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Abstract

Microring resonators are attractive for low-power frequency conversion via Bragg-scattering four-
wave-mixing due to their comb-like resonance spectrum, which allows resonant enhancement of all
four waves while maintaining energy and momentum conservation. However, the symmetry of such
mode structures limits the conversion efficiency to 50% due to the equal probability of up- and down-
conversion. Here, we demonstrate how two coupled microrings enable highly directional conversion
between the spectral modes of one of the rings. An extinction between up- and down-conversion of
more than 40 dB is experimentally observed. Based on this method, we propose a design for on-chip
multiplexed single-photon sources that probabilistically generate photon pairs across many frequency
modes of a ring resonator and subsequently convert them to a single frequency—thereby enabling
quasi-deterministic photon emission. Our numerical analysis shows that once a photon is generated,
it can be converted and emitted into a wave packet having a 90% overlap with a Gaussian with 99%
efficiency for a ratio between intrinsic and coupling quality factors of 400.

1. Introduction

Four-wave-mixing (FWM) processes have been widely studied in photonic integrated circuits (PICs) because the
intensity enhancement in sub-wavelength confinement waveguides significantly reduces the required pump
power [1]. Frequency conversion, where a signal field at w; is converted to an idler field at w;, is possible via FWM
using two strong pump fields at wp, and wp, with wp, — wp, = w; — w;. In this so-called Bragg-scattering FWM
(BS-FWM) process [2], photons are annihilated from the fields at w; and wp, and created at w;and wp,.
Frequency conversion is possible with both classical and quantum fields [2, 3] with applications in optical
communication [4] as well as quantum information processing [3].

Resonant enhancement of the BS-FWM process is possible using microring resonators if all four frequencies
coincide with resonances of the ring. However, if the frequency separation between the pumps is e.g. one free-
spectral-range (FSR) of the ring (wp, — wp, = Qrsr), then a field at w; is up-converted to w;; = w; + lpsg or
down-converted to w;— = wy, — dpsg With equal probability. The reason is that the two processes only differ in
changing the roles of the pumps as receiver or donor of photons. This limits the conversion efficiency to 50% [5]
asillustrated in figures 1(a), (c).

In this work, we demonstrate a PIC device that uses mode-coupling to allow frequency conversion between
resonances of a microring resonator with an extinction ratio above 40 dB. The concept (illustrated in figure 1(b))
is based on coupling two rings where the FSR of one is an integer multiple of the other. When their resonances
align, the coupling-induced mode-splitting effectively eliminates either the up- or down-converted resonance
leading to near-unity conversion efficiency (see figures 1(b), (¢)). Another interpretation of the mode-splitting is
that the auxiliary ring introduces an additional phase to the field circulating in ring 1 (see appendix A for details).
The auxiliary ring may therefore be viewed as a tool for dispersion engineering of ring 1 and this approach has
been applied to FWM applications in ring resonators [6, 7]. Dispersion engineering was also used to achieve
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Figure 1. (a) Illustration of Bragg-scattering FWM in a single ring resonator. Two strong pump fields are injected into the ring along
with a signal field. In the FWM process, a photon is exchanged between the pumps while a signal photon is converted in energy by an
amount corresponding to the energy difference between the pumps. The comb-like mode spectrum of the ring resonantly enhances
both up- and down-conversion because those processes only differ by reversing the roles of the pumps as donor or acceptor of a
photon. (b) Mode-splitting induced by coupling between two ring resonators enables unidirectional frequency conversion by only
providing resonant enhancement to the up-conversion process. (¢) Calculated up-conversion efficiency by considering the signal
mode and its nearest neighbors as well as one mode of the smaller ring (see appendix A for details).

unidirectional frequency conversion in fibers by having only the up- or down-conversion process be phase-
matched [8, 9].

Our primary motivation for studying frequency conversion in PIC resonator structures is its potential for
realizing frequency-multiplexed single photon sources. Quasi-deterministic single photon generation using
probabilistic parametric processes, such as spontaneous parametric down-conversion or spontaneous FWM
(SFWM), requires multiplexing [10]. This process relies on producing photons probabilistically between several
modes representing spatial, temporal, or spectral degrees of freedom of the photons. One of the challenges in
multiplexing is to convert photons from any mode into a single output mode without reducing the fidelity of the
quantum state. Most multiplexing demonstrations have relied on spatial or temporal modes [11-14], but
quantum frequency conversion was recently demonstrated as a powerful tool to enable multiplexing of photons
in different spectral modes [9, 15]. The main advantage of using the spectral degree of freedom of photons is that
no lossy switches are needed to combine modes after frequency conversion. This is generally not the case for
spatial- or temporal degrees of freedom [ 1 1—14] where the number of switches (and therefore the total loss)
increases with the number of multiplexed modes. For frequency-multiplexing, the number of usable modes is
limited by the bandwidth over which efficient frequency conversion is possible. So far, all experimental
demonstrations of multiplexing were implemented using fiber or free-space optics due to the difficulty of
achieving on-chip quantum feedback control. However, compact and energy efficient sources suitable for large-
scale quantum information processing require devices based on PICs. Ring resonators are natural candidates
owing to their comb-like mode spectrum (see figure 1(a)), which has been used to demonstrate frequency
conversion [5] and high-dimensional entanglement [16].

Based on our demonstration of unidirectional frequency conversion, we propose a PIC single-photon
source that multiplexes the dense spectral modes of microring resonators to enable quasi-deterministic
emission. Its multiplexing protocol only involves switching the classical pump fields, which significantly reduces
the single-photon loss [9]. The device is very compact since photon creation and frequency conversion occur in
the same resonator structure. The output photons have very high spectral purity [17], which is essential for high-
visibility multi-photon interference. Additionally, we show how the temporal wave packet of emitted photons
may be controlled by shaping the BS-FWM pump fields.

This article is organized as follows: in section 2 we present our experimental results demonstrating
unidirectional frequency conversion between modes of a ring resonator. Section 3 presents our proposal for
using this concept in a PIC implementation of a frequency-multiplexed single-photon source. We conclude
in section 4 with a discussion of the challenges involved with realizing our proposal.

2. Experimental demonstration of unidirectional frequency conversion

Efficient BS-FWM in ring resonators requires both energy- and momentum conversion, which is achieved
when ng (wp,) — ng(wp) = ne(w;) — ny(w;), with nybeing the group index of the ring. For our experimental
demonstration of unidirectional frequency conversion we used four resonances in relatively close proximity
such that the group index was approximately constant over the frequency range of interest. We fabricated a
device (shown in figure 2(a)) consisting of two coupled microring resonators realized in a silicon-on-insulator
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Figure 2. (a) Optical microscope image of fabricated double-ring device. A heater covering the left side of ring 1 is used to modify its
resonance frequencies. The inset shows a scanning electron microscope image of ring 2. (b) Measured transmission spectrum showing
which modes are used for the signal (w;) and two pumps (w, and w,) in the BS-FWM experiment.
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Figure 3. Experimental setup. Pol: polarization controller, EDFA: erbium-doped fiber amplifier, VOA: variable optical attenuator,
WDM: wavelength division multiplexing module, LP: linear polarizer, DUT: device under test, OSA: optical spectrum analyzer, ASE:
amplified spontaneous emission source.

