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A unified vectorlike gauge theory for quarks and leptons based on the group SU(6) is
presented. All fermions are assigned to the fundamental representation 15 of SU(6). The
resulting model is a natural generalization of a model proposed previously by us, and con-
tains eight quark flavors. In the lepton sector, there are two charged heavy leptons and
their associated neutrinos, in addition to the known leptons. The Weinberg angle is deter-
mined to be sin®0w=3/8. Brief discussion of the mechanism of the spontaneous breakdown
of SU(6) and the fermion mass generation are given.

§ 1. Introduction

Symmetry has played an important role in particle physics since the discovery
of neutrons. After the discovery of strange particles, the coexistence of different
kinds of iso-multiplets was successfully unified by the group SU(3), which gave
important information on the hadron structure.

Presently interesting symmetry is the gauge symmetry of the second kind.
The gauge theory of weak and electromagnetic interactions based on the group
SU(2) XU(1)” now stands on the phenomenological stage. Many experimental
results have supplied us information on the form of existence of elementary par-
ticles. The experimental suggestion of the existence of heavy leptons® may force
us to depart from the conventional four-quark-four-lepton scheme.® The indications
of a right-handed current” suggest that the weak and electromagnetic interactions
of elementary particles are vectorlike.” In the scheme of vectorlike models, parity
non-conservation in neutral current interactions” requires singlet (or much higher)
fermion multiplets of the weak SU(2) in addition to doublet fermions. These
situations suggest an existence of a larger group which includes SU(2) X U(1) as
a subgroup.

We have previously considered a vectorlike model of the weak interactions
in the framework of SU(2) X U(1) gauge theory.” It has the following fermion

structure:
V. )4
(). (), e (7). (), 0t
dy) 1 \se/ 1 e/ \lt/L
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(), (5), 2o (), (32) e @

where dy=d cos 0+ ssin 0, s,=scos0—dsin0, t,=¢cos ¢p+usin ¢ and u;=u cos ¢
—¢sing. This model can considerably well explain the various weak phenomena
observed recently.” We expect that these fermion multiplets are successfully uni-
fied by a supermultiplet of some larger group.

Georgi and Glashow® have proposed the unified gauge theory of the strong,
weak and electromagnetic interactions based on the group SU(5) within the frame-
work of the conventional quartet model. An interesting point of their approach
is that the fermion structure in the weak and electromagnetic gauge group SU(2)
X U(1) is deeply correlated to the structure of the strong gauge group, which
they took to be unbroken SU(3).” In this article we discuss, along their approach,
a possibility that the variety of quarks and leptons in (1) is naturally understood
by a vectorlike gauge theory based on a simple group which unifies the weak
and electromagnetic gauge group SU(2) XU(1) and the strong gauge group
SU(3). We see that the group SU(6) can fairly well reproduce what is required
by the present phenomenology. All fermions are assigned to the fundamental
representation 15. It determines the Weinberg angle with sin’0,=3/8.

In the next section, we shall study the general structure of the gauge group
SU(#). It is shown that the group SU(6) seems to be the most promising one.
Further, an explicit tensor representation of the fundamental fermions will be
given. Section 3 is devoted to a study of the mechanism of the spontaneous
breakdown of SU(6) and the fermion mass generation. Discussion will be given

in the final section.

§2. The gauge group SU(6) and fundamental fermion multiplet
The unified gauge group should have a subgroup SU(3) X SU(2) xU(1). A

simple gauge group which contains this subgroup is a unitary group SU(n) with
n>>5. 1In this section we attempt to unify all fermions (quarks and leptons) by
an irreducible representation of SU(n). In finding an appropriate representation
for fermions, we demand that all fermions transform as 1, 3, or 3* under the
strong gauge group SU(3). Of course 1 corresponds to leptons, and 3 and 3*
to quarks and anti-quarks, respectively. Further, we demand that all fermions
belong to 1 or 2 of the weak SU(2).

