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We look into dark solitons in a quasi-1D dipolar Bose gas and in a quantum droplet. We derive
the analytical solitonic solution of a Gross-Pitaevskii-like equation accounting for beyond mean-field
effects. The results show there is a certain critical value of the dipolar interactions, for which the
width of a motionless soliton diverges. Moreover, there is a peculiar solution of the motionless soliton
with a non-zero density minimum. We also present the energy spectrum of these solitons with an
additional excitation subbranch appearing. Finally, we perform a series of numerical experiments
revealing the coexistence of a dark soliton inside a quantum droplet.

FIG. 1. Graphical abstract. A. We demonstrate that in a
dipolar gas, there are solutions of infinitely wide dark soli-
tons due to an interplay between short- and long-range inter-
actions. B. Artistic vision of a dark soliton existing inside a
quantum droplet.

INTRODUCTION

In this Letter, we wish to address two vital topics in
the field of ultracold atoms: the investigation of quantum
droplets, the subject of dipolar dark solitons.

The early experiments with attractive dipolar Bose-
Einstein condensates (BEC) reported the gas collapse
dubbed Bose-nova [1–4]. Later on, opening doors to some
new species with a high magnetic dipole moment [5–7] of-
fered more possibilities. Apart from the next evidence of
the collapse [8–10], a state with a broken symmetry was
unexpectedly brought to light [11]. Subsequently, the
novel states of matter – quantum droplets [12–14] and
supersolids [15, 16], were observed in dipolar systems and
Bose-Bose mixtures.

The collapse-preventing mechanism in mixtures [17]
and dipolar BECs [18] is due to the quantum fluctua-
tions, not accounted for in the seminal Gross-Pitaevskii
equation (GPE). Therefore, one may look for an ex-
tended Gross-Pitaevskii equation (eGPE). For instance,
the Kolomeisky equation [19] was proposed to describe
the Tonks-Girardeau gas [20], but suffered an imme-
diate criticism [21]. Another example of an eGPE is
the generalized nonlocal nonlinear Schrödinger equa-
tion [22–24] employing the Lee-Huang-Yang (LHY) cor-
rection [25, 26]. GPE extended by the LHY correction
only, does not provide us with a quantitative agreement
with quantum Monte Carlo predictions for strong inter-
actions [27, 28].

The gap of strong interactions seems to be filled with
a hydrodynamic-based approach resulting in the Lieb-
Liniger GPE (LLGPE), which we use in this Letter. The
equation in question was used to investigate BECs in
Refs. [29–37], including the prediction of dipolar quan-
tum droplets in a quasi-1D configuration [38].

Typically, these waves due their existence to nonlinear
effects and have been already studied in various physical
systems [39–47], including BECs with contact interac-
tions [48–50], dipolar interactions [51, 52], and also be-
yond the mean-field description [19, 34]. It was shown
that in the TG gas, thanks to the Bose-Fermi mapping,
one can find stable soliton-like solutions in many-body
calculations [53].

Dark solitons are routinely produced via phase im-
printing [54, 55], but they are predicted to appear spon-
taneously during heating as well [56]. Unfortunately, the
solitons are too narrow to be observed in situ, which
makes an obstacle to investigate them properly.

The aim of this Letter is to find out whether or not dark
solitons exist in a dipolar Bose gas with strong contact
interactions and if such solitons can coexist with quan-
tum droplets. As far as we are concerned, the necessary
ingredients, namely strong contact interactions, quasi-1D
geometry, and dipolar interactions, have been present in
the experiment [57].

ar
X

iv
:2

20
7.

03
81

7v
3 

 [
co

nd
-m

at
.q

ua
nt

-g
as

] 
 1

0 
N

ov
 2

02
2



2

FRAMEWORK

Nonlocal Lieb-Liniger Gross-Pitaevskii equation

We study a dipolar Bose gas in a quasi-1D configu-
ration, i.e. with unconfined atoms of mass m in the x
direction (box of a size L with periodic boundary condi-
tions or an infinite system), but tightly trapped in the
transverse y and z directions. We assume a harmonic
trap with frequency ω⊥ and introduce the aspect ratio
σ = l⊥/L with l⊥ =

√
~/mω⊥. The excitation energies

in the perpendicular directions are assumed to be rela-
tively large in comparison to those in the longitudinal
one, therefore unoccupied and neglected here.