(SOI) material (250 nm silicon on a 3 ym thick buried oxide layer) using electron-beam lithography. The
waveguides are 500 nm wide and the circumference of ring 1 (2) is 324 pm (81 pm) such that the FSR of ring 1,
Qpsr = 2mc/1.55 nm, is four times smaller than that of ring 2. The device is covered by a 1 pum thick oxide layer
on top of which a heating element is formed by a thin titanium wire, see figure 2(a). Grating couplers [18] are
used for coupling in and out of the chip.

In the BS-FWM experiment we pump ring 1 on the two resonances at w, = 2mc/1553.9 nm and
wy, = 2mc/1552.3 nm (see figure 2(b)) using continuous wave (CW) lasers. A weak CW laser is used for the
signal and its wavelength is scanned across the resonance at w; = 2mc/1542.9 nm. For each wavelength, A, of the
signal laser, the spectrum of the generated idler fields are measured in the vicinity of the up- and down-
converted modes at w;; = 2mc/1541.3 nm and w;_ = 2mc/1544.4 nm, respectively. This gives rise to two-
dimensional idler power maps, see figure A4 for an example. Our setup for the BS-FWM experiment is shown in
figure 3. The three CW lasers (pump 1, pump 2, and signal) are combined usinga WDM module and both input
and output can be sent to an OSA using a two-by-two switch. Additionally, the pump output power can be
monitored by power meters while tuning their wavelengths to thermally lock them to the ring resonances [5]. A
broadband ASE source is used to measure linear transmission spectra.

The heater on ring 1 is used to align the resonances of the two rings. Figure 4(a) shows the measured
transmission as a function of wavelength (close to A;_) and heater voltage. The spectrum exhibits an avoided
crossing typical of strongly coupled systems [19]. From the two-dimensional idler power maps, the diagonal
cross-sections (see figure A4) corresponding to the power emitted near the up-converted mode,

P (A, A — Apsr), and down-converted mode, P,_(A, A + Agsr), are plotted in figures 4(b)—(d). The
corresponding heater voltages are indicated in figure 4(a). The three plots correspond to the resonance of ring 1
being red-detuned (b), aligned (c), and blue-detuned (d) with respect to the resonance of ring 2. Note that the
symmetric case in figure 4(c) requires a lower heater voltage compared to figure 2(b) due to the thermal red-shift
induced by the pumps. Figures 4(b)—(d) also show transmission spectra of the down-converted mode,

T, (XA + Agsr), signal mode, T; (), and up-converted mode, T; (A — Agsr), while the pumps are on.

In appendix A.1, we derive expressions for the transmission and conversion efficiency, which are plotted as solid
lines in figures 4(b)—(d). The values of model parameters in appendix A.1 were estimated using a step-wise
fitting procedure described in appendix B and are listed in table 1. The agreement between theory and
measurement in figures 4(b)—(d) suggests that our device is well-described by the model used in appendix A.1.
The results from three different heater settings in figure 4 illustrate that maximum directionality of the
frequency conversion process is achieved when the resonances of the two rings are exactly aligned (figure 4(c)).
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Figure 4. (a) Transmission as a function of wavelength and heater voltage in the vicinity of A;_. (b)—(d) Idler output power asa
function of the signal laser wavelength, ), from the down-converted resonance (red) and up-converted resonance (blue) as well as the
corresponding transmission near \;_ (orange), A (green), and ;. (black). Solid lines are fits using equations (A21) and (A24) with

Table 1. Device parameters. The in- and
out-coupling, T, was estimated by
assuming the transmission away from any
resonance is T2 The power in the bus
waveguide immediately before the ring
was estimated as P, = T¢p) Pin,n, Where
Py, , is the power measured before the fiber
array. The up-conversion efficiency, 7, , ,
was estimated from the ratio of the peak of
the up-converted power, P;_, to the input
power, P;. The remaining parameters are:
the extinction ratio, |(]* (defined in
equation (A4)), the coupling quality
factor, Q = ws /7y (with ybeing the
coupling rate), the intrinsic quality factor
ofringland2, Qp, = ws /7, (With v,
being the intrinsic loss rates), the ring-ring
coupling, g, the free-carrier absorption loss
rate caused by the pumps, ;. , and the
BS-FWM inter-modal coupling

strength, .

Measured Fitted
Tept = —9.4dB Q = 4.4 x 10*
P, = 3.9dBm Qy = L11 x 10°
P, = 42 dBm Qp = 1.52 x 10°
P; = —11.6 dBm g = 2.86y
n, = —22.6dB Yeca = 0.367
[P = 41.7dB X = 0.06y

As the detuning between the resonances is increased (figures 4(b), (d)) the symmetry between up- and down-

conversion is increasingly restored.

Our measured conversion efficiency is 0.55% (—22.6 dB) and limited by pump power and two-photon
absorption (TPA). Reaching near-unity efficiency requires a material without TPA [5]. The BS-FWM inter-
modal coupling strength, ¥ may be estimated in two different ways, see equations (A24) and (A27). The
resulting values are y = 0.04y and y = 0.06+, respectively, which also suggests a reasonable consistency within

the model.

Our main experimental result is a very high extinction between up- and down-conversion of more than
40 dB when the ring resonances are aligned (see figure 4(c)). We note that the extinction, | (Q2)[%, is frequency
dependent and would therefore be lower for pulsed input fields.

4



I0P Publishing

NewJ. Phys. 21 (2019) 033037 M Heuck et al

-iiiﬂg

Grating- SOI- FWM- Drop- SNSPD Logic
Coupler Switch Resonator Fllt(,!‘ Filter

Figure 5. Schematic illustration of our proposed PIC. The green layer is silicon nitride, pink is silicon, gold is superconducting
material, and yellow is electrical wiring.

3. On-chip frequency-multiplexing device

Having demonstrated a device concept enabling near-unity frequency conversion efficiency between ring
resonator modes allows us to design spectrally multiplexed single-photon sources for implementation in PICs.
In order to both generate and frequency convert photons in the same resonator, control over the cavity-
waveguide coupling for different modes is required. Interferometric coupling [20] may be used to generate
photon pairs where one, the signal photon, is decoupled from the bus waveguide whereas the other, the idler
photon, is strongly coupled. Then, the signal photon remains in the resonator while the idler is routed to a
detector that controls switches allowing specific BS-FWM pumps to convert the signal photon. A major
advantage of our proposal is the elimination of spatial switches used in e.g. [21] by converting signal photons to a
common output mode, wey, which is strongly coupled to the bus waveguide. It is even possible to shape the
wave packet of the output photons by tailoring the temporal shape of the BS-FWM pumps, which we show

in section 3.3.

