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ABSTRACT. Let X be a regular topological space, K a collection of

bounded regular measures defined on the Borel sets of X. The following

conditions  are equivalent.

(1) Let  MiX) denote the Borel measures, MiX)    the nonnegative mem-

bers of MiX).   There is a  A £ MiX)     such that   K is uniformly A-continuous.

(2) If  \U   |n = 1, 2, ... i is a disjoint sequence of open sets, then

lim   _   /Xf   ) = 0 uniformly for   p £ K.

(3) If  E isa Borel subset of  X and  e > 0, there is a compact set  F !=

E such that   \p\(E- F) < e for  p£ K.

iA) If  \E   |b = 1, 2,... I is a disjoint sequence of Borel sets, then

lim piE   ) = 0 uniformly for  p £ K.
72—oc' 72 '

Throughout this paper, X will denote a regular topological space (one

which satisfies the separation axioms  T.   and  TA.  A bounded set function

p defined on the Borel subsets of  X is said to be regular if, for each Borel

set E C X and e > 0 we can find a compact set  K C E such that  |p(F~/0|

< f.  If  K is a collection of set functions defined on the Borel sets and  A is

a nonnegative set function also defined on the Borel sets, we say that   K is

uniformly absolutely continuous with respect to  X if, for every  e > 0, there

is a S > 0 such that if  £  is a Borel set with  XiE) < S, then   |p(E)| < e for

each  p £ K.

In [l], Grothendieck gives several conditions equivalent to uniform ab-

solute continuity for sets of bounded regular measures defined on the Borel

sets of a locally compact Hausdorff space.  In this paper we shall extend Groth-

endieck's theorem to sets of bounded regular additive set functions defined

on the Borel sets of a regular topological space.

If p is a set function, |p|  will denote the total variation of p. We let

M(X) denote the Borel measures, and  M(X)    denote the nonnegative members

of M(X).

Lemma.  (1)  |p| £ M(X).
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(2) For p e MiX) and E a Borel subset of X,  \p\(E) < it sup {|p(F)| |

E DF, F Borel}.

(3) For p £ M(X) and U an open subset of X, there is an open subset

V of U such that   \p(V)\ > lA\p\iU).

Proof. The proof of (1) is elementary, and (2) is a consequence of the

fact that, given a finite set \a,,..., a   \ of complex numbers, there is a sub-

set a_  ,. .. , a      of them such that  2?   . \a,\ < tt\1p   , a    I. (3) can easily
11 1* 72 p ft = I '      R '   —       '     7 = 1 y

be deduced from (2) and regularity. Q.E.D.

We now present the main result of this paper.

Theorem.   Let  K C M(X).  The following conditions are equivalent.

(a) There is a X £ M(X)    such that   K is uniformly  X-continuous.

(b) If \U  \n = 1, 2, • • • ]  is a disjoint sequence of open subsets of X,

then  lim     „cpiU  ) = 0 uniformly ¡or p £ K.

(c) // E  is a Borel subset of X and e > 0, there is a compact set F C

E such that   \p\(E ~ F) < e for all p £ K.

(d) If \E   \n = 1, 2, • • ■ S is a disjoint sequence of Borel subsets of X,

then  lim p(F   ) = 0 uniformly for p £ K.

Proof.  Since  K satisfies one of the conditions (a), (b), (c), and (d) iff

\v eM(X)|3p £ K 3 0 < v < \p\] satisfies the same condition, we may assume

that  K C MiX)+ and that v £ K whenever  Ip £ K 3 0 <v < p..

(a) => (b): This is clear, since lim À(l/  ) = 0.
72-.00 72

(b) =» (c): We first show that (b) implies (c ): If  F is a compact subset

of X and if e > 0, then there is an open set  V D F  such that p(V~ F) < e

tot all p £ K.

Suppose (b) holds but (c ) does not. Let fj = 0 and e = e if n > 2. We

shall obtain a contradiction by constructing a sequence \p \n = 1, 2, • • • } C

K and a sequence  \U   \n = 1, 2, ■ • • i of open sets such that

(l)pB(t/„)>V       _

(2) if n 4 m, U    C\U    =0,
_ 72 772 '

(3) U   CX~F.
72

Let  U. = 0, and let  Pj  be any member of  K.   Suppose  p.,... , p    and  U.,

. . ., U    have been chosen in accordance with (1), (2), and (3). X ~ U"_, Il-

ls an open set containing  F, and so by the compactness of F  and the regu-

larity of X there is an open set  U     ,   such that  FCfi     ,C(7     ,CX~'      _ r 72+1 72+1 72 + 1

U"=1 U..  By our assumption, there is a p    . £ K such that p    .(U    . ~ F)

>f=C, + 1. So(b)=»(c').

Now assume that (b) holds but (c) does not. Let \8 \n = 1, 2, • • • ! be a
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strictly decreasing sequence of real numbers such that  5j < e and lim _>oc 8

> 0.  We shall obtain a contradiction by constructing a sequence [p \n = 1, 2,... \

in  K and a sequence of open subsets \U  \n = 1, 2, • • • \ such that

(4) PniUn)>8ri_v where 8Q--1,

(5) for n 4 m, t/^ n I7m = 0,

(6) if  g is a compact subset of  E~U£_i U,, then there is a  p £ K

such that  p((E ~ ULl ^ft) ~ ß) > S„-

Let  (/j = 0, and let  Pj  be any member of  K.  Suppose  p,,. .., p_  and

(/,,..., (7    have been chosen in accordance with (4), (5), and (6). The emp-

ty set is a compact subset of  E ~ Ui=i  ^¿, and so there is a p     ,  £ K

such that Pn + liE ~ U^-j U k) > 5,.  Let F be a compact subset of E ~

U^=i ^  sucn that /xra   j (jP) > S^.  By (c ) there is an open set  V 3 F such

that piV ~ F) < §n - S     j  for all p £ K.  Let  f     j  be an open set such that

