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Unboundedness of solutions of time-dependent
differential systems of parabolic type

Kusuo KoBAvyASHI and Norio YOSHIDA

Abstract. Unboundedness of matrix solutions of time-dependent
differential systems of parabolic type is studied. The key tool is to
use the Picone-type identity for strongly elliptic systems. The results
about oscillations of solutions are also derived.

Beginning with the work of McNabb [10], unboundedness of solutions has
been investigated by numerous authors. We refer the reader to Dunninger
[4], Jaros, Kusano and Yoshida [5, 6] for scalar parabolic equations, and
to Chan [1], Chan and Young [2, 3], Kuks [7], Kusano and Narita [8] for
parabolic systems.

The purpose of this paper is to modify the results of Chan [1], Chan and
Young [2] and obtain the results about the oscillations of matrix solutions.

We are concerned with the matrix solutions of the time-dependent dif-

ferential system of parabolic type

ow . _
W—P[W]:() in Q=G x (0,0), (1)

where G is a bounded domain in R™ with piecewise smooth boundary 0G

and

~ 9 ow
PW] = Z oz (Gij(%t)axj> + H(x,t)W.
ij=1

It is assumed that :
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(H1) Gij(z,t) (4,5 =1,2,...,n) and H(x,t) are mxm real symmetric matrix

functions ;
(Ha) Gij(z,t) € CHQ) (4,5 =1,2,...,n) and H(z,t) € C(Q) ;

(Hs) Gij(x,t) = Gji(z,t) (4,5 = 1,2,...,n) and the mn x mn matrix ¢ =
(Gij(z,t)) is positive definite in 2.

The domain D p(Q2) of P is defined to be the set of all m x m matrix
functions W € C?(Q) N CH(Q).

Definition 1. A function v : Q@ — R is said to be oscillatory on Q if v

has a zero on G x [t, 00) for any ¢ > 0. Otherwise, v is called nonoscillatory
on Q.

Definition 2. An m x m matrix W(z,t) € C1(Q), Q c Q, is said to be

prepared in Q with respect to P if the matrices

ZWT(x,t)Gij(x,t)g—W(q:,t) (i=1,2,..,n)

=1 "
are symmetric in ), where the superscript T denotes the transpose.

Theorem 1. Let W € Dp(Q2) and let det W # 0 in G x I, where I is
any interval in R. If W is prepared in G x I with respect to P, then the
following identity holds for any m-column vector u € C*(G) :

n

> (Waiz (W~ u))TGij(x,t) (Wj (W—lu)>

ij—l i
19144
T
—l—;l < Gmxt)a%W u)

u\" 9
= S (2 ey 2 T H G TP (@)
= (9:131' Oa:j

2,j=1
Proof. In the case where Gij(x,t) = G;j(x), the identity (2) was es-
tablished (see, e.g., Kusano and Yoshida [9, p.172]). The differentiations
appearing in (2) are only partial differentiations with respect to x;, and so

we can consider t as a parameter. Hence, the identity (2) holds. O
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Lemma. Assume that W € ©p(Q) is symmetric and nonsingular on
G X [tg, 00) for somety > 0. If% log W commutes with log W on G x [tg, 00),

then we obtain

ow 0 0
WW OtlgW a(RelogW) on G X [tg, 00), (3)

where log W 1s the principal value and Re means the real part.

Proof. Since

o
1
W = exp(logW) = Z— logW
J!
§=0

we have

ow

ot

QU‘Q;

=1

Z— logW

=

Z <logW> (log W)7~1
1

= (g log W) exp(log W)
0
= (875 log W> w.

oW 9
oV gy los W

Since W is a real symmetric matrix, there exists an orthogonal matrix S
such that S™'WS = J, where

Hence, we obtain

A1 0
A2

0 Am
Ai (1 =1,2,...,n) being the eigenvalues of W. It can be shown that
logW = log(SJS™!) = S(logJ)sS™*

log A\ 0
log A2

0 log A\,
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where

log \; log|\i| +V—1largA; (0 <arg); < 2m)
{ log |\ if A >0

log |Ai| + v —1m if \; <O0.

