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Abstract

A radio networkis a distributedsystemwith no central
arbiter, consistingof � radio transceivers, henceforthre-
ferredto asstations.Weassumethat thestationsare identi-
cal andcannotbedistinguishedbyserial or manufacturing
number. Theleaderelectionproblemasksto designateone
of thestationasleader. A leaderelectionprotocolis saidto
beuniform if in each timeslot everystationtransmitswith
thesameprobability.

In a seminal paper Willard [9] presenteda uniform
leaderelectionprotocol for single-channelsingle-hopra-
dio stationsterminatingin

���������	� ��
��� ���	������� ��� expected
time slots. It was open whetherWillard’s protocol fea-
tured the sametime performancewith “high probability”.
We proposea uniform leaderelectionprotocol that termi-
nates,with probability exceeding������ for every ����� ,
in
���	�����	� ��
���� ����������� ����
� !� ����� �"� time slots. We also

prove that for every �$#&%('�)�*,+ , in order to ensure termi-
nationwith probabilityexceeding��� �� , Willard’sprotocol

musttake
����������� �-
&./�10 �2� time slots. Finally, we pro-

vide simulationresultsthat showthat our leader election
outperformsWillard’s leaderelectionprotocol in practice.

1 Introduction

A radio network (RN, for short) is a distributedsystem
with no centralarbiter, consistingof � radio transceivers,
henceforthreferredto asstations. In a single-channelRN
the stationscommunicateover a unique radio frequency
channelknown to all thestations.A RN is saidto besingle-
hop whenall the stationsarewithin transmissionrangeof
eachother. In thiswork wefocusonsingle-channel,single-3
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hopradionetworks.Single-hopradionetworksarethebasic
ingredientsout of which larger, multi-hop radio networks
arebuilt [1, 9]. As customary, time is assumedslottedand
all transmissionsare edge-triggered,that is, take placeat
timeslotboundaries[1, 3]. In atimeslotastationcantrans-
mit and/orlistento thechannel.

We employ the commonly-acceptedassumptionthat
when two or more stationsare transmittingon a channel
in thesametimeslot, thecorrespondingpacketscollideand
aregarbledbeyond recognition. It is customaryto distin-
guishamongradionetworks in termsof their collision de-
tectioncapabilities.In the RN with collision detectionthe
statusof aradiochannelin a timeslot is, NULL if nostation
transmittedin thecurrenttime slot, SINGLEif exactly one
stationtransmittedin the currenttime slot, COLLISIONif
two or morestationstransmittedthechannelin thecurrent
timeslot.

The problemthat we addressin this work is the classi-
cal leaderelectionproblemwhich asksto designateoneof
the stationin the network as leader. In otherwords,after
executingthe leaderelectionprotocol,exactly onestation
learnsthat it was electedleader, while the remainingsta-
tionslearntheidentityof theleader.

Theleaderelectionproblemcanbestudiedin thefollow-
ing threescenarios:Scenario1 if thenumber� of stations
is known in advance,Scenario2 if thenumber� of stations
is unknown, but an upperbound 4 on � is known in ad-
vance,andScenario3 if neitherthenumberof stationsnor
an upperboundon this numberis known in advance. It is
intuitively clearthatthetaskof leaderelectionis theeasiest
in Scenario1 andthehardestin Scenario3, with Scenario2
beingin-betweenthetwo.

Randomized leader election protocols designed for
single-channel,single-hopradionetworkswork asfollows:
in eachtime slot, thestationstransmiton thechannelwith
someprobability. As we will discussshortly, this probabil-
ity may or may not be the samefor individual stations.If
thestatusof thechannelis SINGLE, theuniquestationthat
hastransmittedis declaredthe leader. If the statusis not
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SINGLE, theabove is repeateduntil, eventually, a leaderis
elected.Supposethat a leaderelectionprotocolrunsfor 5
timeslotsanda leaderhasstill notbeenelectedat thattime.
Thehistoryof astationup to timeslot 5 is capturedby

the status of the channel: the status of the channel in
each of the 5 time slots, that is, a sequenceof6
NULL,COLLISION 7 of length 5 .

transmit/not-transmit: The transmissionactivity of the
stationin eachof the 5 time slots,that is, a sequence
of
6
transmit,not-transmit7 of length 5 .

