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Introduction
Model problem (S )
u=-Svp,V-u=fin Q -V -(8Vp)=1fin Q

p=0 on 0Q p=0 on 0Q
Mixed finite elements
(S 'up,vp) — (Pr, V- vp) =0 Vv, e Vp,
(V-up,én) = (f.¢n) Von € ®p
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Introduction

Model problem (S )
u=-Svp,V-u=fin Q -V -(8Vp)=1fin Q
p=0 on 0Q p=0 on 0Q

Mixed finite elements
(S~ 'up,Vh) = (Pn, V- Vp) =0 VYV € Vp,
(V-up,én) = (f.¢n) Von € ®p
Traditional analysis

@ weak mixed formulation
(S 'u,v) - (p,V-v) =0
Vv e H(div, ),
(V-u,¢) = (f,¢) V¢ € L*(Q)
@ inf-sup condition
o V- Vh = dy
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Introduction

Model problem (S
u=-Svp,vV.-u=fin Q
p=0 on 0Q
Mixed finite elements

)
-V - (8Vp)=fin Q
p=0 on 0Q

(S 'up,vp) — (Pr, V- vp) =0 Vv, e Vp,

(V -up, on) = (f, ¢n)

Presented analysis

Traditional analysis
@ weak mixed formulation
(S 'u,v) - (p,V-v)=0
Vv e H(div, ),
(V-u,¢) = (f,¢) V¢ € L*(Q)
@ inf-sup condition
o V- Vh = dy

M. Vohralik

V(bh S q)h

@ classical weak formulation
(SVp,Vy) = (. )
Vi € Hy(Q)
@ postprocessing and discrete
Friedrichs inequality
o V- Vh = ¢,
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Introduction

Model problem (S )
u=-Svp,V-u=fin Q -V -(8Vp)=1fin Q
p=0 on 0Q p=0 on 0Q

Mixed finite elements
(S 'up,vp) — (Pr, V- vp) =0 Vv, e Vp,
(V -up,¢n) = (f,6n) Von € P

Traditional analysis Presented analysis

@ weak mixed formulation @ classical weak formulation
(S7'u,v) = (p,V-v) =0 (SVp, V) = (f,¢)
Vv e H(div, ), Vo € H3(Q)
(V-u,¢)=(f,¢) Vo € L3(Q) @ postprocessing and discrete
@ inf-sup condition Friedrichs inequality
e V- -V,=09 o V. -V,=9,
and a priori and a posteriori error analysis
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Outline

Q General framework
@ An abstract result for the flux variable
@ Postprocessing for the scalar variable
@ A priori error estimates
@ Lowest-order Raviart-Thomas case
@ General case
e A posteriori error estimates
@ Estimates for the flux
@ Estimates for the potential
@ Local efficiency
e Remarks
@ Comments on the estimates
@ [2(Q) estimates
@ RTy and pure diffusion problems
© Numerical experiments
e Conclusions and future work
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Bilinear forms and weak solution

Definition (Bilinear form B)

B(p,¢) = > (SVP,Ve)k, P, <€ H (Tp).
KeT,
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Bilinear forms and weak solution

Definition (Bilinear form B)

B(p,p) ==Y (SVP,Vo)k, p,p € H(Tp).
KeTn

Definition (Bilinear form A)

Au,v) = > (U, S V)k, u,velL¥Q).
KeT,

N
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Bilinear forms and weak solution

Definition (Bilinear form B)

B(p,p) ==Y (SVP,Vo)k, p,p € H(Tp).
KeTn

Definition (Bilinear form A)

Au,v) = > (U, S V)k, u,velL¥Q).
KeT,

Definition (Weak solution)
p € H}(Q) such that B(p, ) = (f.¢) Ve € H}(Q):

or
p € HY(Q) suchthat A(SVp,SVyp) = (f,p) Ve € HI(Q).
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Energy norms

Definition (Energy semi-norm)

llelll? = B, 9), € H ().
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Energy norms

Definition (Energy semi-norm)

el = B(e, @), @€ H'(Tn).

Definition (Energy norm)

llelll? = Blo,p), v € Wg(Th).
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Energy norms

Flux variable Scalar variable

Definition (Energy semi-norm)

llelll? = Ble,0), ¢ € H'(Tp). J
Definition (Energy norm)
llelll? = Ble,9), » € W (Tn).

Definition (Energy norm)

Iv]lIZ == A(v,v)

)

v e L3(Q).

M. Vohralik
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Energy norms

Definition (Energy semi-norm)

el = B(e, @), @€ H'(Tn).

Definition (Energy norm)

llelll? = Blo,p), v € Wg(Th).

Definition (Energy norm)

V]| := A(v,v), velL3Q).

Definition (Energy—div norm)

IIVIIZ = HIVIE + 1V - V2, v € H(div, Q).

*,div
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An abstract result for the flux variable

Theorem (Abstract framework (scheme-independent))

Letv,w,t c L?(Q) be arbitrary. Then

v—t
v = will. < [lw — 1]l + 'A (v—w, —)‘
vt
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An abstract result for the flux variable

Theorem (Abstract framework (scheme-independent))

Letv,w,t c L?(Q) be arbitrary. Then

v—t
v = will. < [lw — 1]l + 'A (v—w, )'
v =1l

A priori error estimate
@ putv=uu w=u,t="Txu:

[lup = ullle < [[lu—Tpufll. +

u, — I'Ihu
A <uh —u, ) ‘
llup — Mpull].

