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Abstract—Reconfigurable intelligent surface (RIS) is an ex-
cellent use case for line-of-sight (LOS) based technologies such
as free-space optical (FSO) communications. In this paper, we
analyze the performance of RIS-empowered FSO (RISE-FSO)
systems by unifying Fisher–Snedecor (F), Gamma-Gamma (GG),
and Malága (M) distributions for atmospheric turbulence with
zero-boresight pointing errors over deterministic as well as ran-
dom path-loss in foggy conditions with heterodyne detection (HD)
and intensity modulation/direct detection (IM/DD) methods. By
deriving the probability density function (PDF) and cumulative
distribution function (CDF) of the direct-link (DL) with the
statistical effect of atmospheric turbulence, pointing errors and
random fog, we develop exact expressions of PDF and CDF
of the resultant channel for the RISE-FSO system. Using the
derived statistical results, we present exact expressions of outage
probability, average bit-error-rate (BER), ergodic capacity, and
moments of signal-to-noise ratio (SNR) for both DL-FSO and
RISE-FSO systems. We also develop an asymptotic analysis of
the outage probability and average BER and derive the diversity
order of the considered systems. We validate the analytical
expressions using Monte-Carlo simulations and demonstrate the
performance scaling of the FSO system with the number of RIS
elements for various turbulence channels, detection techniques,
and weather conditions.

Index Terms—Atmospheric turbulence, diversity order, free-
space optical (FSO), Fox’s H-function, performance analysis,
pointing errors, reconfigurable intelligent surface (RIS).

I. INTRODUCTION

Reconfigurable intelligent surface (RIS) is a promising
technology to empower wireless systems by artificially con-
trolling the characteristics of propagating signals in a desired
direction [1]–[5]. Specifically, RISs are constructed by planar
metasurfaces using a large number of reflection units adapted
by integrated electronics to control the phase, amplitude and
polarization of incident signals. The RIS is a promising
alternative to active relying techniques without requiring com-
plex processing at the relay to improve the performance of
wireless systems. Free-space optical (FSO) communication is
a potential technology to cater high data rate transmission with
license-free operation over a huge bandwidth in the optical
spectrum [6]. Comparing with radio-frequency (RF), FSO
systems are immune to the electromagnetic interference and
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have been considered a cost-effective solution for terrestrial
backhaul/fronthaul wireless applications for 5G and beyond
5G networks [7], [8].

The FSO link is subjected to various channel impairments
such as atmospheric turbulence, pointing errors, and other
weather conditions. The atmospheric turbulence is the scin-
tillation effect of light propagation and introduces fading in
the transmitted signal. In addition to the atmospheric turbu-
lence, the range of FSO link is limited due to the higher
signal attenuation, especially in the presence of fog and dust.
Moreover, FSO is a line-of-sight (LOS) technology that may
suffer significant performance degradation in the presence
of pointing errors caused by the misalignment between the
transmitter and the receiver. In this context, the deployment
of FSO is not feasible for terrestrial applications due to the
unavailability of a direct link in the presence of obstructions
creating dead zones for wireless connectivity. The use of
cooperative relaying has been extensively studied to mitigate
the effect of channel impairments to improve the performance
of FSO systems [9]–[12].

The advent of RIS opens an exciting research avenue to
investigate and improve the performance of wireless systems
for ubiquitous connectivity. Recently, the performance of RIS-
enabled wireless systems have been analyzed over radio-
frequency (RF) transmissions [13]–[22], mixed RF-FSO [23]–
[25], and FSO systems [26]–[30]. In [23], a RIS-assisted dual-
hop visible light communication (VLC)-RF system for an
indoor scenario was proposed with VLC in the first link and
RIS in the second RF link. In [24], the authors considered a
decode-and-forward (DF) relaying to mix an FSO link over
Gamma-Gamma turbulence with pointing errors and RF link
assisted with RIS over Rayleigh fading. In a similar setup, the
mixed RF-FSO system was analyzed in [25] by considering an
additional co-channel interference (CCI) in the RF link. The
use of relaying in such systems decouples the performance
analysis for FSO and RF such that the impact of RIS is present
only in the RF link without the challenges of analyzing the
RIS for FSO transmissions with complicated fading models.
Recently, the authors in [26]–[30] employ RIS module for
FSO systems. An overview of various design aspects of optical
RIS for FSO comparing with RIS-assisted RF is presented
[26]. The authors in [27] characterized the impact of the
physical parameters of the RIS to model the geometric and
misalignment losses due to the random movements of the RIS
and the effect of building sway. In [28], multiple optical RISs
are used to improve the outage probability of the FSO system
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under the effect of pointing errors without considering the
atmospheric turbulence. The authors in [29], [30] considered
the Gamma-Gamma atmospheric turbulence with pointing
errors to analyze the RIS based FSO system. However, the
authors in [30] considered a simplified model by considering
a single-element RIS to assist the FSO system. Moreover,
the authors in [29] used the Gaussian distribution to analyze
the RIS-assisted FSO system by employing the central limit
theorem to approximate the distribution function of the end-
to-end channel. It is desirable to provide an exact analysis
of the FSO system with atmospheric turbulence combined
with pointing errors and assisted by the RIS with multiple
elements. To this end, we emphasize that the RIS can be
applied for both indoor and outdoor FSO communications. In
indoor applications, when there is no direct link between the
source and destination, the use of RIS (deployed on the ceiling
or wall) can reflect the incident laser beam to the receiver
coherently. In the devoid of RIS, the intensity of diffused
light scattered from rough surfaces can be much lower for
establishing the communication link [31]. The optical RIS
module can also be mounted on the top of a building for
outdoor applications, facilitating building to building (B2B)
connection for high-speed backhaul links.

There are several statistical models in the literature to
characterize the atmospheric turbulence depending on the
severity of turbulence, type of wave propagation, and mathe-
matical tractability of the model. The Gamma-Gamma (GG)
is widely accepted for moderate-to-strong turbulence regime
[32], whereas the generalized Malága model (M) can be used
for all irradiance conditions in homogeneous and isotropic
turbulence [33]. Recently, the Fisher–Snedecor F-distribution
model for the atmospheric turbulence is proposed for its
mathematical tractability [34]. On the other hand, the zero-
boresight model proposed by [35] is widely used in the
literature to characterize the pointing errors in FSO systems.
Traditionally, signal attenuation for FSO transmissions is as-
sumed to be deterministic and quantified using a visibility
range, for example, less attenuation in haze and light fog and
more loss of signal power in the dense fog [36]. However,
recent measurement data confirm that the signal attenuation
in the fog is not deterministic but follows a probabilistic
model [37]. It should be noted that heterodyne detection (HD)
and intensity modulation/direct detection (IM/DD) are the
two main modes of detection in FSO systems. Considering
such a diverse operation, it is desirable to unify the FSO
using different models of atmospheric turbulence with pointing
errors, path loss, and detection modes.

In this paper, we analyze the performance of a RIS-
empowered FSO (RISE-FSO) system by unifying F , GG,
and M distributions for atmospheric turbulence with zero-
boresight pointing errors over deterministic as well as random
path-loss in foggy conditions with HD and IM/DD modes
of detection. It is emphasized that such a unification is not
straight forward and it is not available even for the direct-link
(DL) FSO systems. The major contributions of the proposed
work are summarized as follows:
• We derive the probability density function (PDF) and cumu-

lative distribution function (CDF) of the combined statisti-

cal effect of random fog with atmospheric turbulence and
pointing errors of a DL-FSO system by unifying F , GG, and
M atmospheric turbulence models such that the traditional
deterministic path loss model remains a particular case for
a unified performance analysis.

• To analyze the RISE-FSO, we derive exact closed form
expressions of PDF and CDF for the resultant channel
realized by the sum of products (SOP) of fading coefficients
considered to be independent but not identically distributed
(i.ni.d) according to the DL-FSO fading channel.

• Using the derived PDF and CDF, we analyze the perfor-
mance of RISE-FSO system by developing exact closed-
form expressions of the outage probability, average bit-error-
rate (BER), ergodic capacity, and moments of signal-to-
noise ratio (SNR) in terms of Fox’s H-function. For compari-
son, we also develop an exact analysis of the aforementioned
performance metrics for the DL-FSO system, which is
not available under the combined effect of atmospheric
turbulence, pointing errors, and random fog.

• We present asymptotic analysis for the outage probabil-
ity and average BER in simpler Gamma function in the
high SNR regime. The asymptotic expressions are readily
tractable and provide engineering insights for system design.
As such, we derive diversity order using the outage proba-
bility and average BER depicting the impact of atmospheric
turbulence, pointing errors, and foggy channel on system
behavior, and the scaling of FSO performance with an
increase in the number of RIS elements.

• We validate the derived analytical results using extensive
Monte-Carlo simulations demonstrating the effectiveness of
RISE-FSO in comparison with the DL-FSO system for
various atmospheric turbulence, detection techniques, and
weather conditions.

A. Related Works

In this subsection, we summarize recent research works
on RIS based RF systems. The authors in [13] analyzed
outage probability, average bit-error-rate (BER) and bounds
on capacity over Rayleigh fading RIS system. Considering the
similar channel model, the authors in [14] presented the exact
and asymptotic analysis of ergodic capacity. In [15], perfor-
mance of RIS-assisted and amplify-and-forward (AF) relaying
wireless systems were compared for Rayleigh fading channel
where the RIS-assisted system was shown to outperform the
corresponding relaying systems. In [16], for arbitrarily finite
RIS elements, the authors offered closed-form estimates on
the channel distribution over Rayleigh fading channels for
dual-hop and transmit RIS-aided schemes. The authors used
Rician fading to investigate the outage probability and ergodic
capacity of a single-input single-output (SISO) RIS-assisted
wireless communications system in [17]. The authors in [18],
[19] approximated the average BER and ergodic capacity per-
formance over Nakagami-m fading channels. Exact coverage
analysis of RIS-enabled systems with Nakagami-m channels
was presented in [20]. In [21], the authors derived exact
expressions of the outage probability and ergodic capacity for
a RIS-assisted system without pointing errors over generalized
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Fox’s H fading channels. In [38], the authors considered
α-µ fading model and analyzed the effective rate of RIS-
assisted communications by simplifying the analysis using
the mixture of Gaussian instead of considering the sum of
cascaded α-µ distributed random variables. In [22], the authors
analyzed a RIS-assisted millimeter-wave communication over
the fluctuating two rays (FTR) fading model in terms of
Fox’s H-function. Similarly, the authors in [39] extended
the analysis for RIS-aided THz communications by deriving
outage probability and ergodic capacity over FTR channel
model combined with antenna misalignment and hardware
impairments. Recently, the performance of RIS-assisted THz
transmissions over α-µ fading channel with pointing errors is
analyzed [40]. The research on RIS-assisted wireless systems
is growing rapidly. To the best of authors’ knowledge, exact
performance analysis on RIS empowered FSO system over
generalized atmospheric turbulence with pointing errors is not
publicly available.