It shouldbeclearthatits historycontainsall theinformation
thatastationcanobtainin 5 timeslots.Fromtheperspective
of how muchof thehistoryinformationis used,we identify
threetypesof leaderelectionprotocolsfor single-channel,
single-hopradio networks: em oblivious if, in time slot 8 ,�9�!:�89� , every stationtransmitswith probability ;=< andthe
probability ;=< is fixed beforehandanddoesnot dependon
the history uniform if, in time slot 8 , ( �>:�8 ), all the sta-
tions transmitwith the sameprobability ;?< , where ;?< is a
functionof thehistoryof thestatusof channelin time slots��@BAC@EDFDEDG@H8��I� non-uniformif, in eachtime slot, every sta-
tion determinesits transmissionprobability dependingon
its own history.

Severalrandomizedprotocolsfor single-channel,single-
hop networks have beenpresentedin the literature. Met-
calfe and Boggs [4] presentedan oblivious leaderelec-
tion protocolfor Scenario1 that is guaranteedto terminate
in  !�9�(� expectedtime slots. Their protocol is very sim-
ple: every stationkeepstransmittingon the channelwith
probability �* . Whenthe statusof channelbecomesSIN-
GLE, theuniquestationthathastransmittedis declaredthe
leader. Recently, NakanoandOlariu [6] presentedtwo non-
uniform leaderelectionprotocolsfor Scenario3. Thefirst
one terminates,with probability �J� �* , in  !� ���	� ��� time
slots � . Thesecondoneterminateswith probability �	� �K LBM *
in  !� ���	������� ��� time slots. The main drawback of these
protocolsis that the “high probability” expressedby either��� �* or ��� �K LNM * becomesmeaninglessfor smallvaluesof� . For example,the  !� �����O���	� ��� -time protocolmaytake a
very largenumberof timeslotsto terminate.True,thisonly
happenswith probabilityatmost �K LBM * . However, when � is
small,this probabilityis non-negligible.

To addressthis shortcoming,Nakano and Olariu [7]
improved this protocol to terminate,with probability ex-
ceeding �P� �� , in

���	������� �Q
RACDTS,U ����� �-
&��� ���	������� �Q
���	� �"� time slots. NakanoandOlariu [8] alsopresentedan
oblivious leaderelectionprotocolfor Scenario3 terminat-
ing with probability at least �V� �� , in  !�XWZY�[\�N� ����� ���9]^
� ����� �"�H],@B�`_a ���	� ���H� timeslots.b

In this paper, cTdGe and cTf areusedto denotethelogarithmsto thebase
2 and g , respectively.

In a landmarkpaper, Willard [9] presenteda uniform
leaderelectionprotocolfor theconditionsof Scenario2 ter-
minatingin

����������� 4P
h !�9�(� expectedtimeslots.Willard’s
protocol involves two stages:the first stage,usingbinary
search,guessesin

���������	� 4 timeslotsa number8 , �ji!:h8O:���	� 4"� , satisfying A < :��>klA <�m � . Oncethis approximation
for � is available,the secondstageelectsa leaderin  !�H�n�
expectedtimeslotsusingtheprotocolof [4]. Thus,thepro-
tocolelectsaleaderin

����������� 4o
� !�H�n� expectedtimeslots.
Willard [9] went on to improve this protocol to run under
theconditionsof Scenario3 in

���������	� �p
q��� ����������� ��� ex-
pectedtime slots. Thefirst stageof the improvedprotocol
usesthetechniquepresentedin Bentley andYao[2], which
findsan integer 8 satisfying A < :��Ik$A <�m � , bypassingthe
needfor a known upper-bound 4 on � .

Ourfirst contributionis to proposeauniformleaderelec-
tion protocolterminating,with probabilityexceeding�r� �� ,
in
����������� �p
h��� ���	������� ���s
t !� ����� �"� time slots.Our uni-

form leaderelectionfeaturesthe sameperformanceasthe
non-uniform leaderelection protocol of [7] even though
all the stationstransmitwith the sameprobability in each
time slot. This protocol is optimal because,asproved by
Willard [9], every uniform leaderelectionprotocolsneeds���	������� �>�� !�9�(� expectedtime slots to terminateand,as
wewill show later, any uniformprotocolthatelectsa leader
with probability at least �/� �� needsto run for

���	� � time
slots.

