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A unified vectorlike gauge theory for quarks and leptons based on the group SU(6) is 
presented. All fermions are assigned to the fundamental representation 15 of SU(6). The 
resulting model is a natural generalization of a model proposed previously by us, and con· 
tains eight quark flavors. In the lepton sector, there are two charged heavy leptons and 
their associated neutrinos, in addition to the known leptons. The Weinberg angle is deter
mined to be sin'I'Jw=3/8. Brief discussion of the mechanism of the spontaneous breakdown 
of SU(6) and the fermion mass generation are given. 

§ 1. Introduction 

Symmetry has played an important role in particle physics since the discovery 
of neutrons. After the discovery of strange particles, the coexistence of different 
kinds of iso-multiplets was successfully unified by the group SU(3), which gave 
important information on the hadron structure. 

Presently interesting symmetry is the gauge symmetry of the second kind. 
The gauge theory of -vveak and electromagnetic interactions based on the group 
SU(2) X U(l) v now stands on the phenomenological stage. Many experimental 
results have supplied us information on the form of existence of elementary par
ticles. The experimental suggestion of the existence of heavy leptons2l may force 
us to depart from the conventional four-quark-four-lepton scheme.3l The indications 
of a right-handed current4l suggest that the weak and electromagnetic interactions 
of elementary particles are vectorlike. 5l In the scheme of vectorlike models, parity 
non-conservation in neutral current interactions6) requires singlet (or much higher) 
fermion multiplets of the weak SU(2) in addition to doublet fermions. These 
situations suggest an existence of a larger group which includes SU(2) X U(l) as 
a subgroup. 

We have previously considered a vectorlike model of the weak interactions 
in the framework of SU(2) X U(l) gauge theory.7l It has the following fermion 
structure: 
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Unification of the Lepton-Quark World 631 

(1) 

where de=dcos8+ssin8, s8 =scos8-dsin8, t¢=tcos¢+usin¢ and u¢=ucos¢ 

- t sin¢. This model can considerably well explain the various weak phenomena 

observed recently.7l We expect that these fermion multiplets are successfully uni

fied by a supermultiplet of some larger group. 

Georgi and Glashow8> have proposed the unified gauge theory of the strong, 

weak and electromagnetic interactions based on the group SU(5) within the frame

work of the conventional quartet model. An interesting point of their approach 

is that the fermion structure in the weak and electromagnetic gauge group SU(2) 

X U(1) is deeply correlated to the structure of the strong gauge group, which 

they took to be unbroken SU(3) .9> In this article we discuss, along their approach, 

a possibility that the variety of quarks and leptons in (1) is naturally understood 

by a vector like gauge theory based on a simple group which unifies the weak 

and electromagnetic gauge group SU(2) X U(1) and the strong gauge group 

SU(3). We see that the group SU(6) can fairly well reproduce what is required 

by the present phenomenology. All fermions are assigned to the fundamental 

representation I5. It determines the Weinberg angle with sin28w = 3/8. 

In the next section, we shall study the general structure of the gauge group 

SU(n). It is shown that the group SU(6) seems to be the most promising one. 

Further, an explicit tensor representation of the fundamental fermions will be 

given. Section 3 is devoted to a study of the mechanism of the spontaneous 

breakdown of SU(6) and the fermion mass generation. Discussion will be given 

m the final section. 

§ 2. The gauge group SU(6) and fundamental fermion multiplet 

The unified gauge group should have a subgroup SU(3) X SU(2) X U(1). A 

simple gauge group which contains this subgroup is a unitary group SU(n) with 

n>5. In this section we attempt to unify all fermions (quarks and leptons) by 

an irreducible representation of SU(n). In finding an appropriate representation 

for fermions, we demand that all fermions transform as I, 3, or 3* under the 

strong gauge group SU(3). Of course I corresponds to leptons, and 3 and 3* 

to quarks and anti-quarks, respectively. Further, we demand that all fermions 

belong to I or 2 of the weak SU(2). 

The relevant representations which satisfy the above constraints are funda

mental representations 

n, [nXn], [nXnXn], etc., 

where [ ] denotes total antisymmetrization. Other representations (totally sym

metric or mixed symmetric), such as {n X n}, are ruled out because they contain 

6, 8, etc. of SU(3). The simplest prescription might be to assign all fermions 
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632 K. Inoue, A. Kakuta and Y. Nakano 

to the lowest representation n, but this is impossible because n does not contain 
(3, 2) components of SU(3) X SU(2) and in consequence it cannot represent the 
doublet quarks of weak SU(2). Therefore we must examine higher representa
tions such as [n X n]. In general there is a possibility of the coexistence of 
different kinds of representations such as n and [n X n]. However we demand 
for simplicity that all fermions belong to the same kind of representation. 

