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Abstract. The Dunkl transform satisfies some uncertainty principles similar to the

Euclidean Fourier transform. A generalization and a variant of Cowling-Price’s theo-

rem, Beurling’s theorem and Donoho-Stark’s uncertainty principle are obtained for the

Dunkl transform.

1. Introduction

There are many theorems known which state that a function and its

classical Fourier transform on R cannot both be sharply localized. That is, it

is impossible for a nonzero function and its Fourier transform to be simulta-

neously small. Here a concept of the smallness had taken di¤erent interpre-

tations in di¤erent contexts. Hardy [13], Morgan [21], Cowling and Price [6],

Beurling [2], Miyachi [20] for example interpreted the smallness as sharp

pointwise estimates or integrable decay of functions. Benedicks [1], Slepian

and Pollak [27], Landau and Pollak [15], and Donoho and Stark [7] paid

attention to the supports of functions and gave qualitative uncertainty prin-

ciples for the Fourier transforms.

Hardy’s theorem [13] for the classical Fourier transform F on R asserts

that f and its Fourier transform f̂f ¼ Fð f Þ can not both be very small. More

precisely, let a and b be positive constants and assume that f is a measurable

function on R such that j f ðxÞjaCe�ax2
a.e. and j f̂f ðyÞjaCe�by2

for some

positive constant C. Then f ¼ 0 a.e. if ab > 1
4 , f is a constant multiple of

e�ax2
if ab ¼ 1

4 , and there are infinitely many nonzero functions satisfying the

assumptions if ab < 1
4 . Considerable attention has been devoted for discov-

ering generalizations to new contexts for the Hardy’s theorem. In particular,

Cowling and Price [6] have studied an Lp version of Hardy’s theorem which
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states that for p; q A ½1;y�, at least one of them is finite, if keax2
f kp < y and

keby2

f̂f kq < y, then f ¼ 0 a.e. if abb 1
4 . Another generalization of Hardy’s

theorem is given by Miyachi [20], which states that, if f is a measurable

function on R such that eax
2

f A L1ðRÞ þ LyðRÞ and

ð
R

logþ
j f̂f ðxÞex2=4aj

l
dx < y

for some positive constants a and l, then f is a constant multiple of e�ax2
.

Furthermore, Beurling’s theorem, which was found by Beurling and his proof

was published much later by Hörmander [14], says that for any non trivial

function f in L2ðRÞ, the product f ðxÞ f̂f ðyÞ is never integrable on R2 with

respect to the measure ejxj jyj dxdy. A far reaching generalization of this result

has been recently proved by Bonami, Demange and Jaming [3]. They proved

that, if f A L2ðRdÞ satisfies for an integer N

ð
Rd

ð
Rd

j f ðxÞj jFð f ÞðyÞj
ð1þ kxk þ kykÞN

ekxk kyk dxdy < y;

then f is of the form f ðxÞ ¼ PðxÞe�bkxk2 where P is a polynomial of degree

strictly lower than N�d
2 and b is a positive constant.

As a generalization of these Euclidean uncertainty principles for the

classical Fourier transform F, recently, Gallardo and Trimèche [12] and

Trimèche [31] have proved Hardy’s theorem, Cowling-Price’s theorem and

Beurling’s theorem for the Dunkl transform FD. The purpose of this paper

is, as further generalizations, to obtain variants of their results and Donoho-

Stark’s uncertainty principles for FD.

The structure of this paper is the following. In § 2, we recall the basic

properties of the Dunkl operators; the Dunkl intertwining operator and its

dual, the Dunkl transform FD and related harmonic analysis. § 3 is devoted to

generalize Cowling-Price’s theorem for FD. In § 4 and § 5 we give variants of

Cowling-Price’s theorem. We state Miyachi’s theorem in § 6 and we generalize

Beurling’s theorem for FD in § 7. § 8 is devoted to Donoho-Stark’s uncertainty

principle for FD.

Throughout this paper, the letter C indicates a positive constant not

necessarily the same in each occurrence.

2. Preliminaries

In order to confirm the basic and standard notations we briefly overview

the theory of Dunkl operators and related harmonic analysis. Main references

are [8, 9, 10, 11, 16, 17, 22, 23, 28, 29, 30].
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2.1. Root system, reflection group, and multiplicity function. Let Rd be the

Euclidean space equipped with a scalar product h ; i and the norm kxk ¼ffiffiffiffiffiffiffiffiffiffiffiffiffi
hx; xi

p
. For a in Rdnf0g, let sa be the reflection in the hyperplane Ha HRd

orthogonal to a, i.e. for x A Rd ,

saðxÞ ¼ x� 2
ha; xi

kak2
a:

A finite set RHRdnf0g is called a root system if RVRa ¼ fa;�ag and saR ¼ R

for all a A R. For a given root system R reflections sa, a A R, generate a finite

group W HOðdÞ, called the reflection group associated with R. We fix a b A
Rdn6

a AR Ha and define a positive root system Rþ ¼ fa A R j ha; bi > 0g. We

normalize each a A Rþ as ha; ai ¼ 2. A function k : R ! C on R is called a

multiplicity function if it is invariant under the action of W . We introduce the

index g as

g ¼ gðkÞ ¼
X
a ARþ

kðaÞ:

Throughout this paper, we will assume that kðaÞb 0 for all a A R. We denote

by ok the weight function on Rd given by

okðxÞ ¼
Y
a ARþ

jha; xij2kðaÞ;

which is invariant under the action of W and homogeneous of degree 2g, and

by ck the Mehta-type constant defined by

ck ¼
ð
Rd

e�kxk2=2okðxÞdx:

Let db 2. For an integrable function f on Rd with respect to a measure

okðxÞdx we haveð
Rd

f ðxÞokðxÞdx ¼
ðy
0

ð
S d�1

f ðrbÞokðbÞdsdðbÞ
� �

r2gþd�1 dr; ð2:1Þ

where dsd is the normalized surface measure on the unit sphere Sd�1 of Rd .

In particular, if f is radial (i.e. SOðdÞ-invariant), then there exists a function F

on ½0;y½ such that f ðxÞ ¼ FðkxkÞ ¼ FðrÞ with kxk ¼ r andð
Rd

f ðxÞokðxÞdx ¼ dk

ðþy

0

FðrÞr2gþd�1 dr; ð2:2Þ

where

dk ¼
ð
S d�1

okðbÞdsdðbÞ:
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We denote by LpðRdÞ, 1a pay, the space of measurable functions f on

Rd with finite Lp-norm k kp with respect to the Lebesgue measure dx and by

L
p
kðR

dÞ the one with respect to the weighted measure okðxÞdx:

k f kk;p ¼
ð
Rd

j f ðxÞjpokðxÞdx
� �1=p

< y; if 1a p < y;

k f kk;y ¼ ess sup
x ARd

j f ðxÞj < y:

In the following we denote by

– CðRdÞ the space of continuous functions on Rd .

– CpðRdÞ the space of functions of class Cp on Rd .

– C
p
b ðR

dÞ the space of bounded functions of class Cp.

– EðRdÞ the space of Cy-functions on Rd .

– SðRdÞ the Schwartz space of rapidly decreasing functions on Rd .

– DðRdÞ the space of Cy-functions on Rd with compact support.

– S 0ðRdÞ the space of temperate distributions on Rd .

– PðRdÞ the set of polynomials on Rd and PmðRdÞ the one of degree m.