Recall that Willard’s uniform leaderelection protocol
[9] runs in

�����O���	� �Q
&��� �����O���	� ��� expectedtime. Since
our uniform leaderelection protocol runs in

����������� �q
��� ����������� ��� expectedtimeslots,it featuresthesameperfor-
manceasWillard’s protocolin termsof theexpectednum-
berof timeslots.However, thedistributionof thetimeslots
is differentin thetwo protocols.In orderto show this fact,
we prove thatwith probabilityat least �o� �� Willard’spro-

tocol hasto run for at least
����������� �u
q./� 0 �"� timeslotsto

electa leader. Thus,Willard’sprotocolstandsamuchlarger
chancethanourprotocolto runfor a longtimebeforeelect-
ing a leader.

Further, aswe aregoing to show, ./� 0 �2� is a dominant
factor for someapplications. Supposethat � stationsare
partitionedinto 0 � clustersof 0 � stationseach. Let us
considera taskinvolving thefollowing two steps:

Step 1 electa leaderin eachcluster;

Step 2 electa leaderamongtheleaderselectedin Step1.

Notethat,all of the 0 � leadersmustbeelectedin Step1 be-
forestartingStep2. Usingourleaderelectionprotocol,Step
1 terminates,with probabilityat least �?� �� , in

����������� 0 �`
��� ����������� 0 ���v
R !� ���	� �1� 0 �"�N�xwy !� ���	� �z
 ����� �"� time
slots.

2



Step2 takes
����������� 0 �{
I��� ����������� 0 ���|
I !� ���	� �"�}w���	�����	� �-
&��� ����������� ���O
R !� ����� �"� time slots. Thus,us-

ing our leaderelectionprotocol,thetaskcanbecompleted
in  !� ����� ��� expectedtime slots. On the other hand,us-
ing Willard’s leaderelection protocol, the expectedtime
slotsto completethis taskis muchlarger, evenif Willard’s
leaderelectionprotocolrunsfor

����������� �p
q��� ���	�����	� ���\
 !� 0 �2� . Step 1 takes
����������� 0 �~
���� ���	�����	� 0 �r�{
 !�H� � 0 ���~w� !�X�}�� 
�0 �"� time slots. Step 2 takes���	�����	� �/
x��� ����������� ����
- !� 0 �"� timeslots.Consequently,

usingWillard’sprotocol,thetaskis completed,with proba-
bility �v� �� , in  !��� �� 
 0 �"� timeslotsandthus,in  !��� �� �
expectedtime slots. Arguably, Willard’s protocol is much
slower thanour protocolto completethis task.

We also provide simulation resultsthat show that our
protocolis practicallyfastandthatWillard’suniformleader
electionprotocolis very slow with someprobability. More
precisely, in 1,000,000simulationsfor variousvaluesof �
up to 100,000,000,our protocolnever requiredmorethan
52 time slots, while Willard’s protocol neededmore than
1,600time slotsin theworstcase.

2 A brief refresher of probability theory

The main goal of this sectionis to review elementary
probability theory resultsthat areuseful for analyzingthe
performanceof our protocols.For a moredetaileddiscus-
sionof backgroundmaterialwe referthereaderto [5].

For a randomvariable � , �u� ��� denotesthe expected
valueof � . Let � bea randomvariabledenotingthenum-
berof successesin � independentBernoulli trials with pa-
rameter; . It is well known that � hasa binomialdistribu-
tion andthatfor every integer � , �Xi!:��J:���� ,��� � ��wI�n��w�� � ��� ;=���9�o�{;?� *�� �,D
Further, theexpectedvalueof � is givenby

�u� �x��w *��N�"� �^� ��� � ��w��F�rwt��;\D
To analyzethe tail of the binomial distribution, we shall
make useof thefollowing estimates,commonlyreferredto
asChernoff bounds[5]:��� � ���&�H�O
��,�H�u� �x����k � %n��H�O
��,� ) � m � + �}��  ¡�¢ �XiZ:t�,�(1)��� � ���&�H�O
�£G�H�u� �x����k % �`¤¦¥_ ��  ¡O¢ �ji!:�£�:��n� (2)��� � ��k&�H�o�Q£G�H�u� �x����k % � ¤ ¥¥ ��  ¡O¢ �ji!:q£�:l�(�GD (3)

Let � bea randomvariableassumingonly nonnegative

values.Thefollowing inequality, known astheMarkov in-
equality, will bealsoused��� � �§�t¨v�F�u� �����©: �¨ for all ¨^���	D (4)

To evaluatetheexpectedvalueof a randomvariable,we
statethefollowing lemma.

Lemma 2.1 Let � be a randomvariable taking a value
smallerthanor equalto ªJ�j«V� with probability at least « ,�Xi�:I«¬:R�n� , where ª is a non-decreasingfunction.Then,�u� ���r:t �� ªJ�X«V�H®	« .