Now we investigate the possibility of [n X n]. The numbers of SU(3) 
X SU(2) sub-multiplets contained in this multiplet are given as follows: 

(1,2):n-5, (3,2):1, 

(3,l):n-5, 

(3*,1):1, 

(1, I): t(n-6) (n-5) +1. 

We see that, if we introduce two fermion multiplets of this representation (con
taining u-quark and c-quark, respectively), we have sufficient number of sub-mul
tiplets to construct a satisfactory vectorlike theory if n>6. Hereafter we discuss 
the simplest case n = 6. The supermultiplet [ 6 X 6] = 15 contains four quark fla
vors (q~> q2, q3 and q.) and three leptons (l~> l2 and l3): 

c/J= (2) 

where the suffix C denotes charge conjugate operation. In the tensor representation 
of 6 X 6, these fermions are described as 

0 l3 l! q/ q/ q13 

-l3 0 l2 q/ q/ q23 

-l! -l2 0 q31 q32 q33 

c/J= 
-q!! -q2! -q31 0 -q/0 q/0 ' 

(3) 

-q/ -qi -q/ q/0 0 -q/0 

-q13 -q23 -q33 -q/0 q/0 0 

where the upper indices of q's express quark colors. In (3), the subgroup SU(3) 
X SU(2) has been taken such that in the sextet representation of SU(6) the 
first two components correspond to the doublet of weak SU(2) and the last three 
components to the triplet of strong SU(3). 

Next we investigate the charge structure of 15. SU(6) has thirty-five gen
erators Fi(i=1, ···, 35). For the convention of these generators, we take the 
straightforward generalization of the familiar SU(3) convention in which F 3, F 8, 

F 15, F 24 and F 35 are diagonal. Then the generators which commute with those of 
both weak SU(2) and strong SU(3) are F 8 and (1/v7)F15 + (v3/ll))F24 
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Umjication of the LejJton-Quark 1Forld 633 

+ (1/y'J-) F 35 • Therefore the weak hypercharge Y, 'xhich 1s related to the 

chnrge operator Q as 

(4) 

Is given bv the suitable linear combination of these two generators. The corre

sponding t\vo coefficients determine the full charge structure of the theory. Denot

ing the charge of q1 in (2) as Q,, and that of l 1 as Q~> \Ve get the following 

expression for Y: 

The charges of fermions in the multiplet (2) are given schematically as 

(6) 

Since (suitably normalized) Y is the generator of U(l), Eqs. ( 4) and (5) g1n 

the \Veinberg angle: 

sin20w= TrCF~2) = 1 ---- --·-
Tr (Q 2) 1 + 3 (2Qq -1)2 + 3 (Qq + Q 1 -1)2 

(7) 

Now \Ye discuss the detailed structure of (6). According to the conventional 

quark model, we take the usual charge assignment for the doublet quarks (q~o q2) r, 

that is, Qq = 2/3. As far as the conventional leptons are concerned, there are 

two possibilities for the value of Q1 due to the equivalence of 2 and 2* of SU(2). 

The first possibility is to take the value Q 1 = 0. Then the doublet leptons 

such as (Yeo e-) Lr are assigned to the left-handed components of (l1 , l2) r as usual. 

In this case, ho\\-ever, the additional lepton l" is neutral and the additional quarks 

q3 and q" have the same charge -1/3. Consequently we cannot incorpolate 

charged heavy leptons and t-quark lo the 15-plet of this charge assignment. More

over the Weinberg angle given by (7) is sin20w=3/5, which seems to be too 

large compared to the value sin 2CJw~J0.3 favoured by our previous analysis.n 

The alternati,-e possibility is to assign the charge conjugate of the lepton 

doublet, i.e., ( e+, - D,) R r, to the right-handed components of (l1o Z2) r, which requires 

Q1 =1. This assignment, in contrast to the previous case, has quite desirable fea

tures. It contains an SU(2) singlet quark with charge 2/3 as well as an additional 

charged lepton and a singlet quark with charge -1/3. This is just what is 

required by our phenomenological model (1). Furthermore it determines the 

Weinberg angle with sin2CJw=3/8. 

