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Given kndéwn item parameters, unbiased estimators are derived
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»

13 for an examinee's ability parameter: ® and for his proportion-

correct true score § , 2) for S:
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’ that 6 is posit1vely biased fot high—abillty examinees and negatively ‘

Unbiased Estimatgrs .

L _ 5 : : 2
- ' T
.Unbiased Estimators of éhility Parameters, of‘TheirIYariance,

~

!

. , A . <
and of Their Parallel-Forms Reliabdbility -- . : v

~ * B . \‘, .%.’ './

r~ - . ,

This paper, is primarily- concerned With determlning the statisticaL
bias in ‘the maximum likelihood est1mate e of the examinee aﬁglity
t . o T
U’ v, J :
parameter 6+ In item response theory (IRT) [Lord ‘I980]'ialso of

certain functions of such parameters. We w1rl deal only w1€h uni-

v B .

dimensignal tests composed of dichétomously scored 'items. We assume
) - ‘e & s N ; * s -
. oy

_ the item response’ function is three-parameter logistic» (2).- = e . s

Avzilable results for the sampling-varianee of" 8 are.currently
- : . N
limited to the case where the item~parameters are knowns. the. present [
» ~

derjvations are limited to thisléase also. This limitétion’is tolerable

s e .
in 81tuat10ns where the 1tem paﬂameters are predeterm1ned, as'i1 ite
8. . )

-
-
. L

bankinig and tailored testing.m .
. ( . o R | TN

" In thzézpsence of a prior distribution for ¢ , it is well known, \ ’
S

A‘ - . Y

that exami with perfect scores have 6 = o ; also that examinees -

who perf%rm near or Below the ehance level on multiple—ch01ce items

—

may be given large negative values of e . This (correctly) suggests

¢ 3

-

- biased for low-abilitzy'examlnees.~ Will a correction of 6 for bias ‘. o

be helpful -in such'cases? . ‘ L

* *a - P . n
~ '3 Fa . M

. - . - . .

‘!, *This work was supported ‘in part by contract'NOOQ}4 80-C-0402, .
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. . It is also 'well known" that for any ordinary group’ of examinees, :

. i )
. . " J
] . ) 2., [ .
the variance ( 83 ) of 6 across examinees is larger than the variance

6 ‘is clbsel§ related to the

€ -
> 7 \] «

eliability ‘of .6 cansidered as ‘the examinee's .

< ’('s: ) é%‘the true” 6 . The ratic sg/s2
q}assical—festétheory r

b, . A j " 2 .2
. test .score. Thus it is not efiough for us to know that 85 > s, as the .

LRl

° number n of test items becomes large;/ye need to know how.the rela- >
: > B ) - :
: “ * €

- .

’ .7 * . . i\ - .
tion of sg to s: ~varies as a function of n . We also need a . 4

. 3

0 *" better estimate of,.sg than “its maximum-likelihood -éstimator g -
by Corrécging sg for bifs. .k' ®

These objectives can bé achieved 5

' .- T
¢ ’

_ .

* . The mefhods used to derive formulas for correction for bias are —~
. . o 3 ‘o . . N i B .

- " ' presented here in detail for at least two reasons: 1) experfence ! . !

with.similar Q¢rimaf%?ns has shown that it is eas$¥ to reach erroneous

4 0 “ .

! ‘results if details are noi spelled out. 2) The gegneral methods used

N
-
"

. " here are easily transferred to‘solve other problems, such as a)_cor- \

B N
. .- . .

rection of 'item parameters f&r biasy b)’fbtaining higher-order approxima-,

- . ) N l . Q ° M . . ¢ . B P

tions to the sampling variapce of 8

» . /. N ~ 7 .' s . ) . N ' ‘

. % P 1., Statistical Bias’in’ § and 4 ) . T R
- ' )

.

\

. .
L ° 2 o s
'

' . The method used here to find the bias of é _is adapted from the S

A}
LY
s

' 'adjusted order of‘hégditude"brqcedure detailed by Shenton and Bowman

@ .

o e 9T, They aSSumetheir data to be a sample from a population divided into’

) - . M » . . v"‘\
a denumerable number of subsets. For -them, the population pibportion
., .~‘_4~ 3 . . - R + 0 _ﬁ
of. observations “in a“given supset is a known fﬁpctiph of the param-. ~

H ] N 4 » .

.eter 6 whose valué they wish to gstim@te. Their samplé estimate of

.