We consider a head-to-tail configuration of the dipoles.
This implies the attractive character of the dipole-dipole
interaction (DDI). The dipolar interaction coefficient

gdd ≡ µ0µ
2
D

2l2⊥
depends on the atom magnetic moment µD.

To understand the dynamics of the system, we start
with classical hydrodynamical Euler conservation equa-
tions

∂ρ

∂t
+
∂(ρv)

∂x
= 0, (1a)

∂v

∂t
+ v

∂v

∂x
=

1

mρ

∂PLL

∂x
+ f, (1b)

where PLL is the pressure and f contains body accel-
erations. We assume further that all fields change suf-
ficiently slow such that locally the gas remains in the
ground state of the Lieb-Liniger model with energy ELL,
and therefore PLL = −∂ELL

∂L (which we calculate only in
the thermodynamic limit [58]), while dipolar magnetic
forces are included in f.

We introduce a pseudo-wavefunction Φ(x, t), which has
to obey the above set of hydrodynamic equations via
the density field ρ(x, t) = |Φ(x, t)|2 and velocity field
v(x, t) = ~

m∂x[arg Φ(x, t)]. This, up to the quantum pres-
sure term, leads to the nonlocal LLGPE [59]:

i~∂tΦ(x, t) =

(
− ~2

2m
∂xx + µLL[g, |Φ(x, t)|2]

)
Φ(x, t)

−gdd

∫
|Φ(x′, t)|2vσdd(|x− x′|)Φ(x, t)dx′, (2)

where g is the contact interaction coeffi-
cient, vσdd(u) = 1

σvdd(u/σ) is the effective
quasi-1D dipolar potential [60] with vdd(u) =
1
4

[
−2|u|+

√
2π(1 + u2)eu

2/2Erfc(|u|/
√

2)
]

and µLL

is the Lieb-Liniger chemical potential [61]. The lat-
ter can be easily evaluated numerically basing on
Refs. [62, 63]. The parameter σ acquires another
meaning of the effective dipolar interaction range here.

For the weak contact interactions the subsequent terms
of µLL expanded in the Taylor series give rise to the GPE

and eGPE (that is GPE with LHY term). Keeping in (2)
the full µLL, without cutting the Taylor series, makes the
equation useful for strong short-range interactions [34]
and a tool to study the 1D quantum droplets [38].

Approximation of infinitely strong contact
interactions with zero-range dipolar ones

Following the notation from the Lieb-Liniger model,
we will use a dimensionless parameter γ ≡ m

~2
g
ρ0

to de-

scribe the contact interaction strength, where ρ0 = N/L
is the average gas density. Let us now consider Eq. (2)
in the limit of the infinite contact and zero-range dipolar
interactions (i.e. γ →∞ and σ → 0):

i~∂tΦ(x, t) =
~2

2m

(
−∂xx + π2|Φ(x, t)|4

)
Φ(x, t)

−gdd|Φ(x, t)|2Φ(x, t), (3)

which is the very equation from Ref. [64]. As it can be
immediately seen, the part of this equation responsible
for the short-range interactions becomes the same as in
the Kolomeisky equation [19]. On the other hand, the
dipolar part acquires the nonlinear form known from the
GPE. This approximation works well when the interac-
tion range σ is smaller than the typical length scale over
which density can change, but still much larger than the
average interparticle distance. According to Ref. [51],
the solitonic solution in the repulsive dipolar gas in this
limit is convergent to the one in the gas with contact
interactions only.

One of the solutions of Eq. (3), ΦMS(x) was found in
Ref. [64]. It was initially thought to be a family of bright
solitons. However, as some solutions have a flat-top den-
sity profile and the energy linear in N , we refer to these
objects as quantum droplets. Such crossovers, from a
bright soliton to a quantum droplet, were seen in dipolar
systems [38] and mixtures [65, 66].

