UNIFORM POINTWISE BOUNDS FOR MATRIX
COEFFICIENTS OF UNITARY REPRESENTATIONS
AND APPLICATIONS TO KAZHDAN CONSTANTS
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1. INTRODUCTION

Let k£ be a local field and G the group of k-rational points of a connected reductive
linear algebraic group over k with k-semisimple rank(G) > 2. Let K be a good maximal
compact subgroup of G. For a unitary representation p of G, a vector v in p is called K-
finite if the subspace spanned by Kwv is finite dimensional. We will use the term K-matrix
coefficients (resp. K-finite matrix coefficients) of p to refer to its matrix coefficients with
respect to K-invariant (resp. K-finite) unit vectors. Following [BT], we denote by GT
the subgroup generated by the unipotent k-split subgroups of G. The main goal of the
present paper is to construct a class of uniform pointwise bounds for the K-finite matrix
coefficients of all infinite dimensional irreducible unitary representations of GG, or more
generally of all unitary representations of G' without a non-zero G -invariant vector.

Let A be a maximal k-split torus and A the closed positive Weyl chamber of A such
that the Cartan decomposition G = KATQK holds where ) is a finite subset of the
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centralizer of A (2.1). Denote by ® the set of non-multipliable roots of A and by &+
the set of positive roots in ®. A subset S of 7 is called a strongly orthogonal system
of @ if any two distinct elements o and 3 of S are strongly orthogonal, that is, neither
of a+ 3 belongs to ®. The notation Epgr,r) denotes the Harish-Chandra function of
PGLy(k) (2.2). For simplicity, we use the notation:

- = z 0
ZpaLy(m) () = Eparai | o )

We denote by Z(G) the center of G and by s.s rank the semisimple rank of G.
1.1. Theorem. Let k be any local field with char(k) # 2 and k # C. Let G be the

group of k-rational points of a connected reductive linear algebraic group over k with
k-s.s.rank(G) > 2 and G/Z(G) almost k-simple. Let S be a strongly orthogonal system
of ®. Then for any unitary representation p of G without a non-zero GV -invariant
vector and with K -finite unit vectors v and w,

(p(g)v,w)| < (K : K NdKd™] - dim(Kv)dim(Kw))""? T] Eparamw((a))
a€eS

for any g = k1adky € KATQK = G.

When k is archimedean, we have ) = {e}, and for non-archimedean k, K NgKg~! is

an open compact subgroup of K for any g € G and hence [K : K NgKg~!] < oo. For k

—1

non-archimedean, we fix a uniformizer ¢ so that |g| = p~* where p is the cardinality of

the residue field of k. The Harish-Chandra function Zpgy, (1) has the following formula:

cos?t —1/2
Epar,®)(T 7r\/_/ ( + sin t) dt, forx >1

and for k non-archimedean,

for n € N.

\/1]3n (n(p—lp)ifwl))),

Note that EPGLQ(k) (qn) = EPGLQ(k) (qin) for any n € Z.

ErcLyn(4") =

Theorem 1.2. Let G be a connected reductive complex algebraic group with semisimple
rank at least 2 and G/Z(G) almost simple. Let S be a strongly orthogonal system of ®.
Let p be any unitary representation of G without a non-zero G -invariant vector.

(1) If G/Z(G) 2 Span(C) (locally), then for any K -finite unit vectors v and w,

[(p(g)v, w)| < (dim(Kv)dim{Kw)""* T] Epcra(c)(ala))
aES
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for any g = k1aks € KATK = G.
(2) If G/Z(G) = Spon(C) (locally), let no = % if o is a long root and ne = 1

otherwise. Then for any K-invariant unit vectors v and w,

‘ )V, w |< H HTJLD%;LQ(@) ))

aEeS

for any g = k1aks € KATK = G.

The Harish-Chandra function Zpgy,(c) is as follows:

1 (™2 [cos?t !
EpaLy©) (T) = — / (COS + sin? t) sin (2t) dt, for x > 1.
0

T 2

Remark.

(1) Note in the above theorems that G/G* is finite mod center. It follows that
any infinite dimensional irreducible unitary representation of G has no non-zero
G -invariant vector.

(2) Note that G = G in the case when G is almost k-simple and simply connected.
If k = R and G is semisimple, then G coincides with the connected component
of the identity in G.

To simplify the explanation, we assume G/Z(G) 2 Sp2,(C) in the rest of introduc-

tion,

Definition. For a strongly orthogonal system S of ®, we set a bi- K-invariant function
és of G as follows:

Es(kradky) = [ Epcr.my(ala)) for any kiadk, € KATQK = G.
aeS

By the above two theorems, £s presents a uniform pointwise bound for all K-matrix
coefficients (resp. K-finite matrix coefficients) of G (resp. up to a constant). Here are
additional properties of s:

Properties of &s.

(1) 0<é&s(g) <1
(2) For any € > 0, there are constants d; > 0 and ds(e) > 0 such that

-3 — 34
4 (H \a<a>|) < &sla) < dale) (H \a<a>|) for any g = hradky

a€eS aeS

=

where | - | denotes the absolute value on k in the sense of [We, Chl].
(3) &s(g) =1 if and only if a(g) =1 for all o € S.
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A strongly orthogonal system S is called mazimal if the coefficient of each simple
root in the formal sum ) g is not less than the one in ) ., « for any strongly
orthogonal system O of ®. A maximal strongly orthogonal system for each irreducible
root system has been constructed in [Oh] (see the Appendix for the list). Let Q denote
a maximal strongly orthogonal system of ®. In view of the above inequality (2), the
uniform pointwise bound function £g gives the sharpest bound in this construction. We
remark that in general there exist more than one maximal strongly orthogonal systems
in ®. Note, however, that the formal sum n(®) := %Zaeg «, which determines the
decay rate of o, does not depend on the choice of a maximal strongly orthogonal
system.

Moreover, it turns out that for G = SL,, (k) or Spa,(k), g is in fact the best possible
uniform pointwise bound for K-finite matrix coefficients, more precisely, there exists an
irreducible class one unitary representation of G whose K-matrix coefficient is bounded

below by the function & 1Q+6 up to some constant. In the following theorem, the group

Span (k) is defined by the bi-linear form ( _(}— I(;L ) where I,, denotes the skew diagonal
n X n-identity matrix.

Theorem 1.3. Let G be either SL, (k) (n > 3) or Span(k) (n > 2, char k # 2,k # C).
Let P be the maximal parabolic subgroup of G which stabilizes key and v be a unique
K-invariant unit vector in Indg(l). Then for any € > 0, there exists a constant C
depending on € such that

C-£5(9) < (IndE(1)(g9)v,v) < Eo(9)

for any g € G.
For Spa2,(C), see Theorem 6.6 below.
In our proofs of Theorems 1.1 and 1.2, a crucial notion is the following;:

Definition. Let M be the group of the k-rational points of a connected reductive
linear algebraic group over k with a good maximal compact subgroup K. A unitary
representation p of M is said to be tempered if for any K-finite unit vectors v and w,

{p(g)v, w)| < (dim({Kv)dim({Kw))"/* Ep(g) for any g € M

where Zj; denotes the Harish-Chandra function of M (2.2).

A unitary representation p being tempered is equivalent to the condition that p is
weakly contained in the regular representation of M (see Theorem 2.4 for more equiva-
lent definitions for temperedness).
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Let G be the underlying algebraic group of G, that is, G = G (k). Also let A be the
maximal k-split torus of G’ such that A = A(k). Denote by Hs the group of k-rational
points of the connected semisimple k-subgroup generated by the one-dimensional root
subgroups Uy, corresponding to +a, a € S, and by Gg the group of k-rational points
of the connected reductive k-subgroup generated by Uia, a€Sand A (see 5.1). The
following theorem then plays a key role in the proof of Theorems 1.1 and 1.2.

Theorem 1.4. Let S be any strongly orthogonal system of ®. Then for any unitary
representation p of G without a non-zero GT -invariant vector, the restrictions p|gs and

plas are tempered. In fact, {s|ps = ZEpg and Es|las = Eag -

Note that for any a € @, the singleton {«a} is a strongly orthogonal system. We set
H, = Hy,y. In particular H, is isomorphic to either SLa(k) or PGLy(k) (see 3.1).
Hence here is a special case of Theorem 1.4:

Corollary 1.5. Let a« € ® be any root. Then for any unitary representation p of G
without a non-zero G -invariant vector, the restriction p|g,, is tempered.

Theorems 1.1 and 1.2 cover all the groups of k-rational points of a connected almost
simple algebraic k-groups (char k # 2) with Kazhdan property (T), except for the two
rank one real groups: Sp(1,n), F; 2. In fact, Theorem 1.1 also holds for Sp(1,n) (see
Theorem 4.11). We remark that if one can provide an analogue of Theorem 4.8 for
F4_20, the same theorem holds for this group as well.

The pointwise bound &g provides us with a simple and general method of calculat-
ing Kazhdan constants (see 8.1 for definition) for various compact subsets of semisim-
ple GG, in particular for any compact subset properly containing K. For instance, in
SL,(R) (n > 3), for any m € N, the number %28 is a Kazhdan constant with respect
to the Kazhdan set {SO(2), diag(4'/™,471/™)} (embedded in the left upper corner of
SL,(R)) (see Ex 8.7.1). We also have the following interesting example:

Theorem 1.7.

inf  inf  inf Lo(Q,), {SL.(Z,), 1
R K(SLn(Qp), {SLn(Zyp), s}) > 0.10

where k(G, Q) is the best Kazhdan constant for Q, that is,
K(G, Q) = inf max||p(g)v — v
9eQ
where the infimum is taken over all unitary representations p of G without a non-zero
variant vector and for all unit vectors v of p.

The problem of calculating Kazhdan constants was first raised by J. P. Serre (see [Bu],
[HV]). Kazhdan constants for the group of k-rational points of a semisimple algebraic
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group over k and for its lattices have been obtained with special choices of Kazhdan
sets (see [Bu], [CMS], [Sh], [Sh1], [Zu])

The paper is organized as follows: in section 2, after recalling Cartan decomposition
and the definition of the Harish-Chandra functions, we study when a unitary representa-
tion of a reductive algebraic group is tempered and recall Howe’s strategy; in section 3,
we study strongly orthogonal systems, subgroups H, and the Harish-Chandra function

of PGLy(k); in section 4, we show the temperedness of p|g_; in section 5, we prove

o
Theorem 1.4 as well as our main results on uniform pointwise bounds; in section 6, we
show that the bounds given in section 5 are optimal for SL, (k) and for Sps,(k); in
section 7, we give some upper bounds for the constant px (G) as an application of our
main theorems; finally in section 8, we discuss another application to computation of

Kazhdan constants.

Some of the above results for £ = R were announced in [Oh] where the application of
these results to the classification of non-Riemannian homogeneous spaces not admitting
compact quotients by discrete subgroups (cf. [Mal], [Oh]) is discussed as well.

Let G be a connected almost simple simply connected Q-group and I' C G(Q) a
congruence subgroup of G. Combined with some results of Clozel and Ullmo in [CU],
Theorem 1.1 in the case of p-adic fields yields an application in obtaining the equidis-
tribution of Hecke points on G(R)/T" with the rate estimate [COU]. See also [GO] and
[Oh1] for other applications.

Acknowledgments. I would like to thank Hillel Furstenberg and Shahar Mozes for
their support and encouragement during the year (1998-99) I spent at the Hebrew
University in Jerusalem. I would also like to thank Amos Nevo for his interest in this
work and for helpful comments. Thanks also are due to Wee Teck Gan for many valuable
comments which improved the paper significantly.

2. TEMPEREDNESS AND HOWE’S STRATEGY

2.1. Cartan decomposition. Let k be a local field with the standard absolute value
| - | in the sense of [We, Chl]. Let G be a connected linear reductive algebraic group
defined over a local field k£ and let G = é(k:) Let A be a maximal k-split torus and
B a minimal parabolic k-subgroup of G containing A. Set A = A(k) and B = B(k).
Denote by ®' the set of roots of A in G and by ® the set of non-multipliable roots in
@’ with the ordering given by B. Let X(A) denote the set of characters of A defined
over k whose ordering is induced from ®. Denote by X+ (resp. ®1) the set of positive

characters (resp. roots) in X (A) with respect to that ordering.
If £ is archimedean, i.e., isomorphic to R or C, we set

K ={zeR|z>0and k={zeR|z>1}.
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When £ is non-archimedean, we fix a uniformizer ¢ of k such that |q|71 is the cardinality
of the residue field of k, and set

' ={¢"|neZand k={g " |n e N}.

We set
A’ ={a e A|afa) € k° for each a € X(A)}; and

AT ={ae A| afa) € k for each v € B},

Equivalently AT = {a € A% | |a(a)| > 1 for each o € ®T}. We call A+ a positive Weyl
chamber of G.
Let Z denote the centralizer of A in G and Z = Z(k). Since X (Z) can be considered

as a subset of X(A) in a natural way, it has an induced ordering from this inclusion.
Define
Z, ={z¢€ Z||a(z)| >1 for each a € X(Z)"}; and

Zo={z€ Z||a(z)| =1 for each a € X(Z)"}.

For any subgroup H of G, Ng(H) denotes the normalizer of H, Cc(H) denotes the
centralizer of H and Z(H) denotes the center of H.

