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ABSTRACT. Let X be a regular topological space, K a collection of
bounded regular measures defined on the Borel sets of X. The following
conditions are equivalent.

(1) Let M(X) denote the Borel measures, M(X)+ the nonnegative mem-
bers of M(X). There isa A €M(X)+ such that K is uniformly A-continuous.

(2) If {Unln =1,2,...}isa disjoint sequence of open sets, then »
limn_,oc;(Un) =0 uniformly for u € K.

(3) If E is a Borel subset of X and € >0, there is a compact set F&
E such that |u[(E~F) <e€ for p€K.

(4) If {Enln =1, 2,...} is a disjoint sequence of Borel sets, then
limn_m/.t(En) =0 uniformly for u € K.

Throughout this paper, X will denote a regular topological space (one
which satisfies the separation axioms T, and T3). A bounded set function
p defined on the Borel subsets of X is said to be regular if, for each Borel
set EC X and €> 0 we can find a compact set K C E such that |p(E ~K)|
<e If K is a collection of set functions defined on the Borel sets and A is
a nonnegative set function also defined on the Borel sets, we say that K is
uniformly absolutely continuous with respect to A if, for every € > 0, there
isa 0> 0 such that if E is a Borel set with A(E) <8, then |u(E)| < € for
each p € K.

In [1], Grothendieck gives several conditions equivalent to uniform ab-
solute continuity for sets of bounded regular measures defined on the Borel
sets of a locally compact Hausdorff space. In this paper we shall extend Groth-
endieck’s theorem to sets of bounded regular additive set functions defined
on the Borel sets of a regular topological space.

If 4 is a set function, |p| will denote the total variation of p. We let
M(X) denote the Borel measures, and M(X)* denote the nonnegative members
of M(X).

Lemma. (1) |p| € M(X).
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(2) For p € M(X) and E a Borel subset of X, |p|(E) <7 sup {|u(F)| |
E DF, F Borel}.

(3) For p € M(X) and U an open subset of X, there is an open subset
V of U such that |p(V)| > %|p|(U).

Proof. The proof of (1) is elementary, and (2) is a consequence of the
fact that, given a finite set {al, vees an} of complex numbers, there is a sub-
set Gy ..., @, of them such that 32 _ilal < 77|2$=1 a,,jll- (3) can easily
be deduced from (2) and regularity. Q.E.D.

We now present the main result of this paper.

Theorem. Let K C M(X). The following conditions are equivalent.

(a) There is a A € M(X)* such that K is uniformly A-continuous.

b) If {Un\n =1, 2,---} is a disjoint sequence of open subsets of X,
then limn_m,u(Un) = 0 uniformly for p € K.

(c) If E is a Borel subset of X and €> 0, there is a compact set F C
E such that |p|(E~ F)<e€ forall p € K.

(d) If {E |n=1,2,...} is a disjoint sequence of Borel subsets of X,
then lim p.(En) = 0 uniformly for p € K.

Proof. Since K satisfies one of the conditions (a), (b), (c), and (d) iff
ftv e M(X)|3p € K3 0 <v < |p|} satisfies the same condition, we may assume
that K C M(X)* and that v € K whenever 3p € K30 <v < p.

(a) = (b): This is clear, since lim"_.oc )\(Un) = 0.

(b) = (c): We first show that (b) implies (c'): If F is a compact subset
of X and if €> 0, then there is an open set V D F such that p(V~F)<e
for all p € K.

Suppose (b) holds but (c') does not. Let €,=0and € =€ if n>2. We
shall obtain a contradiction by constructing a sequence {g_|n=1,2,.--}C
K and a sequence {Un|n =1, 2,...} of open sets such that

M pWU 26,

(2 ifnégm U NU_=4g,

(3 U, CX~F.

Let U, =4, and let p; be any member of K. Suppose p;;..., #, and U,
..., U, have been chosen in accordance with (1), (2), and (3). X ~ U;-I.__l U,
is an open set containing F, and so by the compactness of F and the regu-
larity (f X there is an open set U, suchthat FCU_ , C ﬁn“ CX ~
U;’=l U;. By our assumption, there is a g, € K such that p (U ., ~ F)

!
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strictly decreasing sequence of real numbers such that 31 <e€and lim 871
> 0. We shall obtain a contradiction by constructing a sequence {,unln =1,2...}
in K and a sequence of open subsets {Unln =1,2,---} such that

(4) #n(Un) > Bn—l’ where 30 =-1,

(5) for n#£ m, Unﬂf]m=¢,

(6) if Q is a compact subset of E~U:=l Uk, then there is a p € K
such that p((E ~ U%_, D-k) ~Q0)>95 .