3 Uniform leader election protocols

Themainpurposeof thissectionis to developauniform
leaderelectionprotocolthatterminates,with probabilityex-
ceeding�o� �� , in

���������	� ��
h��� �����O���	� ���r
q !� ����� �"� time
slots,where �q�¯� is anarbitraryparameter. We begin by
presentinga very simpleprotocolthat is the workhorseof
all subsequentleaderelectionprotocols.

ProtocolBroadcast(; )
everystationtransmitswith probability �]H° ;if thestatusof thechannelis SINGLE then

theuniquestationthathastransmittedbecomesthe
leaderandall stationsexit the(main)protocol

In Subsection3.1we begin by exhibiting a first uniform
leaderelectionprotocol terminating,with probability ex-
ceeding�s� �� , in A ����������� �/
� !� ����� �"�±
���� ���	�����	� ��� time
slots. In Subsection3.2 we show how this protocolcanbe
modifiedto run in

����������� �!
> !� ����� �"�2
>��� ����������� ��� time
slots.

3.1 A uniform leader election protocol running inA ����������� � time slots

In outline,our leaderelectionprotocolproceedsin three
phases.
In Phase1 thecallsBroadcast( A � ), Broadcast( A � ),
Broadcast( A	] ), DFDED , Broadcast( A	² ) are performed
until, for the first time, the statusof the channelis NULL
in Broadcast( A ² ). At this point Phase2 begins. Phase
2 executesa variantof binary searchon the interval � iC@³A´²1�
usingtheprotocolBroadcast asfollows:µ First,Broadcast( ]N¶] ) is executed.If thestatusof

the channelis SINGLE then the uniquestationthat
hastransmittedbecomestheleader.µ If the status of channel is NULL then binary
searchis performedon the interval � iC@ ]N¶] � , that is,

Broadcast( ]B¶· ) is executed.
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µ If the statusof channelis COLLISION thenbinary
searchis performedon the interval � ]B¶] @BA ² � , that is,
Broadcast( ¸· �FA,² ) is executed.

This procedureis repeateduntil, at some point, binary
searchcannotfurther split an interval. Let 4 be the inte-
ger suchthat the last call of Phase2 is Broadcast( 4 ).
Phase3 repeatsthecall Broadcast( 4 ) until, eventually,
thestatusof thechannelis SINGLE,atwhichpointa leader
hasbeenelected.It is importantto notethatthevalueof 4 is
continuouslyadjustedin Phase3 asfollows: if thestatusof
thechannelis NULL, thenit is likely that A�¹ is largerthan� . Thus, 4 is decreasedby one. By thesamereasoning,if
thestatusof thechannelis COLLISION, 4 is increasedby
one.

With this preambleout of theway, we arenow in a po-
sition to spellout thedetailsof our uniform leaderelection
protocol.

ProtocolUniform-election
Phase 1:8�º»��� ;

repeat8|º¼82
�� ;
Broadcast( A < )

until thestatusof thechannelis NULL;
Phase 2:½ º¼i ; 4�º¾A < ;

while
½ 
���kh4 do¿ ºÁÀÃÂ m ¹]�Ä ;Broadcast( ¿ );

if thestatusof channelis NULL then4{º ¿
else½ º ¿

endwhile
Phase 3:

repeat
Broadcast( 4 );
if thestatusof channelis NULL then4{º�W�Å´Æ"��4�q�	@Ni	�
else4{º�4Z
��

forever

Wenow turnto thetaskof evaluatingthenumberof time
slots it takes the protocol to terminate. In Phase1, once
the statusof the channelis NULL the protocol exits the
repeat-until loop. Thus,thereexist an integer 5 such
thatthestatusof thechannelis:µ SINGLE or COLLISION

in the calls Broadcast( A � ), Broadcast( A � ),
Broadcast( A	] ), . . . , Broadcast( A�²Ç� � ), and

µ NULL in Broadcast ( A,² ).