2.2. The Dunkl operators and the Dunkl kernel. The Dunkl operators Tj ,

j ¼ 1; 2; . . . ; d, on Rd associated with the positive root system Rþ and the

multiplicity function k are given by

Tj f ðxÞ ¼
qf

qxj
ðxÞ þ

X
a ARþ

kðaÞaj
f ðxÞ � f ðsaðxÞÞ

ha; xi

for f A C 1ðRdÞ. Then each Tj satisfies the following:

i) For all f and g in C1ðRdÞ, if at least one of them is W -invariant, then

Tjð fgÞ ¼ ðTj f Þgþ f ðTjgÞ:

ii) For all f in C1
b ðRdÞ and g in SðRdÞ,

ð
Rd

Tj f ðxÞgðxÞokðxÞdx ¼ �
ð
Rd

f ðxÞTjgðxÞokðxÞdx:

We define the Dunkl-Laplace operator sk on Rd by

sk f ðxÞ ¼
Xd
j¼1

T 2
j f ðxÞ

¼sf ðxÞ þ 2
X
a ARþ

kðaÞ h‘f ðxÞ; ai
ha; xi

� f ðxÞ � f ðsaðxÞÞ
ha; xi2

� �
;
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where s and ‘ are the usual Euclidean Laplacian and nabla operators on Rd

respectively. Then for each y A Rd , the system

Tjuðx; yÞ ¼ yjuðx; yÞ; j ¼ 1; 2; . . . ; d

uð0; yÞ ¼ 1

�

admits a unique analytic solution Kðx; yÞ, x A Rd , called the Dunkl kernel.

This kernel has a holomorphic extension to Cd � Cd and possesses the follow-

ing properties (cf. [22]):

i) For all z; t A Cd and l A C, Kðz; tÞ ¼ Kðt; zÞ, Kðz; 0Þ ¼ 1 and

Kðlz; tÞ ¼ Kðz; ltÞ: ð2:3Þ

ii) For all n A Nd , x A Rd and z A Cd ,

jDn
zKðx; zÞja kxkjnj expðkxk kRe zkÞ; ð2:4Þ

where

Dn
z ¼

qjnj

qzn11 . . . qzndd
and jnj ¼ n1 þ � � � þ nd :

In particular, jKðx;�iyÞja 1 for all x; y A Rd .

iii) For all x A Rd and z A Cd ,

Kðx; zÞ ¼
ð
Rd

ehy; zi dmxðyÞ; ð2:5Þ

where mx is a probability measure on Rd with support in the closed ball

Bð0; kxkÞ of center 0 and radius kxk.
The Dunkl intertwining operator Vk on CðRdÞ is defined by

Vk f ðxÞ ¼
ð
Rd

f ðyÞdmxðyÞ;

where dmx is the same measure as in (2.5). Then for all x A Rd , z A Cd , we

have

Kðx; zÞ ¼ Vkðeh�; ziÞðxÞ:

Let tVk denote the operator on DðRdÞ satisfying for all f A DðRdÞ and

g A CðRdÞ, ð
Rd

tVkð f ÞðyÞgðyÞdy ¼
ð
Rd

VkðgÞðxÞ f ðxÞokðxÞdx:
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Then there exists a positive measure ny on Rd with support in the set

fx A Rd ; kxkb kykg for which

tVkð f ÞðyÞ ¼
ð
Rd

f ðxÞdnyðxÞ: ð2:6Þ

This operator tVk is called the dual Dunkl intertwining operator. The oper-

ators Vk and tVk satisfy the following properties (cf. [29]):

i) Vk is a topological isomorphism from EðRdÞ onto itself satisfying the

permutation relations: For all f A EðRdÞ,

TjVkð f ÞðxÞ ¼ Vk

q

qyj
f

� �
ðxÞ:

ii) tVk is a topological isomorphism from DðRdÞ (resp. SðRdÞ) onto itself

satisfying the permutation relations: For all f A DðRdÞ (resp. SðRdÞ),

tVkðTj f ÞðyÞ ¼
q

qyj

tVkð f ÞðyÞ:

Proposition 1 ([12]). Let ðnyÞy ARd be the family of measures defined by

(2.6) and f be in L1
kðRdÞ. Then for almost all y A Rd with respect to Lebesgue

measure on Rd , f is ny-integrable and the function

y 7!
ð
Rd

f ðxÞdnyðxÞ;

which will be also denoted by tVkð f Þ, is Lebesgue integrable on Rd . Moreover

for all g A CbðRdÞ,ð
Rd

tVkð f ÞðyÞgðyÞdy ¼
ð
Rd

VkðgÞðxÞ f ðxÞokðxÞdx: ð2:7Þ

Remark 1. By taking g1 1 in (2.7) we can deduce that for all

f A L1
kðRdÞ, ð

Rd

tVkð f ÞðyÞdy ¼
ð
Rd

f ðxÞokðxÞdx: ð2:8Þ

2.3. The Dunkl transform. The Dunkl transform FD on L1
kðRdÞ is given by

FDð f ÞðyÞ ¼
1

ck

ð
Rd

f ðxÞKðx;�iyÞokðxÞdx: ð2:9Þ

Some basic properties of this transform are the following (cf. [10] and [11]):
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i) For all f A L1
kðRdÞ,

kFDð f Þkk;y a
1

ck
k f kk;1: ð2:10Þ

ii) For all f A SðRdÞ,

FDðTj f ÞðyÞ ¼ iyjFDð f ÞðyÞ: ð2:11Þ

iii) For all f A SðRdÞ,

FDð f Þ ¼ F � tVkð f Þ; ð2:12Þ

where F is the classical Fourier transform on Rd .

iv) For all f A L1
kðRdÞ, if FDð f Þ belongs to L1

kðRdÞ, then

f ðyÞ ¼
ð
Rd

FDð f ÞðxÞKðix; yÞokðxÞdx: ð2:13Þ

v) For f A SðRdÞ, if we define FDð f ÞðyÞ ¼ FDð f Þð�yÞ, then

FDFD ¼ FDFD ¼ Id: ð2:14Þ

Proposition 2. The Dunkl transform FD is a topological isomorphism

from SðRdÞ onto itself and for all f in SðRdÞ,ð
Rd

j f ðxÞj2okðxÞdx ¼
ð
Rd

jFDð f ÞðxÞj2okðxÞdx: ð2:15Þ

In particular, the Dunkl transform f ! FDð f Þ can be uniquely extended to an

isometric automorphism on L2
kðRdÞ.

2.4. The Dunkl convolution. By using the Dunkl kernel in 2.2, we introduce

a generalized translation and an associated convolution structure on Rd . For

f A SðRdÞ and y A Rd the Dunkl translation ty f is defined by

FDðty f ÞðxÞ ¼ Kðix; yÞFDð f ÞðxÞ

(cf. [30]). This transform is related to the usual translation as

ty f ðxÞ ¼ ðVkÞxðVkÞy½ðVkÞ�1ð f Þðxþ yÞ�: ð2:16Þ

Hence, ty can also be defined for f A EðRdÞ. If f A EðRdÞ is radial, i.e.

f ðxÞ ¼ F ðkxkÞ, then it follows that

ty f ðxÞ ¼ VkðF ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kxk2 þ kyk2 þ 2hx; �i

q
ÞÞðxÞ

(cf. [23]). For example, for t > 0, we see that

tyðe�tkxk2ÞðxÞ ¼ e�tðkxk2þkyk2ÞKð2ty; xÞ: ð2:17Þ
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We define the Dunkl convolution product f �D g of f ; g A SðRdÞ as

f �D gðxÞ ¼
ð
Rd

tx f ð�yÞgðyÞokðyÞdy ð2:18Þ

(cf. [28] and [30]). This convolution is commutative and associative and

moreover, it satisfies the following (cf. [28]):

i) For all f ; g A DðRdÞ (resp. SðRdÞ), f �D g belongs to DðRdÞ (resp.