B. Notations and Organizations

Main notations used in this paper are summarized in Table
I. The paper is organized as follows: system and channel
models are summarized in Section II followed by statistical
distribution functions of DL-FSO and RISE-FSO systems in
Section III. Performance analysis through exact and asymp-
totic expressions is presented in Section IV. The numerical
and simulation results are discussed in Section V. Finally, the
paper concludes with Section VI.

II. SYSTEM MODEL

We consider a single-aperture FSO system where the source
S wishes to communicate with the destination D. We assume
that there is no direct link between the source and destination.
To facilitate transmissions for the RISE-FSO, we employ an
N -element optical RIS such that a LOS exists from source
to the RIS and RIS to the destination, as shown in Fig. 1.
Assuming perfect phase compensation at the RIS, the signal
received at the destination through RIS is expressed as [29]

y =

N∑
i=1

higis+ ν (1)

where s is the transmitted signal with power PT , hi and gi are
channel fading coefficients between the source to the i-th RIS
element and between the i-th RIS element to the destination,
respectively, and ν is the additive Gaussian noise with variance
σ2
ν . We denote by d the link distance between the source and

destination, by d1 the distance between the source and the
RIS, and by d2 the distance between the RIS and destination.

We consider that FSO links experience signal fading due
to atmospheric turbulence, pointing errors, and foggy condi-
tions such that the combined fading coefficient is denoted as
hi = h

(f)
i h

(t)
i h

(p)
i and gi = g

(f)
i g

(t)
i g

(p)
i , where superscripts

(f), (t), and (p) denote the fog, atmospheric turbulence, and
pointing errors, respectively. In what follows, we detail the
modeling of the channel coefficient hi. Note that we can model
the channel coefficient gi similar to hi. However, we consider

S D

Fig. 1. Schematic diagram of RISE-FSO system for a typical outdoor
application.

a general scenario considering fading coefficients hi and gi to
be independent but non-identical distributed (i.ni.d). Note that
several publications employ the assumption of independent
channels as a first approximation to analyze RIS-assisted
systems [15], [16], [41], [42].

To characterize the statistics of pointing errors h(p)
i , we use

the recently proposed model for optical RIS in [28], which is
based on the zero-boresight model [35]:

f
h
(p)
i

(x) =
ρ2

Aρ
2

0

xρ
2−1, 0 ≤ x ≤ A0, (2)

where the term A0 = erf(υ)2 denotes the fraction of collected
power. Define υ =

√
π/2 ar/ωz with ar as the aperture radius

and ωz as the beam width. We define the term ρ2 =
ω2
zeq

ξ
where ωzeq is the equivalent beam-width at the receiver. The
use of ξ = 4σ2

s models the DL-FSO, where σ2
s is the variance

of pointing errors displacement characterized by the horizontal
sway and elevation [35], while ξ = 4σ2

θd
2 + 16σ2

βd
2
2 models

the pointing errors for the RIS-FSO system, where σθ and σβ
represent pointing error and RIS jitter angle standard deviation
defined in [28]. It should be noted that the generalized non-
zero boresight model [43], [44] can also be considered to
model pointing errors for RIS-assisted FSO systems. Although
it would be interesting to analyze the considered system with
generalized pointing errors, we employ the zero-boresight
model (as adopted in many reference papers) to avoid com-
plicated analytical expressions. Further, the effect of non-
zero boresight and unequal jitter is not significant on the
performance of FSO systems [45].

For a unified performance analysis over a variety of turbu-
lence conditions, we use the popular GG [32], the generalized
M [33], and recently introduced F-distribution [34] to model
the atmospheric turbulence. We consider the M-distribution
since it is a generalized model applicable for a wide range of
atmospheric turbulence from weak to super strong in the satu-
ration regime for plane and spherical waves propagation. Fur-
ther, GG is the widely studied model applicable for moderate
to strong turbulence conditions. Recently, the F-distribution
is proposed as a computationally efficient alternative to model
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TABLE I
LIST OF MAIN NOTATIONS

Notation Description Notation Description
(·)(f) Fog  Imaginary number
(·)(t) Atmospheric turbulence E[.] Expectation operator
(·)(p) Pointing errors exp(.) Exponential function
(·)(tp) Turbulence with pointing error (·)(DL) Direct link from source to destination

Gm,np,q

(
x

∣∣∣∣ ab
)

Meijer’s G-function Hm,n
p,q

(
x

∣∣∣∣ (a,A)
(b, B)

)
Single-variate Fox’s H-function

{ai}N1 = {a1, · · · , aN} Shorthand notation Γ(a)
∫∞
0 ua−1e−u du

various atmospheric turbulence for spherical and Gaussian
propagation scenarios. We denote by h

(tp)
i = h

(t)
i h

(p)
i the

combined effect of atmospheric turbulence and pointing errors.
Note that the product distribution of atmospheric turbulence
and pointing errors is available in the literature [10], [34], [46].
Thus, we represent the PDF of FSO link with GG fading and
pointing errors as given in [46]:

fGP

h
(tp)
i

(x) =
αGβGρ

2

A0Γ(αG)Γ(βG)

G3,0
1,3

(
αGβGx

A0

∣∣∣∣ ρ2

ρ2 − 1, αG − 1, βG − 1

)
(3)

where the fading parameters αG and βG are defined in [32].
Similarly, the PDF ofM-distributed turbulence combined with
pointing errors is given as [10]:

fMP

h
(tp)
i

(x) =
ρ2Amg

2x

βM∑
m=1

bmG
3,0
1,3

(
αMβM

gβM + Ω′
x

A0

∣∣∣∣ ρ2 + 1
ρ2, αM ,m

)
,

(4)

where the parameters αM , βM , Amg, bm, and Ω′ are given
in [33]. Finally, the PDF of FSO channel experiencing F-
turbulence in the presence of pointing error impairments is
given as [34]:

fFP

h
(tp)
i

(x) =

αFρ
2G2,1

2,2

[
αF

(βF−1)A0
x

∣∣∣∣ −βF , ρ2

βF − 1, ρ2 − 1

]
(βF − 1)A0Γ(αF )Γ(βF )

(5)

where the fading parameters αF and βF are listed in [47].
The channel coefficient h(f)

i models the path gain of signal
transmission over the FSO link. Generally, h(f)

i is a determin-
istic quantity obtained from Beer-Lambert’s Law h

(f)
i = e−τd

where d is the link distance (in km) and τ is the atmospheric
attenuation factor which depends on the wavelength and
visibility range [36]. The atmospheric attenuation is defined
as τ = 3.19

V

(
λ

550 nm

)−qv where V is the visibility (in km), λ
is operating wavelength (in nm), and qv is the size distribution
of the scattering particles as presented in [36]. However, recent
studies [37], [48] show that the path gain in foggy conditions
exhibit randomness modeled with the following PDF

f
h
(f)
i

(x) =
vk

Γ(k)

[
ln

(
1

x

)]k−1

xv−1, (6)

where 0 < x ≤ 1, v = 4.343/dβfog, k > 0 is the shape
parameter, and βfog > 0 is the scale parameter.

We also consider the DL-FSO system by considering the
existence of a direct link between the source and destination
as a means to compare with the RISE-FSO system:

y = hDLs+ ν (7)

where hDL denotes the channel coefficient of the direct link. It
should be noted that the performance of DL-FSO system with
various atmospheric turbulence and pointing errors has been
extensively studied in the literature. However, an exact analysis
for the DL-FSO system with the effect of random fog is
not available. In [49], we have developed asymptotic analysis
by considering exponentiated Weibull model for atmospheric
turbulence with pointing errors and random fog.

III. STATISTICAL RESULTS

In this section, we develop the PDF and CDF of the resultant
channel h =

∑N
i=1 higi of RISE-FSO system. First, we find

density and distribution functions of the combined channel
hi = h

(f)
i h

(t)
i h

(p)
i by unifying the PDF of various atmospheric

turbulence with pointing errors as given in (3), (4), and (5).
Next, we develop statistical results of Zi = higi using Mellin’s
transform. Finally, we use the MGF of Zi to get the PDF and
CDF of Z =

∑N
i=1 Zi.

The PDF of the combined channel hi can be computed as
the product of PDFs of atmospheric turbulence h(t), pointing
error h(p) and fog h(f). Since the PDF h(tp) (i.e., the product
of atmospheric turbulence h(t), and pointing error h(p)) is
already available in the literature, we unify the PDF h(tp)

given in (3), (4), and (5) for GG, M, and F-distribution in
the following Proposition 1, and use the unified distribution
of h(tp) to derive the PDF of h(tp)h(f) using the theory of
product distribution [50] in Theorem 1.

Proposition 1. A unified PDF for the combined effect of
atmospheric turbulence and pointing errors is given as

f
h
(tp)
i

(x) = ψxφ−1
P∑
l=1

ζlG
m,n
p,q

(
Clx

∣∣∣∣ {al,w}pw=1

{bl,w}qw=1

)
(8)

where parameters in (8) define specific atmospheric turbulence
model, as given in Table II.

Proof: We use (8) as a general fading model and derive
the parameters of specific models using (3), (4), and (5), as
depicted in Table II.