Our proposed PIC implementation is illustrated in figure 5. It is based on a scalable multilayer silicon nitride
(SiN) on SOI platform [22, 23] that enables individual photons to be produced, frequency converted, and routed
in the SiN layer with low loss and no TPA while switching of the pump fields occurs in the silicon layer [24, 25].
Photon pair generation by SFWM and frequency conversion by BS-FWM occur in the FWM-resonator. It
resembles the device in figure 2(a) except for its interferometric coupling, which is achieved by forming a Mach—
Zehnder interferometer (MZI) between the bus waveguide and part of ring 1 [20]. Frequency-selective ring
resonator drop-filters [26] connect each idler mode to a specific superconducting-nanowire-single-photon-
detector (SNSPD). The electrical signal from the detector is processed [27] and used to flip switches [24, 25]
controlling the passage of the BS-FWM pump fields. The rightmost SOI switch in figure 5 controls the passage of
the SFWM pump at w), (blue pulse), its neighbor controls the common BS-FWM pump at w, (green pulse),
while the rest control BS-FWM pumps at w,, , (yellow and red pulses) for each spectral multiplexing mode,

n € Z.Note that the illustration in figure 5 is an example using N = 2 spectral modes.

The emission protocol consists of the following two steps: first,a SFWM pump pulse at w, generates photons
atany of the mode pairs w; , and w; ,, where s (i) means signal (idler) and n € Z enumerates the spectral
multiplexing modes. Signal photons remain in the resonator while idler photons are routed to the SNSPDs.
Second, an idler detection causes two SOl switches [24, 25] to flip allowing BS-FWM pumps at w, and w, ,
(withw), — Wy .» = Wour — Ws,,) to enter the resonator and frequency convert the signal photon to the
common output at wy,,. The output mode is strongly coupled to the bus waveguide causing the converted
photon to exit the resonator and couple into the output waveguide through the MZI-filter.

We stress that the switches only operate on the classical pump fields - making their insertion loss far less
critical than if they operated on single photons.

3.1. Interferometrically coupled resonator

The FWM-resonator is sketched again in figure 6(b) with the fields, s, in various parts of the device indicated.
Considering a case without input fields (s;, = 0) and a field, s, being generated inside ring 1, the intra-cavity
power enhancement of ring 1 is defined as (see appendix A.3 for details)

2 2

1
1 — 61(,11’1)6@1512

iP
- vy — e'®2
t12 = —@ ) (1)
1 — vye 2

S1—

Sg

where ®; (P,) is the round-trip phase of ring 1 (2). The through-coupling coefficient of the coupling region
between the rings is 7/,. The matrix describing the MZI coupling region is
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Figure 6. (a) Illustration of FWM processes occurring in the resonator shown in (b). Arrows pointing up correspond to creation of a
photon whereas downwards-pointing arrows correspond to annihilation of a photon. Suppressed processes involving modes with
resonance-splitting are indicated by red arrows and desired processes are indicated by green arrows. (b) Sketch of the FWM-resonator.
(c) Intra-cavity power enhancement of ring 1 in equation (1). (d) Ring-bus coupling, 97,1, = vy 1 — vE[1 + exp(iy))],

in equation (2). Note that (a), (c), and (d) share the frequency axis and BS-FWM pumps are far-detuned from other modes as in [5].

can_ | Vi i1 = vi(1 +e)

vyl — i1 +e)  vi1 +e?) -1

where v is the phase imbalance of the MZI and the directional couplers are assumed identical with a through-
coupling coefficient ;. The blue curve in figure 6(c) plots equation (1) and the red curve plots the off-diagonal
elements of the MZI coupling matrix in equation (2) fora FWM-resonator design where the length of ring 1 is
four times larger than ring 2 and six times larger than the path-length difference of the coupling-interferometer.
Resonances of ring 1 are enumerated relative to the SEWM pump as w; = wj, + j€2esg with j € Z and ring 2 has
resonances at w_ 44, with n € Z. Figure 6(c) shows that signal modes at w; ,, = w_,. ¢, are decoupled from the
bus waveguide whereas the pump (w,), idler (w;, = w,_¢y), and output mode (wyus = wy) are strongly coupled.
Note that 7 attains both positive and negative values so that signal modes exist on both sides of w,,. Figure 6(a)
illustrates the relevant FWM processes of the pair creation and frequency conversion for n = 0. Direct
generation of photons at wey (2w, — Wou + w_1) must be avoided since emission should only occur after step
two of the protocol. The process is indeed suppressed due to mode-splitting at w_;. Additionally, mode-
splittings at w_5 ;. 12, ensure suppression of the conversion process ws,, + Wy »— W-s51121 + Wp,, Whereas the
desired multiplexing conversion in the opposite direction, w; , + wp, — Wout + W) ,n» is resonantly enhanced.

In the high conversion efficiency regime, it becomes important to consider cascaded BS-FWM processes in
which photons get converted several times before coupling into the bus waveguide. This severely limits the
conversion efficiency without interferometric coupling. In appendix C we show that the conversion efficiency is
limited to 50% even for perfect unidirectionality by including first-order cascaded FWM. However, we note that
signal modes in figure 6(c) are located symmetrically around wy,, such that

(@)

|ws,n - Woutl = |w0ut - Ws,—(n—l)la ne . 3)

This ensures that the first-order cascaded BS-FWM process is w;,, — Wour — Ws,—(n—1), Where the photon ends
on another signal mode. Any higher-order process is suppressed by mode-splitting and the photon is eventually
converted back to wqy,.

Undesired SFWM producing photons at wyy, or w , from the BS-FWM pumps may be suppressed by
placing the BS-FWM and SFWM pumps on either side of the zero-dispersion wavelength matching their group
indices [5]. In this way, the undesired SFWM processes are not phase-matched and therefore suppressed. If the
path-length difference of the MZI-filter in figure 5 is two times shorter than ring 1 it may be adjusted to separate
odd- from even-numbered modes such that wy,, is dropped to the output waveguide while w, and all idler
modes continue in the bus waveguide towards the SNSPDs.

3.2. Spectral correlations of generated photon pairs

An important advantage of our proposed design is its ability to produce photons with very high spectral purity. It
has been shown that the spectral purity of photons emitted from a resonator where idler, pump, and signal
modes are identical is limited to 92% even for a flat pump spectrum [17, 28]. In [17] it was shown that using
interferometric coupling to increase the linewidth of the pump relative to the signal and idler enables arbitrarily
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Figure 7. (a) The maximum heralded purity versus the ratio of signal and idler quality factors. (b) The joint spectral intensity for
Q,/Qj = 100.Inboth (a) and (b) it was assumed that Q, = Qj and that the pump spectrum was flat. Note that we assumed zero
intrinsic loss in these calculations.

high spectral purity. Another solution is to modify the pump spectrum as shown in [29]. Our design achieves a
signal linewidth, ~,, that is smaller than the pump, Vpo and idler, ~,. Figure 7(a) plots the spectral purity of our
device asa function of the ratio between the quality factors (Q; = wj /7; with jlabeling the resonance) of the
signal and idler modes when assuming Q, = Q; and a flat pump spectrum (see appendix D for details). We note
that this is the purity of signal photons being leaked into the environment and leave the purity analysis of
photons coupled out after frequency conversion for future work. Figure 7(a) shows that the spectral purity
rapidly increases towards unity as Q,/Q; increases. In the next section, we show that the frequency conversion
efficiency increases with Q. /Q; (were Q; = w, /7;), which means that the spectral purity increases
simultaneously since Q; ~ Q| for the interferometrically coupled device. For Q,/Q; = 100, the resulting joint
spectral intensity is plotted in figure 7(b). It displays a broad idler distribution and narrow signal distribution,
with negligible correlations between signal and idler frequencies, giving rise to a spectral purity 0f 99.9%.