SðRdÞ) and

FDð f �D gÞðyÞ ¼ FDð f ÞðyÞFDðgÞðyÞ: ð2:19Þ

ii) Let 1a p; q; ray such that 1
p
þ 1

q
� 1

r
¼ 1: If f A L

p
kðR

dÞ and g A
L

q
kðR

dÞ is radial, then f �D g A Lr
kðRdÞ and

k f �D gkk; r a k f kk;pkgkk;q: ð2:20Þ

2.5. The Sobolev space Hs
kðR

dÞ. Let s A R. We define the Dunkl-Sobolev

space Hs
kðRdÞ as the set of distributions u A S 0ðRdÞ satisfying ð1þ kxk2Þs=2FDðuÞ

A L2
kðRdÞ, equipped with the scalar product

hu; viH s
k
¼
ð
Rd

ð1þ kxk2ÞsFDðuÞðxÞFDðvÞðxÞokðxÞdx

and the norm

kuk2H s
k
¼ hu; uiH s

k
:

As shown in [17], if p A N and s A R satisfy s > d
2 þ gþ p, then the following

embedding is continuous (i.e. the inclusion is in the sense of topology)

Hs
kðRdÞ ,! CpðRdÞ: ð2:21Þ

Lemma 1. Let f A SðRdÞ and assume that for all n A N, there exists a

positive constant cn such that

ksn
k f kk;2 a cn:

Then for all n A N,

jsn
k f ðxÞjaCðcn þ cnþmÞ;

where m ¼
h
dþ2g
4

i
þ 1 and C is independent of n.

Proof. Since jsn
k f ðxÞjaCmksn

k f kH 2m
k

by (2.21) and ksn
k f kH 2m

k
a

Cmðksn
k f kk;2 þ ksnþm

k f kk;2Þ by the definition of H 2m
k ðRdÞ, the desired result

follows. 9
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2.6. Mean value property associate with the Dunkl Laplacian. Let db 2.

The mean value operator MD
r;x, r > 0, x A Rd , associated with the Dunkl Lap-

lacian sk is defined by for u A EðRdÞ,

MD
r;xðuÞ ¼

1

dk

ð
S d�1

txuðryÞokðyÞdsðyÞ:

To give a development formula for MD
r;x, we define a sequence of functions

fvpðtÞgpb0, 0 < ta r, and a sequence of numbers fbpðrÞgpb0 as follows. We

put

v0ðtÞ ¼
ð r
t

ds

s2gþd�1

and inductively, let vpðtÞ, pb 1 denote a unique solution of the di¤erential

equation:

Lgþd=2�1vpðtÞ ¼ vp�1ðtÞ;

vpðrÞ ¼
d

dr
vpðrÞ ¼ 0;

8><
>:

where Lgþd=2�1 is the Bessel operator given by

Lgþd=2�1 ¼
d 2

dt2
þ 2gþ d � 1

t

d

dt
:

We put b0ðrÞ ¼ 1 and

bpðrÞ ¼
ð r
0

vp�1ðtÞt2gþd�1 dt: ð2:22Þ

Then we see that

bpðrÞ ¼
r2p

dpðgÞ
ð2:23Þ

with

dpðgÞ ¼
22pp!G

�
gþ d

2 þ p
�

G
�
gþ d

2

� :

Proposition 3 ([16]). For u A EðRdÞ and x0 A Rd , it follows that

MD
r;x0

ðuÞ ¼
Xn
p¼0

bpðrÞsp
kuðx0Þ þ

1

dk

ð
Bð0; rÞ

vnðkxkÞsnþ1
k ðtx0uÞðxÞokðxÞdx;

where Bð0; rÞ is the closed ball of center 0 and radius r.
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2.7. Heat functions related to the Dunkl operators. The heat kernel Nkðx; sÞ,
x A Rd , s > 0, associated with the Dunkl-Laplace operator sk is given by

Nkðx; sÞ ¼
1

ckð2sÞgþd=2
e�kxk2=4s; ð2:24Þ

which is a solution of the generalized heat equation:

q

qs
Nkðx; sÞ �skNkðx; sÞ ¼ 0:

Some basic properties of Nkðx; sÞ are the following:

i) FDðNkð�; sÞÞðxÞ ¼ 1
ck
e�skxk2

and

Nkðx; sÞ ¼
1

c2k

ð
Rd

e�skyk2Kðix; yÞokðyÞdy: ð2:25Þ

ii) For all l > 0,

Nkðl1=2x; lsÞ ¼ l�ðgþd=2ÞNkðx; sÞ:

iii)

kNkð�; sÞkk;1 ¼ 1: ð2:26Þ

iv) For all s; t > 0,

Nkð�; tÞ �D Nkð�; sÞðxÞ ¼ Nkðx; tþ sÞ:

By noting (2.25) and (2.11), we define the heat functions Wk
l ðx; sÞ, l A Nd ,

as

Wk
l ðx; sÞ ¼ T lNkðx; sÞ

¼ i jlj

c2k

ð
Rd

yl1
1 . . . yld

d e
�skyk2Kðix; yÞokðyÞdy; ð2:27Þ

where T l ¼ T l1
1 � T l2

2 � � � � � T ld
d . Then Wk

0 ðx; sÞ ¼ Nkðx; sÞ and

FDðWk
l ð�; sÞÞðxÞ ¼

i jlj

ck
yl1
1 . . . yld

d e
�skxk2

: ð2:28Þ

Proposition 4 ([31]). Let c A PmðRdÞ be homogeneous. Then for all

d > 0, there exists a homogeneous Q A PmðRdÞ such that

FDðcð�Þe�dk�k2ÞðxÞ ¼ QðxÞe�kxk2=4d: ð2:29Þ

250 Takeshi Kawazoe and Hatem Mejjaoli



3. Cowling-Price’s theorem for the Dunkl transform

We shall prove a generalization of Cowling-Price’s theorem for the Dunkl

transform FD.

Theorem 1. Let f be a measurable function on Rd such that

ð
Rd

eapkxk
2 j f ðxÞjp

ð1þ kxkÞn okðxÞdx < y ð3:30Þ

and ð
Rd

ebqkxk
2 jFDð f ÞðxÞjq

ð1þ kxkÞm dx < y; ð3:31Þ

for some constants a; b > 0, n > 0, m > 1 and 1a p; q < þy.

i) If ab > 1
4 , then f ¼ 0 almost everywhere.

ii) If ab ¼ 1
4 , then f is of the form f ðxÞ ¼ QbðxÞNkðx; bÞ where Qb is a

polynomial with deg Qb amin
n

n
p
þ 2gþd�1

p 0 ; m�d
q

o
. Especially, if

na d þ 2gþ p min
n

p
þ 2gþ d � 1

p 0 ;
m� d

q

� �
;

then f ¼ 0 almost everywhere. Furthermore, if m A �d; d þ q� and n > d þ 2g,

then f is a constant multiple of Nkð�; bÞ.
iii) If ab < 1

4 , then for all d A
�
b; 1

4a

	
, all functions of the form f ðxÞ ¼

PðxÞNkðx; dÞ, P A P, satisfy (3.30) and (3.31).