Proposition. There exists a maximal compact subgroup K of G such that

(1) No(4) C K4,

(2) the Cartan decomposition G = K(Z1/Zy)K and the Iwasawa decomposition
G = K(Z/Zy)Ry(B) hold, in the sense that for any g € G, there are elements
a € Zy (unique up to mod Zy) and b € Z (unique up to mod Zy) such that
g€ KaK and g € KbR,(B),

(3) for any subset A of the set of simple roots of ® and for the subgroup M =
Za({a€e Al ala) =1 for all a € A}), M N K satisfies the above properties (1)
and (2) with respect to (M, M N A).

See [GV, 2.2| for archimedean case and see [B-T], [Til], and [Si] for non-archimedean
case. In general, the positive Weyl chamber A" has finite index in (Z,/Zy). Hence
for some finite subset Q C Z,, G = K(ATQ)K, i.e., for any g € G, there exist unique
elements a € AT and d € Q such that g € KadK. A maximal compact subgroup K is
called a good maximal compact subgroup of G if it satisfies the properties listed in the
above proposition.

Remark. We have G = KATK and G = KA°R,(B)

(1) if k is archimedean, that is, £ 2 R, or C or;
(2) if G is split over k or;
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(3) if G is quasi-split and split over an unramified extension over a non-archimedean
local field k, for example G = SU(f) where f is a hermitian form of dimension

2n or 2n + 1 over an unramified quadratic extension over k£ with Witt index n,
so that G =2 SU(n,n) or G = SU(n,n + 1).

2.1.1. Example. For G = SL, (k), let A be the subgroup of all diagonal matrices and
B the subgroup of all upper triangular matrices. If k is archimedean, set

K:{geG\tggzl},

ay 0
AJr: EG‘CLiGR,alz"'Zan>O ;
0 an

otherwise, set

K = SL, (O) where O is the ring of integers of k, and

g 0
At = €Glk; €l k1 <<k,
0 q"“”

Note that the condition on k;’s is equivalent to saying that the norms of ¢*’s are

decreasing as the index ¢ increases. Then K is a good maximal compact subgroup of GG
and G = KATK.

2.1.2. Example. Let D be a central simple division algebra of degree m over a non-
archimedean local field k, and let G = SL, (D) be the group of all n x n matrices with
entries in D which have reduced norm one. We may choose A to be the group of all
diagonal matrices in G with entries in k. Then Z is the full diagonal group of G. If
d # 1, then Z # A. Denote by ¢p a uniformizer of D, that is, any element x in D* can
be written as q%u for some integer k and a unit u in D. Then the representatives of
Z4/Zy can be taken as

a5 0
€Glki€Z ki <---<k,
0 qlz/)”

Here

AT €Glki €l k1 <<k,
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where ¢ is a uniformizer of k and
a5 0
Q= eEG|-m+1<k <---<k,
0 qlz/)”

2.2. The Harish-Chandra function Z5. We denote by dp the modular function of
B; in particular for a € A°,

op(a) = 11 |a(a)[™

all positive a€ed’

where m,, denotes the multiplicity of a. The Harish-Chandra function Z is defined by
Zolo) = [ Salgt) 2 dr,
K

As is well known, Z¢ is the diagonal matrix coefficient g — (Ind%(1)(g) fo, fo) where
Ind$ (1) is the representation which is unitarily induced from the trivial representation
1 and fj is its unique (up to scalar) K-invariant unit vector. In fact, fy is given by

fokb) = 61/*(b) for ke K,be B.

We list some well-known properties of Z¢g (see [Wa, GV, Hal]) which will be frequently
used in this paper:

Proposition.

(1) Eg is a continuous bi-K Z(G)-invariant function of G with values in (0, 1].
(2) For any € > 0, there exist constants ¢c1 and ca(€) such that

C1 51;1/2@) < Eg(b) < cale) 5,;1/2+6(b) for all b € B.
(3) 2¢ is L**¢(G/Z(Q))-integrable for any e > 0.

2.3. We now recall the definition of strongly LP (cf. [Li]):

Definition. For a locally compact group M, a (continuous) unitary representation p
of M is said to be strongly LP if there is a dense subset V' in the Hilbert space attached
to p such that for any x and y in V', the matrix coefficient g — (p(g)x,y) lies in L?(M).
We say p is strongly LPT€ if it is strongly L? for any g > p.

For an irreducible unitary representation p, the center Z(M) acts by a character
(Schur’s lemma). Hence for any vectors v and w of p, [g] — [(p(g)v,w)| is a well-
defined function on M/Z(M). Therefore the notion of its matrix coefficient being in
LP(M/Z(M)) and that of p being strongly LP(M/Z(M)) are well defined.
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Since the matrix coefficients of a unitary representation with respect to unit vectors
are bounded by 1, a strongly L? representation is also strongly LP for any p > gq.

Any unitary representation p of G is decomposed into a direct integral [ < Pzdp(z)
of irreducible unitary representations of G for some measure space (X, u) (we refer to
[Zi, 2.3] or [Ma] for more detailed account for the direct integral theory). If p has no
invariant vector and v = [ v,du(x) is a K-invariant unit vector of p, then for almost
all x € X, p, is non-trivial and v, is a K-invariant unit vector.

We say that p is weakly contained in a unitary representation o of G if any diagonal
matrix coefficients of p can be approximated, uniformly on compact sets, by convex
combinations of diagonal matrix coefficients of o ([Fe], also see [CHH], [Sh]). Note that

p is weakly contained in a countable direct sum oo - p, and vice versa.
2.4. Temperedness.

Definition. A unitary representation p of G is said to be tempered if for any K-finite

unit vectors v and w,
1{p(g)v, w)| < (dim(Kv)dim(Kw))"?Z¢(g) for any g € G

where (Kv) denotes the subspace spanned by Kv and similarly for (Kw).

The following establishes equivalent definitions of a tempered unitary representation
of a reductive algebraic group over a local field, generalizing the results in [CHH] for
the semisimple case.

Theorem. For any unitary representation p = fX pedx of G, the following are equiv-
alent:

(1) For almost allx € X, the (irreducible) representation p, is strongly L**¢(G/Z(Q)).
(2)

(3) For almost allx € X, p, is weakly contained in the reqular representation L?(G).
(4)

(5) For almost all x € X, p, is tempered.

p is weakly contained in the regular representation L*(G).

p s tempered.

In the case when G is semisimple, the above is equivalent to saying that p is strongly
L2+e,

Proof. The equivalence of (2) and (3) is well known (for example, see [Zi, Proposition
7.3.8]). We will show (2) = (4) = (1) = (2) and (3) = (5) = (1) = (2). The directions
(2) = (4) and (3) = (5) follow from [CHH, Theorem 2]. Even though it is assumed
that G is semisimple in [CHH, Theorem 2], the proof works for any reductive group case
as well without any change. To see the direction (4) = (1), we may assume that p,
is weakly contained in p (up to equivalence) for each z € X since G is type I (see 2.6
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below). Then by [Ho, Lemma 6.2}, (4) implies that for almost all x € X, the K-finite
matrix coefficients of p, are bounded by Zg up to a constant multiple. Since =¢ is
L?T¢(G/Z(Q))-integrable for any ¢ > 0 and the K-finite vectors of p, are dense by
Peter-Weyl theorem, this proves that (4) implies (1). The direction (5) = (1) clearly
follows from the above argument. It is now enough to show the direction (1) = (2).
Since (2) and (3) are equivalent, we may assume that p is irreducible. For the semisimple
case, it is a direct consequence of [CHH, Theorem 1]. We now make some modification
of the proof in [CHH] for our claim. For a unitary representation p and its attached
Hilbert space H, define a operator p(f) : H — H for f € C.(G) as follows:

i) = [ @)oo g for v, we B
By [Ey], (2) is equivalent to saying that for any f € C.(G)

(AN < A

where )\ denotes the regular representation L?(G), and ||p(f)|| denotes the operator
norm of p(f) and similarly for || A(f)||. Let u1 and pe be Haar measures on Z(G) and
G/Z(G) respectively. Since Z(G) is a normal subgroup of G, without loss of generality,
we may assume that G = Z(G) x G/Z(G) and dg = dpy x dus (cf. [Pa, 1.11]). For
f € C.(Q) such that supp f = Y1Ys where Y71 C Z(G) and Yo C G/Z(G) are compact
subsets,

/ f(g)dg = / £(zh) dpua (=) dpia(h).
G Yo JY,

Then the Haar measure po grows at most exponentially; hence, for some constants C
and M,
ua(Y5) < C-M™  for any n > 1.

On the other hand, since Z(G) is an abelian locally compact group, the Haar measure
p1 grows polynomially (cf. [Pa, Theorem 6.17]), hence for some d and r,

1 (Y7Y) <d-n"  for any n > 1.

As is shown in [CHH, P. 102],

IACHIT = Tim (£ x f)2n)| 3

and
IOl = sup 1 ([ (7« @) p(a)0.0)du(a) )

Ocp



12 HEE OH

Let v be a (unit) vector in p such that the matrix coefficient (p(z)v,v) is L*T¢(G/Z(G))-
integrable. Since G is a dense subset in p (p being irreducible), it suffices to consider
vectors 6 in G.v in the above formula for ||p(f)|. For 6 € Gu, set ¥(x) = (p(x)0, 0).
Then we have

/(Y1XY2)n ¥ (@) dp(z) < /Yln Ldpy () - (/an [ ()] d,u2(:v)>

< () < /. \¢($)\2+€duz(w)> oY)

2

€

“+e

¥

2

< (V) pa(¥9) 75 ( /. |w<x>|”€duz<x>>

<dn" (C M™)7+

€

2
Ul L2+ec/z(0))

By plugging this into the formula for ||p(f)| and extracting roots, we obtain that
c 1
lo(H)Il < M5 Tim inf [[(f** £)™" ]2

since € is arbitrary,
1
. . * *2 in
lp(HIF < lim inf [J(f* )" 2"
n—oo

Hence

(AN < IACHIL-

Since the subset of functions in C.(G) with support of the form Y;Ys as above is dense
in C.(Q), this proves that p is weakly contained in L?(G). For semisimple G, the center
Z(Q) is finite, and hence a matrix coefficient of an irreducible unitary representation p
is LP(G)-integrable if and only if LP(G/Z(G))-integrable. Therefore p (not necessarily
irreducible) being tempered is equivalent to saying that p is strongly L?T¢(G) as was
shown in [CHH]. O

It is well known that the trivial representation (in fact, any unitary representation) of
an amenable group is weakly contained in its regular representation (cf. [Zi, Proposition
7.3.6]). It follows that Ind$ (1) is weakly contained in the regular representation of
G, because B is amenable and the induction map is continuous. The above theorem
therefore implies that the Harish-Chandra function =g gives the sharpest point-wise
bound for the K-finite matrix coefficients of unitary representations weakly contained
in the regular representation of G.

2.5. The following follows from (the proof) of [CHH, Corollary in P. 108]:
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Theorem. For semisimple G and its unitary representation p without a non-zero in-

variant vector,

(1) if p is strongly L?T€, then every non-zero matriz coefficients of p is L*t¢-
integrable;
(2) if p is strongly L?**€ for some positive integer k, then for any K-finite unit

vectors v and w,

(p(g)v, w)| < (dim(Kv)dim{Kw))"/*2¢/* (g) for any g € G

2.6. The group of k-rational points of a connected reductive algebraic group over k is
known to be of Type I (see [Wa], [Be]). Hence we have:

Proposition (cf. [Ho, Proposition 6.3]). Let k be a local field. Let I be a finite set,
and for each i € I, let G; be the group of k-rational points of a connected reductive
algebraic group over k and K; a good maximal compact subgroup of G;. Then for any
irreducible unitary representation p of [[,c; Gi having [],.; Ki-invariant unit vector v,
we have p = Ricrp; and v = R;cyv; where p; 1s an irreducible unitary representation of
G; and v; is a K;-invariant unit vector of p; for each i € I.

2.7. Howe’s strategy. In the spirit of Howe’s strategy (cf. [Ho, Proposition 6.3], [LZ,
Theorem 3.1]), we have the following:

Proposition. For 1 < i < k, let H; be the group of k-rational points of a connected
reductive k-subgroup of G such that H; N B, H; N A and H; N K are a minimal par-
abolic subgroup, a mazximal split torus, and a good mazximal compact subgroup of H;
respectively.
(1) Suppose that for all 1 < i # j <k, x;x; = zjx; for x; € H; and x; € Hj, and
H;N Hj is a finite subset of K N H;.
(2) Suppose that for each 1 < i < k, there ezists a bi-(H; N K)-invariant positive
function ¢; of H; such that for any non-trivial irreducible unitary representation
o of G, and the H; N K-matriz coefficients of o|g, are bounded by ¢;.

Then for any unitary representation p of G without a non-zero invariant vector and with
K -invariant unit vectors v and w,

o[ hieyv, w) < [ o:(ha)

where h; € H; for each 1 <i <k and c € N¥_,Cq(H;).

Proof. We denote by H; the formal direct product of H;’s, that is, Hy = H?Zl H;. Let H
be the subgroup of G generated by H;’s. Then we have a natural homomorphism f from
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Hj; onto H, whose kernel is in Hle(Hi NK). Let p=po fand plg, = [y padu(z).
Since ¢ € NF_,Cq(H;), the vector p(c)v is obviously Hle(Hi N K)-invariant. Write
p(c)v and w as [vydp(x) and [ w,dp(z) respectively where v, and w, are vectors in
p. Without loss of generality, we may assume that for all x € X, p, is a non-trivial
unitary representation of Hy and v, and w, are Hle(Hi N K)- invariant unit vectors.
Hence by the assumption (2),

[(pz(R)v2, wa)| < di(h) = ¢i(f(h))  for all h € H;.

