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Abstract. We study the stabilization of solutions of a coupled system of Korteweg-
de Vries (KdV) equations in a bounded interval under the effect of a localized damping
term. We use multiplier techniques combined with the so-called “compactness-uniqueness
argument”. The problem is then reduced to proving a unique continuation property
(UCP) for weak solutions. The exponential decay of solutions was previously obtained in
Bisognin, Bisognin, and Menzala (2003) when the damping was effective simultaneously
in neighborhoods of both extremes of the bounded interval. In this work we address the
general case using a different approach to obtain the UCP and stabilize the system.

1. Introduction. This paper is devoted to studying the nonlinear coupled system of
dispersive equations of the type

Ui+ Uy + DUy + \HU)U, + L(2,B)U =0, in (0,L) x (0, 00). (1.1)
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u .

Here U = < >, where u and v depend on = € (0, L) and time ¢,
v

U+ agv asU + a1v

D_[ ! aﬂ, with 0 < az <1, H(U) =
asu + av a1u +v

as 1
ai,az € R, A > 0. B is a linear bounded and positive operator, and L(x, B) is a linear
bounded and positive operator which will be effective only on an open subset w of the
interval (0, L). We will complement (L)) with the boundary conditions

U(0,t) =U(L,t) = U,(L,t) =0, for any ¢t > 0, (1.2)
and initial conditions
_ _( uo(x)
U(z,0) = Up(z) = < vo () ), 0<z<L. (1.3)

When £ = 0, system ([I) was derived by Gear and Grimshaw in [7] as a model to
describe strong interactions of two long internal gravity waves in a stratified fluid, where
the two waves are assumed to correspond to different modes of the linearized equations of
motion. It has the structure of a pair of KAV equations with both linear and nonlinear
coupling terms. This somewhat complicated system has been the object of intensive
research in recent years (see, for instance, [2], [9] and [I8]).

Our main result (see Theorem 1.1) says that the localized damping mechanism £L(z, B)
is enough in order to guarantee the exponential decay of the total energy as t — oo as
long as the initial data in (3] lives inside a ball of radius R (no matter how large is
R > 0). We will concentrate our attention on two important examples:

(I) Consider problem (I)-([I3) with B = I = identity and L(x,I)U = a(x)U, where

{ a € L>(0,L) and a(z) > ag >0 ae. in w, (1.4)

where wis a nonempty open subset of (0, L).

Therefore, the damping term is acting effectively in w. Let us consider the total energy
associated to (1) in this case:

L
E@®) = %/0 (u? + v?)dx. (1.5)

Using the boundary conditions, formally we can verify that

dE L 1
= —/ a(x)(u® 4 v?)dx — 5[%25(0, t) 4+ v2(0,1) + 2azu,(0,t)v,(0,t)]
o (1.6)
1
< - [ @) + oo - (1= alud(0,0) + 20,0] 0.
0
for any ¢t > 0, because 0 < ag < 1. Let us rewrite (L6]) as

dE
T —ao||U|[f2(uy2 — ClU(0,)[? (1.7)

with C = (1 — a3) > 0. Thus, (I7) indicates that E(t) decreases along trajectories.
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(=8) " uly
(=A)" vl
denotes the characteristic function of the set w and (—A)~1! is the inverse of the operator

(IT) Consider B = (—A)~! and L(z, B)U = 1,(-A)7U = ( >, where 1,

—% in w with Dirichlet boundary conditions (on the boundary of w).
Proceeding formally, we obtain the identity

(U, L(z,B)U) :/(uBu—l—va)dx: —/(A_lu)A(A_lu)dx

—/(A_IU)A(A_lv)der {(=2) " u(=2) " e + (=A)TM0[(=A) " vlo How 18)

+ / (A ulaf? + A 0la?)de = [[[A ulal 2oy + 1A 0Ll 22,
= A a2 0 + 1A 00 0y = 101y

Using the above identity and taking the inner product (in X) of (L)) with U = ( . )

we find
dFE

oS —[[U[1-1 (2 — ClUL(0,)?, (1.9)
where E(t) = ||U(-,t)|[% is the total energy associated to the model. Again, (LJ)
indicates that E(t) decreases along trajectories.

Due to (1) or (L) we observe that even when a = 0 or w = (), the energy is dissipated
through the extreme x = 0. However, the dissipation due to the boundary terms wu, (0, t)
and v, (0, t) is not strong enough to guarantee the decay of solutions of (L.1]) for all values
of L. In fact, in [I7, 18] it was proved that the decay of the solutions of the linearized
system fail for some critical values of the length L of the interval (0, L).

Our main result reads as follows:

THEOREM 1.1. Given any R > 0, there exist C' = C'(R) > 0 and p = p(R) > 0 such that
E(t) < C[Uol[f2(0,0y2 exp(—put)
holds for all ¢ > 0 and any mild solution of (1)) with ||Up||x < R.