RESULTS

Speed of sound and stability of the constant density
profile

We introduce a dimensionless parameter γdd ≡ m
~2

gdd
ρ0

describing the dipolar interaction strength, mimicking
the Lieb parameter γ.

First, we linearize Eq. (3) for a homogenous system
and solve Bogoliubov-de Gennes equations [67] to get the

excitation energy ε(k) =

√
~4k4

4m2 + ~2k2
(

~2π2ρ20
m2 − gddρ0

m

)
as a function of the wave vector k. For low momenta
the spectrum is linear, i.e. it contains phonons with the

speed of sound c =

√
~2ρ20
m2 (π2 − γdd). When γdd > π2,
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the Bogoliubov excitation energy becomes complex for
low momenta, manifesting the phonon instability in this
region. Such an instability is present in a Bose gas with
attractive interactions, where the ground state breaks the
translational symmetry to form a bright soliton [68]. In
our case, however, the symmetry-broken ground state ap-
pears as soon as γdd > 2

3π
2 where the pressure P =

−∂E0

∂L =
~2ρ30
m

(
π2

3 −
γdd

2

)
[34], with E0 being the homo-

geneous state energy, becomes negative. Thus, pressure
is the very parameter which determines the emergence of
quantum droplets.

Dark soliton solution

We look for a family of Eq. (3) solutions such
that Φs(x, t) ≡ ψ(x − vt) exp(−iµt/~) and ψ(ζ) =√
ρ(ζ)eiφ(ζ). Real-valued functions ρ and φ are inter-

preted as the density and phase respectively. Parameter
v is the soliton velocity, ζ = x− vt is the comoving coor-
dinate, and µ is the chemical potential. When we apply
Φs(x, t) to Eq. (3),

we obtain the soliton density and phase profiles

ρ(ζ) = ρ∞ −
(ρ∞ − ρmin)(1 +D)

1 +D cosh(Wζ)
, (4a)

φ(ζ) =
2mv(D + 1)(ρmin

ρ∞
− 1)

~DW
√

1− a2

× arctan

 (a− 1) tanh
(
Wζ
2

)
√

1− a2

 ,

(4b)

where a ≡ ρmin

ρ∞
+ ρmin

Dρ∞
− 1, D ≡ ρmin−ρ1

2ρ∞−ρ1−ρmin
, and

W ≡ 2
√

π2

3 (ρ∞ − ρmin)(ρ∞ − ρ1). Constants ρmin =

3mgdd

2~2π2 − ρ∞ +
√

∆
2 with ∆ =

(
2ρ∞ − 3mgdd

~2π2

)2
+ 12m2v2

~2π2 is
interpreted as the soliton density minimum and ρ∞ is the
background density (limζ→±∞ ρ(ζ) = ρ∞). There is no

clear interpretation for ρ1 = 3mgdd

2~2π2 − ρ∞ −
√

∆
2 , though.

In the thermodynamic limit ρ∞ = ρ0.
One can notice an interesting feature analysing solely

the soliton density minimum as a function of the dipolar
interaction strength γdd. As we can see it in Fig. 2A, the
density of the motionless soliton (β ≡ v/c = 0) above
γdd >

2
3π

2 is not vanishing. Moreover, the phase of such
a solution is constant.

Another vital property of the soliton in question is its
full width at half depth XFWHD = 2

W arccosh
(

1+2D
D

)
such that ρ

(
XFWHD

2

)
= ρ∞+ρmin

2 . Fig. 2B shows the
motionless soliton width diverges logarithmically when
γdd → 2

3π
2. Even if 0 < β � 1, we can see the soliton

size at γdd = 2
3π

2 is larger than the interparticle distance
1/ρ∞ and might be easier to detect in the experiment.
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FIG. 2. A. Soliton density minima ρmin as functions of the
dipolar interaction strength γdd for different relative veloci-
ties β.
B. Soliton full width at half depth XFWHD as functions of the
dipolar interaction strength γdd for different relative veloci-
ties β.