3.3. Photon frequency conversion

The second step of the emission protocol consists of frequency converting a signal photon from the signal mode
(s) to the output mode (denoted o here for brevity). For a material without TPA, the efficiency is only limited by
the ring-ring couplingin the form G = g / A (v, + 7,) and the ratio between the coupling- and loss rates,
Qr/Q,. Here, we are interested in emitting photons into a specific wave packet described by the function

Sout,o (£)- Photons with time-symmetric wave packets are particularly interesting for e.g. two-photon gates [30]
and reducing sensitivity to timing jitter in two-photon interference [31] so we consider a Gaussian wave packet
as a specific example

Gauss _ i 111(2) i _ (t — t0)2
Souto () = Al (—77 ) exp( 21n(2)—At2 ) 4

It has a temporal full width at half maximum (FWHM) A¢, spectral width Aw = 41In(2) /At, and its squared
amplitude integrates to 1. In appendix E, we derive the temporal shape of ¥ (¢) required to achieve the desired
output wave packet. We use this result when solving the equations of motion in equation (A56) for the cavity
field amplitudes of the signal (A;), output (4,), down-converted (A;_), and auxiliary (B) mode as well as the

output wave packet (Sout o)- The deviation of the output, Sy ., from the desired wave packet, SOGu?jS, is quantified
by the conversion efficiency
(o)
nout = j(; |Sout,o(t) |2dt> (5)
and overlap
OL _ S SGauss _ L & S* SGauss d :
- < OUt,Ol out,o > - out,o(t) out,0 (t) t . (6)
Mout 140

Figure 8(a) plots the solution to equation (A56) for a specific case of Q; /Q, = 500, G = 100, and

Aw/~, = 0.38. The occupation probabilities are defined as 7, = |A,,|* and the absolute square of the output
fields correspond to the probability density of observing the photon at different times. Assuming that a photon
occupies the signal mode at time t = 0, the blue curve in figure 8(a) shows how the probability decays as the
photon is converted to the output mode and coupled out of the resonator. Comparing the green and dotted
black curves illustrates that the output wave packet has alarge overlap with a Gaussian with deviations only in the
tails. Figure 8(a) further shows that conversion to the i-mode (red curve) is highly suppressed even for a pulsed
output as opposed to the suppression of CW fields in section 2. However, pulsed operation requires a larger
value of G than CW operation to achieve a large suppression.
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Figure 8. (a) A solution of the emitted wave packet (green) along with the occupation probability of the signal mode (blue) and down-
converted mode (red), as well as ¥ (¢) (orange). (b) Conversion efficiency (blue, left axis) as a function of Q;/Q, for different values of
the ring-ring coupling, G. The corresponding optimum pulse widths are plotted in red (right axis). These values were obtained using
the criteria OL > 99%. (c) Conversion efficiency as a function of Q;/Q, for G = 100 for different overlap requirements.

To investigate the influence of loss and out-coupling through the down-converted mode, we evaluate the
figures of merit for different values of Q;/Q, and G. The results are shown in figures 8(b), (c). In figure 8(b) we
require an overlap of at least 99%, and it is seen that 99% conversion efficiency is achievable with G = 100 and
Qr/Q, ~1000. As G decreases, the bandwidth of large extinction between up- and down-conversion also
decreases. This necessitates narrow bandwidth pulses, which are longer in time leading to higher loss during
emission. Therefore, both the conversion efficiency and optimum pulse bandwidth decreases with decreasing G
asillustrated in figure 8(b).

Ifthe overlap requirement is relaxed, the conversion efficiency can be significantly increased as illustrated in
figure 8(c). This demonstrates that there exists a trade-off between conversion efficiency and the desired
temporal wave packets of the emitted photons, which is important to keep in mind for different applications of
the source.

4. Discussion

With our experimental demonstration we have shown how to overcome limitations in the efficiency of
frequency conversion between modes of PIC ring resonators due to their symmetric mode spectrum. Achieving
on-chip multiplexing requires a latency of the quantum feedback below the photon storage time, which is only
possible by placing switches in close proximity to the SNSPDs. The SOI-based switches must then be functional
at cryogenic temperatures, which has recently been demonstrated [24]. Driving the switches using the weak
electrical signals output from the SNSPDs is challenging, but devices capable of amplification and logic
operations have been developed [27]. Single chip filtering with sufficient extinction for pump rejection has
recently been demonstrated [26]. However, the BS-FWM pumps must be even higher power than the SFWM
pump and further progress in on-chip filtering is necessary. Additionally, it is necessary to statically tune the
rings of the FWM-resonator as well as the drop filters. Opto-electro-mechanical tuning of the refractive index in
waveguides is suitable for cryogenic operation and demonstrations of large index shifts with low loss have been
presented [32]. The number of available spectral multiplexing modes depends on the bandwidth over which
lwp, = wpnl ~ |wour — w4, relative to the FSR of ring 1. N = 16 is the lower limit to achieve 99% fidelity of the
single-photon state assuming zero loss and number-resolving detectors [33]. Since frequency-combs with
hundreds of modes have been realized in SiN microrings [34] it seems reasonable to expect that several tens of
multiplexing modes would be possible (note that only every sixth mode is available for multiplexing with our
scheme in figure 6).

In conclusion, we have experimentally demonstrated that unidirectional frequency conversion between
modes of ring resonators is possible with more than 40 dB extinction. Our theoretical investigation shows that
this leads to near-unity conversion efficiency and based on this, we proposed a scheme for PIC frequency-
multiplexed single photon sources with high performance. For instance, figures 7(b) and 8(c) show that 99%
conversion efficiency and spectral purity is possible for Q;/Q; ~ 400. If, for instance, the pump, idler, and
output modes have coupling Qs of 10* the corresponding intrinsic Q mustbe 4 x 10°, which is well below what
hasbeen demonstrated [35]. Electronic feedback control at these short timescales remains to be demonstrated,
but since many quantum information processing tasks rely on it, we are optimistic that the field will progress
sufficiently. For an analysis of the full system efficiency including latency in the quantum feedback as well as
detector efficiency, we refer to [21]. Importantly, we note that extraction of the created signal photon from the
ringisincluded in the frequency conversion efficiency here, whereas the loss associated with this process was not
treated in [21]. We consider our proposal to be a very promising route to on-chip multiplexed single-photon
sources for near-term implementation. The constituent components have been demonstrated individually

8
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Figure Al. (a) Sketch of the device illustrating parameters of the coupled-mode model. (b) Sketch of the device showing fields used in
the frequency domain model.