Let �-�l� bearbitraryandwriteÈ w�À ����������� ��É����"� Ä D (5)

To motivatethechoiceof È in (5) we show thatwith prob-
ability exceeding �!� �· � , È provides an upperboundon5 . Let � be the randomvariable denoting the number
of stationsthat transmitin Broadcast( A±Ê ). The prob-
ability that a particular station is transmittingin the call
Broadcast( AËÊ ) is less than �] ¥1Ì . Thus, the expected
value �� ��� of � is upper-boundedby�u� ���rk �A ] Ì : �É���� w �É±� D (6)

UsingtheMarkov inequality(4) and(6) combined,we can
write ��� � �¼���E��k ��� � ���qÉ±�2�u� �x���": �ÉË� D (7)

Equation(7) implies that with probability exceeding �Z��· � , the status of the channel at the end of the call
Broadcast( AËÊ ) is NULL confirmingthat5v: È holdswith probabilityexceeding�o� �ÉË� D (8)

Thus,with probabilityexceeding�=� �· � , Phase1 terminates
in5N
P�/: È 
P��wÍÀ ���	�����	� �XÉ����"� Ä 
P�Îw ����������� �\
/ !� ����������� �"�
time slots. SincePhase2 terminatesin at most È 
~�>w���	������� �P
Ï !� ���	������� �"� timeslots,wehaveprovedthefol-
lowing result.

Lemma 3.1 With probability exceeding �!� �· � , Phase1
and Phase 2 combined take at most A ����������� �¼
 !� �����O���	� �"� timeslots.

Our next goal is to evaluate the value of 4 at the
end of Phase2. For this purpose,we say that the call
Broadcast( ¿ ) executedin Phase2 failsµ if �¬: ]NÐ· )�Ê m � + � andyet the statusof the channelis

COLLISION, orµ if ���ÍA,Ñ�� � [��XÉ=� È 
��(�H�"� andyet the statusof the
channelis NULL.

We are interested in evaluating the probability that
Broadcast( ¿ ) fails. Let Ò be the randomvariable
denoting the numberof stationstransmitting in the call
Broadcast( ¿ ). First, if ��: ]BÐ· )�Ê m � + � , then �u� Ò/�uw
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*] Ð : �· )�Ê m � + � holds. By usingtheMarkov inequality(4),
wehave��� � ÒÓ�&�Ã��: ��� � Ò¬��É=� È 
��n�H��E�u� Ò�����k �É=� È 
��n�H� D
It followsthatthestatusof thechannelis COLLISION with
probabilityatmost �· )�Ê m � + � .

Next, supposethat ���~A,Ñ&� � [���É?� È 
&�(�H�"� holds. The
statusof thechannelis NULL with probabilityat most��� � ÒÔwIi,��w �H�Î� �A Ñ � *k % �hÕ¥ Ð: % � K Ö ) · )�Ê m � + � + w �É?� È 
��n�N� D
Clearly, in either case, the probability that the call
Broadcast( ¿ ) fails is at most �· )�Ê m � + � . Importantly,
this probability is independentof ¿ . Since the protocol
Broadcast is calledat most È 
&� timesin Phase2, the
probability thatnoneof thesecalls fails is at least �}� �· � .
On theotherhand,recall that theprobability thatBroad-
cast is calledat most È 
&� timesexceeds�^� �· � . Now
a simpleargumentshows that the probability that Phase2
involvesat most È 
&� calls to Broadcast andthatnone
of thesecallsfail exceeds�|� �] � . Thus,wehaveprovedthe
following result.

Lemma 3.2 With probabilityexceeding�±� �] � , whenPhase
2 terminates4 satisfiesthedoubleinequality *K Ö ) · )�Ê m � + � + :A,¹�:qÉ=� È 
I�(�H�?� .

Finally, weareinterestedin gettingahandleonthenum-
berof time slotsinvolved in Phase3. For this purpose,let× , �H��: × � , betheintegersatisfyingthedoubleinequalityA�Ø � � k��z:IA,ØËD (9)

A genericcall Broadcast( 4 ) performedin Phase3 is
saidto fail to decreaseif 4x� × 
zA andyet thestatusof the
channelis COLLISION, succeedto decreaseif 4q� × 
�Ù
andyet the statusof thechannelis NULL, fail to increase
if 4$: × ��A andyet the statusof the channelis NULL,
succeedto increaseif 4�: × �qÙ andyet the statusof the
channelis COLLISION. good, otherwise.

More generally, we say that the call Broadcast( 4 )
fails if it failseitherto increaseor to decrease;similarly, the
callBroadcast( 4 ) is saidto succeedif it succeedseither
to increaseor to decrease.Themotivationfor this terminol-
ogy comesfrom the observation that if Broadcast( 4 )
succeedsthen, 4 is updatedsothat 4 approaches× .