@ notice that A(up — u,up — Mpu) = 0 in MFEs
@ get

M. Vohralik Unified a priori and a posteriori analysis of MFEs



Framework A priori est. A posteriori est. Remarks Exp. C. Flux variable Scalar variable

An abstract result for the flux variable

Theorem (Abstract framework (scheme-independent))

Letv,w,t c L?(Q) be arbitrary. Then

v—t
v = will. < [lw — 1]l + 'A (v—w, —)'
vt

A priori error estimate
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An abstract result for the flux variable

Theorem (Abstract framework (scheme-independent))

Letv,w,t c L?(Q) be arbitrary. Then

v—t
v = will. < [lw — 1]l + 'A (v—w, )'
v =1l

A priori error estimate

A posteriori error estimate
@ putv=u,w =up t=-SVswith s € H}(Q) arbitrary:
u+SVs ) ’
[lu+ SV

@ notice that A(u, —SVy) = (f,¢) (here p = p—s/|||p — s|l|)
@ notice that A(up, —SV¢) = (m(f), ¢)

[[lu = upllls < [[lun + SVl + ‘«4 <U — Up,

@ get
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Postprocessing for the scalar variable

Postprocessing in mixed finite elements

Arnold and Brezzi '85: Mixed and nonconforming finite
element methods: implementation, postprocessing and
error estimates

Bramble and Xu ’89: A local post-processing technique for
improving the accuracy in mixed finite-element
approximations

Stenberg '91: Postprocessing schemes for some mixed
finite elements

Arbogast and Chen ’95: On the implementation of mixed
methods as nonconforming methods for second-order
elliptic problems

Chen ’96: Equivalence between and multigrid algorithms
for nonconforming and mixed methods for second-order
elliptic problems
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Postprocessing for the scalar variable

Postprocessing in mixed finite elements

@ Usually used in order to implement MFEMs and get
superconvergence for the postprocessed variable.
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Postprocessing for the scalar variable

Postprocessing in mixed finite elements

@ Usually used in order to implement MFEMs and get
superconvergence for the postprocessed variable.

@ Usually not used in order to get a priori or a posteriori error
estimates.
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Lowest-order Raviart—Thomas case

Definition (Postprocessed scalar variable pp)

We define p, such that, separately on each K € 7,
@ —SkVpnlk = uplk (flux of py is up),
@ (pn, 1)k /|K| = pk (mean of py on K is p).
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Lowest-order Raviart—Thomas case

Definition (Postprocessed scalar variable pp)

We define p, such that, separately on each K € 7,
@ —SkVpnlk = uplk (flux of py is up),
@ (Pn, 1)k/IK| = pk (mean of p, on K is px).

Properties of py,
® Dp and is (itisa )
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Lowest-order Raviart—Thomas case

Definition (Postprocessed scalar variable pp)

We define p, such that, separately on each K € 7,
@ —SkVpnlk = uplk (flux of py is up),
@ (Pn, 1)k/IK| = pk (mean of p, on K is px).

Properties of py,
@ Py and is (itis a )
@ pyis , & H1(Q), only € H'(7}) in general
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Lowest-order Raviart—Thomas case

Definition (Postprocessed scalar variable pp)

We define pj such that, separately on each K € 7p,
@ —SxVpnlk = up|k (flux of py is up),
® (Pn, 1)k/|K| = px (mean of p, on K is pk).

Properties of py,

@ Dp and is (itisa )

@ pyis , & H1(Q), only € H'(75) in general

° of py, on the sides , e WO(T1)
Proof: 0 = —(VPn,Vor, koL — (Pn: V- Vor )KL

= _<V(TK_L : nvbh>i9K < OK,L -n, ph>
= (Vo " Nk, PrlL — Palk)ox,
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Lowest-order Raviart—Thomas case

Definition (Postprocessed scalar variable pp)

We define p, such that, separately on each K € 7,
@ —SkVpnlk = uplk (flux of py is up),
@ (Pn, 1)k/IK| = pk (mean of p, on K is px).

Properties of py,

® Dp and is (itisa )

@ ppis , & H1(Q), only € H'(7}) in general

° of P, on the sides , Pne W2(T)

@ the means are the from the
hybridization
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Lowest-order Raviart—Thomas case

Definition (Postprocessed scalar variable pp)

We define p, such that, separately on each K € 7,
@ —SkVpnlk = uplk (flux of py is up),
@ (Pn, 1)k/IK| = pk (mean of p, on K is px).

Properties of py,

® Dp and is (itisa )
@ ppis , & H1(Q), only € H'(7}) in general
° of P, on the sides , Pne W2(T)
@ the means are the from the
hybridization
Remarks

@ exact (not weak) connection of p, and uy,
@ only valid in the lowest-order case on simplices or, when S
is diagonal, on rectangular parallelepipeds
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General postprocessing

Definition (Postprocessed scalar variable p, (Arbogast & Chen))

We define pj such that, separately on each K € 7p,
@ (Pn, o)k = (Pn, dn)k  Vén € Pp(K).
® (P, tn)o = (An, ph)e  Yun € Ap(o) Vo € EM.
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General postprocessing

Definition (Postprocessed scalar variable p, (Arbogast & Chen))

We define pj such that, separately on each K € 7p,
@ (Pn, o)k = (Pn, dn)k  Vén € Pp(K).
® (P, tn)o = (An, ph)e  Yun € Ap(o) Vo € EM.