Proof. Clearly (3.30) implies that f belongs to L1
kðRdÞ and thus, FDð f ÞðxÞ

exists for all x A Rd . Moreover, it has an entire holomorphic extension on Cd

satisfying for some s > 0,

jFDð f ÞðzÞjaCekIm zk2=4að1þ kIm zkÞs: ð3:32Þ

Actually, it follows from (2.9) and (2.4) that for all z ¼ xþ ih A Cd ,

jFDð f Þðxþ ihÞja 1

ck

ð
Rd

j f ðxÞj jKðx;�ixþ hÞjokðxÞdx

a
1

ck
ekhk

2=4a

ð
Rd

eakxk
2 j f ðxÞj

ð1þ kxkÞn=p
ð1þ kxkÞn=pe�aðkxk�kh=2akÞ2okðxÞdx:

Then by using the Hölder inequality, (3.30) and (2.2) we can obtain that
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jFDð f Þðxþ ihÞjaCekhk
2=4a

ð
Rd

ð1þ kxkÞnp
0=p
e�ap 0ðkxk�kh=2akÞ2okðxÞdx

� �1=p 0

aCekhk
2=4a

ðy
0

ð1þ rÞnp
0=pþ2gþd�1

e�ap 0ðr�kh=2akÞ2 dr

� �1=p 0

aCekhk
2=4að1þ khkÞn=pþð2gþd�1Þ=p 0

:

If ab ¼ 1
4 , then

jFDð f Þðxþ ihÞjaCebkhk
2

ð1þ khkÞn=pþð2gþd�1Þ=p 0
:

Therefore, if we let gðzÞ ¼ ebðz
2
1
þz2

2
þ���þz2

d
ÞFDð f ÞðzÞ, then

jgðzÞjaCebkRe zk2

ð1þ kIm zkÞn=pþð2gþd�1Þ=p 0
:

Hence it follows from (3.31) thatð
Rd

jgðxÞjq

ð1þ kxkÞm dx < y:

Here we use the following lemma.

Lemma 2 ([25]). Let h be an entire function on Cd such that

jhðzÞjaCeakRe zk2ð1þ kIm zkÞ l

for some l > 0, a > 0 andð
Rd

jhðxÞjq

ð1þ kxkÞm jQðxÞjdx < y

for some qb 1, m > 1 and Q A PMðRdÞ. Then h is a polynomial with deg ha

min
n
l; m�M�d

q

o
and, if ma qþM þ d, then h is a constant.

Hence by this lemma g is a polynomial, we say Pb, with deg Pb a

min
n

n
p
þ 2gþd�1

p 0 ; m�d
q

o
. Then FDð f ÞðxÞ ¼ PbðxÞe�bkxk2 and thus, f ðxÞ ¼

QbðxÞNkðx; bÞ ¼ CbQbðxÞe�akxk2 for x A Rd , where Qb is a polynomial with

deg Qb ¼ deg Pb (see (2.29)). Therefore, nonzero f satisfies (3.30) provided

that

n > d þ 2gþ p min
n

p
þ 2gþ d � 1

p 0 ;
m� d

q

� �
:

Furthermore, if ma d þ q, then g is a constant by Lemma 2 and thus,

FDð f ÞðxÞ ¼ Ce�bkxk2

and f ðxÞ ¼ CNkðx; bÞ ¼ Cbe
�akxk2

. When n > d þ 2g

and m > d, these functions satisfy (3.31) and (3.30) respectively. This proves

ii).

252 Takeshi Kawazoe and Hatem Mejjaoli



If ab > 1
4 , then we can choose positive constants, a1, b1 such that

a > a1 ¼ 1
4b1

> 1
4b . Then f and FDð f Þ also satisfy (3.30) and (3.31) with a

and b replaced by a1 and b1 respectively. Therefore, it follows that FDð f ÞðxÞ ¼
Pb1ðxÞe�b1kxk2

. But then FDð f Þ cannot satisfy (3.31) unless Pb1 1 0, which

implies f 1 0. This proves i).

If ab < 1
4 , then for all d A

�
b; 1

4a

	
, the functions of the form f ðxÞ ¼

PðxÞNkðx; dÞ, where P A P, satisfy (3.30) and (3.31). This proves iii). 9

The following is an immediate consequence of Theorem 1.

Corollary 1. Let f be a measurable function on Rd such that

j f ðxÞjaMe�akxk2

ð1þ kxkÞr a:e: ð3:33Þ

and for all x A Rd ,

jFDð f ÞðxÞjaMe�bkxk2

ð3:34Þ

for some constants a; b > 0, rb 0 and M > 0.

i) If ab > 1
4 , then f ¼ 0 almost everywhere.

ii) If ab ¼ 1
4 , then f is of the form f ðxÞ ¼ CNkðx; bÞ.

iii) If ab < 1
4 , then there are infinity many nonzero f satisfying (3.33) and

(3.34).

4. Cowling-Price’s theorem via the D-spherical harmonics coe‰cients

We suppose that db 2. We replace the assumption (3.31) by the D-

spherical harmonics coe‰cients of f . For a non-negative integer l, we put

Hk
l ¼ fP A Pl jP is homogeneous and skP ¼ 0g;

which is called the space of D-spherical harmonics of degree l. We fix a

Pl A Hk
l and define the Dunkl coe‰cients of f A L1

kðRdÞ in the angular variable

by

fl;kðlÞ ¼
ð
S d�1

f ðltÞPlðtÞokðtÞdsdðtÞ: ð4:35Þ

Moreover, we define the Dunkl spherical harmonic coe‰cients of f A L1
kðRdÞ

by

Fl;kðlÞ ¼ l�l

ð
S d�1

FDð f Þðl; tÞPlðtÞokðtÞdsdðtÞ; ð4:36Þ

where

FDð f Þðl; tÞ ¼
1

ck

ð
Rd

f ðxÞKðlx;�itÞokðxÞdx ð4:37Þ

for t A Sd�1. The relation between fl;k and Fl;k is given by the following.
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Proposition 5. Let notations be as above. Then for z A Sdþ2l�1,

Fl;kðlÞ ¼ C

ð
R dþ2l

fl;kðkxkÞkxk�l
Klðlx;�izÞokðxÞdx

¼ CFDl
ð fl;kðk � kÞk � k�lÞðlzÞ; ð4:38Þ

where FDl
and Kl are the Dunkl transform and the Dunkl kernel on Rdþ2l

respectively.

Proof. From (2.3), (4.37) and (4.36) it follows that

Fl;kðlÞ ¼ l�l 1

ck

ð
Rd

ð
S d�1

Kðt;�ilxÞPlðtÞokðtÞdsdðtÞ
� �

f ðxÞokðxÞdx:

Here we recall the formula for the Dunkl coe‰cients of the Dunkl kernel.