6 isltheréfofe a function -of observed sample’ proportions in the

°
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- i ‘ 4

various subsets. Since our data do not readily fit thisg picturé, we
Q . .

cannot use their final published formulas but must instead deri?e our

’
»

.
own.. ' . -, PR
.
\ . -

-\ ‘ThroQgﬁéht Section 1, we deal‘hith a.single fixed examinee whose

-

n
+ - ability 6 1is the parameter to be estimdted. All item parameters are

. L
v

assumed known.

L . 1.1 Preliminaries :

I o
.a—‘:\

>

The maximum likelihood estimate 6 is obtained by solving the like-
. N

1
i

lihded equation . . '
n . A A ‘ ‘ ’
_ » ' = " . . M
‘ _ Jil (u, - POP/PQ, =0 . 3(1) .
" where L 0,o0r 1 is the examinee's response td jtem ;i (i = 1,2;...,. '
n), Pi = Pi(e) is the response function for item i : Qi =1- Pi ,

P! is the derivative of P

i "with respect to K » and a cargt indicates

i

that the fﬁnction‘is to be-evaluated at 8 . We deal with the-case

e - ethere P, 1is the three-parameter logistic function ( .
L .
.7 : C ' T
. l - Ci N Y .
. | S M .
P, e, + ~ 2
* i 3 -Ai(e-bi) . . (2)
: : M 1 + e ¥ . . N .Y
. .‘.. . . ] e R °: e
* where Ai , 'bi', and ‘ﬂi are item parameters, describing item -1 . ..
: \ ." ¢ «
- \-'} 5 ’. Pow : . . ) , . -
"" . \\ - r <
' : ‘s . !
/’ - i - ! ¢ '
PN . 4 4 .

.
.
. * .
N . . > 5 e
- . [y
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We will assumé ‘

- 1. 6 is a bounded variable,

. 2. the item ﬁaraﬁeters ai and bi aré bounded, '
3. ¢y "is bounded away from 1,
4 '
{thus 'Pi and Qi- are bounded away from O and 1);

A ’ 4.. as becomes large, the statistical characteristics of the
. - A A

' . tegt stabilizé:
Rather thay trying to define this last assumption formally, the reader

’ may substitute the more restrictive assumption usually made in mental

€esp theory: that a test is lengthened“by adding strictly parallel forms.

With these assumptions, the conditions of Bradley and Gart (1962) -

are satisfied. ‘It fqllows from their theorems that & 7is a consistent

-

estimator qf 8 and that vn (6 - 6) is asymptotically-fiormally distri-

buted with mean zero'agd variance lim % ZZP' . The existence of
. . p n>e i .
thﬁ* limit §s guaranteed by ass'umpti.m'ﬁA b ’

For compactness, we-wi /rewrite.(l)'a§f

N B oo~




- -
' i O‘ = 1 ] *
| . S L
4 - . e ) o . , - .
' Unbiased Estimators =
: : - ' 6
i : - ' . : N )
Py = (ug —PPP/RQ - . @

t

. ',

P E} ~ i - ° ~
Now L, ‘considered as a function of 6. can be expanded formally in

1
powers of 8 — 8 , as follows: : -
2
R -’ ¥ . - . -/ A\
o - Lo 1 - 2 :
L L, ZED, +@-8)IT, +2 6 -0 5, +... . .
el i 11 i 21 2 zi 31 . . f
where we define ’ )
’ 1-u
_ d° P 7Y _
/ . rsi = — log Pi Qi (s =1,2,...) . . (5)
deé -
" .& - / . ¥

. This- definition is* consistent with (3).

-Let x=6 -6, Fs 3 P rsi . Rather than'proving the con-
. ' v i »
. vergenge of the power series, let us use a closed form that is always valid:
. ‘ o 1 2; 1.3 ' § 4=
Li5r1+xr2+53cr3+-6—xra+§zxr5 . ' (6)
. N
4
. where T_ = Max T'_ and IGI <1. . ‘. ..
, 5005 . : '
’ —_ ‘ |t
i 1.2 Dperivatives and Expectations' ’ .
¥ ra
To proceed further, it is necessaty to‘eyaluate the rki . It is
. , oy ) ) . . )
, found that - - \ ‘
‘% ¢ N . . -
- _ ,
> ,< . R . . .
. .
. R .
L / . ‘ \ \
» \ : L
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At N " -
- : o A
k1 P Kl G Y el
i rs . = (_ ‘) . =, L S! "(_—_,) (-l+ )
L e e ey