The last equality holds since kerf|y, C K N H; and ¢; is bi-K N H;-invariant. Fixing
x € X, by Proposition 2.6, we have p, |, = ®7’f:1pm, v; = ®7’f:1vm, and w, = ®f:1wm-,
where p,; is an irreducible class-one representation of H;, and v,; and w,; are K N H;-
invariant unit vectors for each 1 < i < k.

If h; € H;, then

k k

k
[pa(] [ hi)ve wa)| = H [(pai(hi)Vais wai)| < Hd)z'(hz’)-

=1

Hence for any h; € H; such that f(h)) = h;,

k k k
o[ o)l = (G L) w0l < [ Hoa [T Hdve ) duta)

K k
< H¢i(h;) = [ ¢:(ha).

This proves our claim. []

Remark. In fact, the proof of [Ho, Proposition 6.3] shows that if for any (K N H;)-finite
vectors v and w, the matrix coefficient (o|g,(h)v,w) is bounded by Cy.,¢;(h) where
Cyw is some constant depending only on dim(Kwv) and dim(K w), the above proposition
holds also for K-finite unit vectors v and w provided we multiply the function HI;:1 i
by some constant depending on dim(Kv) and dim(Kw).

3. THE SUBGROUPS H,, STRONGLY ORTHOGONAL
SYSTEMS AND THE HARISH-CHANDRA FUNCTION Zpar, (k)

3.1. We keep the notation from section 2.1. For each o € ®, set U(a) to be the unipotent
subgroup of G attached to the root a so that Lie(U (a)) coincides with the root subspace
{z € Lie(G) | Ad a(z) = a(a)z for each z € A}. The group G contains a connected
reductive k-split k-subgroup Gy such that we have A ¢ Gy, ® = (4, Gy), and for each
a € ¢, the subgroup U(a) NGy coincides with the one dimensional k-split root subgroup
U, in Go (cf. [BT, Theorem 7.2]). As usual, we set Gy = éo(k) and U, = U, N Gy.
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Proposition [Ti]. For any o € ®, there is a homomorphism ¢o : SLy — Go defined
over k such that the kernel of ¢, is contained in the center of SLo(k) and

1 =z 1 0 z 0
¢a(0 1)€UOU¢OZ (y 1)€UOU and¢0{(0 Z—]_)EA

for any x,y € k and z € k*.

For each o € @, we set H, = ¢a(SLy) and H, = f[a(k) Denote by U™ and U~
the upper and lower triangular subgroup of SL,. Since SL, is generated by U* and
o (UT) = Uia, H, is the closed subgroup of Go generated by Uio. Note that H, is
isomorphic to either SLs(k) (when ker¢, = 1) or PGLo(k) (when kerg, = £1).

Denote by A the diagonal subgroup of SLs and by B the upper triangular subgroup
of SLy. Consider the simple root & of SLs defined by

o5 )=

Denote by K the good maximal compact subgroup of SLy (k) as defined in Example 2.1.1
so that the Cartan decomposition SLs(k) = KATK and the Iwasawa decomposition
SLay(k) = KA°UY hold. Here AT and A° are defined as in 2.1 with respect to a.

Lemma
(1) a=ao¢q
(2) ¢a(A) = ANH,
(3) ¢a (A+O) c{ac ANH, | ala) € kt9}
(4) ¢o(K) C KN H,.
(5) The set {a, —a} is a root system of H, with respect to AN H, and the Cartan

decomposition H, = (K N H,)AY(H,)(K N Hy) holds where

AY(H,) ={a € AN H, | ala) € k°}.

Proof. Tt suffices to verify the claim (1) by Proposition 2.1. Let a € A and u € U™.
Then aua~! = a(a)u. Hence, applying ¢, on both sides, we get

Pa(a)pa ()P (ail) = a(a)da(u)

(note that ¢, |y+ is a k-linear map). On the other hand, since ¢, (a) € A and ¢, (u) €
U,, it follows that

Pa(a)pa(u)da(a™) = a(¢a(a))(fa(u)).

Hence we have a(¢q(a)) = @(a) for any a € A, proving the claim (1).00
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3.2. Since PG Ly is the adjoint group of type A1, there exists a unique k-rational isogeny
Yo : Hy — PGLy such that ¢, o ¢, = j where j denotes the natural projection map
j : SLy — PGLy. The group PGLy(k) has the Cartan decomposition and Iwasawa
decomposition which are compatible with those of SLy(k) described in 3.1.

Lemma. For anya € AN H,,
— — ala) O
ZH, (a) = EPGLy(k) ( E) ) 1) .

Proof. Since Zx, (a) = Epar,k)(Yala)) for any a € AN H,, it is enough show that

V(@) = (O‘E;L) (1)) Since

we have

Ya(a) = Ya © Pa (?é y(jl) =1J (g y(—)l)
Since

ala) = ao ¢, (g y(_)l) =Oz(g y(jl) =y,
we have

proving the lemma. [J

3.3. We recall that two distinct roots o and 8 in @ T are said to be strongly orthogonal
if neither of a + 3 is a root.

Definition (cf. [Oh]).

(1) A subset S of @ is called a strongly orthogonal system of ® if any two elements
of § are strongly orthogonal to each other.

(2) A strongly orthogonal system S is called large if every simple root of ®* has a
non-zero coefficient in the formal sum s a.

(3) A strongly orthogonal system S is called mazimal if the coefficient of each simple
root in the formal sum ) g« is not less than the one in ) _,«a for any
strongly orthogonal system O of ®.
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Example. Let G = SL3(k) and a;, s the simple roots. Then there are three strongly
orthogonal systems: {1}, {ao}, {a1 + as}.

For G = SL4(k), let a1, ag, ag be the simple roots. Then the following is a complete
list of strongly orthogonal systems: {a positive root}, {a1,as}, {1 + a2, as + az} and
{a1 + ags + as, as}.

Clearly for any o € &1, a singleton {«a} is a strongly orthogonal system. If « is the
highest root of ®*, then the singleton {v} is a large strongly orthogonal system. See the
Appendix for a list of a maximal strongly orthogonal system for each irreducible root
system constructed in [Oh]. We remark that a maximal strongly orthogonal system is
not unique in general (see Remark in [Oh, 2.3]).

We note that a priori it is not clear from the definition whether a maximal strongly
orthogonal system always exists. It will be interesting to give an intrinsic explanation

for its existence.

3.4. Lemma. Let S be a subset of ®T. Then S is a strongly orthogonal system if and
only if for any o # B in S, xox3 = TaTo for any xo € Hy and xg € Hg.

Proof. Since H, is generated by Uy, for any o € ®, the claim follows from the Cheval-
ley’s commutator relations [St]. O

Recall that for a group H, the notation Z(H) denotes the center of H.

3.5. Corollary. If S is a strongly orthogonal system of @,
H,NHzCZ(H,) C KNZ(H,)

for any a # (B in S.

Proof. If x € H, N Hp, x centralizes H, by Lemma 3.4, and hence x € Z(H,). Note
that Z(H,) is non-trivial only when ¢,, is injective, and hence when H,, is isomorphic to
SLo(k). Since Z(SLo(k)) C K, we have ¢, (Z(SL2(k)) = Z(H,) C K N H, by Lemma
3.2. 0

3.6. We will now show that for any root o € ®*, the subgroup H, is embedded in G
in one of the following four ways as the lemma below describes. We denote by k2 x k
(resp. k* x k) the Heisenberg group of dimension 3 (resp. 5).

Lemma. Assume that G/Z(G) is almost k-simple with k—s.s. rank (G) > 2. Then for
any o € T, there exist a connected almost simple k-split subgroup Go of rank 2 and a
unipotent algebraic k-subgroup Na of G such that C’GQ(I:IQ)NQ 18 a Levi-decomposition
of a parabolic subgroup of Go. Moreover if we set Gy = éa(k) and N, = Na(k), one
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of the following holds for (type of G, Ng, the action of H, on No/[Nu, No|) up to local

1somorphism:

(1) A, N, = k?, the standard representation of SLa(k) on k2.

(2) Co, N, = k3, the adjoint representation of SLa(k) on k3.

(3) Ca, Ny = k? x k, the standard representation of SLo(k) on k2.
(4) Ga, N, = k* x k, the symplectic representation of SLo(k) on k*.

Moreover in the root system of G, a is a short root in the cases (2) and (4), and a

long root in the case (3).

Proof. Since G/Z(G) is almost k-simple, the group éo/Z(éo) (see 3.1 for notation) is
almost simple and split over k. Since ® is a reduced irreducible root system, there exists
aroot 3 € ® such that one of a4 3 belongs to ®. Consider ¥ = {ia+j3 € ® |i,j € Z}.
Then ¥ is a reduced irreducible root system of rank 2. Denote by ég the closed subgroup
of Gy generated by the one-dimensional root sub-subgroups Uv of éo, v € W. Then ég
is of type Aa, Cy or Gy. Denote by {a1, s} the set of simple roots of Gy. Let ay be the
short simple root if the lengths of oy and as are different. Since any root is conjugate
to a simple root by a Weyl element, we may assume that o = «a; for ¢ = 1 or 2. In the
following case by case proof according to the type of (éa, «), except in the last case, we
will set Go = éf) For simplicity, we omit the notation ~in the rest of proof.

(1) For (As, a1 or as): since oy and oy are conjugate in A,, it suffices to consider
a = 1. Then it is enough to consider the unipotent subgroup N, generated by
Uas, and U, +a,. Note that N, is a 2-dimensional abelian subgroup.

(2) For (Ca,aq): it suffices to consider the unipotent subgroup N, generated by
Uass Uay+a, and Uz, +q,. Note that N, is a 3-dimensional abelian subgroup.

(3) For (Cq,as): consider the unipotent subgroup N, generated by Ua,, Ua,+ay
and Uszq, 4a,- Hence N, is a Heisenberg subgroup with the center Usq, 4a,-

(4) For (G2, a1): consider the unipotent subgroup N, generated by U,,, Us,+as,
Usay+ass Usay+asy, and Usq, 424,. Hence N, is a Heisenberg subgroup with the
center Usa, +2a,-

(5) For (G2, as): since the root system generated by long roots of Ga is Ag, it suffices
to set G, to be the corresponding subgroup of type A, and to apply the case of
As.

Now the proof of lemma is straightforward from the above list. [

Remark. Unless ® = C), (n > 2) and « is a long root (simultaneously), we can always
take [ in the proof so that the case (3) in the above lemma does not occur. This can
be seen as follows: first we may assume that « is a simple root up to conjugation. If
$ = G4, the case (4) or (5) happens as explained in the above proof. In all other cases
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except when « is a short (resp. long) root in ® = B,, (n > 3) (resp. Cy, (n > 2)), it is
clear from the Dynkin diagram that we can take § so that W is Ay (here we regard Bs
as C2). Finally if «v is a short root in B,,, the case (2) arises.

3.7. The Harish-Chandra function of PG L2 (k). We explicitly calculate the Harish-
Chandra function of PGLs(k). Let A (resp. B) be the image of the diagonal (resp. the
upper triangular) subgroup of G Ly (k) under the natural projection GLa(k) — PG Ly (k).

Then the set of representatives of A can be taken to be {( ) | a € k*}. We set

0 1
a = (8 (f) € A'. Denote by a the simple root of PGLy(k) defined by a(a) = a.
In the Iwasawa decomposition PGLy(k) = KA°R,(B), the A%-part of an element of

PGLs(k) is uniquely determined. The modular function dp satisfies:
op(kbn) = \2—;| for k € K, b= diag (b1,bs) € A° and n € R,(B)
Recall from 2.2 that
EPGLy(k) (@ / op(ak) =% dk
where dk is a normalized Haar measure on K.

3.7.1. For k = R: since
_ a 0 _ Vva 0
=PGL2(R) 0o 1/~ =SLa(R) 0 a~ 1

we may calculate ZEgy,r). Let G = SLy(R) and

K=80,=14( €St smi) gy _on ,dk::—dt
—sint cost

0
where dt is the Lebesgue measure on [0,27). Let a (\(/)_ \/_1) To compute
a

A%-component of ak, let

ak = K'bn where5:<b 0 ),b>0

0 bt
and apply the standard vector e; on both sides. Then ak.e; = k’b.e;. Hence
b =acos’t+a 'sin?t where k = CO?t s
—sint  cost

since k3, + k3, =1 for any k = (k;;) € K.
Since 6p(ak)~ /2 = b1,

—1/2
—_ a O _ a cos? t
ZPGLy(R) (O 1) = ZSL,(R) ({ G_l) 7T\/_/ ( + sin t) dt for a > 1.
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3.7.2. For k = C: we can parameterize K = SU, by
cost e(z(¢+¢)/2) 7sint e(z(¢*¢)/2)
{k(,t, 0) = (Z-Sinteu(w—d»)/z) cos t e(i(6+1)/2)
0<t<m/2,0<¢ <2m, =27 < <27}

and

1
dk = —— sin(2t)dep dt dob
82

where each of dvy, dt and d¢ is the Lebesgue measure on the corresponding domain of
each variable [KV].