The arguments we shall describe in order to prove the (local) exponential decay of
([CI)-([@3) are essentially the following:

i) We combine multiplier techniques developed in [22] for the analysis of controlla-
bility properties of the scalar KdV equation and the so-called “compactness-uniqueness
argument” (see, for instance, [29]) in order to solve the following problem:

1) To find T > 0 and a positive constant C' such that

E(O)gc{/o \|U(~,t)||§,(w)dt+/0 U.(0,1)dr} (1.10)

holds for every finite energy solution of (II). Here Y (w) may be a functional space
somehow bigger than the usual L?(w) x L*(w).

The problem of obtaining ((.I0) is reduced to showing that the unique solution of (L))
such that L£(x, B)U = 0 a.e. and U,(0,t) = 0 for any time ¢ has to be the trivial one.
This problem may be viewed as a unique continuation property (UCP) for the solution
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U of (LI)-([3). If the steps i) and %) are solved, then using (II0) together with the
decreasing information of E(t) it follows that there exists 0 < v < 1 and T > 0 such that
E(T) < vE(0), which, combined with the semigroup property, allows us to derive the
(local) exponential decay of E(t). We observe that for the examples mentioned above we
will choose Y (w) = [L?(w)]? and [H~!(w)]? for the cases i) and ii), respectively.

The problem we address here has been intensively investigated in the context of wave
equations but there are fewer results for the KdV type equation under the boundary con-
dition as in ([LI)). However, there are quite complete results in what concerns boundary
controllability. Rosier in [22] proved that the underlying scalar linear equation without
damping is exactly controllable by means of a single boundary control except when L
lies in a countable set of critical lengths of the form

2
£ = {\/—7%\/ k2 + kl + 12, k and [ are positive natural numbers}. (1.11)

This was done using multiplier techniques and Lions’ HUM method (see [11]). The critical
lengths in (ITT)) are such that there are eigenfunctions of the linear scalar problem for
which the observability inequality (LI0) leading to controllability fails when a = 0. By
a linearization argument, a local controllability result for the semilinear scalar equation
was also proved in [22]. Later on, Zhang in [28] proved that using three controls, acting
on all the boundary conditions, controllability holds for all values of L. More recently,
Crépeau and Coron [5] and Cerpa [3] proved that, for some critical values of the length
L, the nonlinear scalar model is controllable (see also [4]).

When the damping function a = a(z) is active simultaneously in a neighborhood of
both extremes of the interval (0, L) the problem was addressed in [16] for the scalar KAV
equation

Ut + Uy + Ugzy + Uty +a(x)u =0, in (0,L) x (0,00) (1.12)

under boundary conditions as in (I.2)). Following closely the multiplier techniques devel-
oped in [22] for the analysis of controllability properties, it was proved that the energy
decays exponentially in bounded sets of initial data. However, when using multipliers, the
nonlinearity produces extra terms which in [I6] were handled by compactness-uniqueness.
Thus, the problem is reduced to showing that the unique solution u such that, a(x)u =0
everywhere and u,,(0,t) = 0 for all time ¢, has to be the trivial one. This problem may be
viewed as a unique continuation one since au = 0 implies that v = 0 in {a > 0} x (0,T).
If w contains a neighborhood of both extremes x = 0, L, the result may be obtained in
two steps, as in [16]: First, extending the solution by zero outside the interval (0, L), we
get a compactly supported (in space) solution of the Cauchy problem for the system of
KdV equations on the whole line. Then, we apply the classical smoothing properties in
[8] showing that the solution is smooth. This allows applying the unique continuation
property results in [27] on smooth solutions to conclude that u = 0.

The general case, that is, the case in which the function a = a(z) is active in any
open subset of (0,L) was first solved in [I9] for the scalar KAV equation (LIZ) and
boundary conditions as in (IZ). Combining the multiplier techniques developed in [22]
and the so-called “compactness-uniqueness arguments” (see, for instance, [29]) it was
shown that the solutions vanishing on any subinterval of (0, L) are necessarily smooth,
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which yielded enough regularity on u to apply the unique continuation results obtained
in [23] by Carleman inequalities. As a consequence, it was deduced that, for any R > 0,
there exist positive constants C' = C(R) and o = a(R) such that

ull3200.0) < C(R) [JuollF20.ye >, t>0 (1.13)

provided ||ugl|%. (0.0) < R More recently, Rosier and Zhang [20] considered the general-
ized KdV model

Ut + Uy + Ugze + vPu, +a(z)u=0, in (0,L) x (0,00) (1.14)

with boundary conditions as in (L2) and p = 2,3. They established existence, unique-
ness, and persistence properties of solutions corresponding to the given initial data ug,
together with continuous dependence of the solution upon the initial data ug. Following
the methods described above (multiplier techniques, compactness arguments and unique
continuation property) the decay of solutions in the energy space was also obtained. At
that point we observe that to obtain the decay of solutions the authors used a new unique
continuation property whose proof is mainly based on a Carleman-type estimate for the
Korteweg-de Vries equation established by Rosier in [2I]. The critical case p = 4 was
solved in [I0] by considering data ug such that [lug||z2(o,z) is small.