. '
pp. 31-32, l6§)._

. . Defime—

™
(R}
ar |

s

. Y130
2 .
) L t
‘ \ Py
- 2i - ’
nL R Ai i < 2
W SE— ¢ T P10 NI I SR O} B
; ) %}"“(l _ ci)2 Pi i i i i i i
‘ fo= = - 1y . j
: . eqqg = Tpy = wy = PPPY/RQ 5
-— Ld ‘ .
. ' /‘. p - v\
K .. Aici' Pi(ui - P) -
21 a - ci) 2 r 7
P _ )
Il i *
.Let '. 4 ) !
- N ' 7
~ . _ R R
) Yg = i Yi/m 5 Eget i egy/m -
. ' .
/ 10 .
) ¢
t bl
|- .
, . . RS

)

wherets; i—l is a Stirling number of the second kind (Jordan, 1947, :

(8)

(9

(10)

(11)

(12)

(13)"

A

A

.« {4

L3




Unbiased Estima

We will‘denote‘tﬁe Fisher information by
. ’ - .
‘1= -g(dL /d8) = —ﬁy‘ = i P'Z/é Q .
1 ‘ 42 { i "Tivi,

-

Setting (6) equal to zero,' the likeliho&; equation can now be wygitten

» T~ -
-

in terms of the ‘ys " and the £, as

- 1.2 A § ' by
1 x(72-+‘ez)'+ 7 X (y3 f €3) +-g x\gy4 + 64) + o x P

—-€

We°will ‘need some information about. the order of ‘magnitude of the

. . _
terms such'a;\Ehose in (17): It\may,be seen from (7) that each - es

4
has the form A - . . ~

’

. Since P, , Qi and

i i

1l - ci are bounded, the Ksi and thgg° es is‘lpunded. By- assumption

(4),»tﬁ; bound does not depénd on n . -The ééme conclusion holds €9x Y

. . N 3 *

L] ‘ .
whetg st does not depend on n or on u

¢

Since Vn x is asymptotically normally distributed with.zero mean

° - L]

tors

s [

. and finite variance, it fpllpws~tha?"€kr (r= L’Z,..i ) is of order

.

»

. ’ . . ' . rt -
. A similar statément is true of Vn ey - Thus finally &x e 2
. ~ <

Q !
S S I T

i

»

2r 2 - )
(&x rﬁst)l/z so that Exre:'.is of order

A‘“i
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1
N N M - _ )
. - . &
1.3 First= Order Variance of 6 s, . -
» \ * I ) ?1» °
. ' To clarify the procedure, let us derive from 17 the familiar , "
: \ [ ]

formula for the asymptotic varianoe of’ 6 . Square (17 anQ@;ake s

1

. .
’

expeqpatian to obtain . : 3 ;
. Y N . .. - J ,
' } . - . - . ‘ ~’
. ' _ 2,2 ) 2 22 3 i
- 5*‘—%‘ Y, 6 % t~2Y25)§(5 +5xe2+ LHREX Y, €3x +oee T (A8 -
. . L . ' \ a -
If we.wish to ne%lect terms b(nilf (pf higher order than—'n—¥}, t,
’ equation (18) becomes i ) _ e T
. ¢ ° . : . v
- i ] . 8 ' .
. §x% = *%.Eﬁr +o@ ) . as - .
v ‘Y2 » F' lerd ’
3 ;‘
By '(13) and (16), becalise of local independence, = -
. i *-'r e . " . . ' .\ ’ "sn ;
< \ 552:5-1'2 P! @ . .E __P_'L_(* o) .
¢ by 4 - u - .
S5 A T TR S S X T BN
' . P R Pl
o \ P h
o rpt - .- . -\\ . .
. P
- 1 - -
) ‘ '—Z-EEP—QinQ—g( S BIHEE S ) .
. n"1ij 17575 -3 v o
' v . © 2 .
L ~
' -2 z Pi Var . < '
’: /‘2 2 2‘ ui - !
n . . . .
. L i-PiQi . 1 .
» .
. ] » . N
i S RS , L
. . T 2.%p ' N DS
N e . - n i 1i74i ", . . PN L |
- ' . o T, A
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Unbiased Estimators

———eo— -

v a———
—

K i 10
. i '
a' . , . -'f’ .
Thus, finally L ~
. ~ f;g
¥
v <8 l _lf e 0 .
-Var g = =+ . ¢
rre ) o : @y -
- - : ,? .
S

"a well-known result. It is aquved here U)éﬂargfy the reasoning to
be used suﬁsequentlyd If 8 is subétitute{ for 6 on the right side *
,0f .(21y, the formula will still be correct to the specified order of

approximation.