The soliton width also diverges when γdd → π2 but
in that case XFWHD ∝ |γdd − π2|−ν with the critical
exponent ν = 1/2.

One can also notice the phase difference ∆φmax =
max [limζ→∞ φ(ζ)− limζ→−∞ φ(ζ)] is equal to π when
γdd <

2
3π

2, but it is smaller than π otherwise [69]. We
hypothesize a phase imprint of ∆φ > ∆φmax on a droplet
may lead to its splitting rather than a soliton formation.
We investigate this case later in this Letter.

Dispersion relation
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FIG. 3. A. Soliton dispersion relation E(P) for γdd <
2
3
π2.

B. Soliton dispersion relation E(P) for γdd >
2
3
π2.

We calculate and show in Fig. 3 the dispersion rela-
tion E(P) [70] of the soliton renormalized energy E and
momentum P.

In the range 0 6 γdd < 2
3π

2, the dispersion relation
behaves qualitatively the same as the one coming from
the Kolomeisky solution (γdd = 0) [19], whereas, when
γdd >

2
3π

2, we observe a new subbranch formed. From
now on, we refer to these solutions as anomalous solitons.

Obviously, it may be more difficult to phase imprint the
anomalous solitons just beacause their excitation energy
is higher than the one corresponding to the solution with
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the same phase difference ∆φ, but situated on the lower
subbranch. We cannot also perform a phase imprint of a
motionless anomalous soliton.

Another problem may be encountered when trying to

calculate the effective soliton mass m∗ = ~2
(
d2E
dk2

)−1

. It

is not well defined due to the presence of a cusp in the
spectrum.

Dark soliton generation inside a quantum droplet

Last but not least, we want to find out whether or
not dark solitons may coexist with quantum droplets.
We prepared two series of numerical experiments using
the MUDGE toolkit [71]. Assuming the soliton width
is much smaller than the droplet size, one can treat the
droplet bulk density ρeq as ρ∞ and expect that after a
phase imprint of ∆φ phase difference, the imprinted state
is similar to the analytical solitonic solution.

Note that then, due to the interplay between
the short-range and dipole interaction, consequently
rescaled interaction parameter ρ0

ρeq
γdd does not de-

pend on the actual value of γdd and is equal

2
3π

2
[
1− sech

(
π
√
N/3

)]−1

[72], which corresponds to

the left edge of the anomalous region in Fig. 2.
We use the fidelity F = |〈ψσnum|ψ〉|2 between the nu-

merically evaluated phase-imprinted state ψσnum and the
solitonic solution ψ =

√
ρeiφ with density and phase

given by Eqs. (4). We have σ = 0 and γ → ∞ in the
first series of numerical experiments and σ = 0.05 and
γ = 50 in the other one. We set the number of particles
N = 20 just like in one of the experimental configurations
in the strong interaction regime [57].

As we have mentioned earlier, one can think that above
a certain value ∆φmax, the droplet will not coexist with
a soliton, but split into two. In such a case, the fidelity
should drop rapidly in the vicinity of ∆φmax. Droplet
splitting is shown in Ref. [73], when a droplet is released
from an external confinement and in Ref. [74] as a result
of an interaction quench.

Nevertheless, as we can see in Fig. 4, no such behaviour
is present there. Obviously, the fidelities are smaller in
the case with finite both DDI range and contact interac-
tion strength as compared to the other case.

The inset of Fig. 4 shows us the time evolution of the
droplet. We imprint a phase difference of ∆φ = π/2 on
a quarter of the droplet. From this moment on, we can
observe a dark soliton moving with a relative velocity
β ≈ 0.37 and accompanied by shock waves.

CONCLUSIONS

All in all, the results shown in this Letter corroborate
both the existence of dark solitons in the dipolar Bose

FIG. 4. Fidelity F between a state that appears dynamically
after phase-imprinting and the analytical solitonic solution.
Empty markers: γ → ∞ and σ = 0, filled markers: γ = 50
and σ = 0.05
Inset: Evolution of a quantum droplet given by Eq. (3) with
dipolar interaction strength γdd = 9 after a phase imprint

∆φ = π/2 at t ≈ mc2

~ . The dashed line marks a trajectory
of an object moving with velocity β = 0.3684(4), which was
predicted from the shape of the soliton in accordance with
Fig. 2. The visible emerging high-density structures are the
shock waves induced in the phase-imprinting process.

gases with strong contact interactions and the possibility
of quantum droplet-dark soliton coexistence.