Properties of py,
@ Dy and is
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General postprocessing

Definition (Postprocessed scalar variable p, (Arbogast & Chen))

We define pj such that, separately on each K € 7p,
@ (Pn, o)k = (Pn, dn)k  Vén € Pp(K).
® (P, tn)o = (An, ph)e  Yun € Ap(o) Vo € EM.

Properties of py,
@ Dp and is
@ pyis , & HI (), but
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General postprocessing

Definition (Postprocessed scalar variable p, (Arbogast & Chen))

We define pj such that, separately on each K € 7p,
@ (Pn, o)k = (Pn, dn)k  Vén € Pp(K).
® (P, tn)o = (An, ph)e  Yun € Ap(o) Vo € EM.

Properties of py,

@ Dy and is
@ pyis , & HI (), but
@ ppisingeneral a plus a
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General postprocessing

Definition (Postprocessed scalar variable p, (Arbogast & Chen))

We define pj such that, separately on each K € 7p,
@ (Pn, o)k = (Pn, dn)k  Vén € Pp(K).
® (P, tn)o = (An, ph)e  Yun € Ap(o) Vo € EM.

Properties of py,

@ Dy and is
@ pyis , & HI (), but
@ ppisingeneral a plus a

@ Py, satisfies —(S~'up, Vp)k = (VPn, Va)k  YWh € Vi(K)
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General postprocessing

Definition (Postprocessed scalar variable p, (Arbogast & Chen))

We define pj such that, separately on each K € 7p,
@ (Pn, o)k = (Pn, dn)k  Vén € Pp(K).
@ (Pn,ph)o = (Mnspth)o  Vun € Ap(o) Vo € E.

Properties of py,

@ Dp and is

@ ppis , & HI (), but

@ ppisingeneral a plus a

@ Py, satisfies —(S~'up, Vp)k = (VPn, Va)k  YWh € Vi(K)
Remarks

@ uyisa Py, -1 projection of —SVp, onto Vp,, weak
connection of p, and up
@ basis of our a priori and a posteriori error estimates
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Lowest-order Raviart—Thomas case

Lowest-order Raviart-Thomas case

® [[lp = Balll = lllu = unlll« <{lu—Tpxulll. < Ch
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Lowest-order Raviart—Thomas case

Lowest-order Raviart-Thomas case

@ |llp— pnlll = [llu — uplll, < [[lu—Mpull[. < Ch

® pn € WY(7p): discrete Friedrichs inequality
1
2

1 ~ :
lp — Pnll < CSF{ > IIV(p—ph)\%}

KeTy
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Lowest-order Raviart—Thomas case

Lowest-order Raviart-Thomas case

© [[lp = pnlll = [[lu—=upllls < [llu—Tpulll, < Ch
® pn € WY(7p): discrete Friedrichs inequality

1
1 ) 2
lp — Pnll < CSF{ > IIV(p—ph)\%}

KeTy

@ optimal value of Cpr (only depends on the shape regularity
parameter and infy, cga{thicky (2)}): Vohralik, NFAO 2005
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Lowest-order Raviart—Thomas case

Lowest-order Raviart-Thomas case

© [[lp = pnlll = [[lu—=upllls < [llu—Tpulll, < Ch
® pn € WY(7p): discrete Friedrichs inequality

1
1 ) 2
lp — Pnll < CSF{ > IIV(p—ph)\%}

KeTy

@ optimal value of Cpr (only depends on the shape regularity
parameter and infy, cga{thicky (2)}): Vohralik, NFAO 2005

) 1
e consequently: {3 xc7 lp — PBnll§ x}2 < Ch
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Lowest-order Raviart—Thomas case

Lowest-order Raviart-Thomas case

© [[lp = pnlll = [[lu—=upllls < [llu—Tpulll, < Ch
® pn € WY(7p): discrete Friedrichs inequality

1
1 ) 2
lp — Pnll < CSF{ > IIV(p—ph)\%}

KeTy

@ optimal value of Cpr (only depends on the shape regularity
parameter and infy, cga{thicky (2)}): Vohralik, NFAO 2005

y 1
e consequently: {3 xc7 lp — PBnll§ x}2 < Ch
@ superconvergence: ||p — pp|| < CH?
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General case

General case

@ a little bit more complicated since we only have
Up = —Py, s-1(SVPy) instead of up = —SVpy

@ one still easily recovers all the known a priori error
estimates for mixed finite elements
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O General framework
@ An abstract result for the flux variable
@ Postprocessing for the scalar variable
A priori error estimates
@ Lowest-order Raviart—-Thomas case
@ General case
e A posteriori error estimates
@ Estimates for the flux
@ Estimates for the potential
@ Local efficiency
Q Remarks
@ Comments on the estimates
® [2(Q) estimates
@ RTy and pure diffusion problems
O Numerical experiments
O Conclusions and future work
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What is/should be an a posteriori error estimate

Usual form

® [p—pnll® = Y ke, 1k (Pn)?
@ Can be used to determine mesh elements with large error.