The relevant representations which satisfy the above constraints are funda-

mental representations
n, [nXn], [nXnXn], etc,

where [ ] denotes total antisymmetrization. Other representations (totally sym-
metric or mixed symmetric), such as {rnXn}, are ruled out because they contain
6, 8, etc. of SU(3). The simplest prescription might be to assign all fermions
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to the lowest representation n, but this is impossible because n does not contain
(3,2) components of SU(3) XSU(2) and in consequence it cannot represent the
doublet quarks of weak SU(2). Therefore we must examine higher representa-
tions such as [mXn]. In general there is a possibility of the coexistence of
different kinds of representations such as n and [nXn]. However we demand
for simplicity that all fermions belong to the same kind of representation.

Now we investigate the possibility of [mXxXn]. The numbers of SU(3)
X SU(2) sub-multiplets contained in this multiplet are given as follows:

(3,2):1, (1,2):n—5,
B, ):n—5, (L,1):{(n—6)(n—5)+1.
(3%, 1):1,

We see that, if we introduce two fermion multiplets of this representation (con-
taining #-quark and c-quark, respectively), we have sufficient number of sub-mul-
tiplets to construct a satisfactory vectorlike theory if #=>6. Hereafter we discuss
the simplest case 7#=6. The supermultiplet [6 X6] =15 contains four quark fla-
vors (qi, ¢, ¢s and q,) and three leptons (7,7, and Z,):

aqi
< > s af
q:

=, , @)
()
2

where the suffix C denotes charge conjugate operation. In the tensor representation
of 6% 6, these fermions are described as

0 IA A C]11 (]12 QIS
—1 0 ly QZI (]22 QZs
N 4L —1, 0 (]31 C]32 f]33 3
v= P TN B | 0 R 2c | ©)
(251 q: qds d4 s
¢’ —¢' -4’ o 0 —qf
¢’ —¢' —q¢' —¢ ¢ 0

where the upper indices of ¢’s express quark colors. In (3), the subgroup SU(3)
X SU(2) has been taken such that in the sextet representation of SU(6) the
first two components correspond to the doublet of weak SU(2) and the last three
components to the triplet of strong SU(3).

Next we investigate the charge structure of 15. SU(6) has thirty-five gen-
erators F;(7=1,--,35). For the convention of these generators, we take the
straightforward generalization of the familiar SU(3) convention in which F;, Fj,
Fy;, Iy and Fy; are diagonal. Then the generators which commute with those of
both weak SU(2) and strong SU(3) are Fs and (1/y/ 2)F;+ (v/3/10)Fy
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+ (1/4/5) Fy. Therefore the weak hypercharge Y, which is related to the

charge operator Q as
O - F3 + = 9 (4)

is given by the suitable linear combination of these two generators. The corre-
sponding two coefficients determine the full charge structure of the theory. Denot-
ing the charge of ¢, in (2) as Q, and that of [, as Q,, we get the following
expression for Y:

o 1 3 )
Y/20F = @O, =D Bt Qut QD) (JFut St o)

The charges of fermions in the multiplet (2) are given schematically as

®)

Q, |
< (—20,41)  (Q,+Q,—1¥F
6
<Q‘ > (30,+0,—2) o
Q-1 T

Since (suitably normalized) Y is the generator of U(1), Eqgs. (4) and (5) give
the Weinberg angle:

Tr(Fy) _ 1 -
Tr(Q) 1+3(2Q,—1)+3(Q,+Q,—1)

sin®fy =

Now we discuss the detailed structure of (6). According to the conventional
guark model, we take the usual charge assignment for the doublet quarks (g, ¢») 7,
that is, Q,=2/3. As far as the conventional leptons are concerned, there are
two possibilities for the value of Q, due to the equivalence of 2 and 2* of SU(2).

The first possibility is to take the value Q,=0. Then the doublet leptons
such as (v, e7) " are assigned to the left-handed components of (/,7)" as usual.
In this case, however, the additional lepton /; is neutral and the additional quarks
¢; and ¢, have the same charge —1/3. Consequently we cannot incorpolate
charged heavy leptons and z-quark to the 15-plet of this charge assignment. More-
over the Weinberg angle given by (7) is sin’0,,=3/5, which seems to be too
large compared to the value sin’0,~0.3 favoured by our previous analysis.”