Lemma 3 ([10]). Let H A Hk
l . Then for all x A Rd ,ð

S d�1

Kðt; ixÞHðtÞokðtÞdsdðtÞ ¼ Cl;kHðxÞjgþlþd=2�1ðkxkÞ; ð4:39Þ

where ja, ab� 1
2 , is the normalized Bessel function defined by

jaðzÞ ¼ Gðaþ 1Þ
Xy
n¼0

ð�1Þn
�
z
2

�2n
n!Gðaþ 1þ nÞ :

Therefore, we see that

Fl;kðlÞ ¼ Cl;k

ð
Rd

PlðxÞjgþlþd=2�1ðlkxkÞ f ðxÞokðxÞdx:

Then by using (2.1) and (4.39) replaced d by d þ 2l, we can obtain that for all

z A Sdþ2l�1,

Fl;kðlÞ ¼ Cl;k

ðy
0

ð
S d�1

jgþd=2þl�1ðlrÞr2gþlþd�1PlðtÞ f ðrtÞokðtÞdsdðtÞdr

¼ Cl;k

ðy
0

fl;kðrÞ jgþd=2þl�1ðlrÞr2gþlþd�1 dr

¼ C

ðy
0

ð
S dþ2l�1

Klðt;�ilrzÞokðtÞdsdþ2lðtÞ
� �

fl;kðrÞr2gþlþd�1 dr

¼ C

ð
R dþ2l

fl;kðkxkÞkxk�l
Klðx;�ilzÞokðxÞdx:

This established the proposition. 9
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Theorem 2. Let p; q A ½1;y½, a; b > 0, n A �d þ 2g; d þ 2gþ p� and m > 1.

Let f be a measurable function on Rd such thatð
Rd

eapkxk
2 j f ðxÞjp

ð1þ kxkÞn okðxÞdx < y ð4:40Þ

and ðy
0

ebql
2 jFl;kðlÞjq

ð1þ lÞm dl < y ð4:41Þ

for all non-negative integers l.

i) If ab > 1
4 , then f ¼ 0 almost everywhere.

ii) If ab ¼ 1
4 , then f ¼ CNkð�; bÞ.

iii) If ab < 1
4 , then for all d A

�
b; 1

4a

	
, all functions of the form f ðxÞ ¼

PðxÞNkðx; dÞ, where P A P, satisfy (4.40) and (4.41).

Proof. (4.40) implies that f A L1
kðRdÞ and thus, each fl;k is well-defined.

Moreover, it follows from (4.35), (2.1) and (4.38) that

Il ¼
ðy
0

eapr
2 j fl;kðrÞjp

ð1þ rÞn r2gþd�1 dr

a

ð
S d�1

ðy
0

eapr
2 j f ðrtÞjp

ð1þ rÞn r2gþd�1 dr

 !1=p
PlðtÞokðtÞdsdðtÞ

0
@

1
A
p

aC

ð
Rd

eapkxk
2 j f ðxÞjp

ð1þ kxkÞn okðxÞdx < y:

Here we used Hölder’s inequality and the compactness of Sd�1 to obtain the

last inequality. Then, by applying this estimate in the polar coordinate (2.2) of

(4.38), the same argument in the proof of Theorem 1 yields that Fl;kðlÞ has an

entire holomorphic extension on C and there exists Nb 0 such that

jFl;kðuþ ivÞjaCev
2=4að1þ jvjÞN :

If abb 1
4 , then jFl;kðuþ ivÞjaCebv

2ð1þ jvjÞN . Therefore, if we put

Gl;kðzÞ ¼ Fl;kðzÞebz
2

, then jGl;kðzÞjaCebu
2ð1þ jvjÞN and

Ð
R

jGl; kðxÞj q

ð1þjxjÞm dx < y

by (4.41). Hence, Lemma 2 for d ¼ 1 yields that Fl;kðlÞ ¼ Cl;ke
�bl2PðlÞ,

where l A R and P is a polynomial whose degree depends on N and l. By

noting (4.38) and (2.29), the injectivity of the Dunkl transform on Rdþ2l implies

that for all x A Rdþ2l , fl;kðkxkÞ ¼ Cl;kkxk l
QðxÞNl;kðx; bÞ, where Nl;k is the heat

kernel on Rdþ2l .

If ab > 1
4 , then Il is finite provided fl;k ¼ 0 for all l. Therefore, f ¼ 0

almost everywhere. If ab ¼ 1
4 , then Il is finite provided n� ðl þ deg QÞp�
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ð2gþ d � 1Þ > 1, that is, n > d þ 2gþ ðl þ deg QÞp. Therefore, the assump-

tion on n implies that l ¼ 0 and deg Q ¼ 0. Clearly, f ¼ CN0;kðx; bÞ satisfies

(4.40) and (4.41). If ab < 1
4 , then for a given family of functions, we see that

FDð f ÞðyÞ ¼ QðyÞe�dkyk2 for some Q A P. These functions clearly satisfy (4.40)

and (4.41) for all d A
�
b; 1

4a

	
. 9

5. A variant of Cowling-Price’s theorem for the Dunkl transform

Let us suppose that db 2. The aim of this section is to give a d-

dimensional extension of a theorem in [19], which is a variant of Cowling-

Price’s theorem for the Dunkl transform. Our approach is di¤erent from [19].

Theorem 3. Let a; b > 0. If f A SðRdÞ satisfies for all x A Rd ,

jFDð f ÞðxÞjaCe�2bkxk2

and for all n A N,

ksn
kFDð f Þk2k;2 aCð2nÞ!ð2aÞ�2n; ð5:42Þ

then f ¼ 0 whenever ab > 1
4 .

Let m ¼
h
dþ2g
4

i
þ 1. Then Lemma 1 and (5.42) imply that for all x A Rd ,

jsn
kFDð f ÞðxÞj2 aCð2nþ 2mÞ!ð2aÞ�2n:

Therefore, Theorem 3 follows from the following.

Theorem 4. Let a; b > 0. If f A SðRdÞ satisfies for all x A Rd ,

jFDð f ÞðxÞjaCe�2bkxk2

ð5:43Þ

and for all n A N,

jsn
kFDð f ÞðxÞj2 aCð2nþ 2mÞ!ð2aÞ�2n ð5:44Þ

with m ¼
h
dþ2g
4

i
þ 1, then f ¼ 0 whenever ab > 1

4 .

In order to prove Theorem 4 we need the following lemmas.

Lemma 4. Let a, m be as above. If F A SðRdÞ satisfies for all n A N and

x A Rd ,

jsn
kF ðxÞj

2
aCð2nþ 2mÞ!ð2aÞ�2n; ð5:45Þ

then for all x0 A Rd , the function r 7! MD
r;x0

ðF Þ extends to C as an entire

function, which satisfies for all z A C,

jMD
z;x0

ðFÞjaCe jzj
2=ð2aÞ: ð5:46Þ
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Proof. It follows from Proposition 3 that for all rb 0, x0 A Rd and

n A N, MD
r;x0

ðF Þ satisfies

MD
r;x0

ðFÞ ¼
Xn
p¼0

bpðrÞsp
kF ðx0Þ þ

1

dk

ð
Bð0; rÞ

vnðktkÞsnþ1
k ðtx0FÞðtÞokðtÞdt: ð5:47Þ

Then from (2.22) and (2.23) we can deduce that

1

dk

ð
Bð0; rÞ

vnðktkÞsnþ1
k ðtx0F ÞðtÞokðtÞdt














a
r2nþ2G

�
gþ d

2

�
dk22nþ2ðnþ 1Þ!G

�
gþ d

2 þ nþ 1
� sup

t ABð0; rÞ
jsnþ1

k ðtx0F ÞðtÞj
 !