L 1
, . 3 ~ i
1.4 Statistical Bias of 8 . ®

fake the expectation of (17) to obtaih ,

<
&

o« . .
) ’ -. l s 2 . ' -
i '5181 nglx + §xe, 5 Y 6% L, . (22)
\ - \ i ” . s 3
R

. co s -1
where 51 indicates an expectation in which only terms of order n are to
. -

be retained. 1&];0 multiply#(17) %y € and take exﬁectatioqi/;b obtain
. . 2 \ -
.« , :
> t * : 4

‘gflez L e T , AN (23
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. 2
. 11
c. J
. 2
~ A P! . .
1 151 A 2
, bee, = _zi T4 2% §(u; = P .
. n i1 .
) . ,
' Ac ~ . .
g N AT L (25)
on2@-cy) Pi .

. D
.p! *
fxe, = — 3 -(fici) P—}a ! (26)
172 al ; (1-¢) P’ N ® ~*
. 8 . ® -
# Finally, substituting(16}, (21), (24), anhd\(26) into (22) and solving “
. ’ ¢ - .. .
. fqr_'glxl , we have the bias ‘
- . 1 Aig1 Piz 1 Py AR Y
=g - = —= - 2 L= 7
_ Bj).2 6@ -0) == (F———5+5my) ., (27)
. I .1 - 1P .
i
' This may be rewritten,as . '
Bl(é) = -l-é- ; A;Ii°(<l>i - ']':;f ) C (28) '
1™ ial
¢
, _ o
whére
R ,
, Q..
H 2 °
- P, - ¢ P!
I S o4
¢“i z and Ii =3 . ) (29_))

hr4

o .
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2« .

Since I is of order n, Bfe) is of order n-l . It may be of - .-,

4 s .

interest toerote: that in the special case where all items are equivalent
(all Pig are the sdme), the bias simplifies to B (ef = P/nP' : ) ©

1.5 Numerical Resuits . ‘ - . . ) . —.

= . .

A hypothetical test was dé§igned to approximdte tﬂe*College~

Entrance Examinatdion Board's Schflastic Aptitude Test, Ve;bal\Section,

[

This test is.composed of 'n ;“904 five-choice items. Some information

0 -

about the distributions of the parameters of the 90 hypothetical items

is given in Table ﬂ.

L4

.,;The standard error and biae~of ® were computed from (21) and ~

from (27) respectiﬁely for various values of 6 . The results are ‘{ '

. - v .
- N '

shown in Table 2. It appears that the bias in 6 is negligible for

a
2

moderate values of 8 , bu§ is sizable for extreme values. Note that

e

. | .

the bids is positively correlated with’ 6 .- Because of guessing, zero .

_bias does not occut at 6 =0 but at @ = .34 approximately. . .
o 8

» 1.6 ‘Variance and Bias of Estimated True Score ‘ ‘ B " ,

»

« %
o L]

‘. Since the ability scale is not unique, any mohotonic transformation

. . 4
qf -A gan serve as ‘a measure of ability. Iwo transformations are
e e ) ‘ re* ) -
' particularly useful: e ;and .
. - . ) N
e ) : }30)
= s N -, .
: Bger T V X

the propdrtion-correct true score (the number-right true score divided -

» - Pooe ~ L4
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4 . TABLE 1
! Range and Quartiles of the Item Parameters
S . . in 9§}the1n'Hypdthetical Test
¢ ) aiEAi/l.7 by ey
/ P ] - . -_—' - ]
-Highest value 1.88 . 2,32 47
' . -~ ' . .
N ) Ql ‘ - A 10_07 1015 020
- Median . e .83 .38 .15
. Q, .69 -.41 . .13
° Lowest value l‘ 41 -3.94 .01
’ (
< o o
. 1y -
R . . .
e
P 3 e . ) ,
L) ¢ LY
R N
t -~
' “ ' ” ‘ 1 .
’ *
- v .
/
‘ 16 |
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’ r N B
- by the number of items)."an‘iuportant reason for usiﬁg Ebe/iiﬁ;;;j/
- -transformation is the following.p . } ///

3 Ordinarily, as in Tablé~2, we find rge sténdard errors of- |

-

~ *

] where -6 1is extreme. Usuglly these large standard errors are nq

mor e harmful to th§ user tharg are the smaller standard ferrors found
ot o ’ . ) é‘
| when g8 1is near the‘level aimed at by the test. There is a reason

3 .

why this is so: §If it were not, the user should have designéd his test
SO as to reducé thosg standard errors” that were troublesome to him.