[23,24,26,27,32] and switching only the classical fields significantly improves the loss-budget over other types
of multiplexing.

Acknowledgments

This work was supported by the Danish National Research Foundation through the Center of Excellence SPOC
(Silicon Photonics for Optical Communication), DNRF 123. M H acknowledges funding from VILLUM
FONDEN.

Appendix A. Device models

It is useful to consider two descriptions of the coupled resonators in this work. One, which we denote the
coupled-mode model (CMM), is convenient for modeling the dynamics of the system and predict its
performance. The other, denoted the frequency domain model (FDM), is useful for device design. Figure A1(a)
shows a sketch of the device indicating parameters in the CMM and figure A1(b) shows the fields used in the
FDM analysis. Below, we go through each model description and explain how to relate their parameters. This
ensures that geometrical properties of devices can be related to their performance and thereby assist the design
process.

A.1. Coupled-mode model

The CMM is the standard description used in open quantum systems where the cavity resonances are treated as
discrete modes that couple to each other and the continuous waveguide-modes with coupling rates gj; and ~;,
respectively. The system is modeled by the Hamiltonian H = Hy + Hyg with [36]

- 00
H=Y wila + i /Z—Jf dwld3 @) — al5 )]
; ; T J—0
J

J
+ focdww(w)g(w) b b+ g@l b+ b a, (A1)

wherej € {s,i—,i+}. The nonlinear partis
Hyp = x (@, & ards + a5 4" ad;) + h.c. (A2)

The heat bath responsible for the loss rate, +,, is not explicitly included in H; but the loss rates are included in
operator equations of motion (see [37] for the necessary derivations). As illustrated in figure A1(a), the modes in
rings 1, 2, and the bus waveguide are represented by the annihilation operators a s I;q, and §j, respectively. We
only consider one mode of ring 2, which only couples to mode i—of ring 1, so we have dropped the subscripts on
b and gin equation (A1).

Equations of motion for the electric fields of the cavity modes may be found using the Hamiltonian
in equations (A1) and (A2)[38]

. I, . .
Ay = _;SAS - 1X*AiJr - IXAI? - ﬁsin,s (A3a)




I0P Publishing

NewJ. Phys. 21 (2019) 033037 M Heuck etal

; L .
Aip = A IXAs — it Sinji+ (A3b)
. T e
A= — 5 Aj_ — iX"As — igB — /%~ Sini- (A30)
B = (—ié‘ab - %)B —igA,_ (A3d)
Soutj = Sinj + JVAj  jE{s, i—i+ (A3e)

The fields in equation (A3) are slowly varying amplitudes defined with reference to the mode resonances
aj(t) = Aj(t)exp(—iwjt) and sip j/ouj(t) = Sinj/ousj(t)exp(—iwjt). The field inring 2is b (t) =
B (t)exp(—iwj_t), which gives rise to the detuning é,, = w, — w;_ in equation (A3d). The time-dependent
nonlinearity due to the BS-FWM pumps is Y* = x (épld;2> andIj = v, + y withj € {s,i—,i+}. Inthelinear
regime, Y = 0, equations (A3c) and (A3d) decouple from the rest and describe two coupled resonators. In the
strong coupling regime, g > ;_/4, linear superpositions of A;_and B form uncoupled super-modes with
modified resonance frequencies. If w;_ = wy, the eigenfrequencies of the super-modes are shifted by
+./g% — (7;_/4)? relative to the degenerate resonances of A;_and B. This mode-splitting is observed in
figure 2(b) for every fourth mode of ring 1 because the resonances of each ring are aligned and the FSR of ring 2 is
four times larger than that of ring 1.

To analyze the frequency conversion properties of the device, we make the simplifying assumptions
Yy = % = yand Y = x*. For CW pump fields, equation (A3) may be solved using Fourier transforms From
the solution, we define the extinction ratio

Sout,iJr(Q) — 4g2 +
Souti=() [y + 12(6a — DI} — 12Q)

where 2 is the frequency separation of each mode from its resonance, A~j Q) = a@;(2 + wj),aswell as the

separation of the input field from the signal resonance, Si, s(Q2) = 5, ;(2 + wy). The ~ is used to indicate
frequency domain fields. The maximum extinction is found for @ = 0and &, = 0

() = 1, (A4)

4 2
¢max — —gr +1=4G?+ 1, (A5)
Yl

where the normalized coupling parameter G = g / 7 Ii was defined. The up-conversion efficiency,

~ 2 _
- Souti+ | _ A%X ’ (A6)
" Sinys @ — 2@ — 29 + 421+ ¢ |
has a maximum of
2 A

T ) 414G T

which is achieved when §,, = 2 = 0 and for a nonlinearity

1 |1+ 4G?
ymax — — [~ T /]_'\IFS A8
X 2\ 2 + 4G? (48)

Equations (A6) and (A7) are identical to equations (28) and (32) in [38] in the limit G — oo (note the factor of 2
difference in our definition of decay rates). In the limit of large G and highly over-coupled ring
modes, equation (A7) may be written as

max 1 Qs + Qi
e B | B el A9
i+ ( 4G2)( Qr ) 49

which clearly shows the scaling with G and the ratio of coupling- to intrinsic quality factor (Q; = wj /-
Reaching 99% conversion efficiency requires G ~ 10 and Q;/Q; ~ 100 withj € {s, i}. The linear transmission
in the vicinity of w;_ and w; is

- (0 .
() = 78; ((Q)) =1-= = 7 (A10a)
e L e e e
t,'+(Q) _ Sout,i+(Q) -1 i+ , (AlOb)
Sin,i+(£2) % —iQ

where (2 again is the frequency separation from w;_ in equation (A10b) and from w; in equation (A10b). The
transmission spectra in equation (A10) are found by assuming all input fields in equation (A3) are zero except
Sin,i_ for equation (A10b) and S, ;, for equation (A100).
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Figure A2. (a) Phases of the round-trip factor, Cl(,ll) e'®17,,, as a function of frequency. (b) Comparison of the transmission calculated
from equations (A12) and (A13) (blue, red, green) and equations (A10a) and (A10b) (dotted black). The used parameters are:
G = 16.9, "= 0.01 19]:51{, Y = 0.0679]:5]1, and = 5.3 X 1074QFSR~

A.2.Frequency domain model
In the FDM, the fields everywhere in the device (see figure A1(b)) are connected by transfer matrices. We assume
the directional couplers are well-described by a matrix, C ™ such that

S1— _ 1) S1+ |:527:| o 2) So+
[Sout] =C [Sin :I’ Ssio— | C S12+ (Alla)