By the same argument as in 3.7.1, now using the fact that the equation kii1ki; +
korke1 = 1 for every k = (k;;) € K (where k;; denotes the (4,7)-th entry of k), we
deduce from the Iwasawa decomposition ak = k' bn that bibs = a and

b? = a’cos’t +a%sin?t  where k = k(1,t, ¢)

(here recall that a, by and by are positive reals).

o bl _ bl -
Se(ak)~ 12— (2L 2 _ (2L
B(a ) ’ (bg) ‘ b2
(recall that |z| = 22),

1 2 w/2 2w by -1
/ Sp(ak) 2 dk = — / / (—) sin(2t)ds dt dep.
K 812 J_2x Jo 0 be

Since

Hence

Ta a

1 /2 2_[; -1
EpGLa(©) (3 (1)) = / (COSQ +sin® t) sin (2t) dt, for a > 1.
0

3.7.3. For k non-archimedean with a uniformizer ¢ such that \qu = p: in the realiza-
tion of Ind$ (1) on L2(k) (see 6.2), the K-invariant unit vector fy is given by

fo(x) =, /Z% -max(1, |z|)”" for any z € k.

1
EpGLyk) (@) = (Indg(l)(&)fo,f0> _ P / \a]_1/2max (]a\_l, ]aa:]) max (1, \a:])_l dx
p+1J

Hence
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n

where dx is a normalized Haar measure on k. For a = ¢~", we split this integral into

three parts-the integral over |z| < p~", the integral over p~" < |z| < 1 and the integral
over |z| > 1. Then the integral becomes

p / —n|—2 —ny -1 n
— p "z dx—f—/ p |zl dac+/ ptdx | .
VD' (p+1) ( l2|>1 pn<le<1 x| <p—n
Since (cf. [GGP, Ch 3.10])

_ _ -1
/ || dr=p 7, / || Yde = M and / de=p™",
|z|>1 pn<|z|<1 p |z|<p~—m

we obtain

- g™ 0\ _np-D+@p+1)
ZpaL) | g 1 N E

. @ 0\ (1 0, " 0
Since ( 0 1) = (0 q_”) in PGL2(Q,) and the latter belongs to K ( 0 1) K,

= " 0\ _ _ qg™ 0
=PGL:(k) \ o 1) T =PGL:(R)\ o 1 )-

3.8. In summary, the function Zpgr, (k) is a bi-K-invariant function of PG Ly (k) such
that

we have

2 /2 [ cos® ¢ i 2 —1/2 f > 1 f =R
vz Jo <x2 + sin t) dt, or x > 1: for k =
= z 0 = 1 /2 [ cos® ¢ s 2 -1 .
PGL2(k) \ o 1 — 1 (w—Q + sin t) sin (2t) dt, forx > 1: for k=C
np—+(p+l) for x = g™ and n € N: for k non-archimedean

VvP"(p+1)
(recall that |g| = p~! where p is the cardinality of the residue field of k).

4. TEMPEREDNESS OF p|g.,

4.1. We continue the notation from 2.1 and 3.1. We also denote by G the subgroup
generated by the subgroups U(k) where U runs through the set of unipotent k-split
subgroups of G (cf. [BT]). The goal of section 4 is to show the following two theorems
4.1 (for k # C) and 4.2 (for k¥ = C) which play key roles in the construction of our
uniform pointwise bounds for K-matrix coefficients.

Theorem. (k # C) Let k be a local field not of characteristic 2. Assume that G/Z(G)
1s almost k-simple with k-s.s. rank G > 2. For any a € ® and for any unitary represen-

tation p of G without a non-zero G -invariant vector, the restriction p|g, is tempered.
Moreover if G/Z(G) = SLy (k) (locally), k can be any local field.



22 HEE OH

4.2. When £k is the complex field, there appears different phenomenon, mainly due to
the fact that the oscillator representation occurs as a representation of SLy(C), whereas,
if k # C it is a representation of a double covering of SLs(k) but not of SLy(k). More
precisely, when H, C G = Sp2,(C) and « is a long root, the restrictions to H, of the
K N H,-matrix coefficients of a unitary representation of G' without a non-zero G-
invariant vector are in general strongly L*T¢ but not strongly L?T¢ (see Theorem 6.6
below for an example of such a representation).

Theorem. (k = C) Let G be a connected reductive complex algebraic group with
s.s. rank G > 2 and G/Z(G) almost simple. For any a € ® and for any unitary
representation p of G without a non-zero G+ -invariant vector, the restriction p|g,, is
tempered, except the case when G/Z(G) = Sp,(C) (n > 2) (locally) and « is a long
root. In the latter case, p|g, is strongly L*te.

4.3. Recall the following direct consequence of the well known Howe-Moore theorem
on vanishing of the matrix coefficients at infinity [HM]: if G is the group of k-rational
points of a connected reductive algebraic group over any local field k with G/Z(G)
almost k-simple and p is a unitary representation of G without a non-zero G*-invariant
vector and M is a closed subgroup of G with M /(M N Z(G)) non-compact, then p has
no M-invariant vector. In view of this, we may assume that G = G, (see Lemma 3.6
for notation) in the proofs of Theorems 4.1 and 4.2. We will then carry out case by case
analysis based on the position of H, in GG, along with the type of G, given in Lemma
3.6. By the following lemma, we may also assume that G, is of simply connected type
and hence H,, is isomorphic to SLs(k) without loss of generality.

Lemma. Let G, be the simply connected covering of éa and 7 : G, — éa be the k-
1sogeny. Set Hy := W_l(ffa). Suppose that for any unitary representation p of Gu (k)
with no non-zero invariant vector, ply, (v is tempered. Then for any unitary represen-
tation p of G4 with no non-zero Gt -invariant vector, p|g,, is tempered.

Proof. Let p be a unitary representation of G, with no non-zero G} -invariant vector.
Note that G, (k) = Go (k)" and 7(Ga(k)) = G (k). Hence pon|g, (x) is a unitary repre-
sentation of G, (k) with no non-zero G, (k)-invariant vector. Note that m(H(k)) is a sub-
group of finite index in H,. Let hy,--- , hi be a set of representatives in H, /7(Hq(k)).
Let v and w be non-zero vectors in p and set w; = p(hi_l)w for each 1 <17 < k. Denote
by dh a Haar measure on H,,. Since m(H,(k)) is an open subgroup of H,,, the restriction
of dh defines a Haar measure on m(H,(k)), which will also be denoted by dh. Let dm
denote the Haar measure on H, (k) which is the pull back of dh under the covering map
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T Hao(k) = m(Hao(k)). Fix € > 0. Then

/ [{p(R)v, w) [>T dh = Z/ p(hih)v, w)|* < dh
H, (Ha <kz>>

——Z/ (p o m(m)v,wy) P+ dm
a (k)

where ¢ is the cardinality of ker(m) N H, (k). Since any non-zero matrix coefficients of
PO T w, (k) 18 L?*<integrable for any € > 0 by the assumption (Theorem 2.5), it follows
that p|g, is tempered by Theorem 2.4. [

Our main tool is the theory of Mackey on representations of a semi-direct product of
groups (cf. [Zi, Ex 7.3.4], [Ma, I11.4.7], [LZ]). The first two cases of Lemma 3.6 will be
handled by the following proposition:

4.4. Proposition. Let k be any local field and let H = SLo(k). Let G be the group
H x k% (resp. H x k3) where H acts on k? (resp. k3) as the standard (resp. adjoint)
representation. Let K be a good maximal compact subgroup of H. Then for any unitary

representation p of without any k* (resp. k3 )-invariant vector, p|g is tempered.

Proof. Set N = k? or k? accordingly. Conisder the action of H on the character group
N of N defined by
h.x(n) := x(h™*nh)

foranthH,XENandneN.

Let N’ denote the space of k-linear forms on N, and fix a non-trivial additive character
A of k. Then the map ¢ : N’ — N defined by ¢(n')(x) = \(n/(x)) for any = € n is a
bijection (cf. [We, Ch II-5, Theorem 3]). Through this identification of N with N’ = N,
the action of H on N is equivalent to the standard SLo(k)-action on k2 if N = k2, and
to the standard SLo(k)-action on the symmetric power Sym?(k?) of k? if N = k3.

Therefore the actions of H in N are algebraic and hence the H-orbits on N are locally
closed (see [BZ, 6.15 and 6.8]). We can easily check that the zero element in N is the
only H-fixed point in N. Hence the stabilizer in H of any non-zero element in N is
amenable, since any proper algebraic subgroup of SLy(k) is amenable.

Now assume that p is irreducible. Applying Mackey’s theory, we conclude that p
is induced from an irreducible unitary representation o of the stabilizer in G of an
element, say y, of N and if X is trivial, then p|n contains the trivial representation (cf.
[Zi, Theorem 7.3.1]). It then follows from the assumption that x must be non-trivial
and hence the stabilizer of x in GG, which is the semi-direct product of the stabilizer of
x in H with N, is amenable. Recall the well known fact that any irreducible unitary
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representation of an amenable group is weakly contained in its regular representation
(cf. [Ma, Chl, 5.5.3]). Hence p is weakly contained in the regular representation of G,
since the induced representation of a regular representation is the regular representation
and the induction map is continuous (cf. [Zi, Proposition 7.3.7]). It now follows that
p|m is weakly contained in a multiple of the regular representation L?(H). In general,
in the direct integral decomposition p = [ « Pz dp(z) where p, is irreducible, for almost
all z € X, p,|n has no non-zero invariant vector. Hence p, |y is weakly contained in
the regular representation L?(H) for almost all z € X, by the above argument. By
Theorem 2.4, this finishes the proof. [

4.5. Now the last two two cases of Lemma 3.6 will be based on Propositions 4.5 and
4.6. In both cases, H, is a subgroup (in fact, the derived subgroup of a Levi subgroup)
of a parabolic subgroup of GG, whose unipotent radical N, is a Heisenberg subgroup.
Letting W = N,/[Na, Na|, Hy acts on W as a sympletic representation and hence
H, — Sp(W). Fix a subset A of ®* such that W admits a polarization

W=|> Us|a|) Us

BeA BEA

Denote by H, the double cover of H, for k # C, and set H, = H, for k = C. Applying
Mackey’s theory and the theory of oscillator representation, we can conclude that for
any unitary representation of G, without a non-zero invariant vector, there exist unitary
representations p; of Hy, t € k*/(k*)?, such that

plo. = > w

tek* /(k*)?

i, @t

(up to equivalence) where w; is the oscillator representation of the symplectic group
Sp(W) corresponding to t € k*/(k*)? (cf. [LZ, Proposition 2.1]). Here the representa-
a, © He factors through I:Ia — H,. Therefore there exists a dense subset V' of

tion wy
plu, such that for any x,y € V, the matrix coefficient (p|g_(a)z,y) is bounded by a
constant multiple of

¢(a) = [ (max(B(a)l,|8(a) ™) "

BeA

for any a € A(H,) (cf. [LZ, Proposition 2.2]). Here ¢ is essentially a matrix coefficient

of w¢| 5 . We keep these notation in the proofs of the following two propositions.

Proposition. Let k be a local field not of characteristic 2. Let G be the group of k-
rational points of a connected simply connected almost simple k-split group of type Go
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and o a short root in ®. For any unitary representation p of G without a non-zero

invariant vector, the restriction p|y, is tempered.

Proof. Let a; and ag be as in the the proof of Lemma 3.6 (in particular oy is short).
Then we may assume thar o = «; (up to conjugation by a Weyl element). We may
assume that p is irreducible without loss of generality. The maximal split torus A of G,
can be identified as

A= {CL = diag(a17a27a3) S SLS(k) ‘ a; € k*}a

and
ai
ay(a) = ag and ag(a) = —.
as

Then
AT N H,, = {b=diag(b; ", b7,b7") | by € k}.

Since A can be taken as {as, a1 + s},
B(b) = az(b)| "2 raz(b)| V2 = by |72,

Therefore p|g, is strongly L'*¢; hence p|g, is tempered by Theorem 2.4. [J

4.6. Proposition. Let k be a local field not of characteristic 2. Let G be the group
of k-rational points of a connected simply connected almost simple k-split group of type
Cy and « a long root in ®. Let p be a unitary representation of G without a non-zero
1mvariant vector.

(1) For k # C, plu, is tempered.

(2) For k=C, plu, is strongly L**e.

Proof. We may realize G by Sp4(k) so that
A = {a = diag(a1,az,a;',a7") | a1, az € k*}

and
a
ar(a) = =,  aa(a) = aj
az

are simple roots. We may assume that a = as. and
AT (H,) = {b = diag(1,b1,b7*,1) | by € k}.