We see that from this point Of view :the size of a difference on .

-

the 6 spalé doag not correspond to its importance. The discrepancy

is greétly reduced, - however, if we meh§ure abilit§ on the g scale-

B . R ¢ %
instead of on the 6 scale. This is one reason, among severaly'why

we are interested.in the variance and bias of - : \ .

o A N -
g = ZiPi(e)/n . ‘ : (31)

Although the proportion-correct true score

o ®

= ; 32
Z~Zfﬁ@ . | .()
. . . - @
is an unbiased estimator of 7 , =z is never a fully efficient
o e b\ﬂ : . ‘
estimator off ¢ dUnless c; = 0 and 2= aj (i,j=1,2,...,n):
the sampling variance - 3 M ,
N ‘. l n ‘ i
Var z == I P.Q ' 33)
/RE B T . .
n- i=1 - . .
{ i
’ ) ;-‘0 [ ’
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TABLE):Z SR !
Standard Error and Statistical Bias in é r
A
t‘?_ R B_(:_)_' a .". y
3.5 .60 .24 '
3.0 ’ .43 .12 . . o
2.5 » -3 .06 .
©2.0 .23 -.032 '
1.5 . .19 011 -
I.0 ".19 .0032 -
0.5 ) .20 0012\, .
"0 ., CoL22 -.0028 '
-0.5 .25 -.010 ‘ /
-1.0 L .31 -.025
-1.5 "4l ' 7‘.05
 =2.0° ~.09 vy
-2.5 -.14
-3.0 -.22 . )
-3.5 -.31 ’
- ) '
~ ) ,
\ SN
! ~ -

)
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is not as small_a:s the sampling variaﬁce of ¢ , wh'ich we must now !
derive. . ] N } ‘
‘a ) . - . . . ‘
By (31) s ) |
\
[ e l n ~ ~ - - \ ! - N ’ - :
’ dg == ¢ Pide . ‘ . (34) o
, 3 n i=l- . . . . ’ |
p , : .
Using the 'delta' method . . >
. \ i}
- n . Y
Varc=—%( I P')2 Var 9 .
. i
n i=1 .
By (21) and (16)
2 < E 1
T = (ze . . |
N A . ! |
Var ¢ = 1—2 . c. -0, (35) . |
: . P! . . |
¢ 2ﬁ i / -
n I ﬁ— _ |
T
-To find the bias of ', we expand it in powers of x =6 - 8 —~
¢ l . — ~
~J m '
» 2 . T . . .
> - = X 1 X " R '
, T C‘n'zpi+2n Ei e ; . ' v (36)
- ‘ ; - , °
- ' \1 y /
- e’ o i
ol 18 ' o :
s T ._e' T
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Taking expectétionS, and neglecting higher-order térms, we have for

the bias

-
L

Y = g L ity spros L S o
‘Bl(;) :,;(c - 2) = [B(8) TP o+ ;var 6Pl .. \ ~

yo

THis can be rewritten as . .

where ¢'

all items

bias (38)

.

N (38)

_— . .

ZiEi/n and ¢" = ziP;/n . Let us note is passing that when
P . e® . n [ 4

are equivalent (all’ Pi(e) are the same), ¢ = 2 and its

is zero.

(37)

\

\ . : ¢

1.7 Numeriéal Results \\2

Table 3 shows the bias in

" e

negligible at all excépt the lowest ability levels. This tends to con-

‘e

-

- sidered in Section l.gl: The biases are all positive.

.

\C for the same hypothetiecal test con-

) /

-~

<

However, they are

T

L

firm our choice of the c"scale of ability rather than the- § scale

fpr many purposes. ,

Iy

@

-

.

be
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o\ , 3 ‘ '
oL TABLE 3 - . )

K]

.
\ -~
*

.

.Standard Error of 2z -and of: ¢
and Stagistical Bias of ¢

bl

\ .

7
.

3 : . i

frVar z Y Var ¢.- ‘B¢ ); \

981 ¢,  .014 014 .00045 \

»

.966  .019 .018° . .00052 .%.