We put our focus on the strong contact interaction
regime, where the quantum droplets emerge in quasi-1D.
In this regime, where the system can be modeled with
the nonlocal LLGPE, we deal with a competence between
two different types of nonlinearities, the quintic and the
cubic one. In the limit of infinite contact interaction
strength (γ → ∞) and zero-range dipolar interactions
(σ = 0), we found an analytical solution for the dark
solitons given by Eqs. (4). The motionless soliton width
diverges when γdd = 2

3π
2. As a consequence, the solitons

will be ultrawide and easy to observe experimentally in
large quasi-1D systems.

We show that in the droplet regime, due to the inter-
play between different nonlinearities, the soliton exhibits
anomalous behaviour – there exists a gray, but a motion-
less one. The anomaly is also apparent in the soliton dis-
persion relation, which contains an additional subbranch.

We complement our analytical considerations with the
numerical simulation of an experimental procedure used
to generate solitons, i.e. the phase imprinting. We
showed the procedure causes the formation of a dark soli-
ton on top of the droplet, even for large phase jumps,
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finite γ and σ. This fact disfavours the idea that the
phase-imprinting method can lead to an instantaneous
droplet splitting.
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A. Griesmaier, T. Pfau, H. Saito, Y. Kawaguchi, and
M. Ueda, Phys. Rev. Lett. 101, 080401 (2008).

[9] J. Metz, T. Lahaye, B. Fröhlich, A. Griesmaier, T. Pfau,
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SUPPLEMENTAL MATERIAL FOR:
ULTRAWIDE DARK SOLITONS

AND DROPLET-SOLITON COEXISTENCE
IN A DIPOLAR BOSE GAS

WITH STRONG CONTACT INTERACTIONS

Solitonic solution derivation

We plug the function Φs(x, t) ≡√
ρ(ζ)eiφ(ζ) exp(−iµt/~) into Eq. (3). The param-

eter v is the soliton velocity and ζ = x − vt is the
comoving coordinate. We get a complex equation

µ
√
ρ−i~v(

√
ρ)′ + ~vφ′

√
ρ =

− ~2

2m
(
√
ρ)′′−i~

2

m
φ′(
√
ρ)′ − i ~

2

2m
φ′′
√
ρ

+
~2

2m
(φ′)2√ρ+

~2π2

2m

√
ρ

5 − gdd
√
ρ

3
,

(S1)

which can be split into the real and imaginary parts.
We begin with the imaginary part, which after a few

steps takes the following form:(
~
m
φ′ρ− vρ

)′
= 0 (S2)

and we further integrate it with an integration constant
Q:

φ′ =
m

~

(
v +

Q

ρ

)
. (S3)

Then, we can move to the real part and, similarily, we
transorm it to(

µ+
mv2

2

)
√
ρ(
√
ρ)′ +

~2

2m
(
√
ρ)′′(
√
ρ)′ − mQ2

2

×
(
√
ρ)′

ρ
√
ρ
− ~2π2

2m

√
ρ

5
(
√
ρ)′ + gdd

√
ρ

3
(
√
ρ)′ = 0.

(S4)

Eventually, we get

2

(
µ+

mv2

2

)
ρ2 +

~2

m

(
ρ′

2

)2

+mQ2 − ~2π2

3m
ρ4 + gddρ

3 − 4V ρ = 0.