Then
$(b) = |ar (b)Y = [by| V2
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for any b € A(H,). Hence pl|y, is strongly L4T¢. Now consider the case when k # C.
By the remark in 4.1, we may assume that p is irreducible. By [Ho, Corollary 2.15],
any non-trivial irreducible unitary representation of Sps(k) has pure rank 2. By [Ho,
Corollary 2.12], the representations w; are representations of H,, of pure rank 1. Since
plm,, is a representation of H, and w; acts on the kernel of H, — H, non-trivially, it
follows that u; is a genuine representation of H,. It is well known that the genuine
irreducible unitary representation of H, = SLg(k:) is strongly L*t¢. Hence so is j,
being the direct integral of irreducible. Since both w; and p; are strongly LT, p|y  is
strongly L?7¢. By Theorem 2.4, p|y. is tempered. The above argument for k # C is
borrowed from the proof of [DHL, Proposition 4.4.]. O

4.7. Proof of Theorems 4.1 and 4.2. Let G, and N, be as in Lemma 3.6. By Howe-
Moore, p|g, has no G}-invariant vectors. Hence we may assume G = G,. Suppose

that G, contains H, x k?, or H, x k3 as the first two cases of Lemma 3.6. Since p|:
(1 = 2, 3 respectively) has no non-zero invariant vector again by Howe-Moore, we apply
Proposition 4.4 to prove the claim. For the last two cases of Lemma 3.6, Propositions
4.5 and 4.6 imply the claim. Since the case (3) in Lemma 3.6 can be avoided unless
®=0C),(n>2) (e, G/Z(G) = Sps,(C)) and « is a long root (see the remark following
Lemma 3.5), we need to set n, = 1/2 only in that case with £ = C as in Theorem 4.2.
The condition that the characteristic of k£ is not 2 is required only in using oscillator
representations of the double cover of a symplectic group. For example, if ® = A, _1,
i.e.,G/Z(G) = SL,(k), this case does not happen. Hence Theorem 4.1 is valid in this

case for any local field k.

Remark. The proof of Proposition 3.4 in [Oh] is incomplete since only the cases when
N, can be taken abelian were treated. The above proof fills up its missing part.

4.8. Sp(l,n) case. We also show a theorem analogous to Theorem 4.1 for the real
rank one group G = Sp(1,n), (n > 2). In this case, we have & = {a}.

Theorem. Let p be a unitary representation of G = Sp(1,n) without a non-zero in-

variant vector. Then p|p, is tempered.

Proof. Consider the natural embedding Sp(1,2) — G. Thanks to Howe-Moore again,
we may assume that G = Sp(1,2). If we denote ® by {a, —a}, we have that Gy = H,.
It is known that any non-trivial irreducible unitary representation of G is strongly L°t¢
from the classification [Ko]. By Theorem 2.5, any K-finite matrix coefficients of p is
bounded by Eé/ 3 up to a constant multiple. But Eé/ 3~ q8/6 (see 5.6 for notation).

Hence Eg 3| .. is L2-integrable and p|g, is strongly L2. This proves the claim. [J

e

4.9. We now obtain the following from Theorems 4.1, 4.2 and Proposition 2.7:
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Theorem. Let k be a local field with char (k) # 2. Let G be the group of k-rational
points of a connected reductive linear algebraic group over k with k-s.s. rank G > 2 and
G/Z(G) almost k-simple, or G = Sp(1,n) (over R). Let S be a strongly orthogonal
system of ®. Let n, = % if k=C, & =C, and « is a long root, and n, = 1 otherwise.
If p is a unitary representation of G without a non-zero GT -invariant vector and v and
w are K N Hg-invariant unit vectors, then for any ho, € Hy and ¢ € NpesCa(Hy), we
have

([T hec)oew)] < T] Eh. (ha).

a€S aeS

4.10. Definition. For a strongly orthogonal system S, define a bi- K-invariant function
£s of G = KATQK as follows:

Eslhradks) = [[ e, (O‘g@ (1)) forac A*,deQ, ki, ks € K

aeS

where n, = % if k=C, ® =C, and « is a long root (all at the same time), and n, = 1
in all other cases.

Lemma. For any element a = [],cg @ac where aq € AT (Hy) and ¢ € NpesCaoHy,
we have

éslg) = [ ] =t (aa)-

aEeS

Proof. 1t suffices to show that

- ala) 0 -
ZPGLy (k) ( E)) 1) =Zpx. (aq).

Since

— —_ a 0
En, (0a) = EpaLy(k) (a(g ) 1) for a, € AN H,

by Lemma 3.2, it suffices to show that a(a) = a(aq). Since the element [[5.5 5., agc
lies in Cg(H, ), we only need to show that a(b) = 1 for any b € ANCq(H,). Note that
for any u € U,, bub™! = a(b)u. Therefore if b commutes with H,, and hence with w,
we have a(b)u = u, yielding a(b) = 1.

4.11. Recall from 2.1 that if £ is archimedean, we have the Cartan decomposition
G = KATK. Therefore the following theorem presents a uniform pointwise bound on
G for all K-matrix coefficients of unitary representations of G without non-zero G-

invariant vectors in the archimedean field case.
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Theorem. Let kK = R or C, and let G be the k-points of a connected reductive lin-
ear algebraic group over k with k-s.s. rank(G) > 2 and G/Z(G) almost k-simple or
G = Sp(1,n). Let S be a strongly orthogonal system of ®. Then for any unitary rep-
resentation p of G without a non-zero G -invariant vector and with K -invariant unit
vectors v and w, we have

(p(g)v,w)| < &s(g) forgeG.

Proof. Since both functions are bi-K-invariant, it suffices to consider the case when
g € AT, In fact, we have

At ¢ H At (Hy) - (NaesCao(Hy))
a€S

for k-archimedean (see Lemma 5.2 below). Hence it only remains to apply Theorem 4.9
with Lemma 4.10. [J

Theorem 1.2 (2) is a special case of the above theorem.

5. UNIFORM POINTWISE BOUND &g

5.1. Let k be any local field with char (k) # 2. Unless stated otherwise, G denotes
the group of k-rational points of a connected reductive linear algebraic group over k
with k-s.s. rank(G) > 2 and G/Z(G) almost k-simple. We also assume that G/Z(G) 2
Span(C) (locally).

We state some more structure theory of algebraic groups. We continue the same
notation from 2.1, 3.1 and 4.1. In particular, recall that for each a € P, U, (resp.
fl) denotes the one dimensional root subgroup (resp. the maximal k-split torus) of Go
such that U, N Gy = U, (resp. ANGy = A). In the following discussion we freely use
some facts about algebraic groups from [BT, 3.8-3.11]. Let S be a strongly orthogonal
system of ®. Then the set +§ = {«o,—a | @ € S} is a closed subset of ®. Denote
by Ggs the subgroup of Go generated by A and Ua, o € £8. Then Gs is a connected
reductive algebraic subgroup of Gy defined over k. We also denote by Hg the subgroup
of Gy generated by Uy, a € £S. Then Hg is a connected semisimple algebraic subgroup
of Gy defined over k. We set Gg = és(k) and Hs = f[g(k) Then Gs = HsA. It
follows from Proposition 2.1 that Hs and Gs admit Cartan decomposition and Iwasawa
decomposition compatible with those of G:

Hs = (K NHs)AT(Hs)(K N Hs) = (K N Hs)A°(Hs)(Ru(B) N Hs);

Gs = (K N Gs)AJr(K N GS) = (K N Gs)AO(Ru(B) N Gs).
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5.2. The subgroup Hg is an almost direct product of H o, @ € 8§, and hence the subgroup
generated by H,, a € § has a finite index in Hg. Since the centralizer of any subset is
algebraic, Cq0(Hs) = NaesCao(Hy) and AT (H,) C AT (Hg) for each a € S.

Lemma. Let S be a strongly orthogonal system of ®. Then we have

{ AT C AT (Hs) - (NaesCao(Hy))  for k archimedean
2AT C AT (Hs) - (NaesCao(Hy))  for k non-archimedean

where 2A1 = {a® | a € AT}. In fact, for any a € AT (resp. for a € 2AT for the
latter case), there exist elements a, € AT (H,) (unique up to mod KN H,), « €S and
¢ € Cpo(Hs) such that a = ([],es a) - €

Proof. Consider the character map « : A — k° for each & € S. For k archimedean,
a must be surjective, since both a(A°) and k® are one-dimensional connected groups.
Hence A° = (A° N H,)ker(a). When k is non-archimedean, we claim that 2A4° C
(AN H,)2(ker(a)). Denote by 7 the natural projection A° — A°/kera. Consider the
map

a: A°/ker(a) — K°
which is induced by a. Then a(n(a)) = a(a) for all a € A° N H,.

Denote by a (resp. b) the generator of A° N H, (resp. A°/ker(a)) as a Z-module.
We may assume that 7(a) = ™ for some positive integer m. Define a character [ :
AN H, — k° by setting 3(a) = a(b). Then 8™ (a) = a(b™) = an(a) = a(a). Hence
f™ = a on H,NA®. Since H, is locally isomorphic to SLy(k), the Z-module generated
by the root « of H,, is of index 2 in the Z-module generated by all characters of A(H,,)
defined over k. Hence m =1 or m = 2.

Therefore

2A° /ker(a) € AN H,;

hence
(2A° /ker(a)) (2ker(r)) € (A° N H,)(2ker(a)).

This shows that 24° C (A4° N H,)2(ker(«)) for k non-archimedean. For the rest of
the proof, let » = 1 or 2 depending on whether k is archimedean or not. Note that
ker(a) = Co(H,) and hence A° N Hg C ker(a) for all 8 € S\{a}. If 3 € S\{a}, by

the same argument as before, we have
rker(a)/(ker(a) Nker(B)) C (A°N Hp).

By an inductive argument, we obtain that

rA° (H A%H,) - (ﬂaegker(a))) .

aeS
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Since [[,cs A°(Ho C A°(H,), Naesker(a) = Cuo(Hs) and a(a) € k't for any a € AT
and o € T, this proves the inclusion relation. To show the uniqueness, assume that
[loes@ac = [loes anc where aq,a;, € Hy and c,c’ € NaesCao(Hy). Then for each
a € S8, azlal, € Cpo(Hy), since Hg C Cpo(H,) for any 8 # « in S. Therefore
azta!, € Z(H,) C KN H,. This finishes the proof. [J

Example. For G = SLy(k), let a = diag(a,as,as,as) € AT. Consider the simple

roots ay, ae and ag such that a;(a) = a?“jrl for each 1 <17 < 3. Set
ay a9
11(@) = 2 and yp(a) = 2.
Q4 as

Then {71,792} is a (maximal) strongly orthogonal system of ®. Observe that a is de-
composed into

/ 1
Z_i a2 v aiaq
1 as asas
1 as £\/a20a3
asz
\ o 1 V@104

Therefore the decomposition of a into A*(H,,)AT(H,,)Cx0(H,, Hy,) can be achieved
provided v;(a) € k2. For k archimedean, this is always the case. For k non-archimedean,

vi(a) = ¢™ for some positive integer n. Hence v;(a) € k2 if and only if n is even.
Therefore AT cannot be contained in A™(H,,)A*(H.,,)Cao(H,, H.,,).

5.3. We also denote by Mg the subgroup generated by Hs and C4(Hs). Then Mg
has a finite index in Gg, since 2AT C Mg by Lemma 5.2 and A" has a finite index
in A. Observe that Hs/Z(Hs) = Ms/Z(Ms). Since Hs/Z(Hs) has finite index in
éS/Z(ég) and PGLj is of adjoint type, the map [],.s%a (see 3.2) factors through
Gs/Z(Gs) and the following diagram is commutative:

HaES d)o‘
%

Hs/Z(Hs) [loes SLa(k)
Gs/Z(Gs) === ] o PGy (k)

where i and j are canonical maps. We mention that the above map [] .5 ¢« is not in
general surjective and Hs/Z(Hgs) and Gs/Z(Ggs) are not isomorphic.

Example. Let G = SLy(k) and S = {71,772} where

ap ai
a2 a az a3
4! =— M =
as as as Qg4
a4 aq
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Then
Hs — {(‘3 Jg) | A,B € SLz(k)},

Ms = {(3764 a:olB) | A, B € SLa(k),z € k}

and
A 0

Gs = 0 B | A, B € GLy(k),det(AB) =1, .
Hence

Hs/Z(Hs) = Ms/Z(MS) = PSLQ(k) X PSLQ(]{?)
and

Gs/Z(Gs) = PGLy(k) x PGLy(k).

5.4. Recall the Cartan decomposition G = KATQK. Here © is a finite subset in the
centralizer of A. The bi-K-invariant function s of G = KA1TQK is defined as follows
(4.10):

¢s(kradks) = [ Ercr.n (O‘g“) (1)) for kiadks € KATQK.
aES

Lemma. For a strongly orthogonal system S of ®, we have
§S‘Hs = Zns and 55‘6’5 = Egs-

Proof. If a € AN Hg, then Ey,(a) = Eg(a). Since for any a € A,

EGS (a) = H EPGLg(k) (¢a(a))a

aeS

it suffices to see that ¥, (a) = (aga) (1)), which can be found in the proofs of Lemma
3.2 and Lemma 4.10. [J

5.5. Theorem. For any unitary representation p of G without a non-zero G* -invariant
vector, the restrictions plpg and p|gs are tempered.