937 026 .+ .023 * (400064 -

-

{

.891 .031 .029 - .00059

.812 .037 .. .035° ".00021.
. .o -

715 - .0%2 . 040 " .,00026

——
3

.608 .045 .042 .00061

R
Fooe

506 046~ .043 _ . .00061

416 047 042 00062
046 .038 - 00061 -
045 | /.637«\\. ,..00085
- 044 - 033 ,0014
L042 .02 . 16020,
042 -.025 0024

. 041 .021

rd
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As a matter of i‘ncide;ﬁal interest,‘\ for sdlected values' of ‘true

Q

» “« 3 L
d error (35)of the maxit&gm—likeli-
'Sl -

o 3 5
H

score Table,3 compares the standar

e

" hood estimator r = with the standard error (33) of. the unbiased ‘é?stimator’ .

- . " .0 L e .c- , s e e,
z (proportion-correct score). . Th%re {s 1ittle g.iffereﬁcé‘ ig_accuragy
) , ) -2 6 =
between the twd estimators for ¢ > .5 . At lov; true-score levelss the . -
) maximum-1ikelihood estimator is much better. than -the-proportion of ' f .
< correct answers. ' & ' A
< * s s . 2 . 'F 2 * ‘6 v ) “
. 2. Unbiased Estimation of s, , of s, -; Test Reliability'. .
v Th . P P
2 3.2 s ’ L
The symbols se and s~ are used for the sample variance of . .
. d . ¢ ) ' ) 'j 2 R s
8 and of [ across the N .examinees in the sample: ] .
- i 4 2 ’ s .
N N o “ L4 > '
Lo« 2 _1 2 1 2 . . RN
S =N T ea. ( N z ea) < +(39) .
- a=l a=1 ., . . '
- ( ' : . e : '
, . . : N 2 . 5. 2 2 .
The maximum-likelihood estimatorsg of S and s_ are g and sg .
- t + e
the simple variances across examinees of 6 ‘,and’'of ¢ . . ™~
J o .. J .
. \ _ 2 .
( 2.1 Asymptotically Unbiased“Estimator of g
- M - ‘v
¢ L
- Assume that our examineesfare a random sample of /N from some
' S I T
* . * population. Denote by Ty the pbpu]:ation variance of 8 . ‘Then Nge/(N-.l) ,

is an unbiased estimator of ° o: . Since se2 is unobs:er\}able, our first
RN - . ‘ ' a

-~ task is to find a function of 6. that-is an asymptoticaliy ‘unbiased
. o~ !

2 - .' . .

- estimat . . </ . .

mator gf oe / k]
&

~ >
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By the formula for the variance of a sum we have

2.2 2 .2 .
‘fe’r = c,6+x 06 + c,x + 2°6x ’
5 ~ N »

2
*where o

»

a

(40) ¥

denotes a variance across rall examinees in the population

-~

By a well-

and oe;( .is the corresponding population covariance.
known identity from the analysis of variance -
_ 2 2 - (41)
%% T &% e * Y5 (xe) .. :
. ” - - e » .. ! . ]
" where 86 denotes an expectation across all examinees in the population.’
. ‘ N\ N }
Similarly, v
e "
L £ - ! - ) ~
%ox = B,6(x[0) S . (42)
. ' . . -
Substi-tuting (41) and (42) into (40), transposing, writing B =] (xle)
as"in (28), and -dropping the subscript f‘z'om Bl for convenience we
have N g . .
. : { ~ "
2 . 2 2+, 2 , .
0. =0 206B Eeoxle op - | . (43)
.Since by (28) B 1is of order ‘'n - , ‘its variance is of order n ° ,
so 10 can be neglectéd in (43). Since Section 1 deals with a single
fixed examinee, the symbol éf{le in (43)> has t;ne same meaning as
Var 6 in (21): < o .
ol =L ¥ o(n” )
- xje ~ 1(8) .
<
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) - ‘21 g
J B

¢ -1 " ~
.where I = I(8) is given by (16). Since cil is of ordgF n,~ , the

)
effect of replating 6 by 8 on the right is neglibible:
: ‘ ‘ N ) -

-

' . <v 3 .
2 l. -l S ‘ .
&0 = § — + o(n*") .- .
N .