:

Furthermore, from (5.45) we have

jsnþ1
k ðtx0F ÞðtÞj ¼ jtx0ðsnþ1

k F ÞðtÞjaC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðnþmþ 1Þ!ð2aÞ�2ðnþ1Þ

q
:

Hence the remainder term of (5.47) tends to zero as n goes to infinity. There-

fore, MD
r;x0

ðF Þ admits the series development

MD
r;x0

ðFÞ ¼
Xy
n¼0

bnðrÞsn
kFðx0Þ ¼

Xy
n¼0

r2n

dnðgÞ
sn

kF ðx0Þ:

Thus for all x0 A Rd the function r 7! MD
r;x0

ðFÞ can be extended to an entire

function on C as

MD
z;x0

ðFÞ ¼
Xy
n¼0

z2n

dnðgÞ
sn

kF ðx0Þ: ð5:48Þ

For all z A C and x0 A Rd , (5.48) and (5.45) imply that

jMD
z;x0

ðFÞja
Xy
n¼0

jbnðzÞj jsn
kFðx0Þj

a
Xy
n¼0

jzj2nG
�
gþ d

2

�
22nn!G

�
nþ gþ d

2

� jsn
kF ðx0Þj

aC
Xy
n¼0

ð2aÞ�njzj2n

n!
jsn

kFðx0Þj
ð2aÞn

22nG
�
nþ gþ d

2

�
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aC
Xy
n¼0

ðð2aÞ�1jzj2Þn

n!

 !
sup
n AN

jsn
kFðx0Þj

ð2aÞn

22nG
�
nþ gþ d

2

�
 !

aC sup
n AN

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2nþ 2mÞ!

p
22nG

�
nþ gþ d

2

�
 !

ejzj
2=ð2aÞ ¼ Cg;ae

jzj2=ð2aÞ;

because m ¼
h
dþ2g
4

i
þ 1. This completes the proof of the lemma. 9

Lemma 5 ([24]). Let c; d > 0 and F be an entire function on C satisfying

for all z A C,

jF ðzÞjaCecjIm zj2

and for all x A R,

jF ðxÞjaCe�dx2

:

Then F ¼ 0 whenever c < d.

Proof. of Theorem 4.

Let x0 A Rd . For z A C, we put

Fx0ðzÞ ¼ e�z2=ð2aÞMD
z;x0

ðFDð f ÞÞ:

By Lemma 4 with F ¼ FDð f Þ we see that jMD
z;x0

ðFDð f ÞÞjaCe jzj
2=ð2aÞ and

therefore, for all z A C,

jFx0ðzÞjaCejIm zj2=a:

On the other hand, the positivity of the mean value MD
x;x0

ð�Þ and the relation

(5.43) give

jMD
x;x0

ðFDð f ÞÞjaCMD
x;x0

ðe�2bk�k2Þ:

Then, using (2.17) and (2.4), we obtain

MD
x;x0

ðe�2bk�k2Þ ¼ 1

dk

ð
S d�1

tx0ðe�2bk�k2

ÞðxyÞokðyÞdsdðyÞ

¼ 1

dk

ð
S d�1

e�2bðx2þkx0k2ÞKð2bx0; xyÞokðyÞdsdðyÞ

aCe�2bðkx0k�xÞ2 ¼ Ce�2bðkx0k2�2xkx0kþx2Þ:

Hence, for all xa 0,

jMD
x;x0

ðFDð f ÞÞjaCe�2bx2

:
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But, as a function of x; x 7! MD
x;x0

ðFDð f ÞÞ is even, it follows that for all x A R,

jMD
x;x0

ðFDð f ÞÞjaCe�2bx2

:

Therefore, we see that for x A R,

jFx0ðxÞjaCe�ð1=2aþ2bÞx2

:

Then, for all z A C,

jFx0ðzÞjaCejIm zj2=a

and for all x A R,

jFx0ðxÞjaCe�ð1=2aþ2bÞx2

:

By Lemma 5 we can conclude that FDð f Þ ¼ 0 and thus, f ¼ 0. 9

As an application of Theorem 3, we can obtain the following.

Corollary 2. Let a; b > 0 and p A ½1;y½. If f A SðRdÞ satisfies for all

x A Rd ,

jFDð f ÞðxÞjaCe�2bkxk2

ð5:49Þ

and for all n A N,

ksn
kFDð f Þk2k;p aCð2nþ 2mÞ!ð2aÞ�2n ð5:50Þ

with m ¼
h
dþ2g
4

i
þ 1, then f ¼ 0 for ab > 1

4 .

Proof. We put FðxÞ ¼ ðFDð f Þ �D Nkð�; 1=ð8bÞÞÞðxÞ where Nkð�; tÞ is the

heat kernel given by (2.24). Then by (2.20), it follows that for all x A Rd ,

jsn
kF ðxÞja ksn

kFDð f Þkk;pkNkð�; 1=ð8bÞkk;p 0 ;

where p 0 is the conjugate exponent of p. (5.50) implies that

jsn
kF ðxÞj

2
aCð2nþ 2mÞ!ð2aÞ�2n:

On the other hand, it follows from (2.18) and (2.17) that for all x A Rd ,

jFðxÞjaCe�2bkxk2 :

Therefore, by Theorem 4 we can obtain that F ðxÞ ¼ 0 and thus, FDðFÞ ¼ 0.

(2.19) and (2.14) imply that f ¼ 0. 9

6. Miyachi’s theorem for the Dunkl transform

For the sake of the readers, in this section we state Miyachi’s theorem for

the Dunkl transform, which is obtained in [4] and [5].
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Theorem 5 ([4], [5]). Let f be a measurable function on Rd such that

eakxk
2

f A L
p
kðR

dÞ þ L
q
kðR

dÞ ð6:51Þ

and ð
Rd

logþ
jFDð f ÞðxÞebkxk

2 j
l

dx < y; ð6:52Þ

for some constants a; b; l > 0 and 1a p; qay.

i) If ab > 1
4 , then f ¼ 0 almost everywhere.

ii) If ab ¼ 1
4 , then f ¼ CNkð�; bÞ with jCja l.

iii) If ab < 1
4 , then for all d A

�
b; 1

4a

	
, all functions of the form f ðxÞ ¼

PðxÞNkðx; dÞ, P A P, satisfy (6.51) and (6.52).

Corollary 3 ([4]). Let f be a measurable function on Rd such that

eakxk
2

f A L
p
kðR

dÞ þ L
q
kðR

dÞ ð6:53Þ

and ð
Rd

jFDð f ÞðxÞj rebrkxk
2

dx < y; ð6:54Þ

for some constants a; b > 0, 1a p; qaþy and 0 < ray.

i) If abb 1
4 , then f ¼ 0 almost everywhere.

ii) If ab < 1
4 , then for all d A

�
b; 1

4a

	
, all functions of the form f ðxÞ ¼

PðxÞNkðx; dÞ, P A P, satisfy (6.53) and (6.54).