From these successful features, we conclude that the gauge group SU(6) 1s 
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634 K. Inoue, A. Kakuta and Y. Nakano 

quite hopeful for the unification of the fundamental interactions of elementary 
particles. It breaks down to the lower symmetry group SU(3) X SU(2) X U(1) 
specified by the values Qq = 2/3 and Q 1 = 1. The theory is vector like and all 
fermions (both the left-handed and the right-handed) belong to the fundamental 
15-plet representation of the form 

1/J= (8) 

E/ 

In order to complete our phenomenological model (1), we must introduce 
two additional quarks with charges 2/3 and -1/3. Then all quarks and leptons 
are successfully unified by two 15-plet fermion multiplets. For example, the left
and right-handed components of the supermultiplet containing electron and u-quark 
are given as 

b u/ 

L R 

The other 15-plet multiplet is the muonic counterpart of (9). 

§ 3. Breakdown of SU(6) to SU(3) XSU(2) X U(l) 
and fermion mass generation 

(9) 

The group SU(6) has various desirable features for the framework of the 
unified gauge theory as discussed in the previous section. In order to confirm 
these discussions, we must next check that this symmetry can really be broken 
to the level of the required subgroup SU(3) X SU(2) X U(1) and that the required 
mixing patterns and masses of the 15-plet fermions shown in (9) can be really 
reproduced by suitable Yukawa interactions. In this section we discuss these prob
lems. 

The group SU(6) has thirty-five gauge fields A/' related to the corresponding 
generators Fi. Eight of these fields mediate the strong interactions and four the 
weak and electromagnetic interactions. The others may mediate the interactions 
which link leptons and quarks or doublet fermions and singlet ones of weak 
SU(2). Of course these unfamiliar interactions should be suppressed by the large 
masses of relevant vector bosons which are generated by the spontaneous break
down of the symmetry SU(6) to SU(3) X SU(2) X U(1) associated by the Higgs 
mechanism. toJ 

The structure of the subgroup SU(3) X SU(2) X U(1) is related to the charge 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/58/2/630/1867008 by U

.S. D
epartm

ent of Justice user on 17 August 2022



Unification of the Lcpton-Quarl< ·world 

assignment of fermions by (5). We have discussed two cases for the value of Qt. 
In the case of Qr = 1, the fundamental sextet has a neutral (1, I) component of 

SU(3) X SU(2). This means that the group SU(3) X SU(2) X U(1) can be in

cluded in the subgroup SU(5) of SU(6). This is the reason 1vhy we have the 

same Weinberg angle (sin'6w=3/8) as was predicted by the SU(5) model o£ 

Georgi and Glashow. 101 On the other hand, in the case of QL = 0, the group 

SU(3) xSU(2) X U(1) cannot be included in SU(5). 
Here, we discuss the mechanism of the spontaneous breakdmvn of SU(6) to 

SU(3) X SU(2) X U(1) in the case of Qr = 1. In order to get this breakdown, 

we must introduce a sextet scalar multiplet /:a and a 35-plet scalar multiplet 

For the vacuum expectation value of :;: fields, 1ve take the following form cor

responding to the previous convention: 

Vacuum expectation values for rp fields are taken to be 

/"'> -- u' y \'f' ---
2 2 

(10) 

(11) 

m the matrix representation. By these expectation values, tvventy-three gauge 

fields acquire masses as follows: 

~41 As ~46 ~47 :/ (_g; r-~! (g;'r. 
~4o r1Jo A11 A12l 

t: I 

A1o Al7 AlB A . ,) (Ju 
!Of "6i2 ' 

~42s A.2o A,7 A 2s 

~413 A14 l J (";Y + n";·r · Azo A21 

A, Aso 

(12) 

2 1 J"T 1 ;-s-· gu · 
- 1_~_As + -;1--AJs + ;-=A21 +-As, : -I-, , 

v 0 v 0 5y 2 5 3 2 ' 

where g 1s a universal gauge coupling constant of SU(6). These massive vector 

bosons mediate the interactions which link the following fennions: 

A4 As E2-N, PJ-n2, 

Ao A1 E2-El, nl -n2' 

Ag A,~ 
A1o A11 : E,-n1 , El-n2, fJJ-P2°, 

A,s A,o 
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636 K. Inoue, A. Kakuta and Y. Nakano 

All A,~ 
A1s A19 : E2-p1, N-n2, n1 -p/, 

A21 A2s 

A13 A,~ 
A2o A21 : El-pl, N-n1, n2-P2°. 