Proof. Denote by H the subgroup generated by H,, o € S. By Theorem 4.9 and the
remark following Proposition 2.7 imply that the K N H-finite matrix coefficients of p|g
are bounded by a constant multiple of £s|y. Since Zy = &s|my, p|g is tempered. Since
H has finite index in Hg, a similar argument to the proof of Lemma 4.3 shows that p| g
is tempered. Now to show that p|q is tempered, write p|g as a direct integral [, o, of
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irreducible representations of Gs. Without loss of generality, we may assume that for all
y €Y, o, has no non-zero Gg—invariant vector and hence o, |p, is tempered. Consider
the matrix coefficient g — (o, (g)v, w) where v and w are K N Gs-finite vectors of o,.
Recall that the subgroup Mg (5.3) has a finite index in Gs. Let hy,--- , hy be a set of
representatives in Gs/Mg. We denote by d[g] the G-invariant measure on Gs/Z(Gs).
We also denote by d[m] and d[h] the restrictions of d[g] to Ms/Z(Ms) and Hs/Z(Hs)
respectively. Fix € > 0. Then

k

Ty v, w)|*" dlg) = oy(him])v, w 2T dim

/GS/Z(GS)K ([gD)v, w)["* d[g] ;/MS/Z(MS)K (hilm])v, w)["" d[m]
k -

- Z/H /Z(H )K(jy([h])v’hi_lw” T dn)

1=1

Since any non-zero matrix coefficients of o,|ps is L*T*-integrable (Theorem 2.5) and
hence L?T¢(Hs/Z(Hs))-integrable (since Z(Hs) is finite), we have shown that

[ oo dig) < .
Gs/Z(Gs)

Hence o, is strongly L**€(Gs/Z(Gs))-integrable. By Theorem 2.4, this implies that
plcs is tempered. O

5.6. For k archimedean, a translation of a K-finite vector is not necessarily K-finite.
However that is the case for the non-archimedean field case.

Lemma. Let k be non-archimedean and p any unitary representation of G. Then for
any K-finite vector v and for any g € G, the vector gv is K-finite. Furthermore

dim(K (gv)) < [K : gKg ' N K] - dim{Kv).

Proof. Since (9K g~')(gv) = gKv, the subspace spanned by (9K g~ !)(gv) has the same
dimension as (Kv). Now gKg~ !N K is an open compact subgroup of K, and hence has
finite index in K. Therefore

dim(K (gv)) < [K : gKg~' N K] -dim((gKg~" N K)(gv))
<[K:gKg ' NK]-dim{(gKg")(gv))
=[K :gKg 'nK]-dim(Kv).

O

5.7. Main Theorem. We are now ready for our main theorem:
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Theorem. Let k be a local field with char (k) # 2. Let G be the k-rational points of
a connected linear reductive algebraic group with k-s.s. rank (G) > 2, G/Z(G) almost
k-simple and G/Z(G) 2 Span(C) (locally). Let S be a strongly orthogonal system of ®.
Then for any unitary representation p of G without a non-zero G -invariant vector and
with K -finite unit vectors v and w, we have

1/2

[{p(g)v, w)| < ([K : KNdKd '] - dim{Kv)dim{Kw))"'~ &s(g).

for all g = kradky € KATQK = G.

Proof. By Theorem 5.5, p|gs is tempered. By the definition of Gs, AT C Gs. For
g = kiadky € KATQK (recall Q = {e} for k =R, C), we have

[(p(kradks)v, w)| = |(p(a)(dkav), (ki "w))]

(dim (I (d(k20)))dim(K (K 'w)))* Zg (a)

< (K : K ndKd™"] - dim(K (ko)) dim(K (k' 0))) * E (a)
(K : K NdKd™] - dim(Kv)dim(Kw))"* Zq, ().

N

Since Eg;(a) = €s(a) = €s(g) by Lemma 5.4, this finishes the proof.[]
As an immediate corollary, we have:

5.8. Corollary. Keeping the same notation as above, assume furthermore that G =

KATK holds. With the same conditions on p, v and w as above, we have

{p(g)v, w)| < (dim{Kv)dim(Kw))"'*&s(g)  for all g € G.

5.9. We now summarize:

Theorem (Properties of &s).

(1) 0 < &s(kiadks) =Es(a) <1 for anya e AT, d e Q and ki, ko € K.
(2) For any a € A", £s(a) =1 if and only if a(a) =1 for all a € S.
(3) For any € > 0, there are positive constants ¢ and co such that

—1/2 —1/24€
c1 (H |oz(a)\> <és(a) < e (H |oz(a)\> for any a € AT,

a€eS a€ES
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For instance, in the case when k£ = Q,, if we set

nslo) = 5 3 log, lalg)],

aeS

then for any € > 0, there exists constants ¢; and cz(€) such that for any g € G(Q,),
o p—ns(g) < Es(g) < Cole) p—ns(g)(l—e)_

In the inequality (3), using the well-known estimate of Zpgr,k), we may replace
[I.csla(a)” by some polynomial of variables |a(a)|, more precisely, for any sufficiently
large integer r, there are positive constants ¢; and ¢, such that

1/2
o (H wa<a>|) és(@) < o [T (14 fata))

aES aEeS

(see [GV] for k archimedean, and see [Si] for k non-archimedean). For two non-negative
bi- K-invariant functions f; and fo of KAT K such that fi(g), f2(g) < 1forall g € AT,
we will write f; & fo if for any € > 0, there are constants d; and dy such that d; f1(a) <
fa(a) < dafi(a)t=¢ for all a € AT. Since s ~ [lacs
when § is a maximal strongly orthogonal system of ®, that is, ) s is the largest

|a|71/ % clearly &s decays fastest

among all strongly orthogonal systems of ® (see 3.3). Set n(®) := %Zae o @ where Q
is a maximal strongly orthogonal system of ®. Note that 1(®) does not depend on the
choice of maximal strongly orthogonal systems. In the appendix we present the list of

n(®).

6. REPRESENTATIONS WITH THE SLOWEST DECAY

In this section we show that for G = SL,, (k) or G = Spa,(k), the pointwise bound
function £o is an optimal bound for the K-matrix coefficients of the class one part of
the unitary dual of G for a maximal strongly orthogonal system Q. We remark that
a priori it is not clear whether there should exist one representation whose K-matrix

coefficients behave essentially like & 1Q+6 in every direction of A™. This is indeed the case

for G = SL, (k) or Spa, (k).

6.1. Consider the case when G = SL, (k). Let AT and K be as in Example 2.1.1 so
that G = KA'K holds. Define the characters ~;’s by

Vi = Z;; ap fori<|n/2] -1
Qln /2] for n even

’yLn/QJ - { aLn/2J +O‘Ln/2J+1 for n odd



UNIFORM POINTWISE BOUNDS 35

where «;(a) = #5 for each 1 <i <n —1 and for a = diag(ai,--- ,an) € AT, That is,
@
vi(a) = —.
Apt1—i

Then Q = {7, | 1 < i < |n/2]|} is a maximal strongly orthogonal system of & [Oh,
Proposition 2.3]. The function {g (5.4) is a bi-K-invariant function of G defined by

(/2] . g
éo(a) = |] Ercr.r) (“”61—1' 1) :

i=1

Then by 5.9, for any € > 0, there exist constants d; and d2 (depending only on €) such
that
dy-€o(a)'™ < F(a) < dy-&go(a) for alla € A

where F' is a bi-K-invariant function of G defined by

12 |as| " for n even
F(a) = (n 1)/2 ~1/2
IL- la;| la(nt1)/2] for n odd .

6.2. We recall the formula for the matrix coefficients of the induced representation
Ind%(1) (cf. [Kn]) where P is a parabolic subgroup of G. Consider the Langlands
decomposition of P: P = M ApN. Denote by N the unipotent radical of the opposite
parabolic subgroup to P with the common Levi subgroup M Ap. If g decomposes under
the decomposition G = KM ApN, we denote by exp H(g) the Ap-component of g. If ¢
decomposes under NMApN as

g =n(g)m(g) expa(g)n(g),
then the action is given by
Ind$ (1) (g) f(z) = 6750(“(9_1@)]"(%(9’130)) for any f € L*(N,dz) and x € N

where g is the half sum of positive N-roots.
Define the vector fo of Ind%(1) as follows:

folz) = e Do (H@).

It is not difficult to see that fo is K-invariant and the matrix coefficient of Ind% (1) with
respect to fy is as follows:

(Ind$(1)(g) fo fo) = / e~ 50la(y™"2)) =0 (H (g™ ) =50 (H () g,
N
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Let G = SL,(k), and P the maximal parabolic subgroup of G which stabilizes the
line k.e;. We write an element of N as x = (z1, 29, - ,xn)T where z; = 1. The
realization of the representation Ind% (1) on L2(N, dz) can be formulated as follows (see
[Oh, 4.4]): for a € AY, for f € L2(N,dx) and 2 = (v; = 1,29, - - ,xn)T eN

(mdE(1)()f) (2) = loa|"* fla w1, 0520+ 0y )

and the K-invariant vector fj is defined by

folw) = |2,
Here the absolute value |- | in k™ is defined as follows:
\/m for k=R
x| =< S0 @ for k=C

maxj<;<p |;| for £ non-archimedean.

6.3. Theorem. Let k be any local field and G = SL,(k) (n > 3). Then for any € > 0,
there is a constant ¢ > 0 (depending on €) such that for any g € G,

¢ €a(9)" T 1 foll < (IndE(1)(g)fo, fo) < &alg) - I foll-

Proof. This theorem is shown in Proposition 4.4 in [Oh] for £k = R. For k = C, es-
sentially the same proof goes through. We will briefly go over the case when k is a
non-archimedean local field. The proof given here follows line by line the proof of
Proposition 4.4 in [Oh]. For a € AT, we have

—n/2
G _ |x1‘ 1—n/2
A @fonfo) = [ max T a7 dm
where dm is a normalized Haar measure on k™ 1.
Set r = |2 |, and let T be the following set:
r= (T, - ,Ty) €L <lzg;| Lltor2< 1< r —
{z = (w2, -, @n) €K" 1[0 < 2y <1 for 2 < 1,
<l|x,| <2,|z;] < ail ol forr+1<i<n}.
1 2 " |
ar
Note that if z = (z9,- -+ ,2,) € T, then for each 1 < i < n, we have
ml <l and <1
|ail |ar|
Therefore
~ n/2 n/2 - a; —-1/2
G W@fo,fo) = [ Jarldm = o, T] (124) =€ I lata ™

i=r+1 a€ceQ

Hence we have
(Ind(1)(a) fo, fo) > d - £a(a)'*

for some constant d > 0. OJ
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6.4. We now consider the case when G' = Spa,, (k). The group Spa, (k) is defined by the
bi-linear form (_(; Iél) where I,, denotes the skew diagonal n x n-identity matrix.
We may take the positive Weyl chamber A™ and the maximal compact subgroup K to
be the intersections of those of SL, (k) with G. Then an element a of A7 is of the form

1 X 71).

a =diag(ay, - ,an,a, , - ,a]

Define the characters ~;’s by
{ Vi = < Z;il%kk) +ay, fori <n-—1

Tn = Qn
where a;(a) = s 1<i<n-—1and o (a) = a2 are the simple roots of ®. That is,

vi(a) = a? for eachi=1,---,n.
Then Q = {71, -,V } is a maximal strongly orthogonal system of ® [Oh, Proposition
2.3]

By the definition of £g, we have
N o a? 0
Hi:l :PGLQ(k) 0 1 fOI' k 7é C
o (a) = )

1/2
n — a; 0
Hz’:l (:'PGLQ((C) ( 0 1)) for k=C

(note that ~; is a long root in C,, for each 1 < i < n). Hence for any € > 0, there exist
constants d; and dy (depending on €) such that

dy-€o(a)'™ < F(a) < dy-&g(a) for all a € AT
where
T, lasl for k # C
F(a):{ n “1/2 1 1 B .
[T lail =1l a for k = C (all a; positive).
6.5. Let P be the maximal parabolic subgroup of G which stabilizes the line k.e;. Let
P = MApN denote the Lang lands decomposition of P and N = k?"~! the unipotent
radical of the opposite parabolic subgroup to P with the common Levi subgroup M Ap.
Then an element 2 of N can be identified with
= (x1=1,20,  ,TnsYns - Y1) -
In the realization of the representation Ind%(1) on L?(N,dx), we have that for a €
AT, for f € L?*(N,dz) and z € N,
(mdZ(1)(@)f) (@) = laa|"f (a7 21,0522, a7 w0 s+ a7 ) ")
Then vector fy given by
fo(z) = |=|™"

is K-invariant, where the absolute value | - | of £*" is defined similarly as in 6.2.



38 HEE OH

Theorem (k # C and char k # 2). Let G = Spa,(k) (n > 2). Then for any ¢ > 0,
there is a constant ¢ > 0 (depending on €) such that for any g € G,

¢ €a(g)' ™ |1 foll < (IndE(1)(g) fo, fo) < &a(g) - |l foll-

Proof. As the case of Theorem 6.3, the other inequality is also shown in Proposition 4.4
in [Oh] for k = R. Let k be a non-archimedean local field. Then for a € AT,

sy e {fl fydy dm

G = max
(Id$(1)(a) for fo) = /k {1zl

an—1 1<i<n |y
where x1 = 1. Let T be the following set:
{(.131,"' y Ly Yny * 0 7y1) ‘ 1< ‘yn| < 27

il < 220 <l < 1,0 < il < 2 for 1< i <),

|ail

Note that if (z1,-- ,Zn,Yn, - ,y1) € T, then
|zi| < |aianynl

since |a;| > 1 for all 1 <4 < n. Therefore

(IS (1) (a) fo, fo) > C /T (angal) "dm > C — 1 = d. ¢k (a)

a1 -+ - ay
where C and d are some positive constant.[]

6.6. The inequality in Theorem 6.2 is not true for G = Sps,,(C), in fact, the K-matrix
coefficient of the representation Ind%(1) satisfies

éo(a) ~ ((maf ()@ fo. )"

In this case, the minimal pointwise decay can be achieved by the oscillator representation
w of Spa,(C) (we refer the reader to [Ho] for a detailed description of w). In the
realization of w in L?(C"), we have the following formula: for a € AT, for f € L*(C")
and (z1,---,2,) € C™,

w(a)f(zl, T azn) = H |ai|71/2f(a1_1217 T 7a;12n)

cart) € At (recall that |a;| = a;a; = a?). The
representation w decomposes into two irreducible components, the even part w™' and

— a4 -1
where a = diag (a1, - ,an,a, ", -
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the odd part w™. In the realization of w in L?(C™), the space w can be taken as the
even functions: functions such that f(—z) = f(x) and the space w™ consists of the odd
functions: functions such that f(—z) = —f(x). And only the even part w™ is class one.
In fact, the function

Jo(z1, -+, 2n) = exp (WQ(Z Zﬁz))

is a K-invariant unit vector in wt where K = SU(2n) N Sp2,(C). Then
(wT(a) fo, fo) = H a;) //exp 2(1+a;?)(2? +y3)) dx; dy;.
i=1

Since [, exp (—(x2 + y2)) drdy =,

n

(W*(a)fo, fo) = 1_[(6112 +1)7Y2

=1

Since Fgy,, (c)(a) =1, la;| 7Y% = 17, a;~', we have shown:

Theorem. Let G = Spy,(C) (n > 2). For any € > 0, there exists a constant C > 0
(depending on €) such that

C- &5 (9) < (wh(9)fo, fo) < Ealg)

for any g € G.