Remark 2. In (6.51) and (6.53), L1
kðRdÞ þ Ly

k ðRdÞ is essential, because

L
p
kðR

dÞ þ L
q
kðR

dÞHL1
kðRdÞ þ Ly

k ðRdÞ. Indeed, for f ¼ f1 þ f2 A L
p
kðR

dÞþ
L

q
kðR

dÞ, we put fi;yðxÞ ¼ fiðxÞ if j fiðxÞja 1 and 0 otherwise, and

fi;þ ¼ fi � fi;y. Then f ¼ ð f1;y þ f2;yÞ þ ð f1;þ þ f2;þÞ ¼ fy þ fþ. Since

j fi;þðxÞjb 1, k f1;þkk;1 a k f1;þkp
k;p a k f1kp

k;p and k f2;þkk;1 a k f2;þkq
k;q a k f2kq

k;q

respectively. Therefore, fy A Ly
k ðRdÞ and fþ A L1

kðRdÞ.

7. Beurling’s theorem for the Dunkl transform

Beurling’s theorem and Bonami, Demange, and Jaming’s extension are

generalized for the Dunkl transform as follows.

Theorem 6. Let N A N, d > 0 and f A L2
kðRdÞ satisfy

ð
Rd

ð
Rd

j f ðxÞj jFDð f ÞðyÞj jPðyÞjd

ð1þ kxk þ kykÞN
ekxk kykokðxÞdxdy < y; ð7:55Þ
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where P is a polynomial of degree m. If Nb d þmdþ 2, then

f ðyÞ ¼
X

jsj<ðN�d�mdÞ=2
ak
s W

k
s ðy; rÞ a:e:; ð7:56Þ

where r > 0, ak
s A C and W k

s ð�; rÞ is given by (2.27). Otherwise, f ðyÞ ¼ 0 almost

everywhere.

Proof. We start with the following lemma.

Lemma 6. We suppose that f A L2
kðRdÞ satisfies (7.55). Then f A L1

kðRdÞ.

Proof. We may suppose that f 0 0 in L2
kðRdÞ. (7.55) and the Fubini

theorem imply that for almost every y A Rd ,

jFDð f ÞðyÞj jPðyÞjd

ð1þ kykÞN
ð
Rd

j f ðxÞj
ð1þ kxkÞN

ekxk kykokðxÞdx < y:

Since FDð f Þ0 0, there exist y0 A Rd , y0 0 0, such that FDð f Þðy0ÞPðy0Þ0 0.

Therefore, ð
Rd

j f ðxÞj
ð1þ kxkÞN

ekxk ky0kokðxÞdx < y:

Since
ekxk ky0k

ð1þ kxkÞN
b 1 for large kxk, it follows that

Ð
Rd j f ðxÞjokðxÞdx < y.

9

This lemma and Proposition 1 imply that tVkð f Þ is well-defined almost every-

where on Rd . By the same techniques used in [18], we can deduce thatð
Rd

ð
Rd

ekxk kykj tVkð f ÞðxÞj jFð tVkÞð f ÞðyÞj jPðyÞjd

ð1þ kxk þ kykÞN
dydx < y:

According to Theorem 2.3 in [26], we can deduce that for all x A Rd ,

tVkð f ÞðxÞ ¼ QðxÞe�kxk2=4r;

where r > 0 and Q is a polynomial of degree strictly lower than N�d�md
2 . Then

it follows from (2.12) that

FDð f ÞðyÞ ¼ F � tVkð f ÞðyÞ ¼ FðQðxÞe�kxk2=4rÞðyÞ ¼ RðyÞe�rkyk2 ;

where R is a polynomial of degree deg Q. Hence, applying (2.28), we can find

constants ak
s such that

FDð f ÞðyÞ ¼ FD

X
jsj<ðN�d�mdÞ=2

ak
s W

k
s ð�; rÞ

0
@

1
AðyÞ:

Then the injectivity of FD yields the desired result. 9
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As an application of Theorem 6, we can deduce a Gelfand-Shilov type

theorem for the Dunkl transform by using the same techniques in [18],

Corollary 4. Let N;m A N, d > 0, a; b > 0 with abb 1
4 , and

1 < p; q < y with 1
p
þ 1

q
¼ 1. Let f A L2

kðRdÞ satisfyð
Rd

j f ðxÞjeðð2aÞ p=pÞkxk p

ð1þ kxkÞN
okðxÞdx < y ð7:57Þ

and ð
Rd

jFDð f ÞðyÞjeðð2bÞ
q=qÞkyk q jPðyÞjd

ð1þ kykÞN
dy < y ð7:58Þ

for some P A Pm.

i) If ab > 1
4 or ðp; qÞ0 ð2; 2Þ, then f ðxÞ ¼ 0 almost everywhere.

ii) If ab ¼ 1
4 and ðp; qÞ ¼ ð2; 2Þ, then f is of the form ð7:56Þ whenever

Nb dþmd
2 þ 1 and r ¼ 2b2. Otherwise, f ðxÞ ¼ 0 almost everywhere.

Proof. Since

4abkxk kyka ð2aÞp

p
kxkp þ ð2bÞq

q
kykq;

it follows from (7.57) and (7.58) thatð
Rd

ð
Rd

j f ðxÞj jFDð f ÞðyÞj jPðyÞjd

ð1þ kxk þ kykÞ2N
e4abkxk kykokðxÞdxdy < y:

Then (7.55) is satisfied, because 4abb 1. Especially, according to the proof of

Theorem 6, we can deduce thatð
Rd

ð
Rd

e4abkxk kykj tVkð f ÞðxÞj jFð tVkÞð f ÞðyÞj jPðyÞjd

ð1þ kxk þ kykÞ2N
dydx < y;

and tVkð f Þ and f are of the forms

tVkð f ÞðxÞ ¼ QðxÞe�kxk2=4r and FDð f ÞðyÞ ¼ RðyÞe�rkyk2 ;

where r > 0 and Q, R are polynomials of the same degree strictly lower than
2N�d�md

2 . Therefore, substituting these, we can deduce thatð
Rd

ð
Rd

e�ð
ffiffi
r

p
kyk�ð1=2

ffiffi
r

p
ÞkxkÞ2eð4ab�1Þkxk kykjQðxÞj jRðxÞj jPðyÞjd

ð1þ kxk þ kykÞ2N
dydx < y:

When 4ab > 1, this integral is not finite unless f ¼ 0 almost everywhere.

Moreover, it follows from (7.57) and (7.58) thatð
Rd

jQðxÞje�ð1=4rÞkxk2eðð2aÞ
p=pÞkxkp

ð1þ kxkÞN
okðxÞdx < y
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and ð
Rd

jRðyÞje�rkyk2eðð2bÞ
q=qÞkyk q jPðyÞjd

ð1þ kykÞN
dy < y:

Hence, one of these integrals is not finite unless ðp; qÞ ¼ ð2; 2Þ. When 4ab ¼ 1

and ðp; qÞ ¼ ð2; 2Þ, the finiteness of above integrals implies that r ¼ 2b2 and the

rest follows from Theorem 6. 9

8. Donoho-Stark uncertainty principle for the Dunkl transform

We shall investigate the case where f and FDð f Þ are close to zero outside

measurable sets. Here the notion of ‘‘close to zero’’ is formulated as follows.