The alternative possibility is to assign the charge conjugate of the lepton
doublet, ie., (¢, —5,)z", to the right-handed components of (/;, %), which requires
Q,=1. This assignment, in contrast to the previous case, has quite desirable fea-
tures. It contains an SU(2) singlet quark with charge 2/3 as well as an additional
charged lepton and a singlet quark with charge —1/3. This is just what is
required by our phenomenological model (1). Furthermore it determines the
Weinberg angle with sin®0,,=3/8.

From these successful features, we conclude that the gauge group SU(6) is
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quite hopeful for the unification of the fundamental interactions of elementary
particles. It breaks down to the lower symmetry group SU(3) XSU(2) X U(1)
specified by the values Q,=2/3 and Q,=1. The theory is vectorlike and all
fermions (both the left-handed and the right-handed) belong to the fundamental
15-plet representation of the form
<pl> 72y PZC
7

9= <E> L ®)
) B

In order to complete our phenomenological model (1), we must introduce
two additional quarks with charges 2/3 and —1/3. Then all quarks and leptons
are successfully unified by two 15-plet fermion multiplets. For example, the left-
and right-handed components of the supermultiplet containing electron and u-quark

are given as
13
<a>bu¢c <¢>dtc
d, b

E* ’ e’ )
S [
—Vg L — Ve R

The other 15-plet multiplet is the muonic counterpart of (9).

®

§ 3. Breakdown of SU(6) to SU(3) xSU(2) X U(1)

and fermion mass generation

The group SU(6) has various desirable features for the framework of the
unified gauge theory as discussed in the previous section. In order to confirm
these discussions, we must next check that this symmetry can really be broken
to the level of the required subgroup SU(3) X SU(2) X U(1) and that the required
mixing patterns and masses of the 15-plet fermions shown in (9) can be really
reproduced by suitable Yukawa interactions. In this section we discuss these prob-
lems.

The group SU(6) has thirty-five gauge fields A;* related to the corresponding
generators [;. Eight of these fields mediate the strong interactions and four the
weak and electromagnetic interactions. The others may mediate the interactions
which link leptons and quarks or doublet fermions and singlet ones of weak
SU(2). Of course these unfamiliar interactions should be suppressed by the large
masses of relevant vector bosons which are generated by the spontaneous break-
down of the symmetry SU(6) to SU(3) X SU(2) X U(1) associated by the Higgs
mechanism.®

The structure of the subgroup SU(3) X SU(2) X U(1) is related to the charge
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assignment of fermions by (5). We have discussed two cases for the value of Q,.
In the case of Q,=1, the fundamental sextet has a neutral (1,1) component of
SU(3) x SU(2). This means that the group SU(3) XSU(2) XU (1) can be in-
cluded in the subgroup SU(5) of SU(6). This is the reason why we have the
same Weinberg angle (sin’0y,=3/8) as was predicted by the SU(5) model of

Georgi and Glashow.” On the other hand, in the case of Q,=0, the group

SU(3) xSU(2) XxU(1) cannot be included in SU(5).

Here, we discuss the mechanism of the spontaneous breakdown of SU(6) to
SU((3) xSU(2) XxU(1) in the case of Q,=1. In order to get this breakdown,
we must introduce a sextet scalar multiplet y, and a 35-plet scalar multiplet ;.
For the vacuum expectation value of y fields, we take the following form cor-
responding to the previous convention:

> = <o 0% 00 O)T. (10)

N /

<

Vacuum expectation values for ¢ fields are taken to be
(11)

in the matrix representation. By these expectation values, twenty-three gauge

<9ﬂ_>2'_,_}_<9u’>2
2/ " 4\2)”’
/19 Alo An Alz

Ay Ay A Ay 3%;g1£
Ay Ay Ay Ay

fields acquire masses as follows:

A, A, A, A :/

Ay Ay - (12)
O
Ay Ay

2 1 J3 5gu

1
© Agt A Ay Ay
R T I S

where ¢ is a universal gauge coupling constant of SU(6). These massive vector
bosons mediate the interactions which link the following fermions:

A, Ay  E,—N, p—n,,

As A, : E,—E,, n—n,,

Ay Ay

A Ay Ey—nyy, Ei—ny,, p—p°,
Ay Ay

EIEER
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All Alz

Ass Awl  Ey,—p, N—n, . _pzc s
Ay Ay |

A Ay

Ay Ayp: Ei—py , N—n,, n, _ch-
Ay A

At present, we have no information about the relative magnitudes of the expectation
values # and #’. If one of them is much larger than the other, then there may
exist the hierarchy in these superweak interactions. For example, if |u|> ],
the first stage of the breakdown is caused by {y), which reduces SU(6) to SU(5),
then successively {¢) reduces SU(5) to SU(3) xSU(2) xU(1).

The final stage of the breakdown of SU(2) XU(1) to U(1) is induced by
the nonvanishing vacuum expectation values of SU(2) doublet or triplet (and of
course SU(3) singlet) components of the adequate scalar multiplets. In general,
these vacuum expectation values introduce a mixing between the ordinary neutral
weak boson and the superheavy boson. But the effect may be negligible due to
the extremely large mass of the latter.

Next we study the gross features of masses and mixing patterns of fermions.
Masses of fermions are generated in general by both Yukawa couplings of scalar
particles and gauge invariant mass terms. The latter, however, may be inadequate
from the consideration of masslessness of neutrinos. We introduce scalar (¢;) and
pseudoscalar (¢;) multiplets of the 35-plet representation which couple to the
15-plet fermion multiplet ¢ as follows:

4,

A o
— i ' o) , 1
f¢2¢z¢+1f¢)2r<v¢ (13)

where 4;/2 is the generator of SU(6) in the 15-plet representation and ¢ is given
as (8). The vacuum expectation values of the SU(2) doublet component of these
fields {¢;> and <{¢;"> give the following zeroth order fermion mass terms:

O e
0 Kew+f ’<¢7’>> < nl) +h.c.
Koy —fKe> 0 i

These mass terms are diagonalized by the following transformations:

A P P R R PO P

Imass: - _;' (El+, E2+)R(

e m( (14)

79

giving
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s Hoey +f'<e’> {E*E*+bb}
mass 2
_f <¢e>,,,~2f 2 @rer v day. (16)
The mixing pattern (15) is just what is required in (9) if we neglect the Cabibbo
angle. Further, (16) predicts that if E* is heavier than e*, then b-quark is
heavier than d-quark. Next we discuss the Yukawa coupling of 15-plet scalar
(w”) and pseudoscalar (w) multiplets of the form

h —
- 3“28iqukl¢ijwpq¢gz +h.c.

4

+ :%eiqumaij'fsw;qﬂbgl +he., a7

where ), ® and " are represented by the tensor form (3) and e is a totally
antisymmetric tensor. Nonzero values of (,¢) =(2,3) and (3,2) components of
o and o', which are the only neutral components in 15, give the mass term

O }L<U)23> "‘h/<(/);3>> <p2>
o +h.c.
/’L<Cl)23> + ]7' <0)23> 0 L

_ _how + ]l/<a_)§3>zt _ oy — h’<wé3>ﬁu 18)
2 2 ’

cEmass: ——_;‘(52, ﬁl)R(

Y22

where

6):(:) C):C) (19)

This gives the mass difference between #-quark and #-quark. In order to get more
detailed mixing patterns and mass differences of fermions, we must discuss more
carefully by introducing larger multiplets of scalar fields, but we see that the
above simple mechanism can well reproduce the gross features of fermion masses
and mixing patterns.

§ 4. Discussion

We have discussed the unified gauge theory of the strong, weak and electro-
magnetic interactions based on the simple gauge group SU(6). By this unification
the numbers of quarks and leptons and their transformation properties in the
weak gauge group SU(2) XU(1) are strongly restricted by the strong gauge
group SU(3). We found that two fermion multiplets of the fundamental repre-
sentation 15 can successfully unify quarks and leptons which are required by the
present phenomenology, and that these multiplets can consistently construct a vec-
torlike theory. The present model predicts eight quark flavors™ in nature. The
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simple Yukawa interactions with 35-plet and 15-plet scalar and pseudoscalar par-
ticles reproduce the gross features of the required masses and mixing patterns
of fermions. The Weinberg angle is determined to be sin*0y,=3/8. By the renor-
malization effects, this value may become somewhat smaller.””