@ We can then refine these elements: mesh adaptivity.
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What is/should be an a posteriori error estimate

Usual form

® [p—pnll® = Y ke, 1k (Pn)?
@ Can be used to determine mesh elements with large error.

@ We can then refine these elements: mesh adaptivity.
Reliability
® [lp—pnll® < CXxer, nk(pn)?
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Framework A priori est. A posterioriest. Remarks Exp. C. Estimates for the flux Estimates for the potential Efficiency

What is/should be an a posteriori error estimate

Usual form
® [lp—pnll® = X ker, mx(Pn)?.
@ Can be used to determine mesh elements with large error.
@ We can then refine these elements: mesh adaptivity.
Reliability
® [|p— pnll® < CXxer, nk(pn)?
@ Problems:
e Whatis C?
o What does it depend on?
e How does it depend on data?
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Framework A priori est. A posterioriest. Remarks Exp. C. Estimates for the flux Estimates for the potential Efficiency

What is/should be an a posteriori error estimate

Usual form

® [p—pnll® = Y ke, 1k (Pn)?
@ Can be used to determine mesh elements with large error.

@ We can then refine these elements: mesh adaptivity.
Reliability
® [lp—pnll® < CXxer, nk(pn)?

® o= pnll® < X ker, 1k (Pn)?
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Framework A priori est. A posterioriest. Remarks Exp. C. Estimates for the flux Estimates for the potential Efficiency

What is/should be an a posteriori error estimate

Usual form

® [p—pnll® = Y ke, 1k (Pn)?
@ Can be used to determine mesh elements with large error.

@ We can then refine these elements: mesh adaptivity.
Reliability
® [lp—pnll® < CXxer, nk(pn)?

® o= pnll® < X ker, 1k (Pn)?

° nK(ph)z < Cgff,K ZLclosetoK ||p_ th%
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What is/should be an a posteriori error estimate

Usual form

® [p—pnll® = Y ke, 1k (Pn)?
@ Can be used to determine mesh elements with large error.

@ We can then refine these elements: mesh adaptivity.
Reliability
® [lp—pnll® < CXxer, nk(pn)?

o [lp— pnl® < Sker, i (Pn)?
P 2 ~ C2 _ 2
nK(ph) = Yeff,K ZLclosetoK ||p thL

® Y wer mk(Pn)?/llp — pnll? — 1
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Framework A priori est. A posterioriest. Remarks Exp. C. Estimates for the flux Estimates for the potential Efficiency

What is/should be an a posteriori error estimate

Usual form

® [p—pnll® = Y ke, 1k (Pn)?
@ Can be used to determine mesh elements with large error.

@ We can then refine these elements: mesh adaptivity.
Reliability
® [lp—pnll® < CXxer, nk(pn)?

o [lp— pnl® < Sker, i (Pn)?
P 2 ~ C2 _ 2
nK(ph) = Yeff,K ZLclosetoK ||p thL

® Y wer mk(Pn)?/llp — pnll? — 1

@ independence of the data variation or mesh properties
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What is/should be an a posteriori error estimate

Usual form

® [p—pnll® = Y ke, 1k (Pn)?
@ Can be used to determine mesh elements with large error.

@ We can then refine these elements: mesh adaptivity.
Reliability
® [lp—pnll® < CXxer, nk(pn)?

o [lp— pnl® < Sker, i (Pn)?
° 2<CE — pnli?
nK(ph) = Yeff,K ZLclosetoK ||p thL

® Y wer mk(Pn)?/llp — pnll? — 1

@ independence of the data variation or mesh properties

@ estimators which can be evaluated locally
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Previous works on a posteriori analysis for MFEMs

Previous works ...
@ Alonso '96
@ Braess and Verflirth '96
@ Carstensen '97
@ Hoppe and Wohimuth '97, ’99
@ Kirby '03
@ El Alaoui and Ern '04
@ Wheeler and Yotov ‘05
@ Lovadina and Stenberg '06
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Previous works on a posteriori analysis for MFEMs

Previous works ...
@ Alonso '96
@ Braess and Verfiirth ‘96
@ Carstensen ‘97
@ Hoppe and Wohimuth '97, ’99
@ Kirby '03
@ El Alaoui and Ern ’04
@ Wheeler and Yotov '05
@ Lovadina and Stenberg '06
..do not cover
@ evaluation of the constants (guaranteed upper bound )
@ robustness
@ asymptotic exactness
@ an analysis of the convection—diffusion case
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A first abstract estimate for the flux

Theorem (A first abstract estimate for the flux and its efficiency)
Let u be the weak flux and let uy, € H(div, Q) be arbitrary. Then

h2
Frala )

llu—upll < inf llup+SVs]|Z + V- up|?
seH1(Q)

0

)

Crah?
< [lju — unllZ + C’SiﬂHf — V- up|?.