It is straightforward to use (8) and find the PDF of combined
channel hi = h

(tp)
i h

(f)
i if the channel gain h(f)

i is considered
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TABLE II
PARAMETERS OF THE UNIFIED PDF (PROPOSITION 1)

Turbulence Model Unified parameters

GG ψ = αGβGρ
2

A0Γ(αG)Γ(βG)
, φ = 1, P = 1, ζ1 = 1, C1 = αGβG

A0
,

{m,n, p, q} = {3, 0, 1, 3}, a = {ρ2}, b = {ρ2 − 1, αG − 1, βG − 1}
M ψ =

ρ2Amg
2

, φ = 0, P = βM , ζ1 = bl, C1 = αMβM
(gβM+Ω

′
)A0

,

{m,n, p, q} = {3, 0, 1, 3}, a = {ρ2 + 1}, b = {ρ2, αM , l}
F ψ = αF ρ

2

(βF−1)hlA0Γ(αF )Γ(βF )
, φ = 1, P = 1, ζ1 = 1, C1 = αF

(βF−1)hlA0
,

{m,n, p, q} = {2, 1, 2, 2}, a = {−βF , ρ2},b = {αF − 1, ρ2 − 1}

to be deterministic. In the following Theorem, we develop a
novel PDF considering the channel gain h(f)

i to be distributed
according to (6) in the presence of fog.

Theorem 1. If k and v are the parameters of the foggy channel
and Table II depicts the parameters for atmospheric turbulence
and pointing errors, then the PDF and CDF of the combined
fading channel with atmospheric turbulence, pointing errors,
and random fog are given by

fhi(x) = ψvkxφ−1
P∑
l=1

ζl

Gm+k,n
p+k,q+k

[
Clx

∣∣∣∣ {al,w}pw=1, {v − φ+ 1}k1
{bl,w}mw=1, {v − φ}k1 , {bl,w}

q
w=m+1

]
(9)

Fhi(x) = ψvkxφ
P∑
l=1

ζlG
m+k,n+1
p+k+1,q+k+1[

Clx

∣∣∣∣ {al,w}nw=1, {1− φ}, {al,w}
p
w=n+1, {v − φ+ 1}k1

{bl,w}mw=1, {v − φ}k1 , {bl,w}
q
w=m+1, {−φ}

]
(10)

Proof: See Appendix A.
Note that the parameter k should be a positive integer

to satisfy the definition of Meijer’s G-function. Since the
underlying PDFs in (8) and (9) have a similar structure,
the unified performance analysis presented in this paper is
applicable for both deterministic and random path loss model.
As such, the PDF represented in (9) can be reduced to (8) for
the deterministic path gain by substituting k = 0 and limiting
the argument of Meijer’s G-function up to p and q terms.

To facilitate performance analysis for the RISE-FSO, the
distribution function of

∑N
i=1 higi is required. Considering L

reflecting paths in each RIS element, we derive the PDF and
CDF of the generalized system Z =

∑N
i=1 Zi, where Zi =∏L

j=1 hi,j and hi,j , j = 1, 2, · · ·L are i.ni.d random variable
distributed according to (9). Note that we can use the results of
Theorem 1 to analyze the performance of the DL-FSO system.

Proposition 2. If k and v are the parameters of the foggy
channel and Table II depicts the parameters for atmospheric
turbulence and pointing errors, then the PDF and CDF, and
MGF of a product of L independent but non-identical (i.ni.d)
random variables Zi =

∏L
j=1 hi,j are given by

fZi(x) = 1
x

∑P
l1,···,lL=1

∏L
j=1 ψjv

kj
j ζlj

(
Clj

)−φj
G
mL+

∑L
j=1 kj ,nL

pL+
∑L
j=1 kj ,qL+

∑L
j=1 kj

[
x
∏L
j=1 Clj

∣∣∣∣ V1, V2

V3

]
(11)

FZi(x) =
∑P
l1,···,lL=1

∏L
j=1 ψjv

kj
j ζlj

(
Clj

)−φj
G
mL+

∑L
j=1 kj ,nL+1

pL+
∑L
j=1 kj+1,qL+

∑L
j=1 kj+1

[
x
∏L
j=1 Clj

∣∣∣∣ V1, {1}, V2

V3, {0}

]
(12)

MZi(s) =
∑P
l1,···,lL=1

∏L
j=1 ψjv

kj
j ζlj

(
Clj

)−φj
G
mL+

∑L
j=1 kj ,nL+1

pL+
∑L
j=2 kj+1,qL+

∑L
j=1 kj

[
1
s

∏L
j=1 Clj

∣∣∣∣ V1, {1}, V2

V3

]
(13)

where V1 = {{φj + alj ,w}Lj=1}nw=1, V2 = {{φj +

alj ,w}Lj=1}
p
w=n+1, {{vj + 1}kj1 }Lj=1 and V3 = {{φj +

blj ,w}Lj=1}mw=1, {{vj}
kj
1 }Lj=1, {{φj + blj ,w}Lj=1}

q
w=m+1.

Proof: See Appendix B.

Theorem 2. If k and v are the parameters of the foggy channel
and Table II depicts the parameters for atmospheric turbulence
and pointing errors, then the PDF and CDF of Z =

∑N
i=1 Zi

are given by (14) and (15) respectively.

Proof: See Appendix C.
As a special case to simplify the notation of multi-variate

Fox’s H-function, we use L = 2 in (14) (which corresponds
to the system model, as shown in Fig. 1) with N = 2 RIS el-
ements and similar foggy conditions depicted by ki,j = k∀i, j
to express the PDF (14) in terms of simpler Bi-variate Fox’s
H-function:

fZ(x) =
1

x

P∑
l1,1,l1,2=1

P∑
l2,1,l2,2=1

2∏
i=1

2∏
j=1

ψi,jv
k
i,jζli,j

(
Cli,j

)−φi,j
H0,0:2m+2k,2n+1;2m+2k,2n+1

0,1:2p+2k+1,2q+2k;2p+2k+1,2q+2k

[
x
∏2
j=1 Cl1,j

x
∏2
j=1 Cl2,j

∣∣∣∣∣ − : V1

(1; 1, · · · , 1) : V2

]
(16)

where V1 = {{{(φi,j + ali,j ,w, 1)}2j=1}nw=1, (1, 1), {{(φi,j +
ali,j ,w, 1)}2j=1}

p
w=n+1, {{(vi,j + 1, 1)}k1}2j=1}2i=1 and V2 =

{{{(φi,j + bli,j ,w, 1)}2j=1}mw=1, {{(vi,j , 1)}k1}2j=1, {{(φi,j +
bli,j ,w, 1)}2j=1}

q
w=m+1}2i=1.

Similarly, we can simplify the CDF in (15) for L = 2,
N = 2, and ki,j = k∀i, j. In what follows, we analyze the
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fZ(x) =
1

x

P∑
l1,1,···,l1,L=1

· · ·
P∑

lN,1,···,lN,L=1

N∏
i=1

L∏
j=1

ψi,jv
ki,j
i,j ζli,j

(
Cli,j

)−φi,j

H
0,0:mL+

∑L
j=1 k1,j ,nL+1;···;mL+

∑L
j=1 kN,j ,nL+1

0,1:pL+
∑L
j=1 k1,j+1,qL+

∑L
j=1 k1,j ;···;pL+

∑L
j=1 kN,j+1,qL+

∑L
j=1 kN,j


x
∏L
j=1 Cli,j
.
.
.

x
∏L
j=1 Cli,j

∣∣∣∣∣∣∣∣∣∣
− : V1

(1; 1, · · · , 1) : V2

 (14)

FZ(x) =

P∑
l1,1,···,l1,L=1

· · ·
P∑

lN,1,···,lN,L=1

N∏
i=1

L∏
j=1

ψi,jv
ki,j
i,j ζli,j

(
Cli,j

)−φi,j

H
0,0:mL+

∑L
j=1 k1,j ,nL+1;···;mL+

∑L
j=1 kN,j ,nL+1

0,1:pL+
∑L
j=1 k1,j+1,qL+

∑L
j=1 k1,j ;···;pL+

∑L
j=1 kN,j+1,qL+

∑L
j=1 kN,j


x
∏L
j=1 Cli,j
.
.
.

x
∏L
j=1 Cli,j

∣∣∣∣∣∣∣∣∣∣
− : V1

(0; 1, · · · , 1) : V2

 (15)

where V1 = {{{(φi,j + ali,j ,w, 1)}Lj=1}nw=1, (1, 1), {{(φi,j + ali,j ,w, 1)}Lj=1}
p
w=n+1, {{(vi,j + 1, 1)}ki,j1 }Lj=1}Ni=1 and V2 =

{{{(φi,j + bli,j ,w, 1)}Lj=1}mw=1, {{(vi,j , 1)}ki,j1 }Lj=1, {{(φi,j + bli,j ,w, 1)}Lj=1}
q
w=m+1}Ni=1.

performance of RISE-FSO and DL-FSO systems using the
statistical results of Theorem 1 and Theorem 2, respectively.

IV. PERFORMANCE ANALYSIS

In this section, we analyze the performance of the RISE-
FSO by a simple customization of Theorem 2 with L = 2,
zi,1 = hi, and zi,2 = gi, which corresponds to the RISE-
FSO system model in (1). Thus, we denote the resultant by
h =

∑N
i=1 higi. Finally, we introduce the third unification of

performance evaluation with HD (t = 1) and IM/DD (t = 2)
detection modes by defining the SNR of the system as γ =

γ0h
t, where γ0 =

P tT
σ2
ν

. Using a straightforward transformation
of the random variable, the CDF of SNR Fγ(γ) = Pr(γ0h

t ≤
γ) = Pr(h ≤ ( γγ0 )1/t) = Fh(( γγ0 )1/t) is given by

Fγ(γ) = Fh

((
γ

γ0

)1/t)
(17)

where Fh(·) is given in (15) with L = 2. Using (17), the PDF
of SNR can be expressed as

fγ(γ) =
1

tγ
1
t
0 γ

1− 1
t

fh

((
γ

γ0

)1/t)
(18)

where fh(·) is given in (14) with L = 2. Similarly, we use (9)
and (10) to express the PDF and CDF of SNR for the DL-FSO
as

fDL
γ (γ) =

1

tγ
1
t
0 γ

1− 1
t

fhi

(
(
γ

γ0
)
1/t

)
,

FDL
γ (γ) = Fhi

(
(
γ

γ0
)
1/t

)
(19)

Using t = 1 and t = 2 in (19), the PDF and CDF of the SNR
for HD and IM/DD detection techniques can be verified for
the GG turbulence (see [51] and references therein).