From these successes, we conclude that our model is quite promising as a
unified theory of the fundamental interactions of elementary particles.

Here we comment on some further problems in our model. In discussing
the spontaneous breakdown of the symmetry, we have given the suitable vacuum
expectation values to each scalar field in order to get the required group SU(3)
X SU(2) xU(1). However these expectation values should be determined by the
structure of the potential of scalar fields. It will be interesting to investigate
what types of potential give rise to these expectation values. The next problem
which is also concerned with the potential is the masslessness of neutrinos. In
general in the vectorlike theories, neutrinos acquire masses due to the Yukawa
interactions even if there are no gauge invariant mass terms, and then in order
to preserve their masslessness we must require the relevant vacuum expectation
values to vanish. These should be clarified by the structure of the potential.

Finally we make a comment on the right-handed doublet (c,s)g. Our phe-
nomenological vectorlike model (1) contains this doublet due to the constraint
of six quark model. The present model contains eight quarks and therefore this
constraint is released by the additional mixing freedom. If the 15-plet muonic
counterpart has a similar mixing pattern to that of the electronic multiplet (9),
then sp may become an SU(2) singlet and the above doublet may not exist.

Acknowledgements

We would like to thank our colleagues for interesting discussions and com-
ments. One of us (A.K.) expresses his gratitude to the members of High Energy
Theory Group of Kyushu University for their kind hospitality. Another one of
us (K.I) is indebted to the Japan Society for the Promotion of Science for the

fellowship.

References

1) S. Weinberg, Phys. Rev. Letters 19 (1967), 1264.
A. Salam, Elementary Particle Physics, edited by N. Svarthalm (Almakvist and Wiksell,
Stockholm, 1968).
2) M. Perl et al,, Phys. Rev. Letters 35 (1975), 1489.
3) S. L. Glashow, J. Iliopoulos and L. Maiani, Phys. Rev. D2 (1970), 1285.
4) A. Benvenuti et al, Phys. Rev. Letters 37 (1976), 189.
R. M. Barnett, Phys. Rev. Letters 36 (1976), 1163.
5) H. Georgi and S. L. Glashow, Phys. Rev. D6 (1972), 429.
6) A. Benvenuti et al, Phys. Rev. Letters 37 (1976), 1039.
D. Cline et al.,, Phys. Rev. Letters 37 (1976), 252; 37 (1976), 648.
K

) . Tnoue, A. Kakuto and H. Komatsu, Prog. Theor. Phys. 57 (1977), 998.

220z 1snBny /1. uo sasn sansnr Jo Juswpedaq S'N Ad 8002981/0£9/2/8S/3l0Me/d)d/woo"dno-o1wapes.//:sdpy Woly papeojumod



8)
9

10)

11)
12)

Unification of the Lepton-Quark World 639

K. Inoue, A. Kakuto and H. Komatsu, Prog. Theor. Phys. 57 (1977), 2058.
H. Georgi and S. L. Glashow, Phys. Rev. Letters 32 (1974), 438.

H. Fritzsch and M. Gell-Mann, Proceedings of the XVI International Conference on High
Energy Physics, Chicago-Batavia, (1972).

S. Weinberg, Phys. Rev. Letters 31 (1973), 494.

D. J. Gross and F. Wilczek, Phys. Rev. D8 (1973), 3633.

P. W. Higgs, Phys. Rev. Letters 12 (1964), 132.

F. Englert and R. Brout, Phys. Rev. Letters 13 (1964), 321.

T. W. Kibble, Phys. Rev. 155 (1967), 1554.

T. C. Yang, Phys. Letters 65B (1976), 358.

H. Georgi, H. R. Quinn and S. Weinberg, Phys. Rev. Letters 33 (1974), 451.

220z 1snBny /| uo sasn sonsnr Jo Juswipedaq S'N Ad 800298 1/0£9/2/85/3l0me/did/woo"dno-olwapese/:sdpy woly papeojumod