Assumethat thecall Broadcast( 4 ) is good.Clearly,
if suchis thecase,thedoubleinequality × �-AP:�4x: × 
ÏA

holdsat thebeginningof thecall. Thestatusof thechannel
in Broadcast( 4 ) is SINGLEwith probabilityat least� � �q� �A ¹ �9�o� �A ¹ � *±� �� �A ¹ % �{Õ¥1Ú� W!Y�[\� A,¹ m ]A ¹ % � ¥ ÚÃÛ ¥¥1Ú @ A,¹	� ¸A ¹ % � ¥ ÚnÜ _¥1Ú �� W!Y�[\� É% · @ �U�% �Ý ��w É% · D
We notethat this probability is independentof 4 . Thus,if
a goodcall is executed Þ �· � [\��ÉË�"� times,a leaderis elected
with probabilityat least�o���H�o� É% · ��ß �� K Ö ) · � + ���o�Ï% � K Ö ) · � + wR�o� �ÉË� D

As we are about to show, good calls occur quite fre-
quently in Phase3. To this end, we prove an upper
bound on the probability that the call Broadcast( 4 )
fails. Let à denotethe numberof stationsthat transmitin
Broadcast( 4 ). Clearly, �u�Tào�2w *] Ú . Thus,if 4x� × 
�A
thenthecall Broadcast( 4 ) fails to decreasewith prob-
ability at most��� �Tàl�l�E��w ��� �Tà&� A,¹� �� ào���k ��� �Tà&� A,¹A Ø �� ào��� (from �Q:tA Ø )k ��� �Tà&��É	�u�Tà`��� (from 4�� × 
hA )k �É (by Markov’s inequality(4)) D

On theotherhand,if 4x: × �QA thentheprobabilitythat
Broadcast( 4 ) fails to increaseis at most��� �Tà�wIi,��w �9�o� �A ¹ � *k % ��Õ¥ Úk % � ¥já Ü �¥jÚ (from A Ø � � kq� )k % �2] (from 4x: × �>A )k �É D
Therefore,thecall Broadcast( 4 ) fails with probability
at most �· .

Suppose that Broadcast( 4 ) is
executed â¸ % · � � [���É±�"�\
 ���������������	� ��� timesin Phase3 and
let ã Ê , ã � , and ãJä be, respectively, the numberof times
Broadcast( 4 ) succeeds,fails, andis goodamongtheseâ¸ % · � � [���É±�"�r
 �����������O���	� ��� calls.Clearly,ã Ê 
hã � 
�ãJäåw É	% · � � [��!
 ���������������	� ���GD (10)
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If at theendof Phase2 4 satisfiesthedoubleinequalityof
Lemma3.2,we have4 � ����� � �É=� È 
��n�N� �� ����� ��� ���	� � È 
��n�s� ���	�����	� ��ÏA� × � ����������� �� ���	�����	������� �{� ���	�����	������� ��zÉ=@
and,similarly,4 : ����� ����� � [\��É=� È 
��n�N�"�H�N�k ����� ��
 ������� [�� È 
��n�r
 ���	��� [��!
qAk × 
 ���������	� �Z
 �����������������O���	� �
 ���������������	�����	� �!
�ÙæD
Thus,we have,ç 4u� × ç kIA ����������� �!
 ���	�����	������� �
�ÉæD (11)

Wenotethatif
ç 4V� × ç :�A holdsat theendof Phase2, thenã Ê :Óã � . By the samereasoning,it is easyto seethat if

(11)holdsat theendof Phase2, we haveã Ê k ã � 
qA ����������� �Z
 ���	������������� �u
qA�D (12)

Sincea particularcall Broadcast( 4 ) fails with proba-
bility atmost �· , we have�u� ã � �\: A�% ·Ù � � [\��É±�"�r
 ���������	�����	� ���GD
Thus,theprobability that therearemorethan % · � � [���É±�"�s
���	�����	������� ��� callsfails is atmost��� � ã � �t% · � � [\�XÉË�"�r
 ���	������������� ���è�k ��� � ã � �l�9�O
 �A �H�u� ã � ����kt% �é�¥ ¥Ãê _ ��  ë|ì³¢k % � ß �¥ � ) K Ö ) · � + m K LNM�K LBM�K LNM *,+ k �ÉË� D
Supposethat ã � :�% · � ����� ��É±�"�?
 ���������	������� ��� is satisfied.
Then,wehaveãVäåw UÙ % · � � [\��ÉË�"�\
 ���������������	� ���s���jã Ê 
hã � �� UÙ % · � � [\��ÉË�"�\
 ���������������	� ���s�ÏA�ã ��V�jA ���	�����	� �Z
 ����������������� ��
�A��� % ·A � [\��ÉË�"�ÃD
Therefore, with probability at least ��� �· � , amongÞ �] � ���	� �XÉË�"�³
 ���	�|���	�����	� ��� callsBroadcast( 4 ) thereare
at least ]¸ % · � [\��ÉË�"� goodones. It follows that if at the end
of Phase2 4 satisfiesthedoublein equalityin Lemma3.2,
thenwith probability �o� �] � , Phase3 terminatesin at mostÞ �] � ���	� �O
 ����������������� ��� timeslots.To summarize,wehave
provedthefollowing result.