We say f A L2
kðRdÞ is e-concentrated on a measurable set EHRd if there is

a measurable function g vanishing outside E such that k f � gkk;2 a ek f kk;2.
Therefore, if we introduce a projection operator PE as

PE f ðxÞ ¼
f ðxÞ if x A E

0 if x B E;

�

then f is e-concentrated on E if and only if k f � PE f kk;2 a ek f kk;2. We

define a projection operator QE as

QE f ðxÞ ¼ F�1
D ðPEðFDð f ÞÞÞðxÞ:

Then FDð f Þ is e-concentrated on W if and only if k f �QWf kk;2 a ek f kk;2.
We note that, for measurable sets E;W HRd ,

QWPE f ðxÞ ¼
ð
Rd

qðt; xÞ f ðtÞokðtÞdt;

where

qðt; xÞ ¼
Ð
W
Kð�it; xÞKðix; xÞokðxÞdx if t A E

0 if t B E:

�

Indeed, by the Fubini theorem we see that

QWPE f ðxÞ ¼
ð
W

FDðPE f ÞðxÞKðx; ixÞokðxÞdx

¼
ð
W

ð
E

f ðtÞKðx;�itÞokðtÞdt
� �

Kðx; ixÞokðxÞdx

¼
ð
E

f ðtÞ
ð
W

Kðx;�itÞKðx; ixÞokðxÞdx
� �

okðtÞdt:
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The Hilbert-Schmidt norm kQWPEkHS is given by

kQWPEkHS ¼
ð
Rd

ð
Rd

jqðs; tÞj2okðsÞdsokðtÞdt
� �1=2

:

We denote by kTk2 the operator norm on L2
kðRdÞ. Since PE and QW are

projections, it is clear that kPEk2 ¼ kQWk2 ¼ 1. Moreover, it follows that

kQWPEkHS b kQWPEk2: ð8:59Þ

Lemma 7. If E and W are sets of finite measure, then

kQWPEkHS a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
meskðEÞmeskðWÞ

p
:

Proof. For each t A E, we define gtðsÞ ¼ qðs; tÞ. (2.13) implies that

FDðgtÞðwÞ ¼ PW ðKð�iw; tÞÞ. Then by Parseval’s identity (2.15) and (2.4) it

follows thatð
Rd

jqðs; tÞj2okðsÞds ¼
ð
Rd

jgtðsÞj2okðsÞds

¼
ð
Rd

jFDðgtÞðwÞj2okðwÞdwameskðWÞ:

Hence, by integrating over t A E, we see that kQWPEk2HS ameskðEÞmeskðWÞ.
9

Proposition 6. Let E, W be measurable sets and suppose that k f kk;2 ¼
kFDð f Þkk;2 ¼ 1. Assume that eE þ eW < 1, f is eE-concentrated on E and

FDð f Þ is eW-concentrated on W. Then

meskðEÞmeskðWÞb ð1� eE � eW Þ2:

Proof. Since k f kk;2 ¼ kFDð f Þkk;2 ¼ 1 and eE þ eW < 1, the measures of

E and W must both be non-zero. Indeed, if not, then the eE-concentration of

f implies that k f � PE f kk;2 ¼ k f kk;2 ¼ 1a eE , which contradicts with eE < 1,

likewise for FDð f Þ. If at least one of meskðEÞ and meskðWÞ is infinity, then

the inequality is clear. Therefore, it is enough to consider the case where both

E and W have finite positive measures. Since kQWk2 ¼ 1, it follows that

k f �QWPE f kk;2 a k f �QWf kk;2 þ kQWf �QWPE f kk;2

a eW þ kQWk2k f � PE f kk;2

a eE þ eW

and thus,

kQWPE f kk;2 b k f kk;2 � k f �QWPE f kk;2 b 1� eE � eW :
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Then kQWPEk2 b 1� eE � eW . (8.59) and Lemma 7 yield the desired in-

equality. 9

In the following we shall consider the case of f A L1
kðRdÞ. As in the L2

k

case, we say that f A L1
kðRdÞ is e-concentrated to E if k f � PE f kk;1 a ek f kk;1.

Let Bk;1ðWÞ denote the subspace of L1
kðRdÞ which consists of all g A L1

kðRdÞ
such that PWf ¼ f . We say that f is e-bandlimited to W if there is a

g A Bk;1ðWÞ with k f � gkk;1 < ek f kk;1. Here we denote by kPEk1 the operator

norm of PE on L1
kðRdÞ and by kPEk1;W the operator norm of PE : Bk;1ðWÞ !

L1
kðRdÞ. Corresponding to (8.59) and Lemma 7 in the L2

k case, we can obtain

the following.

Lemma 8. kPEk1;W ameskðEÞmeskðWÞ.

Proof. For f A Bk;1ðWÞ we see that

f ðtÞ ¼
ð
W

FDð f ÞðxÞKðt; ixÞokðxÞdx

¼
ð
W

Kðt; ixÞ
ð
Rd

f ðxÞKðx;�ixÞokðxÞokðxÞdx
� �

dx

¼
ð
Rd

f ðxÞ
ð
W

Kðt; ixÞKðx;�ixÞokðxÞdx
� �

okðxÞdx:

Therefore, k f kk;y ameskðWÞk f kk;1 by (2.4) and thus,

kPE f kk;1 ¼
ð
E

j f ðxÞjokðxÞdxameskðEÞk f kk;y ameskðEÞmeskðWÞk f kk;1:

Then, for f A Bk;1ðWÞ,

kPE f kk;1
k f kk;1

ameskðEÞmeskðWÞ;

which implies the desired inequality. 9

Proposition 7. Let f A L1
kðRdÞ. If f is eE-concentrated to E and eW-

bandlimited to W, then

meskðEÞmeskðWÞb 1� eE � eW

1þ eW
:

Proof. Without loss of generality, we may suppose that k f kk;1 ¼ 1, Since

f is eE-concentrated to E, it follows that kPE f kk;1 b k f kk;1 � k f � PE f kk;1 b
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1� eE . Moreover, since f is eW -bandlimited, there is a g A Bk;1ðWÞ with

kg� f kk;1 a eW . Therefore, it follows that

kPEgkk;1 b kPE f kk;1 � kPEðg� f Þkk;1 b 1� eE � eW

and kgkk;1 a k f kk;1 þ eW ¼ 1þ eW . Therefore, for g A Bk;1ðWÞ,

kPEgkk;1
kgkk;1

b
1� eE � eW

1þ eW
;

which implies that kPEk1;W b
1�eE�eW
1þeW

. Lemma 8 yields the desired inequality.

9

Proposition 8. Let f A L2
kðRdÞVL1

kðRdÞ with k f kk;2 ¼ 1. If f is eE-

concentrated to E in L1
k-norm and FDð f Þ is eW-concentrated to W in L2

k-norm,

then

meskðEÞb ð1� eEÞ2k f k2k;1 and meskðWÞk f k2k;1 b c2kð1� eW Þ2:

In particular,

meskðEÞmeskðWÞb c2kð1� eEÞ2ð1� eW Þ2:

Proof. Since k f kk;2 ¼ kFDð f Þkk;2 ¼ 1 and FDð f Þ is eW -concentrated

to W in L2
k-norm, it follows that kPW ðFDð f ÞÞkk;2 b kFDð f Þkk;2 � kFDð f Þ�

PW ðFDð f ÞÞkk;2 b 1� eW and thus,

ð1� eW Þ2 a
ð
W

jFDð f ÞðxÞj2okðxÞdx

ameskðWÞkFDð f Þk2k;y a
meskðWÞ

c2k
k f k2k;1

by (2.10). Similarly, k f kk;2 ¼ 1 and f is eE-concentrated to E in L1
k-norm,

ð1� eEÞk f kk;1 a
ð
E

j f ðxÞjokðxÞdxa
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
meskðEÞ

p
Here we used the Cauchy-Schwarz inequality and the fact that k f kk;2 ¼ 1.

9
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