(S5)

When we impose the conditions that far from the
soliton both the density and phase are constant, i.e.
limζ→±∞ ρ(ζ) = ρ∞ and limζ→±∞ φ(ζ) = φ±∞, we
straightforwardly get the integration constant values:

Q = −vρ∞, (S6a)

V =
~2π2ρ3

∞
6m

− gdd

4
ρ2
∞ +

1

2
mv2ρ∞. (S6b)

Now, we are able to rewrite Eqs. (S5) and (S3) in the
following forms:

∫ ζ

0

dσ =

∫ ρ(ζ)

ρmin

dη

2
√
−m

~2U(ρ)
, (S7a)

with the polynomial U(ρ) = −~2π2

3m (ρ −
ρ∞)2

[
ρ2 +

(
2ρ∞ − 3mgdd

~2π2

)
ρ− 3m2v2

~2π2

]
.

φ(ζ) =
mv

~

∫ ζ

0

(
1− ρ∞

ρ(x)

)
dx =

−mv(D + 1)(ρ∞ − ρmin)

~DWρ∞

∫ Wζ

0

du

a+ cosh(u)
,

(S7b)

where a ≡ ρmin

ρ∞
+ ρmin

Dρ∞
− 1, D ≡ ρmin−ρ1

2ρ∞−ρ1−ρmin
, and

W ≡ 2
√

π2

3 (ρ∞ − ρmin)(ρ∞ − ρ1). Having integrated

Eqs. (S7a) and (S7b), we obtain Eqs. (4a) and (4b) re-
spectively.

Numerical codes

The LLGPE with the nonlocal term is a complex, non-
linear partial differential equation. The function ψ(x)
discretized on a spatial mesh with Nx fixed points with
lattice constant DX = L

Nx
. L is the box size, we as-

sume periodic boundary conditions ψ(−L2 ) = ψ(L2 ). The
real-time evolution is done with the use of the split-step
numerical method. The evolution in both the kinetic
and dipolar (if the dipolar range σ > 0; we use the spa-
tial domain otherwise) is done in the momentum domain,
whereas the contact interaction term is calculated in the
spatial domain. No external potential is used. The initial
droplet state is obtain with the imaginary-time evolution
when t→ −iτ .

The program written in C++ implementing the al-
gorithm above is available here: https://gitlab.com/

jakkop/mudge/-/releases/v30Jun2022. The program
uses the W-DATA format dedicated to store data in
numerical experiments with ultracold Bose and Fermi
gases. The W-DATA project is a part of the W-SLDA
toolkit [75].

The Python code and data needed to reproduce all
the figures are available at request to the corresponding
author.

We use the following approximations of eLL(γ) for γ <

https://gitlab.com/jakkop/mudge/-/releases/v30Jun2022
https://gitlab.com/jakkop/mudge/-/releases/v30Jun2022
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FIG. S1. Sketch illustrating the auxillary function needed for
the proper renormalization of the energy of a soliton.

1:

e(γ) ≈ γ − 4

3π
γ3/2 +

π2 − 6

6π2
γ2 − 4− 3ζ(3)

8π3
γ5/2

−4− 3ζ(3)

24π4
γ3 − 45ζ(5)− 60ζ(3) + 32

1024π5
γ7/2

−
3
[
15ζ(5)− 4ζ(3)− 6ζ(3)2

]
2048π6

γ4

−8505ζ(7)− 2520ζ(5) + 4368ζ(3)− 6048ζ(3)2 − 1024

786432π7
γ9/2

−9[273ζ(7)− 120ζ(5) + 16ζ(3)− 120ζ(3)ζ(5)]

131072π8
γ5

(S8)

and

eLL(γ) ≈ π2

3

(
1− 4

γ
+

12

γ2
− 10.9448

γ3
− 130.552

γ4
+

804.13

γ5

−910.345

γ6
− 15423.8

γ7
+

100559.

γ8
− 67110.5

γ9

−2.64681× 106

γ10
+

1.55627× 107

γ11
+

4.69185× 106

γ12

−5.35057× 108

γ13
+

2.6096× 109

γ14
+

4.84076× 109

γ15

−1.16548× 1011

γ16
+

4.35667× 1011

γ17
+

1.93421× 1012

γ18

−2.60894× 1013

γ19
+

6.51416× 1013

γ20

)
.

(S9)

for γ ≥ 1.