A. Outage Probability

Outage probability is a performance metric to characterize
the impact of fading in a communication system. Mathemati-
cally, it can be defined as the probability of SNR falling below
a threshold value γth i.e., Pout = Pr(γ ≤ γth).

Lemma 1. We present the following results of outage proba-
bility for the RISE-FSO system:

(a) An exact expression for the outage probability is given as
Pout = Fγ(γth).

(b) Asymptotically at a high SNR, the outage probability is
given by (20).

(c) The diversity order is given as Gout =∑N
i=1 min{{φi,1+bli,1,w

t }mw=1,
vi,1
t , {

φi,2+bli,2,w

t }mw=1,
vi,2
t }.

Proof: Part (a) can be obtained using the direct definition
of the outage probability. To prove part (b), we use [52,
Eqn. (30)] to derive the outage probability asymptotically
at a high SNR γ0 → ∞ in terms of Gamma function.
As such, the asymptotic expression in (20) is obtained by
computing the residue of multiple Mellin-Barnes integrals
of the corresponding multi-variate Fox’s H-function at the
dominant pole pi = min{{φi,j + bli,j ,w}mw=1, vi,j}2j=1. To
prove (c), we need to express (20) as P∞out ∝ γ

−Gout
0 in order

to get the outage-diversity order Gout of the system. Using
the dominant pole pi, ∀li,j , j (i.e., considering over all the
summation terms in (20)), the N -products of the term γ

− pit
0

result into P∞out ∝ γ
−

∑N
i
pi
t

0 . Finally, we use pi to get the
diversity order Gout as given in part (c).

We present Table III with κ = 0 for the diversity order of
RISE-FSO system for three turbulence models and both the
HD and IM/DD detection modes. It can be seen that the outage
performance of the RISE-FSO improves with an increase in
the number of RIS elements.
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P∞out ≈
P∑

l1,1,l1,2=1

· · ·
P∑

lN,1,lN,2=1

N∏
i=1

2∏
j=1

ψi,jv
ki,j
i,j ζli,j (Cli,j )

−φi,j
(
γth
γ0

)pi/t( 2∏
j=1

Cli,j

)pi 1

Γ(1 +
∑N
i=1 pi)

N∏
i=1

∏2
j=1

∏m
w=1,pi 6=φi,j+bli,j ,w

Γ(φi,j + bli,j ,w − pi)
∏2
j=1,pi 6=vi,j (Γ(vi,j − pi))ki,j

∏2
j=1

∏n
w=1 Γ(1− φi,j − ali,j ,w + pi)Γ(pi)∏2

j=1

∏p
w=n+1 Γ(φi,j + ali,j ,w − pi)

∏2
j=1 (Γ(vi,j + 1− pi))ki.j

∏2
j=1

∏q
w=m+1 Γ(1− φi,j − bli,j ,w + pi)

(20)

where pi = min{{φi,j + bli,j ,w}mw=1, vi,j}2j=1.

P∞,DL
out ≈ ψvk

P∑
l=1

ζlC
−φ
l

[
m∑
i=1

∏m
w=1,w 6=i Γ(bl,w − bl,i)(Γ(v − φ− bl,i))k

∏n
w=1 Γ(1− al,w + bl,i)Γ(φ+ bl,i)∏p

w=n+1 Γ(al,w − bl,i)(Γ(v + 1− φ− bl,i))k
∏q
w=m+1 Γ(1− bl,w + bl,i)Γ(1 + φ+ bl,i)(

C
φ+bl,i
l

(
γth
γ0

)(φ+bl,i)/t)
+ k

∏m
w=1 Γ(φ+ bl,w − v)

∏n
w=1 Γ(1− φ− al,w + v)Γ(v)∏p

w=n+1 Γ(φ+ al,w − v)
∏q
w=m+1 Γ(1− φ− bl,w + v)Γ(1 + v)

(
Cvl

(
γth
γ0

)v/t)]
(21)

For the DL-FSO system, an exact expression of the outage
probability can be obtained using the CDF in (19) and (10)
as PDL

out = FDL
γ (γth). We use the asymptotic representation of

the Meijer’s G-function [53, 07.34.06.0005.01] on the derived
PDL

out to express the outage probability in the high SNR regime
γ0 →∞, as (21).

To derive the diversity order of the DL-FSO system,
we require the dominant term of γ−(φ+bl,i)/t

0 and γ
−(v)/t
0

over P and m summation terms in (21). Thus, we express
P∞,DL

out ∝ γ
−GDL

out
0 using the minimum exponent of γ0 to get

GDL
out = min({φ+bl,i

t }l=P,i=ml=1,i=1 , vt ). Using Table II, the diver-
sity order for F , GG, and M turbulence with pointing errors
and random fog parameters are respectively, min{αFt ,

ρ2

t ,
v
t },

min{ρ
2

t ,
αG
t ,

βG
t ,

v
t }, and min{ρ

2

t ,
αM
t ,

βM
t ,

v
t }. This is con-

sistent with previous results of diversity order for DL-FSO
systems with atmospheric turbulence and pointing errors with
deterministic path loss (see [10] [11] [47], and references
therein).

B. Average BER

Average BER is used to quantify the reliability of data
transmissions. For binary modulations, the average BER using
the CDF of SNR is given as [54]

P̄e =
qp

2Γ(p)

∫ ∞
0

γp−1e−qγFγ(γ)dγ (22)

where p and q are modulation specific parameters. Specifically,
for coherent binary FSK (CBFSK), p = q = 0.5, coherent
binary PSK (CBPSK), p = 0.5 and q = 1, non-coherent binary
FSK (NBFSK), p = 1 and q = 0.5, differential binary PSK
(DBPSK), p = 1 and q = 1.

Lemma 2. We present the following results of the average
BER for the RISE-FSO system:
(a) An exact expression for the average BER is given by (23).

(b) Asymptotically at high SNR γ0 →∞, the average BER can be
expressed as (24).

(c) The diversity order using the average BER is GBER =∑N
i=1 min{{φi,j+bli,j ,w−1

t }mw=1,
vi,j−1
t }2j=1.

Proof: To prove (a), we substitute the CDF of the RISE-
FSO system of (17) (which requires (15)) in (22), use the
definition of multivariate Fox’s H-function and interchange the
order of integration to get

P̄e = qp

2Γ(p)

∑P
l1,1,l1,2=1 · · ·

∑P
lN,1,lN,2=1

∏N
i=1

∏2
j=1 ψi,jv

ki,j
i,j ζli,j

(Cli,j )
−φi,j

((
1

2π

)N ∫
Li

((
1
γ0

)1/t∏2
j=1 Cli,j

)xi
[ ∏2

j=1

∏m
w=1 Γ(−xi+φi,j+bli,j ,w)∏2

j=1

∏p
w=n+1 Γ(−xi+φi,j+ali,j ,w)∏2

j=1

∏n
w=1 Γ(1+xi−φi,j−ali,j ,w)∏2

j=1

∏q
w=m+1 Γ(1+xi−φi,j−bli,j ,w)

∏2
j=1 (Γ(vi,j−xi))

ki,j∏2
j=1 (Γ(1+vi,j−xi))

ki,j

Γ(xi)

Γ(1+
∑N
i=1 xi)

](∫∞
0
e−qγγp−1γ

1
t

∑N
i=1 xidγ

)
dxi

)
(25)

We solve the inner integral in (25):∫ ∞
0

e−qγ(γ)
p−1+ 1

t

∑N
i=1 xidγ =

(
1

q

)p+ 1
t

∑N
i=1 xi

Γ

(
p+

1

t

N∑
i=1

xi

)
(26)

Using (26) in (25), we apply the definition of N -multivariate
Fox’s H-function [55, A.1] to get (23). To prove (b), we use the
asymptotic analysis in [52, (31)] to express the average BER at
a high SNR in (24). To prove (c), we express P̄∞e ∝ γ

−GBER
0

using the similar procedure as depicted in deriving the outage-
diversity order (see proof of Lemma 1, part (c)).

Similar to the outage probability, we list the diversity order
of the RISE-FSO system using the average BER in Table III
with κ = 1. The diversity order shows that the performance
of the RISE FSO system improves with an increase in the
number of RIS elements.

The average BER of the DL-FSO system can be derived
using (10) in (22) and applying the similar procedure used
in RISE-FSO with the inner integral

∫∞
0
e−qγγp−1γx/tdγ =

1

qp+
x
t

Γ(p + x
t ) to get (27). We use the asymptotic analysis

of univariate Fox’s H-function provided in [56] to express
average BER of the DL-FSO at a high SNR as (28).

To derive the BER-diversity order of the DL-FSO system,
we express P̄∞,DL

e ∝ γ
−GDL

BER
0 using the minimum exponent

of γ−(φ+bl,i)/t
0 and γ

−(v)/t
0 over P and m summation terms
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TABLE III
DIVERSITY ORDER OF RISE-FSO

Turbulence Model Gout with κ = 0 and GBER with κ = 1

GG
∑N
i=1 min{αG(i,1)−κ

t
,
βG(i,1)−κ

t
,
ρ2i,1−κ

t
,
vi,1−κ

t
,
αG(i,2)−κ

t
,
βG(i,2)−κ

t
,
ρ2i,2−κ

t
,
vi,2−κ

t
}

M
∑N
i=1 min{αM (i,1)−κ

t
,
βM (i,1)−κ

t
,
ρ2i,1−κ

t
,
vi,1−κ

t
,
αM (i,2)−κ

t
,
βM (i,2)−κ

t
,
ρ2i,2−κ

t
,
vi,2−κ

t
}

F
∑N
i=1 min{αF (i,1)−κ

t
,
ρ2i,1−κ

t
,
vi,1−κ

t
,
αF (i,2)−κ

t
,
ρ2i,2−κ

t
,
vi,2−κ

t
}

P̄e =

(
1

2Γ(p)

) P∑
l1,1,l1,2=1

· · ·
P∑

lN,1,lN,2=1

N∏
i=1

2∏
j=1

ψi,jv
ki,j
i,j ζli,j

(
Cli,j

)−φi,j

H
0,1:2m+k1,1+k1,2,2n+1;···;2m+kN,1+kN,2,2n+1
1,1:2p+k1,1+k1,2+1,2q+k1,1+k1,2;···;2p+kN,1+kN,2+1,2q+kN,1+kN,2



(
1
qγ0

)1/t∏2
j=1 Cli,j

.

