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Abstract. We give an easy general construction for uniform oriented matroids with 

disconnected realization space. This disproves the longstanding isotopy conjecture 

for simple line arrangements or order types in the plane. 

We write ~ ( M )  for the space  o f  all vector  real iza t ions  ( x ~ , . . . ,  xn) 6 (R3) n of  a 

rank 3 o r i en ted  ma t ro id  M on n points.  (In o ther  words,  ~ ( M )  is the set o f  

3 × n-mat r ices  whose max imal  minors  have signs given by the a l te rna t ing  map  

M :  {1, 2 , . . . , / . /}3_~ {_,  0, +}.) I f  M is un i form (i.e., all minors  are nonzero)  then 

~ ( M )  is an open  subset  o f  R 3". Whi te ' s  ear l ier  p a p e r  [8] gives a nonun i fo rm 

or iented  ma t ro id  M w  with ~(Mw) d i sconnec ted  and  n =42 .  The a im o f  the 

present  p a p e r  is to presen t  a un i form or ien ted  mat ro id  ~ /  with .~(hT/) d iscon-  

nected.  That  is, /~  does  not  have the i so topy  proper ty .  

A rank 3 o r i en ted  ma t ro id  M is sa id  to be constructible if  (x~, x2, x3, x4) is 

a projec t ive  basis  and  the po in t  x, is inc ident  to at most  two lines spa nne d  

by {x~,x2 . . . .  ,x,_~} for  t = 5 , 6  . . . . .  n. Using the conf igura t ion  A~= 

f~(17, 15, 13)[A0] in [4] or  a s imi lar  modi f ica t ion  o f  Whi te ' s  example  [8], we 

easily get a cons t ruc t ib le  o r ien ted  mat ro id  whose rea l iza t ion  space  has two 

connec ted  componen t s .  Fo r  example ,  the space ~(A~)  modu lo  the connec ted  

group P G L ( R  3) equals  the set of  matr ices  

1 0 1 1 0 - 1  2 2 2 4 6 0 - 1  t - t  
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with ~ < t < ½ ( 1 - 1 / v / 5 )  or ½ ( l + l / x / 5 ) < t <  ~ ~ .  Hence it suffices to prove the 

following: 

Theorem. Let M be a constructible rank 3 oriented matroid on n points. Then there 

exists a uniform rank 3 oriented matroid 1(4 on at most 4 ( n - 3 )  points and a 

continuous surjective map ~ (  f 4 )  ~ ~ (  M ) .  Hence ~ (  tV1) is disconnected whenever 

( M )  is disconnected. 

Proof  We define a sequence M = :  M,, M , - I ,  M, 2 . . . . .  Ms, M4 = : / ~ / o f  orien- 

ted matroids and maps between their realization spaces. Let n -> t -> 5. Then M,_~ 

is constructed from M, as follows. First assume that x, is incident to exactly two 

lines x~ v x~ and xk v x~ with 1 ~ i,j, k, l <  t. Using the notation of Billera and 

Munson [1], we let M', be the oriented matroid obtained from M, by the four 

successive principal extensions 

• + + + 

x,.~ .= [xt  , x , ,  x~], x,,2 := [x,  +, x;, x-~], 

xt,4 :--: [x~, x~, x~]. 

x,.~ := [x,  +, x ; ,  x i ] ,  
(1) 

These extensions can be carried out for every vector realization of M, by setting 

Xt, l : :  Xt ~L elXi-~-  e 2 X k ,  xt,2"..--=- x t  ~t- e 3 x i  -- e4Xk~ 

X&3]~ X t -- e 5 x  ~ --  e 6 x k ,  Xt,4 ]~ X t -  e7xr  + e s X  k 

where 1 >> el >> e2 >>" • • >> e8> 0. This implies that the deletion map H: ~(M' , )  

~ (Mt )  is surjective. Geometrically speaking, in every affine realization of M',, 

the intersection point x, is "caught" in the quadrangle (x,,~, x,,2, x,.3, x,,4). Define 

M,_~ := M' , \ x ,  by deletion of  that point, and let zr: ~(M' , )  ~ ~(M,_~) denote the 

corresponding map. (See Fig. 1.) 

@ i~e t 

~(M,) 

Fig. 1. Illustration of the oriented matroids M,  M',, and M,_t. 
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Next cons ider  an arbitrary realization X := ( xl  , • • . ,  x,  m, x,.~ , x,.: , x,.3, x, ~, 

x,, ~.1 . . . .  , x,.4} o f  M, ~. As a consequence  o f  the principal  extension construc-  

t ion used in (1), x, v x, and  x~ v x~ are the only  lines spanned  by {xt . . . . .  x, 1, 

x,, ~.: . . . . .  x,.4} which intersect the quadrangle  (x,.1, x,.:, x ,~,  x,.4). For any other  

such line the intersection point  x, := (x, v x , )^(x~ v x~) is on  the same side as 

x,.~ . . . . .  x,.4. Therefore  or,( X ) := ( x, . . . . .  x,, x,~ H . . . . .  x..4) c ~ l  M, }. 

Hence  we have a well-defined con t inuous  map  ~r,: . ~ ( M ,  t ) " * ~ ( M , ) ,  X ~'~ 

~r,(X ). Moreover ,  ¢r, is surjective because 11 = tr, o rr is surjective. 

It remains to define M, : and ¢r, when x, is incident to less than two lines in 

M,. If  x, is on  no such line. then we define M, I:-- M, and or, as the identity 

map.  Finally.  suppose  that  x, is on  only  one  line x, v x,, 1 ~ i, j < t. In that case 

we replace (1) by setting x,.z := I x ; .  x;. ]. x,= := I x ; .  x ; .  x k ] ,  x,.~ := [x~', x , ,  x~] for  

some x~ ¢ x, v x,. and  in the definit ion o f  the m ap  cr, we sel x, := (x, v x~ ) ^ (x~ v x,.: ). 

I terating these cons t ruc t ions  resolves all previous  dependencies ,  and we 

obta in  a uni form or iented matroid  /~'t := M4 on 4 ( n -  3) or  fewer p o i n t ~  More- 

over,  we have a con t inuous  surjection cr:= or, o ~r ~ . . . . . .  6r, f rom ~ ( M )  onto  

,~(M). 

Remarks.  Ca) Using a fairly s t ra ightforward procedure  for doub l ing  oriented 

matroids ,  we get the fo l lowing corol lary:  Given  any  integer (.\ there exists  a 

un i form rank  3 oriented rnalroid ~t,  with 4 ( n -  3 ) C  points  such that  ~ (  ~!~ ) has  

at  least 2 ~ connec ted  components .  

(b) After this paper  had  been accepted for  publ icat ion we learned that the 

i sotopy problem for un i form oriented matroids  had been solved independent ly  

in 1985 by Mnev [9]. This result is part o f  a very general  theory  o f  conf igurat ion 

spaces deve loped  by a g r o u p  o f  Soviet topologis ts  [ 10]. For  fur ther  details see 

also [ i l ] .  

(c) The cons t ruc t ion  presented here is an essentially simplified version o f  a 

cons t ruc t ion  original ly found  by the first two au thors  [4]. 
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