&

0B in'(43)py OgB where B

is defined by (27) with @ replaced’bi 8 . The result of these

By similar reasoning, we may replébe' o

* : .
approximations is that , . -
d: = cg - 20&3\1 56 ——%— f‘o(n_l) . ' N (Y5 R
. I(e)
. - . . o ®
) 2 .
A yseful estimator of 0, can be Calculated ﬁrom
. H
L4 - 2 64’3&
[ M ~— = -
2. N2 oo o1 ¥ o i
O, = sa,— s == L. s &5) ,
8 " N-13%"N-1%B_. N .. _.= , .
. a -
¢ . b
where A
s o~ . N- N . N v
1 A 1 " R
) s’2 == ¢ 6B - (% .0 J0(% £ B) .
. 6B ﬁ,a=l aa N(a=l 42 N a=1

3 . . » 4 -

and Ba is given by (27) with @ replaced by 6, If we wish to (
estimate the sample variance of ability . s:, rather thag the population _

2 . Y , e %
variance ¢ s, We can use . )
S /e v - . .,
f R SR 4 « 4
. . N
) ~2 -
. 365362 -2353--’1—2—-1- z l . (46)
: . N a=1 I(p ) N
y a
.\ - . <
‘\ -~
w - 24
@
* i ’ ‘
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ye The sifond and third terms of (44)are of order "‘an order
o?’magnitude smaller than the first-term but larger than the neglemted
terms. * Thé covariance of é _and. B is usually positive, as can be
. d ' . -~ 'l » - N
- .readilz seen from Table 2. Since -I(8) is necessarily positive, it
appears that usually o: < og »» an inequality that isl‘requently assumed °
. T, .V ) .
without proof. It is not clear whether this inequality is necessarily
tr{le. - . - . . - .
2.2 The[éeli‘abilify of 8 Fos . -
\/ X N
Consider the parallel-forms reliability coefficient plat

66 ‘
A\\‘A ’

the:Correlation between scores 6 and 8' on two parallel tests. °

. .
"For present purposes, two tests are parallel when for ea&haitem‘in'one

.
test there is an item in the other.test with the same item response
. i1 1 : p

= <
‘7 function. ZLet us estimate ~ : * .
ot %0' %99 T @
LY _ . .
66 /geoé og . ' .

.
~

3

from a singlé test administration by substitutifg asymptoticali& unbiased
., .

estimators of the numerator and of the denominator into (47).
&

°

-

~"As in (41),
y

%

T e % Y o%s6e),e6 e - @9
. ; N el
S 25 ‘ :
A

¥
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S U ‘ y, AP 2] :
Becduse of local  independence, the first term on the\right vanishes. = ) gﬁ}‘,
R Becaﬁse of parallelism, the two expectations in the last term are . ig
- N . L. . H * ~ @ N
- .. identical, so this term is a variance. We thus have ) -
- ” g ) ' .
s, ~n= - = L= . 49 .
‘ Oga 05(6[6) '°+e'03+ e+~2°e ’ (49)
. o o + o e ) N
. /" ) . - - \' - . «' ..: . 0 .
. _ From .(49) and (43), T _ LT
B : . L e T
) ' nn = < - . > 3 . . . 50 . .-
—~ %8t = % ~fe%xle - ) N30) )
. . ’ * 14
-~ . - . ‘ [ , . . -
' & s < " ' - ‘?{QA«? ‘ A X
We see that the parallel-form$ reliability of 6 355 t o -l
Y. ro . - Lo » C )
~-~ \ ﬁ - 13 . “»
- \ - ‘s .
' : pan =1 - Lg Lo o+ o(n” Ly o T . (5D ’
86 - 29 16) . SR .
) e N ) ' : - . T -
Priority iq’obtaining this result belongs to Sympson [Note 17. , —

g

v Replacing population-values on the righe—by the corresponding sample

+
L

statistics, we have a sample. estimator of the parellel—forms reliability.,
L E Cw ~ 1 £ . ) he M .
coefficient of 6 : © . . tL

'
°

N ) . < . -

: e ’ 61A =1 - N-1 I __J%__ . T y(52) .
| 80' %7 N2l am1 168) - _— - 3
N ‘ e . a‘ . “ ~ . - .. -
’ \5" ’ : ; . . ) a, .
- Since 6 is neither unbiased nor uncorrelated with 6 , We . -
. should not expect the usual reliability formulas of, c1assical test -

A similar but not identical case is discussed 4in - .

theory to apply.

~ .
: . .
.
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o+

F} .

"Lord and Novick (1968, Section 9.8). Thus , and

2
Pgg. * Pae

662105 are not intierchangeable definitions of réliability. Since
. - Y : -

correlational measures are hard to inteérpret in the absence of

.