.

.(
1
qγ0

)1/t∏2
j=1 Cli,j

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(1− p, 1

t , · · · ,
1
t ) : V1

(0; 1, · · · , 1) : V2


(23)

where V1 = {{(φi,1 + ali,1,w, 1)}nw=1, {(φi,2 + ali,2,w, 1)}nw=1, (1, 1), {(φi,1 + ali,1,w, 1)}pw=n+1, {(φi,2 +

ali,2,w, 1)}pw=n+1, {(vi,1 + 1, 1)}ki,11 , {(vi,2 + 1, 1)}ki,21 }Ni=1 and V2 = {{(φi,1 + bli,2,w, 1)}mw=1, {(φi,2 +

bli,2,w, 1)}mw=1, {(vi,1, 1)}ki,11 , {(vi,2, 1)}ki,21 , {(φi,1 + bli,1,w, 1)}qw=m+1, {(φi,2 + bli,2,w, 1)}qw=m+1}Ni=1.

P̄∞e ≈
P∑

l1,1,l1,2=1

· · ·
P∑

lN,1,lN,2=1

N∏
i=1

2∏
j=1

ψi,jv
ki,j
i,j

2Γ(p)
ζli,j (Cli,j )

N+pi−1−φi,j
(

1

qγ0

) pi−1

t
(

1

q

)N/tΓ(p+ 1
t

∑N
i=1 pi)

Γ(1 +
∑N
i=1 pi)

N∏
i=1

∏2
j=1

∏m
w=1,pi 6=φi,j+bli,j ,w

Γ(φi,j + bli,j ,w − pi)
∏2
j=1,pi 6=vi,j (Γ(vi,j − pi))ki,j

∏2
j=1

∏n
w=1 Γ(1− φi,j − ali,j ,w + pi)Γ(pi)∏2

j=1

∏p
w=n+1 Γ(φi,j + ali,j ,w − pi)

∏2
j=1 (Γ(vi,j + 1− pi))ki.j

∏2
j=1

∏q
w=m+1 Γ(1− φi,j − bli,j ,w + pi)

(24)

where pi = min{{φi,1 + bli,1,w}mw=1, vi,1, {φi,2 + bli,2,w}mw=1, vi,2}.

P̄DL
e = ψvk

2Γ(p)

∑P
l=1 ζlC

−φ
l Hm+k,n+2

p+k+2,q+k+1

[
Cl

(
1
qγ0

)1/t ∣∣∣∣ {(φ+ al,w, 1)}nw=1, (1, 1), (1− p, 1
t ), {(φ+ al,w, 1)}pw=n+1, {(v + 1, 1)}k1

{(φ+ bl,w, 1)}mw=1, {(v, 1)}k1 , {(φ+ bl,w, 1)}qw=m+1, (0, 1)

]
(27)

in (28) to get GDL
BER = min({φ+bl,i

t }l=P,i=ml=1,i=1 , vt ). Hence, the
diversity order of the DL-FSO system for F , GG, and M are
given, respectively as min{αFt ,

ρ2

t ,
v
t }, min{ρ

2

t ,
αG
t ,

βG
t ,

v
t },

and min{ρ
2

t ,
αM
t ,

βM
t ,

v
t }.

C. Ergodic Capacity

Assuming a Gaussian codebook at the channel input, the
ergodic capacity of an FSO system defined as the maximum
information transmission rate with an arbitrarily low error
probability is given as [6]:

η̄ = E[log2(1 + µtγ)] =

∫ ∞
0

log2(1 + µtγ)fγ(γ)dγ (29)

where t ∈ {1, 2} with µ1 = 1 HD and µ2 = e
2π for IM/DD

receivers.

Lemma 3. The ergodic capacity of the RISE-FSO is given by
(30).

Proof: We substitute the PDF of SNR of RISE-FSO sys-
tem (18) through (14) in (29), use the definition of multivariate
Fox’s H-function, and change the order of integration to get

η̄ = log2(e)

t

∑P
l1,1,l1,2=1 · · ·

∑P
lN,1,lN,2=1

∏N
i=1

∏2
j=1 ψi,jv

ki,j
i,j

ζli,j (Cli,j )
−φi,j

((
1

2π

)N ∫
Li

((
1
γ0

)1/t∏2
j=1 Cli,j

)ni
[ ∏2

j=1

∏m
w=1 Γ(−xi+φi,j+bli,j ,w)∏2

j=1

∏p
w=n+1 Γ(−xi+φi,j+ali,j ,w)∏2

j=1

∏n
w=1 Γ(1+xi−φi,j−ali,j ,w)∏2

j=1

∏q
w=m+1 Γ(1+xi−φi,j−bli,j ,w)

∏2
j=1 (Γ(vi,j−xi))

ki,j∏2
j=1 (Γ(1+vi,j−xi))

ki,j

Γ(xi)

Γ(
∑N
i=1 xi)

](∫∞
0

ln(1 + µtγ)γ−1+ 1
t

∑N
i=1 xidγ

)
dxi

)
(31)

To solve the inner integral in (31), we use [53,
01.04.07.0002.01] to express ln(1 + µtγ) =

1
2π

∫
L

Γ(u+1)Γ(−u)2

Γ(1−u) (µtγ)
−u

du and use the final value
theorem limx→∞

∫ x
0
f(u) du = lims→0 F (s) = F (ε), where
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P̄∞,DL
e ≈ ψvk

2Γ(p)

P∑
l=1

ζlC
−φ
l

[
m∑
i=1

∏m
w=1,w 6=i Γ(bl,w − bl,i)(Γ(v − φ− bl,i))k

∏n
w=1 Γ(1− al,w + bl,i)Γ(φ+ bl,i)Γ(p+

φ+bl,i
t )∏p

w=n+1 Γ(al,w − bl,i)(Γ(v + 1− φ− bl,i))k
∏q
w=m+1 Γ(1− bl,w + bl,i)Γ(1 + φ+ bl,i)(

C
φ+bl,i
l

(
1

qγ0

)(φ+bl,i)/t)
+ k

∏m
w=1 Γ(φ+ bl,w − v)

∏n
w=1 Γ(1− φ− al,w + v)Γ(v)Γ(p+ v

t )∏p
w=n+1 Γ(φ+ al,w − v)

∏q
w=m+1 Γ(1− φ− bl,w + v)Γ(1 + v)

(
Cvl

(
1

qγ0

)v/t)]
(28)

η̄ = log2(e)
t

∑P
l1,1,l1,2=1 · · ·

∑P
lN,1,lN,2=1

∏N
i=1

∏2
j=1 ψi,jv

ki,j
i,j ζli,j

(
Cli,j

)−φi,j

H
0,1:2m+k1,1+k1,2,2n+1;···;2m+kN,1+kN,2,2n+1;1,2
1,1:2p+k1,1+k1,2+1,2q+k1,1+k1,2;···;2p+kN,1+kN,2+1,2q+kN,1+kN,2;2,2



(
1
εγ0

)1/t∏2
j=1 Cli,j

.

.

.(
1
εγ0

)1/t∏2
j=1 Cli,j

µt
ε

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(1, 1
t , · · · ,

1
t , 1) : V1; (1, 1), (1, 1)

(1; 1, · · · , 1, 0) : V2; (1, 1), (0, 1)


(30)

where V1 = {{(φi,1 + ali,1,w, 1)}nw=1, {(φi,2 + ali,2,w, 1)}nw=1, (1, 1), {(φi,1 + ali,1,w, 1)}pw=n+1, {(φi,2 +

ali,2,w, 1)}pw=n+1, {(vi,1 + 1, 1)}ki,11 , {(vi,2 + 1, 1)}ki,21 }Ni=1 and V2 = {{(φi,1 + bli,1,w, 1)}mw=1, {(φi,2 +

bli,2,w, 1)}mw=1, {(vi,1, 1)}ki,11 , {(vi,2, 1)}ki,21 , {(φi,1 + bli,1,w, 1)}qw=m+1, {(φi,2 + bli,2,w, 1)}qw=m+1}Ni=1.

ε is close to zero (in the order 10−6). Thus, the inner integral
becomes

∫∞
0

ln(1 + µtγ)(γ)−1+ 1
t

∑N
i=1 xidγ = lims→0

1
2π∫

L
Γ(u+1)Γ(−u)2

Γ(1−u)
(µ−ut ( 1

s
)−u+ 1

t

∑N
i=1 xiΓ(− u+ 1

t

∑N
i=1 xi)) du

= 1
2π

∫
L

Γ(u+1)Γ(−u)2

Γ(1−u)
(µ−ut ( 1

ε
)−u+ 1

t

∑N
i=1 xiΓ(− u+ 1

t

∑N
i=1 xi)) du(32)

We substitute (32) in (31) and apply the definition of N -
multivariate Fox’s H-function [55, A.1] to get (30).

We derive an exact closed form expression of the DL-FSO
system by substituting (9) in (29), representing ln(1 + µtγ)
in terms of Meijer’s G-function and applying the identity [53,
07.34.21.0012.01]:

η̄DL = log2(e)
ψvk

t

P∑
l=1

ζlC
−φ
l

Hm+k+2,n+1
p+k+2,q+k+2

[
Cl

(
1

µtγ0

)1/t ∣∣∣∣ V1, (0,
1
t ), (1,

1
t ), V2

V3, (0,
1
t ), (0,

1
t ), V4

]
(33)

where V1 = {(φ + al,w, 1)}nw=1, V2 = {(φ +
al,w, 1)}pw=n+1, {(v + 1, 1)}k1 , V3 = {(φ +
bl,w, 1)}mw=1, {(v, 1)}k1 and V4 = {(φ+ bl,w, 1)}qw=m+1.

D. Moments of SNR

Finally, we derive moments of SNR for both RISE-FSO and
DL-FSO systems, which can be a useful metric to characterize
the average SNR and order of fading.

Lemma 4. The r-th moment of SNR for the RISE-FSO system
is given as (34).