Lemma 3.3 Protocol Uniform-election terminates,
with probability at least �Z� �� , in at most A ���	�����	� ��
��� ����������� ���r
h !� ���	� �"� timeslots.

3.2 Uniform leader electing protocol running in���	������� � time slots

The main goal of this subsectionis to outline the
changesthat will make protocol Uniform-election
terminate,with probabilityexceeding�o� �� , in

���	�����	� �u
��� ����������� ���r
h !� ���	� �"� timeslots.
In

Phase1 thecallsBroadcast( A � ¥ ), Broadcast( A � ¥ ),
Broadcast( A	] ¥ ), DFDED , Broadcast( A	² ¥ ) areperformed
until, for the first time, the statusof the channelis NULL
in Broadcast( A	² ¥ ). Phase2 performsbinary search
on � iC@³A´² ¥ � usingBroadcast asdiscussedin Subsection
3.1. The readershould be in a position to confirm that5�:yÀ � ���	�����	� �XÉ����"� Ä is satisfiedwith probability at least��� �� , for any �í�å� . Thus, Phase1 terminatesinÀ � ���	������� �XÉ����"� Ä 
�� timeslots,while Phase2 terminatesin�FÀ � ����������� ��É	���"� Ä 
l�n�9] time slots. Therefore,with prob-
ability at least �o�¬�� , Phase1 and2 combinedterminatein���	������� �^
���� ����������� ���±
� !� ���	�����	� �"� timeslots.Thus,we
have thefollowing result.

Theorem 3.4 There exists a uniform leader electionpro-
tocol that terminates,with probability at least �!� �� , in���	������� �h
Ô��� ����������� ����
Ô !� ���	� �"� time slots, for every���&� .
It is worthnotingthatby Lemma2.1andTheorem3.4com-
bined, our uniform leaderelectionprotocol terminatesin���	������� �u
���� ���	������� ��� expectedtime slots.

4 Willard’s uniform leader election protocol

The main goal of this section is to take a very close
look at the performanceof Willard’s uniform leaderelec-
tion protocol[9]. As it turnsout, our uniform leaderelec-
tion protocolpresentedin Section3 is very similar to the
onein [9]. BothourprotocolandWillard’sconsistsof three
phases. Phases1 and 2 are the samefor the two proto-
cols. In Willard’s protocol,once 4 is determinedat theend
of Phase2, Broadcast( 4 ) is repeateduntil a leaderis
elected.RecallthatPhase3 of our protocolkeepsadjusting
thevalueof 4 in eachtime slot, dependingon thestatusof
thechannel.On theotherhand,Phase3 of Willard’sproto-
col doesnot changesthevalueof 4 .

Quite surprisingly, both our andWillard’s protocolfea-
ture the exact sameexpected-timeperformance,terminat-
ing in

���������	� �z
l��� ����������� ��� expectedtime slots. How-
ever, aswearegoingto show, in orderto electa leaderwith

6



probabilityat least �}� �� for every � suchthat ��:�% Õ Û �¥ ,

Willard’s protocolmustrun for at least
����������� �p
t./� 0 �"�

timeslots.
Let us consider Willard’s version of Uniform-

election. In other words, Phase3 repeatsthe call
Broadcast( 4 ) without changingthe value of 4 . Sup-
posethat �>w$A,]Bî for someinteger ï . RecallthatPhase1
involvesthecallsBroadcast( A � ¥ ), Broadcast( A � ¥ ),
Broadcast( AË] ¥ ), DFDED , until the status of channel is
NULL for thefirst time.

We assume,without lossof generality, thatPhase1 ter-
minatesasa resultof the fact that the statusof the chan-
nel is NULL in thecall Broadcast( A	]Bî ) andprove that
Phase3 takes ./� 0 �"� time slotsfor this case.Theproof of
thecasewherePhase1 terminatesearlieror later is similar
andthereforeomitted.