Hence, we obtain

log [ 0
9 log [ A2
—1 - —1
T og W 5 S . S
0 log |Am|
zgwm@. 0
ot

Theorem 2.  Assume that (Hy)—(Hs) hold, and that there is a nontrivial

m-column vector function u € C1(G) such that w =0 on 0G and

lim t Mlu|(s)ds = —o0  for any T > 0, (4)

t—o0 T

where

Ou TG.( t)ai_ TH(z,t)u| d
oz, ij(, oz, u z,t)u| dz.

Mp = | 3

ij=1
Let W € ©p(Q) be a solution of (1) such that :
(i) W is symmetric in § ;
(ii) W is prepared in § with respect to P

(iii) det W is nonoscillatory on Q, that is, det W # 0 on G x [tg, o) for
some tg >0 ;

(iv) % log W' commutes with logW on G X [tg,0).

Then the following condition holds :

lim [ u! <Re log W) udzr = oo. (5)
G

t—o00
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Proof. The hypotheses (i) and (ii) imply that the identity (2) holds in
G X [tg,00). Integrating (2) over G and taking account of (Hs) yield

0 < M[u](t)Jr/GuTP[W]W_ludx

= M[u](t)—I—/uTaVVW_ludx, t > to,
a Ot

which implies

—M[u](t)g/uTawwludm, t > to.
o ot

Using Lemma, we obtain
d T
M) <= [ u <Re log W)ud:c, t > to. (6)
dt Jo

Integrating (6) on [to,t], we have
t
— | Mul(s)ds < 2(t) - z(to),
to
where

z(t) = /GUT<R6 logW)udw.

It follows from the hypothesis (4) that

lim z(t) = oo,
t—oo

which is equivalent to (5). O

Theorem 3.  Assume that (Hi)—(Hs) hold, and that there is a nontriv-
ial m-column vector function u € CY(G) satisfying (4) and the boundary
condition u =0 on 0G. Let W € D p(Q) be a solution of (1) which satisfies
the hypotheses (1)—(iv) of Theorem 2. Then, |W|| is unbounded in ), where

W = (tr wTw)"?,

tr W being the trace of W.
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Proof. It is easy to see that

/G ul (Re log W) udx

for some positive constant K. As was shown in the proof of Lemma,

< K|[Re log W| (7)

Re log W can be written in the form
Re logW = S(log J)S™,

where S is an orthogonal matrix such that S™'WS = J and

A1 0
. | A2
J pr—
0 [ Am]
Hence, we obtain
Re log W || < |[S]| - | log J| - IS~ = m || log J||. (8)
We easily see that
11 = 11 < US~H - WL 1S = m [[W]). (9)

Assume that ||W|| is bounded. Then, ||.J| is bounded from (9), and there-
fore ||log J|| is also bounded. The inequality (8) implies that ||Re log W/||
is bounded. In view of (7), we find that [, u” (Re logW)udz is bounded.
Hence, the condition (5) means that ||[W|| is unbounded. O

The following corollary is an immediate consequence of Theorem 3.

Corollary 1.  Assume that (Hy)—(Hs) hold, and that there is a nontriv-
ial m-column vector function u € CY(G) satisfying (4) and the boundary
condition u =0 on 0G. Let W € Dp(Q2) be a solution of (1) which satisfies
the hypotheses (1)—(ii) of Theorem 2. If |W|| is bounded in 2, then either
that det W is oscillatory on Q, or (if det W is nonoscillatory on Q) that
(iv) of Theorem 2 does not hold.
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We now consider the comparison equation
~ 0 du
Llu = ) o <Aij($)8xj> + C(z)u, (10)

where A;;(z) (4,5 =1,2,...,n) and C(z) satisfy the following hypotheses :

(Hyq) Ajj(z) (4,5 = 1,2,...,n) and C(z) are m x m real symmetric matrix

functions ;
(Hs) Aij(z) € CHG) (i,5 =1,2,...,n) and C(z) € C(G) ;

(He) Ajj(z) = Aji(z) (i,j = 1,2,...,n) and the mn x mn matrix &/ =
(A;j(z)) is positive definite in G.

The domain ®1,(G) of L is defined to be the set of all m—column vector
functions u € C%(G) N CY(G).