.0

‘ .61 Ny
Sipe = s1-e'2, sjp = s ez, s =5 e (A11b)

Solving equation (A11) we find the transmission, ., of the intra-cavity field in ring 1 when passing ring 2 and
the transmission, f, through the bus waveguide

S12— Cl(,zz) Cz(zl) el

— — @

h=—"—=0C3+ — (A12)

S12+ Y- (:1(,21)61@2

D e aip

S C 5 Cy e
P S # (A13)

Sin ’ 1— Cl(,l)e“t’ltu

The coupling regions are assumed to be described by symmetric transfer matrices

. v, i1 — v}

Cm — eith " " (A14)

>
- 2
13/1 — vy, Uy

where 6, is the phase accumulated along the directional coupler and v, is the through-coupling coefficient. The
phase accumulated through a length L is k(w)L with the propagation constant approximated by

i n

K@) ~ k() + g = Dottt | T p, (A15)
ow c ¢

where Aw = w — Wrer. The imaginary part of the complex refractive index, e = 12y + inlf, is related to the

linear amplitude loss coefficient and intensity loss rate by

n
n
op = Wref Meff _ ﬁ_g' (A16)
c 2 c
The round-trip loss of the circulating field in ring 1 due to coupling to the bus waveguide is |Cl(,l1)| = yjanda
connection to the CMM is given by

c

expl[— TRl = Vi = m=— In (), (A17)

ng Ly
where 7 pr 1 is the round-trip time of ring 1. The coupling rate between the rings, g, can be related to the
parameters of the FDM by considering the modification that ring 2 imposes on the circulating field in ring 1.
Every time the field passes by ring 2 it acquires the amplitude and phase contained in #,, of equation (A12). This
is seen from the round-trip term, C{!/ €!11;,, in the denominator on the right hand side of equation (A13).
Defining C™ = C™e~i%, and f, = #,e7%, the round-trip term is C") e/® 7, where &; = ¢, + 6; + 6, isthe
round-trip phase of ring 1 without coupling between the rings. In this form, it is clear that the phase of f,
modifies the resonance condition of ring 1. Figure A2(a) plots the phases of the round-trip term when both rings
have a resonance at w;_. Since arg{f,(w;_)} = , the coupled system is anti-resonant at w;_ and the black curve
shows that two new resonances appear at w; 4+ 0.1Q2psg where the total round-trip phase equals 27. The FSR of
ring 1is Qs = 27c/(ngL;). The FDM therefore offers an interpretation of the mode-splitting in terms of
dispersion engineering, which was also employed in [6, 7]. The parameters v, and g from the FDM and CMM
can be related from the expressions for the frequency shift induced by the ring-ring coupling

11
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Figure A3. Measured transmission as a function of wavelength and heater voltage.

Q1(wi- + Aw) + arg{fy(w;- + Aw)} = 27p
. nyL

ngLy —(1 — vd)sin (gTzAw)

Aw + arctan -

¢ 2v; — (1 + v3)cos (%Aw)

= 27p, (A18)

where Aw = ,/g? — (v;/4)*. Figure A2(b) plots the transmission calculated from the FDM and CMM using
equations (A16)—(A18) to relate the parameters. The good agreement illustrates that the CMM is a good
approximation over a fairly large bandwidth close to the resonances.

The effective index, ic¢, group index, 1, and through-coupling, 24, can be calculated from mode solvers
such as Lumerical or Comsol given the cross-section geometry of the waveguides. Using the CMM and FDM to
relate these parameters to estimates of the device performance in equations (A4) and (A7), itis possible to design
devices with specific properties.

A.3. Interferometrically coupled ring
To analyze the properties of an interferometrically coupled ring, we introduce a transfer matrix corresponding
to equation (A14) for interferometric coupling

2 L .2 : 2 i)
CEM — ity v,— eVl —v;) il —rv,01+e ).

iy”m(l +e¥)  vil+eY) -1

The phase accumulated in the ring (bus waveguide) arm is 1g (¢)5) and ¥ = 15 — r. The directional couplers
are assumed identical with a through-coupling of 1;,. Considering a case without input fields (s;, = 0) and a
field, s, being generated inside ring 1 (s, - = Cl(,Il’l)sH + s;), the solution to equation (A11)is

(A19)

S1— 1
so_ (A20)
S 1 — Cl(,Ifl)e@ltlz

where &, = ¢, + g + 0, isagain the round-trip phase of ring 1 without ring 2 presentand C&V = CED e~ vk,

Appendix B. Model and experiment comparison

In this section, we provide additional details on how the model parameters in table 1 are estimated. The
procedure consists of fitting the measured data using the analytical expressions for transmission and frequency
conversion efficiency. We use a step-wise procedure where parameters found from fitting to the transmission
spectra without pump fields are used when fitting the transmission and conversion efficiency with the pumps
on. The measured transmission spectrum is plotted in figure A3. To compare to the CMM only parts of the
transmission spectrum in the vicinity of the three modes, A;_, A, and A;, is used. This is because the CMM is
only a good approximation over a bandwidth in which the resonances are well-described by a Lorentzian. The
ring-waveguide coupling, 7, is assumed equal for all modes while rings 1 and 2 are allowed different loss rates, 7,
and T, respectively. Equations (10a) and (10b) then read

T =T | 1- - T i = , (A21a)
Mt e
2
L) =T |1 - ﬁ . (A21b)
— — i

2
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Table Al. Parameters estimated by comparison to
transmission measurements without pump lasers.
We only list parameters that are not included in
table 1.

A B

—839 x 10°rad s~! 49.9 x 10°rad s~' V2

Table A2. Values of 8y in units of 10° rad s~! for the five data sets,
estimated by fitting transmission and idler power data.

1 2 3 4 5
8N 0N 8N 8N 881

—21.609 7 0.8130 4.807 8 4.1497 11.839 3

Equation (A21) includes the couplingloss, T, which is assumed identical for input and output grating
couplers. Changing the heater voltage detunes the resonances of the two rings and we model this by letting 6,
depend on the voltage as

Sy = A + BV (A22)

Fitting equation (A21) to the data in figure A3 allows us to estimate the parameters v, v, , v, , §> A,and B
(values for A and Bare listed in table A1). The couplingloss, T¢,, is estimated as the mean value of the
transmission away from any resonances. When the pumps are turned on there will be a nonlinear loss in ring 1
due to free-carrier-absorption from carriers generated by TPA. This is included in equation (A21) by
introducinga modified loss rate onlyinring 1,5, = 7}, + 7, Additionally, the resonances of ring 1 red-shift
due to the heat generated by TPA. This is included by modifying 8, as A, = 6, + Oni- This leaves only ¥ to be
determined, which is done by also fitting the converted spectra in figures 4(b)—(d) using modified versions
of equations (A4) and (A7)

2

4g
Q) = +1 A23
< [vL, + 12(Asp — DIy + 71, — 12Q) (423)

47X

) = | —
i+ v+ 71, — i20)?

