or transmitted modes) are considered to

be unknowns in the NME. Their coefficients are calculated

by solving the linear system of equations which results from

substituting the NME [Eq. (7)] into the continuity conditions

[Eq. (6)].

The reflected and transmitted power can be determined

from the stress and displacement fields using Poynting’s vector

calculations, enabling energy balance calculations to be per-

formed. The total energy in the system, i.e., the sum of the

reflected and the transmitted energy at any frequency, normal-

ized by the energy of the incident mode should be equal to unity.

Any deviation from the energy balance is a measure of the error

in the calculation. Model results are provided in Sec. V.

V. HYBRID MODEL RESULTS

The phase velocity dispersion curve for the s1 mode in A

overlaps with several modes in B over different frequency

ranges as shown in Fig. 2(a), which makes it a good example

to show the relationship between dispersion curve overlap

and energy transmission. The displacement and stress wave-

structures for mode s1 incidence in waveguide A were input

into the hybrid model following the procedure described in

Sec. IV. The total energy transmitted from A to B (TAB) was

partitioned among the modes in B and is shown in the form

of an intensity map on the corresponding dispersion curves

for B in Fig. 11. The intensity map clearly shows that the

majority of the energy is transmitted through modes 8 and 9

in the 1.8–2.6MHz frequency range and through modes 9

and 10 in the 2.8–4.0MHz range. Between the cutoff fre-

quency of the s1 mode and 1.7MHz the transmitted energy is

small, indicating that significant reflection occurs. The

transmitted energy shown in Fig. 11 can be compared with

the wavestructure matching shown in Fig. 4. Wavestructure

matching agrees with transmitted energy where dispersion

curves overlap the incident mode.

For the s1 incident mode the total energy transmission,

TAB, is shown in Fig. 12 as a function of frequency, along

with the contributions to it from modes 8–10. It is clear from

Fig. 12 that above 1.7MHz almost all of the energy gets

transmitted across the joint, as TAB is between 0.95 and 1.0.

Almost all of the transmitted energy occurs through modes 8

and 9 between 1.8–2.6MHz, while modes 9 and 10 carry

almost all of the transmitted energy between 2.8–4.0MHz.

A second example is shown in Fig. 13 for the s2 incident

mode. Energy transferred to modes 10–14 is shown (dashed),

as is energy transferred to mode-pair 10-11 over

1.7–2.4MHz and mode-pair 12-13 over 2.6–2.9MHz.

Clearly, the highest energy transfer occurs in the domain of

the mode-pair. As a third example, energy transfer from the

s0 incident mode is shown in Fig. 14 for mode-pair 3-4. TAB
minima occur at 0.15 and 0.33MHz, just before the cutoffs

of modes 3 and 4 at 0.158 and 0.369MHz, respectively.

Physically, the minima occur due to divergence of the wave-

structures for the incident s0 mode and modes 2 and 3. The

FIG. 12. (Color online) Transmitted energy for s1 mode incidence, total energy

transmission TAB, and contributions from combined modes 8, 9, and 10.

FIG. 13. (Color online) Transmitted energy for s2 mode incidence, total

energy transmission TAB, and contributions from mode-pairs 10-11 and 12-13.

FIG. 11. (Color online) Intensity map of partitioning of the transmitted

energy (TAB) among modes in waveguide B given s1 mode incidence from

waveguide A.
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sharp increases in TAB just after the minima occur because

the wavestructures of the cutoff modes 3 and 4 correlate well

with the incident mode. The energy transmission TAB from

0–0.15MHz is primarily through mode 2, but then transi-

tions to modes 3 and 4 after their cutoffs. This corresponds

to the overlapping dispersion curves s0-2 for 0–0.15MHz

and s0-3/s0-4 above 0.5MHz as shown in Fig. 2(a). As dis-

cussed in Sec. III, modes 3 and 4 form a mode-pair for

1.2–1.6MHz, and there is a strong correlation between

energy transmission and wavestructure matching. Moreover,

overlapping dispersion curves that also exhibit wavestructure

matching promote energy transmission.

In summary, mode-pairs in B, which by definition have

nearly perfect wavestructure correlation with the incident

mode in A, have nearly all the energy transferred from the

incident mode in A to the mode-pair in B. Wavestructure cor-

relation is a part of the dispersion analysis, while the compu-

tation of mode conversion and energy transfer requires an

additional SAFE analysis and the NME.

VI. CONCLUSIONS

In the ideal case of a discontinuous plate (layer 2)

bonded to a continuous plate (layer 1), a discrete transition

separates waveguide A (layer 1) from waveguide B (layer

1/adhesive/layer 2). Ultrasonic guided wave inspection of

the adhesive joint typically requires energy transfer through

the transition. Dispersion analysis of overlapping dispersion

curves for waveguides A and B as well as matching wave-

structures led to the discovery of mode-pairs where the

wavestructures in layer 1 of the mode-pair in waveguide B

are nearly identical to the wavestructure in waveguide A.

These mode-pairs exist over finite frequency ranges. Five

mode-pairs were found for equal thickness layers, but only

one mode-pair was found if the layer thicknesses were dif-

ferent. A hybrid model employing SAFE analysis and the

NME was developed and used to show that essentially all of

the incident energy is transferred to mode-pairs where they

exist. The model also confirms that matching wavestructures

enable strong energy transfer from an incident mode in A to

a mode in B when the dispersion curves overlap, i.e., have

synchronized phase and group velocities. Thus, it appears

sufficient in this instance to identify correlated wavestruc-

tures by performing dispersion analysis, rather than having

to create a separate mode conversion model.

The characteristics of mode-pairs in coupled waveguides,

viz., higher energy transmission can be exploited in the inspec-

tion or monitoring of a host of adhesively bonded assemblies.

The present analysis seems equally applicable to anisotropic

waveguide assemblies. Additionally, it seems reasonable that

by proper design of the waveguides and their transitions the

transfer of ultrasonic energy across waveguide transitions can

be enhanced or reduced to suit the application requirements.
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