6.7. Corollary. Let G = Sps,(C) (n > 2) and « a long root in its root system C,.
Then w™ g is strongly L*T¢ but not strongly L*T¢.

Proof. By conjugation, we may assume o = 7y; where 7; is defined as in 6.4. It then
follows from the above theorem that for any ¢ > 0, there exists a constant C' > 0 such
that

C 22 (h) < (wt(h) fo, fo) < Zyf” (h) for any h € H,,.

Note that = ”1/ > g LAte integrable for any € > 0. Hence the restriction to H,, of

the matrix coefﬁc1ent (wr(h)f, f) is L**c-integrable for any f € Gfy. Since w™ is
irreducible, G fy spans a dense subset in the Hilbert space attached to w™. Hence w™| H,,
is strongly L. Now suppose that w™ [, is strongly L**¢. Then by Theorem 2.4, its
K N H,,-matrix coefficient (w*(h) fo, fo) must be L***-integrable. This is contradiction
since it is bounded from below by the function C - ”1/ %€ which is not L?*¢.integrable.
[
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7. UNIFORM LP-BOUND FOR MATRIX COEFFICIENTS: pg(G)

7.1. In this section, let G be the group of k-rational points of a connected almost k-
simple algebraic group over k where k is any local field. As before, let K be a good
maximal compact subgroup of GG. Denote by G the set of equivalence classes of infinite
dimensional irreducible unitary representations of G. Recall that p(G) denotes the
smallest real number such that for any non-trivial p € G, p is strongly L9 for any
q > p(G) (cf. [Li], [LZ]). Similarly we denote by px(G) the smallest real number such
that for any non-trivial p € G, the K-finite matrix coefficients of p are Li-integrable
for any g > px (G). By Peter-Weyl theorem, we have p(G) < px(G) (we point out that
in the literature the number p(G) has been implicitly identified with px (G)). Cowling
showed that p(G) < oo if and only if G property (T) [Co]. For G = Spa, (k) (n > 2),
Howe showed that pg(Sp2,(C)) = 4n and px(G) = 2n for other local field k # C
with char (k) # 2 [Ho|. For other real (or complex) classical simple Lie groups, the
exact number pk (G) is obtained by combining the known cases of a classification of the
unitary dual by Vogan and Barbasch, and the results of Li (see [Li] for references). The
precise values of pg (G) are not known in general but upper bounds have been given in
many cases (see [Hol, [Li], [LZ], [Oh]).

7.2. Let Q be a maximal strongly orthogonal system of ®. Then it follows from Theo-
rem 5.7 that
pk(G) <inf{g e R | &g € LY(G)}.

7.3. Lemma. Let f be a continuous function on G such that f(kiadke) = f(a) for
any kiadky € KATQK. If [, |f(a)[Pdp(a)da < oo for some p >0, then f € LP(G).

Proof. For K = R or C, this can be seen using the decomposition of the Haar measure
dgon G = KATK: dg = A(a)dk; dadks and the well known fact (cf. [Kn, Proposition
5.2.8]) that for any ¢ > 1, there exist constants d;(t) and dy such that

di(t)dp(a) < A(a) < dsdp(a)

for all
ac€ Af ={gec At ||a(g)| >t for all « € T }.
For k non-archimedean, we have
[ 15 dg= 3 Vol(radr)|f(a)P
G ade AT Q

In fact there exist positive constants ¢; and ¢ such that ¢; dp(ad) < Vol(KadK) <
ca0p(ad) for all ad € ATQ [Si, Lemma 4.1.1]. Since the modular function dp is a
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homomorphism on B and 2 is finite, it follows that for some positive constant ¢; and
ch, ¢y 0p(a) < Vol(KadK) < ¢y dp(a) for any ad € ATQ. Hence the above claim follows.
O

7.4. Hence by the above lemma together with the inequality (3) in 5.9, getting an upper
bound for px(G) boils down to a matter of comparing the coefficients of each simple
root in [ cq /2

Theorem. Let k be a local field with char (k) # 2. Let G be the k-rational points
of a connected linear almost k-simple algebraic group over k with k-rank (G) > 2 and
G/Z(G) 2 Span(C) (locally). Let 6p be the modular function of B and set n(®) =

%Zaeg a for a maximal strongly orthogonal system Q of ® (for example, one in the

with those in the modular function d5.

appendiz). Then

pic(G) gmax{ the coefficient of o; in (53)'1,: 1 ,n}

the coefficient of «; in n(®

where {aq, - ,an} is the set of simple roots in P.

For example, if G is split over k£ with rank > 2, px(G) is bounded above by below:

D : An Bn Cn Dn:even Dn:odd EG E? ES F4 G2
pr(G)<: 2n 2n 2n 2(n-—1) 2n 16 18 29 11 6

We remark that for £k = R, if we let F(kjaksy) = Haegofl/Q(a) for any kiaks €
KATK = @G, this function F coincides with Fg in [Oh] except for D,,, n odd, in which
case F' was improved by replacing two of the H,’s by SO(3.3) (see the remark in 3.5
in [Oh]) and one obtains a stronger estimate 2n — 2 for px (G). Since we believe that
the novelty of the above corollary lies in the simplicity of our method giving an upper
bound for px (G) rather than in improving the bound, we do not elaborate on here.

7.5. Moreover the results in section 6 yields the precise number pg (G) in the following
cases (in which the classification of the unitary dual is also known):

Theorem.

(1) Let n > 3. Then pr(SLy(k)) =2(n — 1) for any local field k.

(2) Let n > 2. Then pg(Span(k)) = 2n for any non-archimedean local field k (char
k #2)ork=R.

(3) Let n > 2. Then pk(Span(C)) = 4n

7.6. By the work of Cowling, Haggerup and Howe [CHH] (see Theorem 2.5), we have
a passage from a uniform LP-bound to a uniform pointwise bound, that is, let m be
any integer such that 2m > px(G). Then any K-finite matrix coefficients (p(g)v, w)
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of an infinite dimensional p € G is bounded by (dim(KU>dim(Kw))1/2 Eq(g)/™. We
remark that even in the case when the number pg (G) is precisely known, Theorem 5.7
(for a maximal strongly orthogonal system) provides a much sharper pointwise bound
in general.

8. KAZHDAN CONSTANTS

In this section, we discuss some applications of the above results in terms of a quan-
titative estimate of Kazhdan property (7') of the group G, namely, Kazhdan constant.

8.1. For a locally compact group G, we say that a unitary representation p of G almost
has an invariant vector if for any ¢ > 0 and any compact subset () of G, there exists
a unit vector v which is (Q, €)-invariant, that is, |p(g)v — v|| < e for all g € Q. Recall
that G is said to have Kazhdan property (T') if any unitary representation of G which

almost has an invariant vector actually has a non-zero invariant vector.

Definition (cf. [HV], [Bu]). For a locally compact group G with a compact subset
@, a positive number € is said to be a Kazhdan constant for (G,Q) if for any unitary

representation p without a non-zero G -invariant vector and for any unit vector v of p,
max ||p(s)v — v|| > €.
na o(s)0 - vl >

If there exists such an €, we call QQ a Kazhdan set for G.

In other words, if € is a Kazhdan constant for (G, @), then any unitary representation
of G which has a (Q, €)-invariant vector actually has a non-zero invariant vector.

8.2. In what follows, we keep the notation etc. from section 2.1.
Proposition. Let H be any subset of G such that K N H is a closed subgroup of K.
Let @ be a bi-K N H-invariant function of H with the following properties:

(1) 0< ®(h) <1 forany h € H;

(2) Forhe H, ®(h) =1 if and only if h € K N H;

(3) For any unitary representation p of G and any K N H-fized unit vector v,

[{(p(h)v,v)| < ®(h) for any h € H.

Set
2(1 = @(h))

V20 =®(h) +3
Then x is a bi-K N H-invariant function of H satisfying

(1) 0 < x(h) < \/g?) for any h € H;

x(h) for any h € H.
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(2) For he H, x(h) =0 if and only if h € KN H;
(3) We have

inf — || > x(h heH
in Se{r}g%h}\!p(s)v vl = x(h) for any h €

where the infimum is taken over all unitary representations p of G without a
non-zero invariant vector and for all unit vectors v of p.

of. (1) and (2) are obvious from the definition of x. Let h be a non-trivial element

of H such that h ¢ KN H. Fix a unit vector v of p. Suppose that for all k € K N H, we
have ||p(k)v —v|| < x(h). We will show that ||p(h)v —v|| > x(h). Let v; be the average
of the K N H-transform of v:

= / kvdk
KNH

where dk is the normalized Haar measure on K N H. Note that vy is K N H-fixed. We
compute

v =vill < x(h), so that [Jos]| = 1= x(h).

Since x(h) < 1, the inequality implies that v; is non-zero. Recall that for any unit

vector w,
lp(h)w — w||* = 2 = 2Re(p(h)w, w).
Hence
e (irg) g | 2 v =%
and
[p(R)v1 — o1 = V/2(1 = ®(R))[Jv1 ]| = v/2(1 = ©(h))(1 = x(h)).
Therefore

lp(h)v = wll = [lp(h)vr = v1 + (p(R)v = p(h)vr) + (v1 —v)||

is greater than or equal to

2(1 = @(h))(1 = x(h)) — 2x(h) = x(h).

Hence

lp(h)v = [l = x(h).

This shows that for any h € H,

ol > v(h
{ser}rggg’h}\!p(s)v v]| > x(h),
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proving the proposition. []

The above proposition can be considered as a generalization of a quantitative state-
ment of the fact that the unitary representations of G which are not class one are
uniformly bounded away from the trivial representation in the Fell topology: if p has
an (K, €)-invariant vector, say v, for some 0 < € < 1, then p does have a K-invariant
vector. This can be seen by considering the average [ e P(k)v of v along its K-transform.
If € < 1, then the average is non-zero, which is K-invariant. This is the reason that a
pointwise bound for the matrix coefficients (only) with respect to K-invariant vectors
yields Kazhdan constants.

8.3. In what follows, let k& be a local field with char (k) # 2 and let G be the group of
k-rational points of a connected simply connected almost k-simple linear group over k
with k-rank at least 2 with the Cartan decomposition G = KATK (see Remark in 2.1).
In particular G = G.

Recall the bi- K-invariant function £s on G for a strongly orthogonal system S defined
in 4.10 (see 5.9 as well).

Notation. Define a bi-K-invariant function xys on G by

o) — V2O Esa)
\/2(1 — fs(&)) + 3

Since Hs (see 5.1) and &g satisfy Proposition 8.2 by Corollary 5.8 and Theorem 5.9,

for any a € G.

we have:

Theorem. LetS be a strongly orthogonal system of ®. Then for any s € Hs\ K, xs(s)
is a Kazhdan constant for ({K N Hg, s}, G).

8.4. Note that if S is a large strongly orthogonal system S (3.3), then
K={ge KATK | &s(9) = 1}

hence it follows that xs(g) > 0 for any g ¢ K.

Theorem. Let S be a large strongly orthogonal system of ®.

(1) For any s ¢ K, xs(s) is a Kazhdan constant for ({K, s}, G).
2) For any compact subset ) properly containing K, max,co xs(g) is a Kazhdan
9eQ
constant for (Q, Q).

Proof. (1) follows from Corollary 5.8 and Proposition 8.2. To deduce (2) from (1), it
suffices to observe that max,eq xs(g) = xs(x) for some = € @, since xs is a continuous
function on G and @ is compact. [
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Using an explicit form of £s and hence of ys in the above theorem provides us a
simple machine which produces a Kazhdan constant for any set {K,s}, s ¢ K, and
hence for any compact subset properly containing K. One of the simplest methods will
be to use S = {the highest root}, but to get an optimal Kazhdan constant from this
method, we can use a maximal strongly orthogonal system as in the Appendix.