Proof: We substitute the PDF of SNR (18) (using (14))
in E[γr] =

∫∞
0
γrfγ(γ) dγ to compute the r-th moment of

SNR by expanding the definition of Fox’s H-function:

γ̄(r) = 1
t

∑P
l1,1,l1,2=1 · · ·

∑P
lN,1,lN,2=1

∏N
i=1

∏2
j=1 ψi,jv

ki,j
i,j ζli,j

(Cli,j )
−φi,j

(
1

2π

)N ∫
Li

((
1
γ0

)1/t∏2
j=1 Cli,j

)xi
[ ∏2

j=1

∏m
w=1 Γ(−xi+φi,j+bli,j ,w)∏2

j=1

∏p
w=n+1 Γ(−xi+φi,j+ali,j ,w)

∏2
j=1

∏n
w=1 Γ(1+xi−φi,j−ali,j ,w)∏2

j=1

∏q
w=m+1 Γ(1+xi−φi,j−bli,j ,w)

∏2
j=1 (Γ(vi,j−xi))

ki,jΓ(xi)∏2
j=1 (Γ(1+vi,j−xi))

ki,jΓ(
∑N
i=1 xi)

](∫∞
0
γrγ−1+ 1

t

∑N
i=1 xidγ

)
dxi(35)

To solve inner integral in (35) we use the final value theorem:∫ ∞
0

(
γ

)r−1+ 1
t

∑N
i=1 xi

dγ =

(
1

ε

)r+ 1
t

∑N
i=1 xi

Γ

(
r+

1

t

N∑
i=1

xi

)
(36)

We substitute (36) in (35) and use the definition of N -
multivariate Fox’s H-function [55, A.1] to get (34).

Similarly, we derive an exact closed form expression of the
r-th moment of SNR for the DL-FSO system by substituting
(9) in E[γr] =

∫∞
0
γrfγ(γ) dγ, expand the Fox’s H-function,

use the final value theorem to compute the inner integral∫∞
0
γr−1+ s

t dγ = lims→0 ( 1
s )
r+ x

t Γ(r+ x
t ) = (1

ε )
r+ x

t Γ(r+ x
t )

to get (37).
In what follows, we demonstrate the performance of FSO

systems using numerical and simulation analysis.

V. SIMULATION AND NUMERICAL RESULTS

In this section, we use numerical analysis and Monte
Carlo simulations (averaged over 108 channel realizations)
to demonstrate the performance of the proposed RISE-FSO
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γ̄(r) = E[γr] = 1
t

(
1
ε

)r∑P
l1,1,l1,2=1 · · ·

∑P
lN,1,lN,2=1

∏N
i=1

∏2
j=1 ψi,jv

ki,j
i,j ζli,j

(
Cli,j

)−φi,j

H
0,1:2m+k1,1+k1,2,2n+1;···;2m+kN,1+kN,2,2n+1
1,1:2p+k1,1+k1,2+1,2q+k1,1+k1,2;···;2p+kN,1+kN,2+1,2q+kN,1+kN,2



(
1
εγ0

)1/t∏2
j=1 Cli,j

.

.

.(
1
εγ0

)1/t∏2
j=1 Cli,j

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(1− r, 1

t , · · · ,
1
t ) : V1

(1; 1, · · · , 1) : V2


(34)

where V1 = {{(φi,1 + ali,1,w, 1), {(φi,2 + ali,2,w, 1)}nw=1, (1, 1), {(φi,1 + ali,1,w, 1)}pw=n+1, {(φi,2 +

ali,2,w, 1)}pw=n+1, {(vi,1 + 1, 1)}ki,11 , {(vi,2 + 1, 1)}ki,21 }Ni=1 and V2 = {{(φi,1 + bli,1,w, 1)}mw=1, {(φi,2 +

bli,2,w, 1)}mw=1, {(vi,1, 1)}ki,11 , {(vi,2, 1)}ki,21 , {(φi,1 + bli,1,w, 1)}qw=m+1, {(φi,2 + bli,2,w, 1)}qw=m+1}Ni=1.

γ̄(r,DL) = E[γr] =
ψvk

t

(
1

ε

)r P∑
l=1

ζlC
−φ
l Hm+k,n+1

p+k+1,q+k[
Cl

(
1

εγ0

)1/t ∣∣∣∣ (1− r, 1
t ), {(φ+ al,w, 1)}nw=1, {(φ+ al,w, 1)}pw=n+1, {(v + 1, 1)}k1
{(φ+ bl,w, 1)}mw=1, {(v, 1)}k1 , {(φ+ bl,w, 1)}qw=m+1

]
(37)

TABLE IV
SIMULATION PARAMETERS

Transmitted power, PT 0 to 40 dBm Responsitivity, R 0.41 A/W
AWGN variance, σ2

ν 10−14 A2/GHz Link distance, {d} {1 km, 2 km}
Visibility range, V 2 km Aperture diameter, D = 2ar 20 cm

Shape parameter of fog, k {2, 5} Scale parameter of fog, βfog {13.12, 12.06}
Normalized beam-width, wz/ar {10, 15} Normalized jitter, σs/ar 3

Pointing error angle σθ 1 mrad RIS jitter angle σβ 0.5 mrad
standard deviation, standard deviation,

Modulation, DBPSK p = 1, q = 1 Wavelength, λ 1550 nm
Refractive index, C2

n {5× 10−14, F -distribution, {αF , βF } {4.85, 6.55}, {17.21, 19.24}
1.25× 10−14} m−2/3 {17.48, 17.8}, {68.14, 64.73}

GG-distribution, {αG, βG} {3.01, 3}, {8.9, 12}, M-distribution, {3.01, 3, 0.4, 0.3, 0.596},
{8.17, 11}, {30.76, 40} {αM , βM ,Ω, b0, ρ} {8.9, 12, 0.4, 0.3, 0.596},

{8.17, 11, 0.4, 0.3, 0.596},
{30.76, 40, 0.4, 0.3, 0.596}

system under the combined effect of atmospheric turbulence
and pointing errors over different weather conditions. We
also compare the performance of DL-FSO and RISE-FSO
systems using both HD and IM/DD detection techniques. We
evaluate the derived analytical expressions using the Python
code implementation of multivariate Fox’s H-function [56]
and validate them through extensive numerical and simulation
results. The computational complexity of Fox’s H-function
depends more on the number of contour integrals than the
computation of integrand involving Gamma functions. Thus,
numerical evaluation of the single-variate Fox’s H-function
is fast since it requires the computation of a single contour
involving the ratio of products of m + n and p + q Gamma
functions even for large values of m,n, p, and q. However,
the computation of an N -variate Fox’s H-function becomes
slower with an increase in the number of contour integrals,
N . We assume link distances of d = 1km and d = 2km for
weather conditions of fog and haze, respectively. We assume
that the optical RIS is situated midway between the source

and the destination i.e., d1 = d2 = d/2. We use parametric
equations to compute F-turbulence parameters from [47], GG
parameters from [57], and use αM = αG and βM = βG for
the M distribution with Ω, b0, and ρ [10]. We use the recent
paper [28] to model pointing errors for optical RIS. We list
simulation parameters in Table IV.

In what follows, we demonstrate the performance of DL-
FSO and RISE-FSO systems in next two subsections.

A. DL-FSO system

We demonstrate the performance of DL-FSO system in
Fig. 2 and Fig. 3 by plotting average SNR, ergodic capacity,
outage probability, and average BER with HD and IM/DD
detection under the combined effect of atmospheric turbulence,
pointing errors, and foggy conditions. Observing these figures,
it can be seen that the HD detector outperforms IM/DD for
the considered atmospheric turbulence models at the expense
of decoding complexity. Fig. 2(a) shows that the average SNR
is reduced by almost 35dB and 25dB at a transmit power of
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Fig. 2. Average SNR and ergodic capacity of DL-FSO at d = 1km for light and moderate fog with HD and IM/DD detection.
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Fig. 3. Outage probability and average BER for DL-FSO system at d = 1km with HD and IM/DD detection for light and moderate fog.

20dBm over moderate foggy conditions compared with light
foggy for IM/DD and HD detection techniques, respectively.
Further, it can be seen from Fig. 2(b) that the moderate
fog has a more cumulative impact on IM/DD than the HD
detection. The figure depicts that the ergodic capacity has
a factor of 6 reductions for the IM/DD but with a factor
2 reduction comparing light foggy weather to the moderate
fog at a transmit power of 40dBm. It can also be seen
that the performance of FSO system is significantly degraded
for back-haul applications over moderate foggy conditions,
especially with the IM/DD technique. The outage probability
and average BER performance of the DL-FSO system are
illustrated in Fig. 3. Despite the fact that the HD detector
performs better than the IM/DD, the outage probability and
average BER performance is significantly degraded to around
10−1 at a higher transmit PT = 40dBm for moderate foggy
conditions at a link distance of 1km. Acceptable reliability of
10−3 can only be achieved for light foggy conditions with

HD detection. A further decrease in link distance, say 500m,
may improve the reliability of transmissions for a good quality
of service. Considering parameters of atmospheric turbulence
(using Table IV) and pointing errors (ρ2 = 2.25), we can use
our analysis to derive the diversity order for the considered
DL-FSO system as 0.33

t and 0.36
t for light and moderate fog,

respectively. Fig. 3 confirms the derived diversity order since
there is no change in the slope for different turbulence models,
almost same slope for similar detection methods for both foggy
conditions, and a change in the slope comparing the plots for
HD (t = 1) and IM/DD (t = 2). Thus, the diversity order
provides design criteria to appropriately choose the beamwidth
to reduce the impact of pointing errors on FSO systems
with other channel impairments. It can also be seen from
Fig. 3(b) that analytical expressions and simulation results for
the considered binary modulation scheme have an excellent
match over a wide range of SNR. In the following subsection,
we employ the optical RIS to improve the performance of the
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Fig. 4. Average SNR and ergodic capacity of RISE-FSO system at d1 = 500m, and d2 = 500m with HD for light and moderate fog.
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(a) Outage probability with IM/DD at γth = 5dB.
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Fig. 5. Outage probability and average BER of RISE-FSO system at d1 = 500m, and d2 = 500m.

DL-FSO system.