)r-. * y
o2 . g . e ) o LY

To estimate s_, we can use

8 . . . -
lig#8rity and homoscedasticity, we will'not now push this investigation -
“ of reliability further. . v
2.3 Corresponding Results for True Score 4
) By. the same’ reasoning used to obtain (44) we have
25 2 .- 2 2 £ ‘
z 05 -2 s - 605 - 0La . !
%t =% T Crn@ T %ol T OB@) : \
.. -~ 7 -
2 g'T -1
= 0~ - 2022 ,2y — &, —=— +o(n ) . (53)
&t ToB@ e 14y . ( w
A A useful estimator of OZCZ can be calculated from | . ‘
-‘ . P . 2 !
* ) ot
2 N 2 N 1 g ‘T a : (5)
v P (o) = R ol WA -9 S . .
- T N-1 T . N-1 C,B(C) N = K |
N . . a=1 I(ea). ® |
|
|

o -‘ < Is

i 4 e E |
- . A 2

. ! N ! ”~ )

* A N - 1 C |

szz sg—ZsAiA)— ) 2 . '(552
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‘, ’
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As in (50) - (52) we have
3 - ; %
SRR X o (56).
o;;' 4 0 E ;ﬁ T ' T ) -
n L]
l . 1 - N
pgg.=1-—zsg—r’h o™ 6D
or 1(8) :
g
- J
5 _ N 42
S N . (58)
g1 2.2 : -
; N's~ a=1 I(g)
v ; a

2.4 Numerical Results for True Scores
-

At moderate ability le&els, (28) provides adequate but usually
- . @ .

neglible coYrections for bias in © . Experience shows that at
very low ability levels, the usua;/fg;:/:gngth”( n) of 50 or 100' .

iggms is not long enough for the asymptotic results of' (28) to apply.
For example,.an exgmineé whose true 6 is -3 may easily obtéin an

estimated abiiiéy 8 of -30 or of == .~ For sufficiently long tests,
. SR
.such extreme values of 6 would havé negligible probability, but

with the usual values of n , equat%ﬁn (28) is totally inadeqﬁate for
; . ¥

A

éorrecting 8 for bias at low ability leveis.
This same difficulgy carries over to the unbiased estimation
- A *

of .oé using (46). Since all ability levels are involved in (46),

R |

the formula isjuseless in.practice for any group that contains even

‘a few low-ability examinees. Forfunately, this difficulty dpes not
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<

L}

. carry over to the estimation of ability ﬁ; the }rue-score (B

- ‘scale.
- Theghiﬁothetical SAT Verbal Test of Tables 1-3 was administered to
. N ) ./ . N
P a typical group of-2995-hypothetical examinees. The bias in ta -

f . was estimated for each examinee'and a corrected ¢ obtained from

‘ . I

Y (51) : : e ‘

T | .- .

| . \ ‘ ’ '

‘ 4 N R N / ~ © ’
corrected%cvs v - BlCC) . L -

. <

- v
- <

In a few cases where the corrected ¢ °~ would have been below the

Cn

.
~ ° )

i71i
The mean.of the 2995 true [ used. to generﬁte the data was

. ‘ ¢ n - ° ’ n
chance level .Z,c, , the corrected [ was set equal to Eici .

'
'

]

¢ > N ~
.5280,: the mean of the uncorrected, { was .5294, the mean of the ’ ,

. corrected § was .5288. Thus the cotrrection’was in the right .

.

diregtion, but not large enough. The uncorrected mean { was already *

o

50 accurate as to leave little room for improvemert. ' N
. . r,
\

Next, (55) was used tb estimate SC° The true value was - .

- . .

»

. , . > , ‘ )
asc= .1610 , the standard deviation of ¢ was SE = ,1660 ',' the cor-
imate from (55).was Qc = ,1614 .. The correction worked S B

4 L]

AR .

o

>

very well here.

- . A .

>
LY

-

< The parallel-forms reliability of ¢ 'was estimated froﬁ~(58) .
to be p££'=.“9420 . ﬁg.havé no 'true' value, against which this can

b 4 N N . N ~
‘ be compared, ‘but the estimate -seems a reasonable one. The Kuder= . .

.'* Richardson formula-20 reliability of number-right scores.for these

data 1s. .9275.% AN\ . . -,
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It should bg remembered that both’ the formulas and the numericaI

results in this report apply in situations where the item parametefs

\

are known. These formulas may be satisfactory for situations where

= —_ a -

the item parameters have been estimated from large groups not containipg

» the examinees whose ability estimates are to be corrected for bias.

o

.These formulas will not be adequate for situations where the'item

o

. parameters and ability parameters are estimated simultaneously/from.

a single data set.

/

]

[}

&y

30
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