After Phase2, if 4pwlA,ð , theneachof thecallsin Phase3
electsa leaderwith probabilityat least

� � �q� �"�o� �A Ñ � *±� � �A Ñ �t% �hÕ¥ Ð �A Ñ � �A 0 % D
It follows thatPhase2 electsa leaderin �K LNM ) � � �¥èñ ß + ���	� �{ò��D ó	A ����� � time slotswith probabilityat least ��� �� . How-
ever, aswe aregoing to show, Phase2 doesnot guarantee
that 4pw�A�ð with high probability.

In ordertosatisfy4�w�A ð attheendof Phase2, thestatus
of channelin everycall in Phase2 mustbeCOLLISION. In
otherwords,Broadcast( A	ðJ� ]Nî] ), Broadcast( AËðV�]Nî· ), Broadcast( AËð�� ]Nîâ ) , DFDED , Broadcast( AËð^�� )
shouldbeexecuted.Let 8 beany integersatisfying i!:�8O:ï . Thestatusof thechannelin thecallBroadcast( A ð �A < ) is NULL with probabilityat least

�"�o� �A ] î �?]Bô � * � �%�õ �o� A,] ô��ö *±� � ��% �2] ¥ ô � � D
OnceBroadcast( AËð��xA < ) is NULL then 4 doesnotex-
ceed A�ð��IA < at the endof Phase2. In otherwords,with

probability at least %	�2] ¥ ô � � , the inequality 4¬:�A,ðt��A <
holdsafter thefirst phase.Writing %	�?] ¥ ô � � w �� , we haveA < w ���	� � � [��{�I�n� , and A,¹�:RA,]Bî"�?] ô w *K Ö"� � � . Note that�&w÷%(] ¥ ô m � and it:�8:�ï , and thus % ¸ :é�~:é%n* m � .
If the statusof the channelin the call Broadcast( AËð-����	� � � [��P�Ï�n� ) is NULL, thenacall to Broadcast( 4 ) in
Phase3 electsa leaderwith probabilityatmost

� � �q� �"�o� �A ¹ � *±� � �A ¹: � �o� � [������ � *±� � � � [}��q�(�

k A��2�o� � [��u���� � * � � [���q�(�k Aæ� � [��u���n�H% �\) K Ö?� � � + ktA�% � [Î�u����
Thus, 5 callsfails to electa leaderwith probabilityat least� �o�>A,% � [Î�u���� � ²� � �o�ÏA�% � [Î�u���� � � �o�ÏA�% � [Î�u���� � ²Ç� �� �H�o� É% ] �9% �?] Þ ²Ãø ù ì Ü �ì �t% �?] Þ ²Ãø ù ì Ü �ì � �
Let �� w�% �?] Þ ² ø ù ì Ü �ì � � . Then, 5 must be at least ./�j�"� .
Hence,with probability at least �� , Phase3 runsin at least./�j�"� time slots. Recall that in Phase2 the statusof the
channelin the call Broadcast( AËð�� ����� � � [��Q���n� ) is
NULL with probability �� . Further, if such is the case,
Phase3 runs for at least � time slots with probability at
least �Z� �� . Consequently, Willard’s protocol runs in at

least ./�1�"� time slotswith probability at least �P�ú�� ¥ for

every % ¸ :~�2]:$%(* m � . Therefore,we have the following
result.

Lemma 4.1 Willard’s uniform leader protocol runs in at
least ./� 0 �"� time slotswith probability at least �/� �� for

every �x:�% Õ Û �¥ .

5 Simulation results

Themaingoalof this sectionis to offer yet anotherper-
spective of the relative performanceof Willard’s and our
uniformleaderelectionprotocols.Bothprotocolsweresim-
ulatedandtheresultsarecapturedin Tables1 and2 in the
form of ahistogram.Eachprotocolwasrun1,000,000times
for eachof thevalues��wlA�@F�Fiæ@E�Fi	iC@F�Fi�i	iC@F�Fi�i�i�i�@F�Ei�i,i	i�i�@ and �Fi	i�i�i	i�iæD

It is easyto seethatthetwo uniform leaderelectionpro-
tocols have almostthe sameperformancein termsof the
expectednumberof timeslots.However, thesimulationre-
sults show that Willard’s protocol is extremelyslow with
someprobabilityaswehaveprovedmathematically. In this
simulationamongthe1,000,000runs,thelargestnumberof
time slotstakenby Willard’sprotocolexceeds1,600,while
our leaderelectionnever takesmorethan56 timeslots.
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