)
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A first abstract estimate for the flux

Theorem (A first abstract estimate for the flux and its efficiency)

Let u be the weak flux and let uy, € H(div, Q) be arbitrary. Then
, Cr.oh?
lju—upll? < inf flup+SVs]|2 + 222 f - V- up|?
seH}(Q Cs,
Crah?
< [flu — up||I? + = v- up|?.
S7

Properties

° (no undetermined constant).

° penalizes for some

° : (promoted by Repin).

° : (no information from

the computation used).
0 : Cegha/Cglg|lf =V - up|

M. Vohralik Unified a priori and a posteriori analysis of MFEs



Framework A priori est. A posteriori est. Remarks Exp. C. Estimates for the flux Estimates for the potential Efficiency

An improved abstract estimate for the flux

Theorem (An improved abstract estimate for the flux and its
efficiency)

Let u be the weak flux and let uy, € H(div, Q) such that
V -up = m(f) be arbitrary. Then

llu—upl|? < inf [llup+SVS||Z + 1R < [[lu - up|||Z + 7,
seHl(Q)
.

where Coh2 2
MR 1—{2 KHf—Wl(f)H%(} -

C
Ker, 8K

M. Vohralik Unified a priori and a posteriori analysis of MFEs



Framework A priori est. A posteriori est. Remarks Exp. C. Estimates for the flux Estimates for the potential Efficiency

An improved abstract estimate for the flux

Theorem (An improved abstract estimate for the flux and its
efficiency)

Let u be the weak flux and let uy, € H(div, Q) such that
V -up = m(f) be arbitrary. Then

llu—upl|? < inf [llup+SVS||Z + 1R < [[lu - up|||Z + 7,
seHl(Q)
.

where Coh?
R :—{Z KHf—m(f)H%} -

Ket, Cs k
Properties
) Galerkin needed, just
@ /) isin general a term for
@ s in general a term for
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An energy—div norm abstract estimate for the flux

Theorem (An energy—div norm abstract estimate for the flux

and its efficiency)

Let u be the weak flux and let uy, € H(div, Q) such that
V -uy = m(f) be arbitrary. Then

llu—upllFgy < inf[llup+SVs||IZ + [[f = m(f)]? + 1]
seH}(Q)

0

2 2
< |llu = upl[[$ gy + 7R
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An energy—div norm abstract estimate for the flux

Theorem (An energy—div norm abstract estimate for the flux

and its efficiency)

Let u be the weak flux and let uy, € H(div, Q) such that
V -uy = m(f) be arbitrary. Then

llu—upllFgy < inf[llup+SVs||IZ + [[f = m(f)]? + 1]
seH}(Q)

0

2 2
< |llu = upl[[$ gy + 7R

Properties
@ 1 gets always a term.
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A fully computable estimate for the flux

Theorem (A fully computable estimate for the flux)
Let u be the weak flux and let u, € H(div, Q) such that
V -up = m(f) be arbitrary. Then

2 2 2
= unli? < 3 (B +)
KeTp

2 2 2 2
o= unllBa < 3 (B + Bk +7B)
KeTy
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A fully computable estimate for the flux

Theorem (A fully computable estimate for the flux)
Let u be the weak flux and let u, € H(div, Q) such that
V -up = m(f) be arbitrary. Then

2 2 2
= unli? < 3 (B +)
KeTp

2 2 2 2
o= unllBa < 3 (B + Bk +7B)
KeTy

@ potential estimator
(]
o Zos(Pn): Oswald interpolate Pr(75) — Pn(7n) N HY(2)
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A fully computable estimate for the flux

Theorem (A fully computable estimate for the flux)
Let u be the weak flux and let u, € H(div, Q) such that
V -up = m(f) be arbitrary. Then

2 2 2
= unli? < 3 (B +)
KeTp

2 2 2 2
o= unllBa < 3 (B + Bk +7B)
KeTy

@ potential estimator
(]
o Zos(Pn): Oswald interpolate Pr(75) — Pn(7n) N HY(2)

@ residual estimator
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A fully computable estimate for the flux

Theorem (A fully computable estimate for the flux)
Let u be the weak flux and let u, € H(div, Q) such that
V -up = m(f) be arbitrary. Then

2 2 2
= unli? < 3 (B +)
KeTp

2 2 2 2
o= unllBa < 3 (B + Bk +7B)
KeTy

@ potential estimator
(]
o Zos(Pn): Oswald interpolate Pr(75) — Pn(7n) N HY(2)

@ residual estimator

@ divergence estimator
"]
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An abstract estimate for the potential

Theorem (Abstract a posteriori estimate for the potential and its

efficiency)

Let p be the weak potential and let py, € H'(T},) be arbitrary.
Then

Il —BalllP < inf |[|pn — sllI?
seH}(Q)

inf sup ((f=V-,¢)—(SVPh+t, Vi)
tEH(dV.Q)oe 11 (@), [l ll=1

<2||lp — Pnl|I*.
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An abstract estimate for the potential

Theorem (Abstract a posteriori estimate for the potential and its

efficiency)

Let p be the weak potential and let py, € H'(T},) be arbitrary.
Then

Il —BalllP < inf |[|pn — sllI?
seH}(Q)

inf sup  ((f=V1,0)—(SVPh+t, V))?
W@V Doerd (@), lill=1
<2|lp - pnll> /
Properties
° ) , and
@ Holds for any (anisotropic) and
of Ph-
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A first computable estimate for the potential

Theorem (A first computable estimate for the potential)

Let p be the weak potential and let py, € H'(T},) be arbitrary.
Take and . Then
_ B C1/£hQ _ 2
lIlp = Balll? <lllPn — snlll>+ < };’1/2 [ = Vta|[+[ISVDA + thll|
S,Q
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A first computable estimate for the potential

Theorem (A first computable estimate for the potential)

Let p be the weak potential and let py, € H'(T},) be arbitrary.
Take and . Then
AP , (Clha ) 2
1P = Palll™ <[lIBn = snlll”+ | —577=If = VAl +[[[SVPh + [l
Cs.