1
ni7 = Wni"" (A24)

Since the measured conversion efficiency in our experiment is much smaller than one, we make the simplifying
assumption that the signal field is undepleted, which corresponds to neglecting the terms —iy*A;, — iYA;_

in equation (A3a). The parameters Y, Oni,and ¥ are estimated by simultaneously fitting transmission and
idler output power data. Note that the parameters found from transmission data without pumps are held fixed in
this process. We use five datasets corresponding to different heater settings, three of which are shown in

figures 4(b)—(d). The nonlinear loss, v, and Kerr nonlinearity, ¥, are assumed to be identical for all five
datasets whereas the nonlinear shifts, oy, are allowed to vary among them. This is due to the fact that the
thermal locking procedure [5] used to tune the pumps into resonance does not consistently result in exactly the
same resonance shift even if the pump power is identical. The values of the nonlinear shifts are listed in table A2.
The nonlinearity may also be estimated based on the other parameters as well as the properties of the ring. Using
the results in [38], we estimate the nonlinear coupling rate, ¥, of our device

IX| = AlBpeBpol, (A25)

where the parameters on the right hand side are [38]

2702 = % o| By,
I S O PP AT i (A26)
Meff Vring 1_‘] Tt
The nonlinear refractive index is 71, and Vij,,g is the volume of ring 1. Assuming both pump modes are identical
to the signal mode and inserting equation (A26) into (A25)yields

8wrefcn
Xl = ==L BB, (A27)

2
Meff Vring Fs

As mentioned in section 2 we measured the idler power at the up- and down-converted resonances as a
function of wavelength for each setting of the signal laser wavelength, A. An example of the corresponding 2D
idler power maps is shown in figure A4. The dotted blue lines correspond to cross-sections with wavelengths
(A, A — Agsp) for the up-converted mode, and (A, A 4+ Apsg) for the down-converted mode.

13
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Figure A4. Measured idler output power as a function of wavelength and signal laser wavelength, A, from the up-converted resonance
(2) and down-converted resonance (b) for a heater setting of Vi, = 4.2 V? corresponding to maximum extinction ratio. The blue

dotted curves represent the diagonal cross-sections plotted in figures 4 and A5, which correspond to the theoretical predictions in
e.g. equation (A6).
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Figure A5. Idler output power as a function of the signal laser wavelength, A, from the down-converted resonance (red) and up-

converted resonance (blue) as well as the transmission near \;_ (orange), A, (green), and A;; (black). Solid lines are fits and dots are
measured data.

Figure A5 shows the idler power along the cross-sections for all five data sets using the values in table A2 for

the fitted curves. A good qualitative agreement between measurement and model predictions is observed for all
five data sets.

B.1. Fitting using FDM

As an additional check of the fitted parameters using the CMM, we also use the FDM to fit the spectra in figure
A3. Here, we use the entire wavelength range of the measurement as the FDM models all the resonances as well as
the FSR of the rings. Equation (A13) is used to estimate the parameters v, 5, fif, and n,. We assume only the
real part of 7l changes with applied voltage asin equation (A22)

1l Vaeat) = 14 + Oty Viey. (A28)
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Figure A6. (a) Plot of equation (A13) for the transmission as a function of wavelength and heater voltage. (b) Spectra from the cross-
sections indicated by dotted lines in (a).

Table A3. FDM fitting parameters.

v =128 x 10°rad s™! Y, =12 % 10° rad s~!
g=280 x 10°rads™! Y, = 23 x 10°rad s7!
1y = 2.618 ng = 4.73

Any =196 x 1074V 2

The proportionality constant is

1 0n 0T
ony = =L A29
T Rorou (429)

where R is the resistance of the titanium wire, QU /9T is its heat capacity, and 0n/0T is the thermo-optic
coefficient of silicon. Figure A6(a) shows a comparison with figure A3 using the fitting parameters listed in
table A3. The largest discrepancy is observed for heater voltages where the resonances of the rings align.
However, when ring 1 is either red- or blue-detuned from ring 2, the agreement is better as observed in figure
A6(b). The model agrees well with the measurement data at frequencies close to modes of ring 1 that are far-
detuned from modes of ring 2, which is also observed from figure A6(b). The values of parameters in table A3
agree well with those in table 1, which provides additional confidence in our parameter estimation.

Appendix C. Cascaded FWM

To consider the effect of first-order cascaded BS-FWM processes we introduce an extra mode A; | ; that couples
tO A1+

A= = A~ AL~ A — VTS (A300)
A = —?A,qr — iYAs — iY*Aii 4 (A30b)
i L o

Aivy = —EAi++ — iYAi+ (A30c)

. I e
A = *?Ai— — iY™A, — igB (A30d)
B = (—iéab - %)B — igA,_ (A30¢)
Sout,j = Sin,j + ﬁAj’ jE {s,i—i+,i++}. (A30f)

Again, we have assumed that all idler modes have the same coupling rates. For §,, = 0 and {2 = 0, we find the
extinction ratio
~ TH4G* + 1)

= A3l
¢ I} +4x° (43D
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The up-conversion efficiency is

4V 71'"/55(
Ny = . (A32)
L+ a(1+ 5+ )
For ¢ > 1, the maximum conversion efficiency is
max ViV
max — - ° A33
LA VT (439
which is achieved with a nonlinearity given by
o = Lp [ (A34)
2 L+ I
Inserting equation (A34)into (A31)yields
(M = (4G2 + 1) LA I . (A35)

I + 21

From equations (A31)—(A35) itis seen that the additional requirement I; > I mustbe imposed to reach near-
unity conversion efficiency when taking cascaded processes into account. In fact, equation (A33) shows that the
conversion efficiency is limited to 50% if 7, = . This number would be even lower when considering second-
and higher-order cascaded processes.

Appendix D. Spectral correlations

The joint state of a photon pair created at w; o and w; o after they exit the resonator is
) =[] d2:dA@ 2085 @0l0)103), (A36)

where §;( (€2;) creates a photon in the waveguide at the frequency w = wj o + ;. Since 7, = 0, the signal photon

only couples to the environment and a): (€2,) is therefore the creation operator for heat bath modes at w =

ws,0 + €. Thejoint spectral amplitude (JSA), A(£);, €2)), is essentially a two-dimensional wave function
containing information about the distribution and correlations of the signal and idler frequencies. For photons
created in a resonator, the JSA is proportional to [17, 28]

A(QS’ Ql) = P})(Qs + Qi)li(Qi)ls(Qs)) (A37)
where [;(€2;) = [Ij/2 4 i€};] ' are Lorentzian lineshapes with a width determined by I withj € {s,4,p}. The
pump function F), is given by

F () = f dYAL(Q — Q) H(Q — QYA (Y), (A38)

which is a convolution of the pump field in the ring, A, (£2)1,(£2), with itself. The JSA may be expanded using a
Schmidt decomposition

A, Q) =D M) (), (A39)
k

where 1) 1, j € {s, i} are orthonormal signal and idler Schmidt modes and A, the Schmidt coefficients. The
square of the signal density matrix (originating from a partial trace of the joint state operator over the idler
sub-space) is used to define the spectral purity of heralded photons [29]

P=>" AL (A40)
k

Allinformation about signal-idler frequency correlations are contained in F, (€% + €2;) as seen
from equation (A37). The maximum spectral purity is achieved when the spectral width of the pump pulse is
much larger than the width of the pump mode and the approximation A, ~ 1 can be made in equation (A38).