ENERGY RENORMALIZATION

We present here the standard renormalization proce-
dure and the final formulae for the solitonic excitation

propagating on an infinitely long line. In such a system,
the energy of a homogeneous gas is infinitely large, and
so is the energy of the gas with a soliton. Therefore, the
energy of a solitonic excitation, denoted with the letter
E in the main text, is defined as difference between these
two energies. However, firstly one has to compute the
difference in a finite box of the length L and then evalu-
ate it in the thermodynamic limit (N →∞ and L→∞
with N/L = ρ0 = const). For the finite box, it is nec-
essary to account for the increase of the density outside
the soliton due to the particles shifted from the solitonic
dip, as depcited with ρL in Fig. S1.

The energy function, conserved during motion defined
in Eq. (3) of the main text is given by

EL(ρ) =

∫ L/2

−L/2

(
~2π2

6m
ρ3 − gdd

2
ρ2

)
dx (S10)

The reference energy is the energy of the homogeneous
gas with the density ρ0 = N/L:

EL (ρ0) =
~2π2

6m

N3

L2
− gdd

2

N2

L
. (S11)

In the main text, for the solitonic solution ρ(x) we
have set ρ∞ = ρ0, which is true in thermodynamic limit.
For finite L, however, it leads to a situation, where ρ(x)
corresponds to a smaller number of atoms than in the
homogeneous reference system. It makes it impossible to
compare the energies of these two states in a reasonable
way. To solve this problem, we need to normalize ρ(x)
by a proper factor:

ρL(x) = ρ(x)
N∫ L/2

−L/2 ρ(x′)dx′

= ρ(x)
N

N +
∫ L/2
−L/2 (ρ(x′)− ρ0) dx′

(S12)

such that
∫ L/2
−L/2 ρL(x) dx = N . Note that in

the thermodynamic limit ρL(x) converges to ρ(x), as∫ L/2
−L/2 (ρ(x′)− ρ0) dx′ converges to constant.

The solitonic excitation energy in this box equals

EL = EL (ρL)− EL (ρ0) (S13)

In the thermodynamic limit one gets

E = lim
L→∞
N→∞
N/L=ρ0

EL = Eint + Edip, (S14)

where

Eint =
~2π2

6m

∫ ∞
−∞

(
3ρ0w

2(x) + w3(x)
)
dx (S15)

Edd = −gdd

2

∫ ∞
−∞

w2(x) dx, (S16)

w(x) ≡ ρ(x)− ρ0 (S17)
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In our case, the renormalized self-interaction Eint, dipo- lar Edd energy terms and the renormalized momentum P
(see Ref. [47]) are given by Eqs. (S18)-(S19).

Eint =
~2π2

6m

[
−3ρ∞(ρ∞ − ρmin)2(1 +D)2

WD2

2
√
D−2 − 1 +D−1 ln[2D−2 − 2D−1

√
D−2 − 1− 1]

√
D−2 − 1

3 +

+
(ρ∞ − ρmin)3(1 +D)3

WD3

6D−1
√
D−2 − 1 + (2D−2 + 1) ln[2D−2 − 2D−1

√
D−2 − 1− 1]

2
√
D−2 − 1

5

]
,

(S18a)

Edd =
gdd(ρ∞ − ρmin)2(1 +D)2

WD2

2
√
D−2 − 1 +D−1 ln[2D−2 − 2D−1

√
D−2 − 1− 1]

2
√
D−2 − 1

3 , (S18b)

P =
i~
2

lim
L→∞

∫ L
2

−L2

[
ψ(x)

dψ∗(x)

dx
− ψ∗(x)

dψ(x)

dx

]
dx− 2~ρ∞φ∞ = mv

(ρ∞ − ρmin)(1 +D)

WD
√
D−2 − 1

× ln[2D−2 − 2D−1
√
D−2 − 1− 1]− 2~ρ∞φ∞,

(S19)

with 2φ∞ =
4mv(D+1)(

ρmin
ρ∞ −1)

~DW
√

1−a2 arctan
(

a−1√
1−a2

)
.