B. RISE-FSO system
We use parameters for atmospheric turbulence and pointing

errors customized for the optical RIS to simulate the RISE-
FSO system, as listed in Table IV. Without loss of generality,
we assume i.i.d channel model for both the hops by con-
sidering the same parameters of the atmospheric turbulence,
random fog, and pointing errors from source to the RIS and
RIS to the destination. In Fig. 4, we demonstrate the impact
of RIS elements on the average SNR and ergodic capacity
for light and moderate fog with HD technique at a transmit
power of 10dBm and 20dBm. It can be seen that average SNR
and ergodic capacity increase with an increase in the number
of RIS elements. Compared with the RISE-FSO, the average
SNR for the DL-FSO system is higher than the N = 100 RIS
system. However, comparing the ergodic capacity of RISE-
FSO in Fig. 4(b) with the DL-FSO in Fig. 2(b), we can observe

that a 100 element RIS surface can provide a significant
increase of 3 bits/sec/Hz in spectral efficiency.

There is a significantly higher improvement in the perfor-
mance of outage probability and average BER with RIS, as
shown in Fig. 5. We demonstrate the impact of RIS elements
on these performance metrics for light and moderate fog
conditions with the IM/DD detector. Fig. 5(a) shows that
the N = 100 RISE-FSO achieves a gain of about 12dBm
of transmit power to achieve the same outage probability
of 10−3 compared with the N = 20 RIS system under
light fog conditions. Further, we can verify the impact of
RIS elements on the diversity order of RISE-FSO system
as predicted through analytical results. In Fig. 5(b), we plot
the average BER of the RISE-FSO system for both light and
moderate foggy conditions. The figure shows that the average
BER improves significantly with an increase in the number of
RIS elements. Moreover, the behavior of slope in the average
BER with N depicts the diversity gain of the RISE-FSO
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Fig. 6. Average SNR and ergodic capacity of RISE-FSO system with deterministic path loss at d1 = 1km, d2 = 1km, and C2
n = 5× 10−14 m−2/3.
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Fig. 7. Outage probability and average BER of RISE-FSO system with deterministic path loss at d1 = 1km, d2 = 1km, and C2
n = 5× 10−14 m−2/3.

system. We also verify the slope of the BER and the outage
probability at high SNR by plotting the numerically evaluated
derived asymptotic expressions for both outage probability and
average BER for light foggy conditions. It can also be seen
from Fig. 5(b) that the average BER for the moderate fog
condition is still higher even with N = 100 RIS elements,
the performance degradation caused by moderate fog can be
compensated with a further increase in N (as seen with the
plot N = 200 in Fig. 5(b)). Thus, it is possible to reduce the
effect of atmospheric turbulence, pointing errors, and adverse
weather conditions by increasing the number of RIS elements
demonstrating a potential design criteria for terrestrial FSO
systems.

Finally, we consider the conventional FSO communica-
tions over atmospheric turbulence and pointing errors with
deterministic path loss evaluated using the well known Beer-
Lambert’s law and visibility range. In Fig. 6 and Fig. 7, we use

similar simulation parameters of the RISE-FSO with random
fog to perform experiments on the average SNR, ergodic
capacity, and outage probability, average BER of the RISE-
FSO by considering non-foggy condition with a visibility
range of 2 km (a typical haze weather condition). Fig. 6 and
Fig. 7 demonstrate that there is an improvement in the FSO
system due to lower path loss with a higher visibility range
of haze conditions. Further, figures show that the impact of
RIS elements on the performance of RISE-FSO without fog
follows a similar trend to that of the RISE-FSO with fog, as
described in the preceding paragraphs.

In all the above figures (Fig. 2 to Fig. 7), it can be seen that
our derived unified expressions have a good agreement with
Monte-Carlo simulations validating the proposed analysis.
Moreover, the performance of the FSO system is similar for F ,
GG, and M models since the turbulence scenarios (i.e., from
medium to strong as depicted by the respective turbulence
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parameters) are applicable for the three atmospheric models.
However, F , GG slightly overestimates the performance for
very strong turbulence compared with M-distribution.

VI. CONCLUSIONS

In this paper, we presented exact closed-form expressions
on the performance of RIS empowered FSO system under
various channel impairments such as atmospheric turbulence,
pointing errors, and different weather conditions. Our derived
analytical results are unified, allowing evaluation of the RISE-
FSO system over F , GG, and M atmospheric turbulence
models with pointing errors, deterministic and random path-
loss, and considering both HD and IM/DD detection tech-
niques. We developed an exact analysis of the performance
metrics such as outage probability, average BER, ergodic
capacity, and moments of SNR of the RISE-FSO system.
Using the asymptotic analysis on the outage probability and
average BER, we derived the diversity order , which provides
different design criteria to circumvent the effect of pointing
errors and random fog for the FSO system under atmospheric
turbulence using the proposed RIS based solution. As such,
an increase in the RIS elements significantly improve the FSO
performance with non-LOS transmission link, whereas the use
of suitable beamwidth mitigates the impact of pointing errors,
and limiting the communication range is useful for reducing
the effect of random fog. We provided extensive simulations
and numerical analysis to demonstrate the effectiveness of
the RISE-FSO system comparing with the DL-FSO under
various channel conditions. Simulation plots provide various
design configurations of system and channel parameters to
achieve the desired performance. It has been shown that the
performance degradation caused by atmospheric turbulence,
pointing errors, and adverse weather conditions can be com-
pensated by increasing the number of RIS elements. The
proposed work demonstrated the application of optical RIS
to enhance the performance of the FSO system considering
a general scenario of atmospheric turbulence, pointing error
impairments, weather conditions, and the underlying detection
methods. We envision that the RIS technology can empower
the deployment of the FSO system for next generation wireless
networks, especially for terrestrial applications.

As a future scope, it would be interesting to combine the
RISE-FSO system with RIS-assisted RF for better connectivity
in the access network. Further, we may extend the single-RIS
based system to multi-RIS for enhanced performance. Analysis
of the system performance with imperfect phase compensation
at the RIS may also be conducted.

APPENDIX A: PDF AND CDF OF DIRECT LINK hi

We use the joint distribution of conditional random variables
to get the PDF of hi = h

(tp)
i h

(f)
i as [50]:

fhi(x) =

∫ ∞
x

f
h
(f)
i

(xu )f
h
(tp)
i

(u)

u
du (38)

where the limits of the integral are selected using the inequal-
ities 0 ≤ x

u ≤ 1 and 0 ≤ u ≤ ∞ since h
(f)
i ∈ [0, 1] and

h
(t)
i ∈ [0,∞). Using (6) and (8) in (38), we get

fhi(x) = ψ
vk

Γ(k)

P∑
l=1

ζlx
v−1

∫ ∞
x

uφ−1 lnk−1(ux )

uv

Gm,np,q

[
Clu

∣∣∣∣ {al,w}pw=1

{bl,w}qw=1

]
du (39)

We use the definition of Meijer’s G-function, interchange
the order of integration to express (39) as

fhi(x) = ψ
vk

Γ(k)

P∑
l=1

ζlx
v−1 1

2π

∫
L

(
Cl

)s ∏m
j=1 Γ(bl,j − s)∏p
j=n+1 Γ(aj − s)∏n

j=1 Γ(1− al,j + s)∏q
j=m+1 Γ(1− bl,j + s)

(∫ ∞
x

uφ−v−1 lnk−1

(
u

x

)
us du

)
ds (40)

Substituting ln(ux ) = y and applying 1
v−s−φ = Γ(v−s−φ)

Γ(v−s−φ+1) ,
the inner integral in (40) can be solved as∫ ∞

x

us+φ−v−1 lnk−1

(
u

x

)
du

=
xs+φ−v(Γ(v − s− φ+ 1))k

(Γ(v − s− φ))k
Γ(k) (41)

Finally, we use (41) in (40) and apply the definition of
Meijer’s G-function, we get (9) of Theorem 1. To derive the
CDF, we use the following:

Fhi(x) =

∫ x

0

fhi(u) du = ψvk
P∑
l=1

ζl

1

2π

∫
L

∏m
j=1 Γ(bl,j − s)

∏n
j=1 Γ(1− al,j + s)∏p

j=n+1 Γ(al,j − s)
∏q
j=m+1 Γ(1− bl,j + s)

(Γ(v − s− φ))k

(Γ(v − s− φ+ 1))k
(Cl)

s(

∫ x

0

vs+φ−1 dv) ds (42)

Using the solution of inner integral
∫ x

0
vs+φ−1 dv = xs+φ

s+φ =

xs+φ Γ(s+φ)
Γ(s+φ+1) in (42), we apply the definition of Meijer’s G-

function to get (10).
As a sanity check, we verify the derived PDF by considering

the F-turbulence scenario. Thus, we use parameters from
Table II for the F-distribution and apply the identity [53,
07.34.21.0009.01]:∫ ∞

0

fhi(x) dx =
αFρ

2vk

(βF − 1)A0Γ(αF )Γ(βF )∫ ∞
0

Gk+2,1
k+2,k+2

[
αF

(βF − 1)A0
x

∣∣∣∣ −βF , ρ2, {v}k1
αF − 1, ρ2 − 1, {v − 1}k1

]
dx

=
αFρ

2vk

(βF − 1)A0Γ(αF )Γ(βF )

Γ(αF )Γ(ρ2)(Γ(v))kΓ(βF )

Γ(1 + ρ2)(Γ(1 + v))k
(βF − 1)A0

αF

= 1 (43)

APPENDIX B: PDF, CDF, AND MGF OF Zi

We use the Mellin transform to derive the PDF of Zi =∏L
j=1 hi,j . Here, hi,j , j = 1, 2, · · · , L are considered to be

i.ni.d random variables distributed according to (9). Thus, the
PDF of Zi:

fZi(x) =
1

x

1

2π

∫
L

E[Zri ]x−r dr (44)



15

where E[Zri ] =
∏L
j=1 E[hri,j ] =

∏L
j=1

∫∞
0
urfhi,j (u) du is

the r-th moment of Zi. Here, L is an infinite contour in
the complex r-plane such that the integrand in (44) has no
singularities [55]. We substitute the PDF of hi,j and use the
identity [53, 07.34.21.0009.01] to get∫ ∞