Remark. The assumption that () contains K can be loosened in many generic cases
when k£ is archimedean. For instance, if () contains some neighborhood of identity of G,
then there is a positive integer n such that Q™ contains K properly, where Q" denotes
the set of all elements whose word lengths with respect to Q are at most n. Then
maxg,egn Xs(g) is a Kazhdan constant for (Q™, G) by Theorem 8.4. Observe that

n - max v — || > max v—0
max |o(g)o — vl] > max [lo(g)v — o]

for any unitary representation p and a unit vector v of p. Therefore %maxgeQn Xs is a
Kazhdan constant for (@, G).

Remark. For the real group Sp(1,n)(n > 2), Theorem 8.4 remains valid in view of
Theorem 4.9.

8.5. Corollary. For any non-trivial irreducible class one unitary representation p of
G and a K-invariant unit vector v,

lp(g)v —v|| > xs(g) forallgeG.

Proof. Since v is K-invariant, p(k)v —v = 0 for any k € K. If g € K, then the both
sides are 0. For g ¢ K, by the above theorem,

max s)v — vl > .
Jhax Ip(s) | > xs(g)

But max,c(x g [|p(5)v — v[| = |[p(g)v — v||, proving the claim. [J

8.6. While the function £s gives an exact value for £ non-archimedean, it is not the
case for £k = R or C. In the following we discuss some estimates of {s for k = R (the
process is similar for k = C).

We have that (cf. [HT, Ch V, 3.1])

—-1/2

2 [T/? 2¢ 1.09 +1
Er(z) = —/ (COS2 + sin? t) dt < 9+ og @ for any x > 16.
W\/E 0 xXr \/5

Hence
Es(s) < [ hr(v(s)) for any s ¢ K

where hg(z) = % and I(s) ={y € S|v(s) > 16}.
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Lemma. For any s € Hs\K, the set {K N Hg,s} is a Kazhdan set with a Kazhdan

constant 1 ]
— Ney > = fho(16)167)
NSXS(S ) = st( r(16) )

where Ny denotes the minimum positive integer n such that I(s™) # 0 and f(z) =

V2(1—x)

2(1—x)+3 "
Proof. Observe that for any positive integer n,
1
wocrax e(g)v—vl < max Jlp(g)v = vl
for any unitary representation p and a unit vector v of p. On the other hand, since f(x)
is a strictly decreasing function on [0, 1], we have xs(s™) > f <hR(16)|I(sn)‘>. Since
maxge (s, sny |p(9)v — v|| = Lxs(s™), the lemma is proved. O

8.7. Examples of Kazhdan constants. We note that any compact subset of G,
which contains K properly, generates the group G in the topological sense. Any compact
generating subset of a Kazhdan property (T) group is a Kazhdan set (see [HV, Ch
1, Proposition 15]). Furthermore, any compact subset of G which generates a non-
amenable subgroup is in fact a Kazhdan set (see [Sh]). The following theorem yields
examples of Kazhdan sets which are contained in a proper closed semisimple subgroup of
G. We give examples of Kazhdan constants where Kazhdan sets are taken from SLy(k)
or SLy(k) embedded into the upper left corner of SL, (k).
Example 8.7.1. Let m be any non-zero integer.

(1) For any n > 3, the group SL, (R) has a Kazhdan constant

({SO(Q),diag(41/m,4—1/m)} , %) .
m|
(2) For any n > 4, the group SL,(R) has a Kazhdan constant
({50(4),diag(41/m,41/m,41/m,41/m)} @>

" |m|

Proof. Let m = 1. Denote by s; and s the diagonal elements in (1) and (2) respectively.
Set

aq a9
v1(a) = — and y2(a) = ,
(a) o (a) -
where a = diag(ay, as, -+ ,a,) € AT, that is, a; > a;41 > 0 for all 1 <i <n — 1. Note

that S; = {71} and S = {~v1,72} are large strongly orthogonal systems (since 7; is the
highest root). Then v1(s1) = 16, y1(s2) = 16 and 2(s2) = 16. Therefore by Lemma
8.6, xs,(s1) > f(hgr(16)) > 0.08 and xs,(s2) > f(hr(16)?) > 0.109. Now the claim for
an arbitrary m follows from Lemma 8.6. [
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Example 8.7.2. Let m be any non-zero integer.

(1) For any n > 3, the group SL,(R) has a Kazhdan constant

(fseen (o )}57)

(2) For any n >4, the group SL,(R) has a Kazhdan constant

0.139

" |m|

50(4),

S O 3w
o~ OO
—3Ikro O

1
0
0
0
Proof. By Lemma 8.6, it suffices to consider the case of m = 1. Let

Sl_ O 1 9 82_

For g € G, denote by A*(g) the AT-part of the decomposition of g in the Cartan
decomposition G = KATK. It is not difficult to see that

OO O =
OO
O~ OO
= O O

A+ (s1) = diag((9 + 4v5) 2 1, 1, 0+ 4v5) 7Y,
and that for n > 4,
1/2 1/2 —-1/2 —-1/2
AT (s3) = diag((9 + 4V/5) / ,(9 +4v/5) 2 11,94+ 4VE) /,(9+4\/5) 2.

Let 1, 72, S1 and Sy be as in the proof of Example 8.7.1. Therefore v;(s1) = v1(s2) =
Y2(s2) = 9+ 4v/5 > 16. By Lemma 8.6,

xs: (s1) > f(hr(71(s1))) > 0.104

and
X5, (s2) = f(hr(y1(s2)hr(72(s2))) = 0.139.
!
The following two examples are direct application of Theorem 8.4. Let

_np-D+ O+l ey V2 -2)
IRV ECES)) 4 /(@) 2(1—z)+3
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Example 8.7.3. Forn >3, SL,(Q,) has Kazhdan constants:

({SL2(2Zp), diag (p™,p™)} . f (c2pm)))
for any m € Z.

Example 8.7.4. Forn > 3, the group SL,(Q,) has Kazhdan constants:

1<4,5<3

({SL3(ZP)7 diag (pm 7pn27pn3)} y Inax f(cni—njl))

for any nqi,n9e,ng € Z such that Z§:1 n; = 0.
So for SL,(Q2), SL,(Q3), and SL,(Qs5), the following are Kazhdan constants re-
spectively:
({SLu(Z2), ding (2,27,2%,272)},0.25)) ;
({SL4(Zs3),diag (3,37",3%,37%)},0.29)) ; and
({SL4(Zs5),diag(5,5"",5%,572)},0.31))
8.8. Recall the definition of (G, Q) from the introduction.

Proposition. Let k be any local field with char(k) # 2 and G the group of k-rational
points of a connected simply connected almost k-simple algebraic group over k with
k-rank (G) > 2.

(1) Let k be non-archimedean and G be k-split. Then
2\/p
inf K > —

ot (G (sh = £ (20

where p is the cardinality of the residue field of k.
(2) We have

inf  inf inf  K(SL,(Qp),{SLn(Zp),s}) > f <&> > 0.10.

p= prime n>3 s¢SL,(Zp) 3
(3) Let k=R or C. Then

inf G,{K = 0.
nf k(G s})

(4) For any sequence g; € G going to the infinity,

liminf k(G, {K, g;}) > i

i—00 (V2+3)
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Proof. Claim (1): Denote by 7 the highest root in ®. Then & = {7} forms a large
strongly orthogonal system of ®. Let s € G\K. By replacing s by its AT-component in
the Cartan decomposition G = K A* K, we may assume that s € AT. Hence |y(s)| = p™
for some positive integer m. By the definition of &g,

- s) 0 _ p~t 0
53(8) - :PGLQQP (,}/(O ) 1) S :"PGLQQP ( 0 1) .
Hence we have

G AR ) 2 f6so0) 2 £ (Zranaa, (7 1)) 20 (200)

Claim (2): Since p > 2 for k = Q,, we have

Hence by Claim (1), we have

K(SLn(Qp), {SLn(Zy),s}) > f (%) > 0.10.

Since this is independent of n and p, Claim (2) follows.

Claim (3): Let p be any class one unitary representation of G without any in-
variant vector (of which we know existence), and let v be a K-invariant unit vec-
tor of p. Then the matrix coefficient (p(g)v,v) is a continuous function which has
value 1 for all g € K. Hence for a sequence g; tending to an element of K with
gi ¢ K, we have lim; . (p(g;)v,v) = 1. By the well known equality that states
lp(g)v —v||* =2 — 2Re{p(g)v,v), we obtain lim; .. ||p(g:)v — v|| = 0.

Claim (4): Without loss of generality, we may assume g; € AT. Then f(£s(g;)) tends

to % Thus the claim follows from Theorem 8.4 [

8.9. Let I' be a lattice in G. If (Q, €) is a Kazhdan constant for G, then in principle one
can find some positive real number R (at least bigger than the radius of @) such that
I' N Bg yields a Kazhdan set for I' where Br denotes a ball of radius R of the identity
in a suitable metric in G/K (see [Sh, Theorem B, also [HV, Lemma 3.3]). For instance,
our results imply that if I" is a co-compact lattice in the group G = PGL3(Q,) such
that I' acts simply transitively on G/PGL3(Z,), then 0.10 is a Kazhdan constant for
(I', By NT') where By = {g € PGL3(Q,) | g € PGL3(Z,)diag(p,1,1)PGL3(Z,)}.
However obtaining Kazhdan constants for a lattice I' of G using this method involves
understanding the size of the fundamental domain of I' in GG, which seems highly non-

trivial in general.
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APPENDIX: MAXIMAL STRONGLY ORTHOGONAL SYSTEMS

Let ® be a reduced irreducible root system with a basis aq, ..., a,.

The subscripts of «;’s are determined by the following choice of the highest root [Bo].

P the highest root

A artaxt-tag

B, a1 + 200 + -+ 2a,

C, 2001 + 2009 + - - - + 200y, 1 + Oy

D, o1+ 200 + -4 200,90 + ap—1 +

Es a1 + 2an + 2a3 + 3au + 2a5 + s

E- 201 + 209 + 3ag + 4o + 3as + 206 + a7

Eg 2a1 + 3ag + das + 6ay + das + dag + 3ar + 2ag
Fy 2001 + 3ag + das + 20y

Gy 3a1 + 209

The notation |z] denotes the largest integer not bigger than z. Set

(2] for® = A,

2|2 for ® =D,
N(@) = N =4 22 o

4 for ® = FEj

rank(q)) for & = Bn,Cn,F4,G2,E7,E8

In the following we list maximal strongly orthogonal systems Q constructed in [Oh]. We
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correct a typo for 3 in Eg from [Oh].

) Q(®P) : a maximal strongly orthogonal system of ®
’}/izai—F"'—FCkn_i_H for 1 SiSN—l
Ay, { aN for n odd
TN =
any +any4+1  for n even

V2i-1 =i+t Qi 201+ 20
Bn,(n22) fygi:ozi+~-~+an_ifor1§i§[%]
Yn = Qnt1)/2 + -+ ay for nodd

Co, (0> 2) {%-:2ozi+~-~+2ozn1+anfor1§z'§N—1
IN = an
Y1 =01+ Fap_2 + oy
D, (n>4) 2Tt
Yoi-1 =i+t @i 20,41+ 200 0t ap-1 +ap
Y20 = @ + - 4 ap g for 2 < i <[]
Y1 = Q1+ az + ag + 204 + 2a5 + ag
By Yo = a1 + g + 2a3 + 204 + a5 + ag
V3 = Q2+ ag + 204 + a5
\ 74 = Q2
(71 = a1+ + ag + 204 + 205 + ag + az
Yo = a1 + az + 2a3 + 204 + a5 + ag + ar
Y3 = a1 + s + 2a3 + 204 + 205 + g
Er Y4 = o1 + g + ag + 204 + a5 + ag
V5 = Q2 + a3z + 2a4 + Qs
Y6 = Q2 + a3 + 204 + 2a5 + 206 + a7
\ V7 = Q2
(71 = a1 + 209 + 3as + day + das + 3ag + 2a7 + ag
Yo = a1 + 200 + 2a3 + 3y + 35 + 206 + a7 + Qg
V3 = a1 + 20 + 203 + 3oy + 205 + 2066 + 7
s Va4 = a1 + az + az + 204 + 205 + 206 + 207 + ag
V5 = a1 + g + 2a3 + 204 + a5 + ag + a7 + ag
Y6 = a1 + a2 + 2a3 + 204 4+ 205 + g + 7
V7 =1+ az +az + 204 + as
\ 78 = 1 + a3+ Qg+ a5 + Qg
(71 = a1 + 200 + 4das + 20y
7, Yo = a1 + 200 + 203 + 20y
V3 = a1 + 2a + 203
\ 74 = &1
Gy {’71 = 3a1 + 2az
Y2 = o1
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We set n(®) to be the half sum of the roots in a maximal strongly orthogonal system

of ®. Recall that n(®) does not depend on the choice of a maximal strongly orthogonal
system.
o n(®)
(n—1)/2 (n—i41)
Zz—l 2 oy + Zz—(n+1)/2 ] for n odd
An n/2 ; (n—i41)
DLy B0 Foman + 30 s g i for neven
[n/2] n
By, (n > 2) Z o + Z 5 i
i=|n/2+1]
= n
Cp, (n>2) Zzai+§an

=1

[n/2] n—2 n 1 n

=1 i=[n/2|+1
Es a1 + 2a0 + 2a3 + 3oy + 205 + o

7 9 3
E7 2a1+§a2+4a3+6a4+§a5+3a6+§a7
Eg 40&1 + 50&2 + 70&3 + 100&4 + 80&5 + 60&6 + 40&7 + 2058
F4 20&1 + 30&2 + 40&3 + 20&4
Go 201 + g
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