Appendix E. Shaping output photons

The temporal shape of emitted photons is controllable via the time-dependent BS-FWM coupling terms
in equation (A3). To determine the function, Y, (¢), giving rise to a specific output, we consider the equations of
motion for an interferometrically coupled device
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A F0 .

Ao = _?AO B IXi?;AS = V% Sino (Adla)
A, = —%AS — iR, A (A41D)
Sout,o - Sin,o + ﬁAv- (A416)

For simplicity we consider only two modes (corresponding to the limit of large G), the signal (s) and output (o).
Instead of considering how to emit a function Sy, (¢) in the absence of any inputs (S;, , = 0), we consider how
toabsorb a function Si, ,(—1) = Sout,0 (¢). If X;, (£) is the control function that enables absorption of S, ,(—1),
then ¥, (t) = X;,(—1) is the control function that enables emission of Soy ,(¢) (in the limit of zero loss).
Determining Y;, (¢) therefore solves both the absorption and emission problem.

To fully absorb a pulse into the resonator, we must have Sy, , = 01in equation (A41c) and therefore
A, = —Sino/ /7, Inserting into equation (A41a) yields

I _ : - o
_Eosin,o + IX;NAS + WOSin,o = Sin,a . P o Sin,o = IXi: \/%AS' (A42)

Sin,o =

The solution for A; is found by rearranging terms in equation (A41b)

d v i . Y;: i _lt t 'L o1
Telne = j_s = A= 13_2 fo 1% (¢) Sino () d1. (A43)
) Yo

Inserting the result for A; into equation (A42)we find

Yo — VL ; n/[__*l, ¢ DLyl , ’ ’

Tsin,a - Sin,o Sin,ue L= Xinez Sin,a 0 €2 Xin(t )Sin,u(t )dt . (A44)
Weassume Sy, , € R such that the RHS can be written as

(x—iy)f(x—f—iy)zxfx—l—yfy—&—i(xfy—yfx), (A45)

where the functions are given by x = Re{X;,} Sin,o €xp (v, t/2) and similarly y = Im{¥;,} Sin,, exp(7; /2). By
defining the functions

X = f — Reos(d), ¥ = fy — Rsin(6), (A46)
the real part of equation (A45) can be rewritten as
XX + YY = [Rcos(f) — Rsin(#)]R cos(f) + [Rsin(d) + Rcos(f)f]Rsin(f) = RR = %di(Rz). (A47)
t

The imaginary part of equation (A45)is
XY — YX = [Rcos() — Rsin(0)0]Rsin(f) — [Rsin(f) + R cos(0)O]R cos(d) = —R2. (A48)

Since Sy, , is real, we can define a real function
ﬁ) = (%Sin,o - Sin,a) Sin,oe%t: (A49)

such that the solution to equations (A47) and (A48) are

Rt = |2 fo 'f.(s)ds (A50)

=0 = 0=¢, (A51)
where C, is an arbitrary real constant. For simplicity we could choose C; = 0, such that X = R and therefore
L . e 2
Xinsin,oe%t =R = L = Xin = f;]i. (A52)

2 ff, Sinoy 2 1,

E.1. Gaussian wave packet
Having determined the general solution in equation (A52), we now consider a specific example of a Gaussian

wave packet
2 1n(2))i 2
Sino(®) = | — —2In2)— |, A53
o(0) ,/At( - eXp( "5 (A53)
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Figure A7. Example of the emitted wave packet calculated from equation (A56). The Gaussian (dotted black) plots equation (A53) with an
appropriate temporal shift. The used parameters are: Q. /Q, = 500, G = 100, Aw/~, = 0.38, t; = 3.83At, 7, = 0.42At,
Toff = 5.91At,and 8 = 1.06.

with a FWHM temporal width Atand spectral width Aw = 41n(2) /At. First, we note that equation (A52) is
only a solution if the anti-derivative of f, is positive. For the Gaussian wave packet in equation (A53) we have

—Mt&m - —%tsm. (A54)
At? At

Since Sj, , is positive, the condition for f, to be positive is

Sin,o -

=20 = ¥+%t>o = é?—%gzd(l—%). (A55)
This means f, is negative in the leading part of the wave packet up until the time given by equation (A55) and the
solution for Y, is invalid. However, this critical time can be pushed arbitrarily far into the tail of the Gaussian by
increasing the coupling rate of the output mode, ~,, relative to the pulse bandwidth, Aw.

To calculate the emission efficiency in the presence of loss and the down-converted mode, we consider the
equations of motion

A, = —%Ao — IXoutAs (A56a)
i YL . .
A, = —7A5 — iXoutAo — IXoudi- (A56b)
. I, L .
A= —?A,', — XouAs — 1gB (A56¢)
5 . YL .
B = (—1(2,;7 - 7)B —igA,_ (A56d)
Sout,e = Yo Ao- (A56¢)

For simplicity, we assume the down-converted mode and output mode have the same coupling rates. The
appropriate initial conditionis A;(0) = 1, A,(0) = A;_(0) = B(0) = 0,and Y, (0) = 0. This corresponds to
asignal photon occupying mode A; and the BS-FWM pumps not having entered the resonator yet. The absolute
square of the cavity fields then correspond to the probability of the photon occupying these modes,

P(j) = |A;j|*. Asmentioned above, the solution for %, (t) is given by equation (A52) evaluated at —¢. It turns

out to be advantageous to multiply Y, by an envelope function, Fy (t) = f, , (t — Ton) X fo., (Toir — 1), due
toloss and the divergence in ¥;, . The sides of the envelope are

it

1 + sin (T ) - ’
fon @ =[1+ — 9(t + %) 9(1‘ - %) (A57)

where 0(¢) is a step function that equals one when t > 0 and zero otherwise. The envelope rises from zero to one
intheinterval t € [—Teny/2, Tenv/2] as halfa period of the sine function. Figure A7 shows an example of the
solution to equation (A56) along with the BS-FWM pump function given by ¥ = 5%, Fenv- The amplitude,

0 > 1,isused to ensure that the entire population in A; may be converted to A, despite the reduction in area
under the orange curve resulting from multiplication by E,,. The function ¥ (orange curve in figure A7) is
found by optimizing 7,,, 3,and Aw /+, to maximize 1), for a fixed Gand Q;/Q, under the constraint that

OL > 99%. The cutoff time, 7,4, is fixed for a given pulse width, Aw, to avoid the divergence in ¥, (occurring
att ~ 7Atinfigure A7).
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