A29 A3o 

At present, we have no information about the relative magnitudes of the expectation 
values u and u'. If one of them is much larger than the other, then there may 
exist the hierarchy in these superweak interactions. For example, if lui~ lu' I, 
the first stage of the breakdown is caused by <x), which reduces SU(6) to SU(5), 
then successively <¢) reduces SU(5) to SU(3) X SU(2) X U(1). 

The final stage of the breakdown of SU(2) X U(1) to U(1) is induced by 
the nonvanishing vacuum expectation values of SU(2) doublet or triplet (and of 
course SU(3) singlet) components of the adequate scalar multiplets. In general, 
these vacuum expectation values introduce a mixing between the ordinary neutral 
weak boson and the superheavy boson. But the effect may be negligible due to 
the extremely large mass of the latter. 

Next we study the gross features of masses and mixing patterns of fermions. 
Masses of fermions are generated in general by both Yukawa couplings of scalar 
particles and gauge invariant mass terms. The latter, however, may be inadequate 
from the consideration of masslessness of neutrinos. We introduce scalar ( rpi) and 
pseudoscalar ( rp/) multiplets of the 35-plet representation which couple to the 
15-plet fermion multiplet <f; as follows: 

(13) 

where Ai/2 is the generator of SU(6) in the 15-plet representation and </J is given 
as (8). The vacuum expectation values of the SU(2) doublet component of these 
fields < rp6) and < rp/) give the following zeroth order fermion mass terms: 

These mass terms are diagonalized by the following transformations: 

giving 
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Unification of the Lepton-Quark \Vorld 637 

(16) 

The 1mxmg pattern (15) is just what is required in (9) if we neglect the Cabibbo 
angle. Further, (16) predicts that if E+ is heavier than e+, then b-quark is 
heavier than d-quark. Next we discuss the Yukawa coupling of 15-plet scalar 
(u/) and pseudoscalar (oJ) multiplets of the form 

h - a - 32 r:;ijpql;ir/J ijCUpqr/Jkr +h.c. 

(17) 

where cj;, cu and ru' are represented by the tensor form (3) and r:; 1s a totally 
antisymmetric tensor. Nonzero values of (P, q) = (2, 3) and (3, 2) components of 
(J) and (1/, which are the only neutral components in 15, give the mass term 

(18) 

where 

(19) 

This giVes the mass difference between t-quark and u-quark. In order to get more 
detailed mixing patterns and mass differences of fermions, we must discuss more 
carefully by introducing larger multiplets of scalar fields, but we see that the 
above simple mechanism can well reproduce the gross features of fermion masses 
and mixing patterns. 

§ 4. Discussion 

We have discussed the unified gauge theory of the strong, weak and electro
magnetic interactions based on the simple gauge group SU(6). By this unification 
the numbers of quarks and leptons and their transformation properties in the 
weak gauge group SU(2) X U(1) are strongly restricted by the strong gauge 
group SU (3). We found that two fermion multiplets of the fundamental repre
sentation 15 can successfully unify quarks and leptons which are required by the 
present phenomenology, and that these multiplets can consistently construct a vec
torlike theory. The present model predicts eight quark flavors 11) in nature. The 
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simple Yukawa interactions with 35-plet and 15-plet scalar and pseudoscalar par

ticles reproduce the gross features of the required masses and mixing patterns 

of fermions. The VVeinberg angle is determined to be sin28w=3/8. By the renor

malization effects, this value may become somevvhat smaller.12l 

From these successes, we conclude that our model is quite promising as a 

unified theory of the fundamental interactions of elementary particles. 

Here we comment on some further problems in our model. In discussing 

the spontaneous breakdown of the symmetry, we have giYen the suitable vacuum 

expectation values to each scalar field in order to get the required group SU(3) 

X SU(2) X U(1). However these expectation ,-alues should be determined by the 

structure of the potential of scalar fields. It will be interesting to investigate 

what types of potential give rise to these expectation values. The next problem 

which is also concerned with the potential is the masslessness of neutrinos. In 

general in the vectorlike theories, neutrinos acquire masses clue to the Yukawa 

interactions even if there are no gauge invariant mass terms, and then in order 

to preserve their masslessness ,,-e must require the relevant vacuum expectation 

values to vanish. These should be clarified by the structure of the potential. 

Finally we make a comment on the right-handed doublet (c, s) R· Our phe

nomenological vectorlike model (1) contains this doublet due to the constraint 

of six quark model. The present model contains eight quarks and therefore this 

constraint is released by the additional mixing freedom. If the 15-plet muonic 

counterpart has a similar mixing pattern to that of the electronic multiplet (9), 

then sR may become an SU(2) singlet and the above doublet may not exist. 
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