Let U, = &, and let p; be any member of K. Suppose p,..., g, and
Uyseee, U, have been chosen in accordance with (4), (5), and (6). The emp-
ty set is a compact subset o_f E~ U2=1 U, and so there isa p  , € K
such that g, (E~Uj- U,)>8 . Let F be a compact subset of E ~
Uk y Up such that p (F)> Bn. By (c') there is an open set V DF such
that p(V ~ Fl< 5 - 5n+ for all p € K. Let U, ; be an open set such that
Fc Un+l < Un+1 CVe~ UZ=1 Ule' Then I’l'n+1(Un+l)Z 'u'n+l(F)> Bn’ and so
conditions (4) and (5) are satisfied. Let Q be a compact subset of E ~
UZ:; U,- Q UF is a compact subset of E ~ U'I::l Uk, and so there is a

p € K such that p((E ~ U7, U,) ~(QUF))> 3§ . Since

n ntl
E~U Uk> ~(QuUFC <<E ~U (—/k> ~Q) U(ENU,,)~PF),

k=1 k=1
we have O <p((E ~ "+1 )~Q)+3 ,1» and so ,1((E~[J""’1 Uy~ Q)
> 5"+1. The sequences thus constructed const1tute a contradiction.

(c) = (d): Let €¢> 0, and assume {En |n =1, 2,---} is a disjoint se-
quence of Borel sets. Let H = °;_n E,,and let ¥ bea compact subset
of H such that /J.(H ~F, ) <27 "¢ for all p €K Smce ﬂ F = az,
there is an integer N such that ﬂ F_ =g. Now Hy ~ nf:l F

I (H, ~ Fn), and so for p € K, /.L(HN)_<_ §g=l 27"e < €. So limn_'c'e HE,)
= 0 uniformly for p € K.

(d) = (a): We first construct a A € M(X)" such that every member of K
is A-continuous and then show that K is necessarily uniformly A-continuous.
If \,pe M(X)+, let p=p, + #;‘ be the Lebesgue decomposition of p with
respect to A, where p, is A-continuous and 'y is A-singular. We first show
that, given €> 0, there is a v € M(X)* such that #:,(X) <€ for all p €K
Suppose there is an €> 0 for which there is no such v. Let ¢, =0 and ¢, =
€ if n > 2. We now construct a sequence {unln =1, 2,-..} in K such that

M v, (X)> ¢,
8) 1f n#m, and v_ are mutuall smgular‘ Let v, = 0, and suppose
License or copyright restrictions may apﬂy to redistributf®h; see https://www.ams.ofg/journal-tTerms-of-use
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assumption, there is a g € K such that u; (X) > 6. Let L ;L:,. Since
0<v,, SpeK,v ., €K, and the sequence {v |n =1, 2,...] satisfies
7 and (3) If n#m,let E_ . be a Borel set such that v (E )= v, (X)
and Vm(En'm)— 0. Let H, n°° 1. m;én o m? and let G'z = Hn ~
(U:=l;m¥n Hm)- Now Vn(Hn)— Vn(X) and vn(Hm)= 0if m#n. So Vn(G")
= Vn(X) > €, for all n. Since {Gn|n =1, 2,---} is disjoint, we have a con-
tradiction. We can therefore find, for each integer 7, a )\ne K such that p €
K=p (x)<2 . Let A=3%_ 27"\

Now let A be any member of M(X) such that every member of K is
A-continuous. Suppose K is not uniformly A-continuous. There is an €> 0
such that, for any integer », there is a Borel set E_ such that ME ) <277,
and a p, € K such that u (E )>e. Let H = Ug_ E,. Now MH )<27"*!
for all 7, and so lim _ ,uk(Hn) = 0 for all integers k. An easy inductive
construction enables us to find a strictly increasing sequence {nklk =1,2...}

of integers such that for each k, we have p_ (E ~H, ks )> €/2. Let

F, = E ~ an g Then {F lk =1, 2,. } is a dxsjomt sequence of Borel
sets, a.nd K, (F ) >€/2, a com:rad1ct10n which completes the proof. Q.E.D.

It should be noted that the only place in which countable ‘additivity is
used is in the proof of (d) = (a), and this can be avoided. This seems to
suggest that it might be possible to produce a more general result than Groth-
endieck’s, which deals only with bounded and additive set functions. Addi-
tionally, the properties of the measures and sets used in the proof do not
tend to be topological (such as the use of the finite intersection property in
(c) = (d)), but more along the lines of ‘‘a finite union of compact sets is a
compact set’’. This might indicate that, if X is a set and 2 a o-ring of sub-
sets, it might be possible to define regularity of set functions with relation
to a given subclass of sets in = in such a way as to produce a more gener-
al characterization of conditional weak compactness in ca(X, X) or ba(X, 2)
along the lines of the Theorem.

The author would like to thank the referee, whose suggestions and mod-

ifications added considerably to the final version of this paper.
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