Properties

° penalizes

° penalizes

° )

° L Cligha/cyallf =V -t
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A fully computable estimate for the potential

Theorem (A fully computable estimate for the potential)

Let p be the weak potential and let p, € H'(7) and
up € H(div, Q) such thatV - uy, = w(f) be arbitrary. Then

o= Ball? < 3 {ren+ Om +mors)?}
KeT,
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A fully computable estimate for the potential

Theorem (A fully computable estimate for the potential)

Let p be the weak potential and let p, € H'(7) and
up € H(div, Q) such thatV - uy, = w(f) be arbitrary. Then

o= Ball? < 3 {ren+ Om +mors)?}
KeT,

@ nonconformity estimator
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A fully computable estimate for the potential

Theorem (A fully computable estimate for the potential)

Let p be the weak potential and let p, € H'(7) and
up € H(div, Q) such thatV - uy, = w(f) be arbitrary. Then

o= Ball? < 3 {ren+ Om +mors)?}
KeT,

@ nonconformity estimator

@ diffusive flux estimator
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A fully computable estimate for the potential

Theorem (A fully computable estimate for the potential)

Let p be the weak potential and let p, € H'(7) and
up € H(div, Q) such thatV - uy, = w(f) be arbitrary. Then

o= Ball? < 3 {ren+ Om +mors)?}
KeT,

@ nonconformity estimator

@ diffusive flux estimator

o
@ residual estimator
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Local efficiency of the estimates

Theorem (Local efficiency of the estimates)
Let p, u be the weak potential and flux, respectively, and let uy,
be the MFE flux and py, the postprocessed potential. Then
mork < [|[u— gl k + ([0 — Palllk,
e,k < MpF,K + 71INC,K>

Cs k -
ek < C ﬁ”’p_th‘TK’

,TK
Cs k
Rk < Cy/ —=I[u— up|ll«x,
where only on the space dimension d, the maximal

polynomial degree 1 of pn, the shape regularity parameter .,
and the polynomial degree m of f.
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Local efficiency of the estimates

Proof for nxc k-

@ Oswald interpolate (Karakashian and Pascal ‘03, Burman
and Ern ’07):

IV (en = Zos(em)lii < € 3 h ILenlllZ

UGSK

@ Achdou, Bernardi, Coquel ’03:

B 2Bl < € S0 1IV(Br— )

o Lioe&,
ek = 1P — Zos(Br)llik < CCsk D, h; ' IIPnllI5
O'EéK
- Cs.k -
< CCsk Y _IIV(p—Bn)llf < C > llle— palli?
LETK K LETK
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Local efficiency of the estimates

Proof for ng k.

If = m(lk = I = V - unllk < CC/ighic"lllu = uplll
element bubble functions

equivalence of norms on finite-dimensional spaces
weak solution definition

Green theorem

Cauchy—Schwarz inequality
energy norm definition

inverse inequality

° is (also for BDM)

M. Vohralik Unified a priori and a posteriori analysis of MFEs



O General framework
@ An abstract result for the flux variable
@ Postprocessing for the scalar variable
O A priori error estimates
@ Lowest-order Raviart—-Thomas case
@ General case
O A posteriori error estimates
@ Estimates for the flux
@ Estimates for the potential
@ Local efficiency
e Remarks
@ Comments on the estimates
® [2(Q) estimates
@ RT, and pure diffusion problems
O Numerical experiments
O Conclusions and future work



Q General framework
@ An abstract result for the flux variable
@ Postprocessing for the scalar variable
A priori error estimates
@ Lowest-order Raviart—Thomas case
@ General case
Q A posteriori error estimates
@ Estimates for the flux
@ Estimates for the potential
@ Local efficiency
e Remarks
@ Comments on the estimates
® [2(Q) estimates
@ RTy and pure diffusion problems
o Numerical experiments
Q Conclusions and future work



_ Comments L2(S‘z) estimates RT( and pure diffusion problems
Comments on the estimates

General comments

e p < H'(Q), no additional regularity
@ no convexity of Q2 needed

@ no saturation assumption

® no Helmholtz decomposition

@ no shape-regularity needed for the upper bounds (only for
the efficiency proofs)

@ polynomial degree-independent upper bound

@ no “monotonicity” hypothesis on inhomogeneities
distribution

@ the only important tool: optimal Poincare—Friedrichs and
trace inequalities

@ holds from diffusion to convection—diffusion—reaction cases
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Framework A priori est. A posteriori est. Remarks Exp. C. Comments LZ(Q) estimates RTg and pure diffusion problems