F C Í7     . C Ü    . C V~ Ut   , Ü,.  Then p    , (l>     ,)>p    , (F) > S , and so
72+1 72 + 1 v-'ft=l ft ~72+1t2 + 1—   ~72 + l 72'

conditions (4) and (5) are satisfied. Let Q be a compact subset of E ~

U. = 1 f^. Q u F is a compact subset of £ ~ vJ¿=i ^i, and so there is a

p £ K such that p((E ~ U£=1 l\) ~ (ßOF)) > 8^. Since

(e~ U uk) ~(ß u f)c ÍÍE ~ U i/^j ~Q] u ((e n t/n+1)~F),

we have S^ < ^l((E ~ U^{ Ûfe) ~ Q) + 8n - 8   v and so p((E ~ \Jg\ Üfe)~ Q)

> <5     ,.  The sequences thus constructed constitute a contradiction.
72+1 *

(c) =» (d):  Let  e > 0, and assume  Í E^ |ra = 1, 2,- • • i is a disjoint se-

quence of Borel sets.  Let H   = UX=   ^k' anc^ ^et ^    be a compact subset

of H    such that p(tf    ~ F  ) < 2_"e for all p £ K.   Since 0°° , F   =0,72 ' 72 72 r 72=1 77

there is an integer N  such that flN  , F    =0. Now  W., = H., ~ H^ ,  F    C° 72=1 72 N N 72=1 72

UN ,  iH   ~ F  ), and so for p £ K, p(Ew) < 1N , 2~"e < e. So lim uiE  )^72=1 72 72 n n        N     —        72=1 72-.00   "      72'

= 0 uniformly for p £ K.

(d) =» (a): We first construct a X £ MiX)    such that every member of  K

is A-continuous and then show that   K is necessarily uniformly A-continuous.

If X, p e M(X) , let p= px + px be the Lebesgue decomposition of p with

respect to  X, where  px is A-continuous and p^  is A-singular.  We first show

that, given  e > 0, there is a v £ M(X)    such that  p'viX) < e fot all  p £ K.

Suppose there is an e > 0 for which there is no such   v. Let e. = 0 and e   =

e if n > 2.  We now construct a sequence  }>  |/z = 1, 2,- • • S in   K such that

(7),„(X)>fn,

(8) if n 4 m, vn  and vm  ate mutually singular.  Let  v. = 0, and suppose

v. ,•..... , iv    have been chosen to satisfy (7) and (8).  Let v = 27   . v,.  By
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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assumption, there is a  p £ K such that  PV(X)> 6.  Let  v     . = pv.  Since

0 < v    . < p £ K, v    , £ K, and the sequence \v  In = 1, 2,... } satisfies—      72+1   —   * 72+1 ~ 72' '       '

(7) and (8).  If n 4 m, let  E be a Borel set such that  v (E       ) = v  (X)
72, 777 72 72, 772 72

and v   (E       ) = 0.   Let  H   = f)°°  ,      /    E       , and let G   = H   ~
772        72,772 72 772 = 1 ; 772 ¡É72 72,772' 72 72

(IT   ,     d   H   )• Now v iH )°*v iX), and v (W   ) = 0 if m 4 n.  So v (G  )v^ 772=1 JTTZ^TZ        772 727272 72772 7272

= vniX) > f    for all 7z.  Since  \G   \n = 1, 2, • • • ! is disjoint, we have a con-

tradiction.  We can therefore find, for each integer n, a X £ K such that  p £

K =* p'   (X) < 2"". Let A = 2°° . 2~"X .
r\n 72=1 +72

Now let  A be any member of M(X)    such that every member of  K is

A-continuous.  Suppose   K is not uniformly A-continuous.   There is an  e > 0

such that, for any integer n, there is a Borel set  E     such that  A(E   ) < 2~",

and a p    £ K such that  p ÍE  )> e. Let  H   = UT      E¡,- Now  A(H  ) < 2~"+1
7« r7l        »     - 72 >^ ft =72 ft 72

for all n, and so  lim  ^x pAH  ) = 0 for all integers  k.   An easy inductive

construction enables us to find a strictly increasing sequence {n, \k = 1, 2,... |

of integers such that for each  k   we have  u    ÍE      ~ H ) > f/2.   Let
6 rn«      72/e «fe + l    -

F, = E      ~ H .  Then  ¡F, \k = 1, 2, • • • ! is a disjoint sequence of Borel
K        nk "« + 1 K

sets, and p     (F^) > e/2, a contradiction which completes the proof.   Q.E.D.

It should be noted that the only place in which countable additivity is

used is in the proof of (d) => (a), and this can be avoided.  This seems to

suggest that it might be possible to produce a more general result than Groth-

endieck's, which deals only with bounded and additive set functions.  Addi-

tionally, the properties of the measures and sets used in the proof do not

tend to be topological (such as the use of the finite intersection property in

(c) => (d)), but more along the lines of "a finite union of compact sets is a

compact set".  This might indicate that, if X is a set and  2 a ff-ring of sub-

sets, it might be possible to define regularity of set functions with relation

to a given subclass of sets in   2 in such a way as to produce a more gener-

al characterization of conditional weak compactness in  <ra(X, 2) or  baiX, 2)

along the lines of the Theorem.

The author would like to thank the referee, whose suggestions and mod-

ifications added considerably to the final version of this paper.
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