Theorem 4.  Assume that (H1)—(Hg) hold, and that there is a nontrivial

m-column vector function u € ®r(G) such that :

Lul=0 1inG, (11)

u=0 on0G, (12)
t

tlim V{ul(s)ds = oo for any T > 0, (13)

> () (o)~ Gite) 2

+ul (H($, t) — C’(az)) u] dx.

Let W € ©p(2) be a solution of (1) which satisfies the hypotheses (i)—(iv)
of Theorem 2. Then, the condition (5) holds.

Proof. Proceeding as in the proof of Theorem 1, we observe that the
following Picone-type identity
n
0 T ou T ow

,j=1
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= En: (S;)T (Az'j(ﬂc) = Gij($,t)> ggi +u” (H(:c,t) - C(x))u

+ Zn: (Waii (W‘M))TGU(:I:,t) (Waij (W—lu)>

+ul Liu) — uT PIWW 1y

holds in G X [tg,00). Integrating the above identity over G and taking
account of the hypotheses yield the inequality

0> Viu)(t) — /GuTP[W}Wlu dz, t>tg

or

V[u](t)g/uTWW_ludx, t > to.
o ot

Arguing as in the proof of Theorem 2, we conclude that the condition (5)
holds. O

Theorem 5.  Assume that (H1)—(Hg) hold, and that there is a nontrivial
m-column vector function u € D r(G) satisfying (11)—(13). Let W € Dp(N2)
be a solution of (1) which satisfies the hypotheses (1)—(iv) of Theorem 2.
Then, ||W|| is unbounded in €.

Proof. By the same arguments as were used in Theorem 3, we conclude

that the conclusion follows from Theorem 4. O

We can obtain the analogue of Corollary 1.

Corollary 2.  Assume that (Hy)—(Hg) hold, and that there is a nontrivial
m-column vector function u € ®,(G) satisfying (11)-(13). Let W € Dp(Q)
be a solution of (1) which satisfies the hypotheses (i)—(ii) of Theorem 2. If
|W|| is bounded in 2, then either that det W is oscillatory on €, or (if
det W is nonoscillatory on Q) that (iv) of Theorem 2 does not hold.

Example 1. We consider the matrix differential system

ow (82W
— — |«

ot o2 +5W> =0, (,t)€(0,m) x (0,00),  (14)



Unboundedness of solutions of differential systems 73

where a and 3 are positive constants with « < 8. Here n = 1, Gy1(z,t) =
aly, (I, @ m x m identity matrix), H = 81,,, G = (0,7) and = (0,7) x
(0,00). Letting

sin

sin x

sin x

we see that u(0) = u(w) = 0 and

iy = [ [a@Z)T?Jf—ﬁu%l "

s

2

amcos® x — fmsin® z] dz
[

I
DO S—01

m(a —5) < 0.

Hence, we find that
t
lim [ Mlu](s)ds = —oc0

t—o00 T

for any T" > 0. It follows from Theorem 2 that if W is a solution of
(14) satisfying (i)—(iv) of Theorem 2, then (5) holds. One such solution is
W = e1,,,. In fact, it is clear that (i)-(iv) hold for W = I,,,, and that

T

lim ; u? (Re log W) udx

t—o0

= lim / Btm sin’ z dz
0

t—o0

.
= tlgglogﬁmt—oo.

Example 2. We consider the matrix differential system

ow ( 0*wW

9V
0z2

ot +5W> =0, (x,t)e(-1,1)x(0,00),  (15)

where o and [ are positive constants satisfying o < (5/2)3. Here n =

1, Gii(z,t) = aly,, H=p01,, G=(-1,1)and 2 = (—1,1) x (0,00). We
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let
1— 22
1— 22
u = )
1— 22

and find that u(—1) = u(1) = 0 and

wiao = [ [a (Z)ng—ﬂu%] ”

Hence, it is easily seen that

lim [ Mlu](s)ds = —o0

t—oo Jp
for any 7' > 0. Theorem 3 implies that if W is a solution of (15) satisfying
(i)-(iv) of Theorem 2, then ||[W|| is unbounded in (—1,1) x (0,00). For
example, W = P!, is such a solution. In fact, we have that |[W| =

Vmelt,
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