L2(Q) estimates

Theorem (Estimate for py, in the L2(Q2)-norm)

Let p be the weak potential and let p, € WY (T5) and
u, € H(div, Q) such thatV - uy, = m(f) be arbitrary. Then

= Cor
P~ Ball? < o2 > e + (mc+ mors)?
=" KeTy
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L2(Q) estimates

Theorem (Estimate for py, in the L2(Q2)-norm)

Let p be the weak potential and let p, € WY (T5) and
u, € H(div, Q) such thatV - uy, = m(f) be arbitrary. Then

= Cor
P~ Ball? < o2 > e + (mc+ mors)?
=" KeTy

Theorem (Estimate for py, in the L2(2)-norm)

Let p be the weak potential and let p, € &, pp € Wg(%), and
up € H(div, Q) such thatV - uy, = w(f) be arbitrary. Then

1
2
C -
lp—pnll < {CSD > {Uﬁc,KJr(??R,KJr??DF,K)Z}} +1Ba—pnll

2 yeT,

M. Vohralik Unified a priori and a posteriori analysis of MFEs



Framework A priori est. A posteriori est. Remarks Exp. C. Comments LZ(Q) estimates RTg and pure diffusion problems

Some additional comments

Some additional comments

@ We believe that is for a posteriori
error estimates in mixed finite elements.

@ We believe that trying to directly and only derive estimates
for pp, in the L?(Q)-norm was the bottleneck of a lot of
previous works.

® [llun + SVpnlllk or [[[un + SV (Zos(Bn))lllk (our
estimates):

@ hilllup +SVpnlllsk = hill|upll
Works):

« Kk In RTy (some previous

M. Vohralik Unified a priori and a posteriori analysis of MFEs
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Framework A priori est. A posteriori est. Remarks Exp. C. Comments LZ(Q) estimates  RTg and pure diffusion problems

Pure diffusion problem —V - (SVp) = f, p = 0 on 0Q

Theorem (Mixed FEM for the diffusion problem)

There holds 12 3
—pulll < inf |||By — S| + Co—L||If — F¢||2
Il — Pnlll SGHS(Q)Hlpn ll {KEZTh P s, | KHK}
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Pure diffusion problem —V - (SVp) = f, p = 0 on 0Q

Theorem (Mixed FEM for the diffusion problem)
There holds 2 3
—Pulll < inf |llPn— ]l + Co—K-||If — fxll% b .
[l = Pall s r (Q)Hlph If {Z Pl KHK}

1
0 Ke’]’h ’

A

Theorem (Galerkin FEM for the diffusion problem)
There holds P = palll < SJQLh’\\P—ShH\-

A,
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Framework A priori est. A posteriori est. Remarks Exp. C.

Comments L?(Q) estimates RTy and pure diffusion problems

Pure diffusion problem —V - (SVp) = f, p = 0 on 92

Theorem (Mixed FEM for the diffusion problem)

There holds

:
h2 2

—pplll < inf |1pn — sl + Co—t||f — £e||2 S .
lllp Phll\_seH(Q)Hlph ll {Z P | KHK}

1
0

KeTy, D

A

Theorem (Galerkin FEM for the diffusion problem)
o= palll < _inf [[lp— splll-
Spe Vh

There holds

A,

Mixed FEM 1D:

° , Pn € H3(Q)
° when
° , the exact solution, for (arbitrary

inhomogeneities) and

M. Vohralik
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Comments L?(Q) estimates RTy and pure diffusion problems

Pure diffusion problem —V - (SVp) = f, p = 0 on 92

Theorem (Mixed FEM for the diffusion problem)

There holds

:
h2 2

—pplll < inf |1pn — sl + Co—t||f — £e||2 S .
lllp Phll\_seH(Q)Hlph ll {Z P | KHK}

1
0

KeTy, D

A

Theorem (Galerkin FEM for the diffusion problem)
o= palll < _inf [[lp— splll-
Spe Vh

There holds

A,

Mixed FEM 1D:

° , Pn € H3(Q)
° when
° , the exact solution, for (arbitrary

inhomogeneities) and

Galerkin FEM 1D:
@ |[[p—ppll| < Ch
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0 General framework
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@ General case
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Framework A priori est. A posteriori est. Remarks Exp. C. Inhomogeneous diffusion Dominating convection

Problem with discontinuous and inhomogeneous
diffusion tensor

@ consider the pure diffusion equation
—V-(SVp)=0 in Q= (-1,1)x(-1,1)

@ discontinuous and inhomogeneous S, two cases:

1 1

s,=1 s,=5 s,=1 s,=100

53:5 s,=1 53:100 s,=1

- 0 i 0 1

@ analytical solution: singularity at the origin

p(r,0)|q, = r*(a;sin(ad) + b;cos(ad))

e (r,0) polarcoordinates in Q
e a;, b constants depending on Q;
e « regularity of the solution
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Analytical solutions
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Framework A priori est. A posteriori est. Remarks Exp. C. Inhomogeneous diffusion Dominating convection

Estimated and actual error distribution on an
adaptively refined mesh, case 1
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Approximate solution and the corresponding
adaptively refined mesh, case 2
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Framework A priori est.

A posteriori est. Remarks Exp. C.