0

urfhi,j (u) du = ψjv
kj
j

P∑
lj=1

ζlj

∫ ∞
0

uruφj−1

G
m+kj ,n

p+kj ,q+kj

[
Clju

∣∣∣∣∣ {al+j,w}pw=1, {v − φj + 1}kj1

{blj ,w}
m
w=1, {v − φj}

kj
1 , {blj ,w}

q
w=m+1

]
du

= ψjv
kj
j

P∑
lj=1

ζlj (Clj )
−(r+φj)

[ ∏m
w=1 Γ(r + φj + blj ,w)∏p

w=r+1 Γ(r + φj + alj ,w)∏n
w=1 Γ(1− r − φj − alj ,w)(Γ(vj + r))kj∏q

w=m+1 Γ(1− r − φj − blj ,w)(Γ(1 + vj + r))kj

]
(45)

Thus, the r-th moment of Zi is given by

E[Zri ] =

P∑
l1,···,lL=1

L∏
j=1

ψjv
kj
j ζlj

L∏
j=1

(
Clj

)−(r+φj)

[ ∏L
j=1

∏m
w=1 Γ(r + φj + blj ,w)∏L

j=1

∏p
w=n+1 Γ(r + φj + alj ,w)∏L

j=1

∏n
w=1 Γ(1− r − φj − alj ,w)∏L

j=1

∏q
w=m+1 Γ(1− r − φj − blj ,w)

∏L
j=1 (Γ(vj + r))kj∏L

j=1 (Γ(1 + vj + r))kj

]
(46)

We substitute (46) in (44) to get the PDF of Zi as

fZi(x) =
1

x

1

2π

P∑
l1,···,lL=1

L∏
j=1

ψjv
kj
j ζlj

(
Clj

)−φj ∫
L

(
x

L∏
j=1

Clj

)−r
[ ∏L

j=1

∏m
w=1 Γ(r + φj + blj ,w)∏L

j=1

∏p
w=n+1 Γ(r + φj + alj ,w)∏L

j=1

∏r
w=1 Γ(1− r − φj − alj ,w)

∏L
j=1 (Γ(vj + r))kj∏L

j=1

∏q
w=m+1 Γ(1− r − φj − blj ,w)

∏L
j=1 (Γ(1 + vj + r))kj

]
dr

(47)

The region of convergence of the contour integral L depends
on arg(x

∏L
j=1 Clj ) and δ = m+n− p+q

2 , which is the entire
plane if arg(x

∏L
j=1 Clj ) ≤ δπ [53, 07.34.02.0001.01]. Since

δ = 1 and arg(x
∏L
j=1 Clj ) = 0, the region of the contour

integral in (47) is L : −∞→ +∞.
Hence, we apply the definition of Meijer’s G-function in

(47) to get (11). The CDF of Zi can be obtained as FZi(x) =∫ x
0
fZi(u) du. Thus,

FZi(x) =
1

2π

P∑
l1,···,lL=1

L∏
j=1

ψjv
kj
j ζlj

(
Clj

)−φj ∫
L

( L∏
j=1

Clj

)r
(∫ x

0

ur−1 du

)[ ∏L
j=1

∏m
w=1 Γ(− r + φj + blj ,w)∏L

j=1

∏p
w=n+1 Γ(− r + φj + alj ,w)∏L

j=1

∏n
w=1 Γ(1 + r − φj − alj ,w)

∏L
j=1 (Γ(vj − r))kj∏L

j=1

∏q
w=m+1 Γ(1 + r − φj − blj ,w)

∏L
j=1 (Γ(1 + vj − r))kj

]
dr

(48)

Using the inner integral solved by the identity [58, 8.331.3]∫ x
0
ur−1 du = ( 1

r )xr = Γ(r)
Γ(r+1)x

r in (48) and apply the
definition of Meijer’s G-function to get (12).

Similarly, the MGF of Zi MZi(s) = E[e−sx] =∫∞
0
e−sxfZi(x) dx can be expressed as

MZi(s) =
1

2π

P∑
l1,···,lL=1

L∏
j=1

ψjv
kj
j ζlj

(
Clj

)−φj ∫
L

( L∏
j=1

Clj

)r
(∫ ∞

0

e−sxxr−1 dx

)[ ∏L
j=1

∏m
w=1 Γ(− r + φj + blj ,w)∏L

j=1

∏p
w=n+1 Γ(− r + φj + alj ,w)∏L

j=1

∏n
w=1 Γ(1 + r − φj − alj ,w)

∏L
j=1 (Γ(vj − r))kj∏L

j=1

∏q
w=m+1 Γ(1 + r − φj − blj ,w)

∏L
j=1 (Γ(1 + vj − r))kj

]
dr

(49)

Substituting the inner integral solution using [58, 3.381.4] as∫∞
0
e−sxxr−1 dx = s−rΓ(r) in (49), we apply the definition

of Meijer’s G-function to get (13).

APPENDIX C: PDF AND CDF OF Z

We apply the inverse Laplace transform of the MGF to find
the PDF of Z =

∑N
i=1 Zi as fZ(z) = L−1

∏N
i=1MZi(s).

Thus, we use (49) and interchange the order of integration to
get

fZ(x) =

P∑
l1,1,···,l1,L=1

· · ·
P∑

lN,1,···,lN,L=1

N∏
i=1

L∏
j=1

ψi,jv
ki,j
i,j ζli,j

(
Cli,j

)−φi,j
((

1

2π

)N ∫
Li

( L∏
j=1

Cli,j

)ni[ ∏L
j=1

∏m
w=1 Γ(− ni + φi,j + bli,j ,w)∏L

j=1

∏p
w=n+1 Γ(− ni + φi,j + ali,j ,w)∏L

j=1

∏n
w=1 Γ(1 + ni − φi,j − ali,j ,w)

∏L
j=1 (Γ(vi,j − ni))ki,j∏L

j=1

∏q
w=m+1 Γ(1 + ni − φi,j − bli,j ,w)

∏L
j=1 (Γ(1 + vi,j − ni))ki,j

Γ(ni)

](
1

2π

∫
L

s−
∑N
i=1 niesx ds

)
dni

)
(50)

where Li is an infinite contour in the complex ni-plane such
that the integrand in (50) has no singularities. The convergence
conditions of multiple contour integrals representing multi-
variate Fox’s H-function is presented in [59]. To solve the
inner integral, we apply [58, 8.315.1]:∫
L

s
∑N
i=1 niesx ds =

(
1

x

)1+
∑N
i=1 ni 2π

Γ(−
∑N
i=1 ni)

(51)

Using (51) in (50) and applying the definition of N -
Multivariate Fox’s H-function in [55, A.1], we get (14).

To derive the CDF, we use FZ(z) = L−1
∏N
i=1

MZi
(s)

s in
(49) to get

FZ(x) =
P∑

l1,1,···,l1,L=1

· · ·
P∑

lN,1,···,lN,L=1

N∏
i=1

L∏
j=1

ψi,jv
ki,j
i,j ζli,j (Cli,j )

−φi,j

((
1

2π

)N ∫
Li

(

L∏
j=1

Cli,j )
ni

[ ∏L
j=1

∏m
w=1 Γ(− ni + φi,j + bli,j ,w)∏L

j=1

∏p
w=n+1 Γ(− ni + φi,j + ali,j ,w)∏L

j=1

∏n
w=1 Γ(1 + ni − φi,j − ali,j ,w)

∏L
j=1 (Γ(vi,j − ni))ki,j∏L

j=1

∏q
w=m+1 Γ(1 + ni − φi,j − bli,j ,w)

∏L
j=1 (Γ(1 + vi,j − ni))ki,j

Γ(ni)

](
1

2π

∫
L

s−1−
∑N
i=1 niesx ds

)
dni

)
(52)
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∫ ∞
0

fZ(z)dz = lim
s→0

N∏
i=1

L∏
j=1

ρ2
i,jv

ki,j
i,j

Γ(αF (i, j))Γ(βF (i, j))
H

0,0:L+1,2L+
∑L
j=1 k1,j ;···;L+1,2L+

∑L
j=1 kN,j

0,0:2L+
∑L
j=1 k1,j ,2L+

∑L
j=1 k1,j+1;···;2L+

∑L
j=1 kN,j ,2L+

∑L
j=1 kN,j+1

s
∏L
j=1

(βF (i,j)−1)hlA0

αF (i,j)

.

.

.

s
∏L
j=1

(βF (i,j)−1)hlA0

αF (i,j)

∣∣∣∣∣∣∣∣∣∣∣
− : {{(1− αF (i, j), 1)}Lj=1, {(1− ρ2

i,j , 1)}Lj=1, {{(1− vi,j , 1)}ki,j1 }Lj=1}Ni=1

− : {(0, 1), {(βF (i, j), 1)}Lj=1, {(−ρ2
i,j , 1)}Lj=1, {{(−vi,j , 1)}ki,j1 }Lj=1, }Ni=1

 (53)

We apply [58, 8.315.1] to solve the inner integral in (52):∫
L

s−1−
∑N
i=1 niesx ds =

(
1

x

)−∑N
i=1 ni 2π

Γ(1 +
∑N
i=1 ni)

(54)

Using (54) in (52), we apply the definition of N -Multivariate
Fox’s H-function in [55, A.1] to get (15) of Theorem 2.

We validate the derived PDF in (14) by
∫∞

0
fZ(z)dz = 1.

Using the parameters of F-distributed atmospheric turbulence
from Table II in (14), we use the definition of Fox’s H-function
and interchange the order of integration to solve the inner
integral using the final value theorem:

∫∞
0
x−1−

∑N
i=1 xidz =

lims→0( 1
s )−

∑N
i=1 xiΓ(−

∑N
i=1 xi). Thus, we get (53).

Then, we use [52] and apply standard mathematical proce-
dure for getting the limit of a function at s→ 0 in (53) to get
a simplified expression, which results into∫ ∞

0

fZ(z)dz =

N∏
i=1

L∏
j=1

ρ2
i,jv

ki,j
i,j

Γ(αF (i, j))Γ(βF (i, j))

Γ(βF (i, j))Γ(αF (i, j))Γ(ρ2
i,j)(Γ(vi,j))

ki,j

Γ(1 + ρ2
i,j)(Γ(1 + vi,j))

ki,j
= 1 (55)
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