PHASE IMPRINTING AND FIDELITY
CALCULATION

We prepare the initial droplet state ψnum(x, t = 0)
in the course of imaginary-time evolution. Then, we
evolve it in the real time and imprint the phase pattern
φnum(x, t0) = φnum(x, t0 − dt) + ∆φ θH(x − WD/4) at
certain time t0, where θH is the Heaviside theta function
and WD is the droplet width.

We choose fidelity F (ψ1, ψ2) = |〈ψ1|ψ2〉|2 as the mea-
sure of the similarity between the state imprinted on the
droplet and the analytical solution given by Eqs. (4).

Phase imprinting generates a soliton accompanied by
shock waves and numerical noise. Thus, we need to es-
tablish a numerical procedure in such way that the mea-
surement of fidelity is the least possibly affected by the
presence of the two.

1. We choose the measurement time t̃ in the very mo-
ment when the shock wave escapes the droplet on

the right (t̃ ≈ t0 + WD/4
2c ).

2. We use a moving average on the density profile
|ψnum(x, t̃)|2, get a smoothened density ρ̄(x) and
find its minimum within the droplet bulk ρ̄min =
min−WD2 <x<

WD
2

ρ̄(x) = ρ̄(xmin).

3. We choose the bounding points xL = min{x :
∀x<xmin ρ̄(x) 6 ρ̄(xmin) + 3

4 [|ψnum(x, t = 0)|2 −
ρ̄(xmin)]} and xR = max{x : ∀x>xmin

ρ̄(x) 6
ρ̄(xmin) + 3

4 [|ψnum(x, t = 0)|2 − ρ̄(xmin)]}.

4. For a given
ρeq
ρ0
γdd = m

~2
gdd

|ΦMS(x=0)| =

2
3π

2
[
1− sech

(√
N
3 π
)]−1

, with N being the

particle number, we choose a relative soliton
velocity β such that ρ̄(xL 6 x 6 xR) and
|ψ(xL 6 x − xmin 6 xR)|2 given by Eqs. (4). One
can perform an a posteriori check and see if the
fitted velocity agrees with the soliton velocity just
like in Fig. 4.

5. Eventually, we perform the fidelity measurement:

F =

∣∣∣∫ xRxL ψ∗num(x, t̃)ψ(x− xmin)dx
∣∣∣2∫ xR

xL
|ψnum(x, t̃)|2dx

∫ xR
xL
|ψ(x− xmin)|2dx

. (S20)

We provide films with 4 chosen cases of soliton imprint-
ing:

• Film 1: Phase-imprinted soliton moving in a

quantum droplet (∆φ = π/2, σ = 0)
Parameters: effective dipolar range σ = 0, contact
interaction strength γ → ∞, dipolar interaction
strength γdd = 9, phase imprint ∆φ = π/2
Link: https://youtu.be/MTVCQ6YbfCM

• Film 2: Phase-imprinted soliton moving in a

quantum droplet (∆φ = π/4, σ = 0)
Parameters: effective dipolar range σ = 0, contact
interaction strength γ → ∞, dipolar interaction
strength γdd = 10, phase imprint ∆φ = π/4
Link: https://youtu.be/WNkGKHw0d4o

• Film 3: Phase-imprinted soliton moving in a

quantum droplet (∆φ = π/2, σ = 0.05)

https://youtu.be/MTVCQ6YbfCM
https://youtu.be/WNkGKHw0d4o
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Parameters: effective dipolar range σ = 0.05, con-
tact interaction strength γ → ∞, dipolar interac-
tion strength γdd = 9, phase imprint ∆φ = π/2
Link: https://youtu.be/JcywR4GDiRE

• Film 4: Phase-imprinted soliton moving in a

quantum droplet (∆φ = π/4, σ = 0.05)

Parameters: effective dipolar range σ = 0.05, con-
tact interaction strength γ → ∞, dipolar interac-
tion strength γdd = 10, phase imprint ∆φ = π/4
Link: https://youtu.be/74YTfdXjULA

https://youtu.be/JcywR4GDiRE
https://youtu.be/74YTfdXjULA
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