Inhomogeneous diffusion  Dominating convection

Estimated and actual error against the number of
elements in uniformly/adaptively refined meshes

Energy error

E T T T T T 107 T T T T Ty
E —e— error uniform A E —e— error uniform
F —=— estimate uniform g L —a— estimate uniform |
r -4 - error adapt. il = -4 - error adapt.
L -A - estimate adapt. r -A - estimate adapt. [
=A E L i
g 1 8
L 1 s 4
F 1 Bo'E -
= B 42 r ]
B S o 1
e TR | H h
: Fou, Ok ]
L Nk ]
-2 Ll Ll L 10° Lol el L
10° 10° 10* 10° 10 10° 10" 10

Number of triangles
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Global efficiency of the estimates

 — T T T TTTT T 1T T T T TTTT T T »
16 ‘ —a— efficiency uniform 4 —-— iency uniform
155 -A - efficiency adapt. 3.8— -4 - efficiency adapt.
e —
N 361, —
154 VI _
1.45— - 32 —
\ 3 _
z 14 ) —
2 \ %2.87 A —
3135 —| ©26— A —
= =
w 13 4‘ | Woa AA |
\ 22 —
1.25(— ‘\4 — o _
12— Y - 18— -
Al _ 1.6~ —
115 T VA -
1.4 —
11 L \\\\H‘ L L \\\\H‘ L L Lol 1.2 L \\\\H‘ L \\\\H‘ Lol
10° 10° 10* 10°  10° 10° * 10

10
Number of triangles Number of triangles

M. Vohralik Unified a priori and a posteriori analysis of MFEs




Framework A priori est. A posteriori est. Remarks Exp. C. Inhomogeneous diffusion Dominating convection

Convection-dominated problem

@ consider the convection—diffusion—reaction equation
—eAp+V-(p(0,1))+p=Ff in Q=(0,1)x(0,1)

@ analytical solution: layer of width a

p(x,y)=0.5 <1 - tanh(o‘Sa_ X))

@ consider

ec=1,a=05
e :=10"2,32=10.05
e c=10"% a=0.02

@ unstructured grid of 46 elements given,
uniformly/adaptively refined
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Framework A priori est. A posteriori est. Remarks Exp. C. Inhomogeneous diffusion Dominating convection
Analytical solutions, e =1, a=0.5and ¢ = 104,
a=0.02
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Framework A priori est. A posteriori est. Remarks Exp. C. Inhomogeneous diffusion Dominating convection

Estimated and actual error distribution, e =1, a=0.5
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Framework A priori est. A posteriori est. Remarks Exp. C. Inhomogeneous diffusion Dominating convection

Modified Oswald interpolate: estimated and actual
error against the number of elements and global
efficiency of the estimates, e =1,a=0.5

1.85 T T

T T o T
10° —e— error uniform —a— efficiency uniform
E —=— est. uniform 18 |
r est. res. uniform h
[ —A— est. nonc. uniform ||
0E —— est.upw. uniform §  1.75— —
E est. conv. uniform {
5,0:L 1. 7
@ E 2
3 r 21.65— |
5} r &
G107 =+ Y e |
[ 1 185 —
107 -
£ E 15— -
107? | \HHH\Q | Hum\e I \\\HH‘A I \\‘HE5 1.45-—1 \HHH\E | \HHH\S | \HHH\A Ll
10 10 10 10 10 10 10 10 10 10
Number of triangles Number of triangles

M. Vohralik Unified a priori and a posteriori analysis of MFEs



Framework A priori est. A posteriori est. Remarks Exp. C. Inhomogeneous diffusion Dominating convection

Oswald interpolate: estimated and actual error against
the number of elements and global efficiency of the
estimates,c =1,a=0.5
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Framework A priori est. A posteriori est. Remarks Exp. C. Inhomogeneous diffusion Dominating convection
Estimated and actual error distribution, e = 1072,
a=0.05
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Framework A priori est. A posteriori est. Remarks Exp. C. Inhomogeneous diffusion Dominating convection

Approximate solution and the corresponding
adaptively refined mesh, e = 1074, a = 0.02
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Framework A priori est. A posteriori est. Remarks Exp. C. Inhomogeneous diffusion Dominating convection

Estimated and actual error against the number of
elements in uniformly/adaptively refined meshes,
e=102,a=0.05ands =104 a=0.02
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Framework A priori est. A posteriori est. Remarks Exp. C. Inhomogeneous diffusion Dominating convection
Global efficiency of the estimates, ¢ = 1072, a = 0.05
ande =10"%, a=0.02
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Conclusions and future work

Conclusions
° for and error control
in mixed finite elements
@ optimality of the framework for a posteriori error estimation:

) )

@ directly implementable—

@ parallel work for finite volumes, discontinuous Galerkin
finite elements, and continuous finite elements
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Conclusions and future work

Conclusions
° for and error control
in mixed finite elements
@ optimality of the framework for a posteriori error estimation:

3 ’

@ directly implementable—

@ parallel work for finite volumes, discontinuous Galerkin
finite elements, and continuous finite elements

Future work

@ full asymptotic exactness and robustness

@ nonlinear (degenerate) cases

@ extensions to other types of problems (Stokes,
Navier-Lamé, Maxwell)

@ systems of equations
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