In what concerns system (ILI]), the problem of stabilization was first solved in [I]
in the case B = I and L(z,I)U = a(x)U when the damping function a = a(z) is
localized in a neighborhood of both extremes of the interval (0, L). Performing as in [16],
the authors combine the results of the smoothing property and unique continuation in
[26] and [6], respectively, and derive the uniform exponential decay of the energy F(t)
provided E(0) < R, whenever we fix R > 0.

The problem of stabilization for the scalar version of (II]) in the case B = (—%)’1
and L(z, B)U = (_%)—114“’ where w is a nonempty open subset of (0, L), was consid-
ered in [I4]. The corresponding techniques introduced by Pazoto in [I9] were properly
adapted in this case which could be thought of as a localized weak dissipation (in the
H~'—norm) of the scalar KdV.

In this article, inspired by the works [1], [I7] and [I9], we address the general case and
show that the energy of the solutions of (II))-(L3) decays exponentially as ¢ — oo when
w is any nonempty open subset of (0,L). Arguing as in [I9], the problem is reduced
to showing that whenever u = v = 0 in w x (0,T) and u,(0,t) = v,(0,t) = 0 for all
time t this yields enough regularity on v and v to apply the unique continuation results
obtained in [6] and conclude that u = v =0 in (0, L) x (0,7). We underscore that, due
to the techniques we employ in this work, the unique continuation property is crucial
to obtain the results of stabilization when the dissipation is localized in a subset of the
domain where the equation holds. In this sense, the difficulty in studying system (LIJ)-
([I3) is introduced by the nonlinearity and the lack of smoothing effects to deal with
it, since the unique continuation results may not be applied directly. For our purpose
it will be enough to show the existence of a weak solution. Therefore, the intermediate
step on the gain of regularity plays the central role in the proofs. Moreover, the result
may be considered as a new contribution in the subject of proving unique continuation
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properties of weak solutions of partial differential equations, this time in the context of
KdV equations.

Our result is of local nature in the sense that the exponential decay rate is uniform
only in bounded sets of initial data, as in [I6]. However, the results obtained in this
paper do not provide any estimate on how the decay rate depends on the radius R of
the ball. This has been done for nonlinear models, as far as we know, in very few cases
and always using some structural conditions on the nonlinearity. We refer to [29] for
the case of the semilinear wave equation with localized damping in which the uniform
exponential decay is proved and to [15] for the analysis of the von Kérman system of
thermoelastic plates where an explicit estimate on how the decay rate tends to zero as
R — oo is provided.

This paper is organized as follows. In Section 2, we present the main results of this
work. Section 3 is devoted to proving our main result, i.e., the UCP of weak solutions
of (IJ). In the Appendix, for the sake of completeness, we present the main steps to
obtain the result of exponential decay of solutions.

2. Preliminary results. We consider problem (LI)-(I3) with D, H(U) and A > 0
as in the introduction. In order to indicate briefly the existence and uniqueness of a global
mild solution let us consider the space X = L?(Q) x L?(Q) and B a linear bounded and
positive operator with domain D(B) C L*(Q), B : D(B) — Z C L?*(2) and L(x, B) :
D(L) C X be a linear bounded operator £ : D(£) = D(B) x D(B) — A(x)[Z x Z] C X,
where A(z) : (0,L) — R, A(z) € L*°(0,L), A(z) > 0 and there exists Ag > 0 such that
A(z) > Ag > 0 a.e. in w, where w is a nonempty subset of (0, L).

THEOREM 2.1. Let Uy € X. Then, problem (II)-(T3) has a unique global mild solution
U such that

Ul Lo (0,7:x)nL2(0,73(E2 (0,)12)) < C (2.1)
for any T' > 0, where C is a positive constant which depends on T" and ||Up||x.

Outline of the proof. We can proceed as in [I]. First we use semigroup theory to prove
that the linear part of (1)) is well-posed, i.e.,

Vi+ Vi + DV + L(z,B)V =0, (0,L) x (0,00)

with boundary and initial conditions of types (L2) and (I3]). Then, local existence and

uniqueness of (LI)-(L3) can be obtained using a fixed point argument. Global exis-

tence, uniqueness and (4] are obtained using the multiplier technique and the Sobolev

embedding theorem. ]
The next theorem is crucial in order to obtain the main result of this paper.

THEOREM 2.2. Let U be the global mild solution of (II)-(I3]) obtained in Theorem [Z11
Suppose that
U,(0,t) =0 for any ¢t € (0,T)
and
U(z,t) =0 for any (z,t) € w x (0,T), a.e. in .
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Then, U € L?(0,T;[H?(0,L)]*) N H*(0,T; X).

REMARK 2.3. The above theorem gives us a gain of regularity of U which is enough
in order to use classical results to obtain the validity of the UCP in order to conclude
that U = 0.

Before proving Theorem [2.2] let us describe our strategy of proof in more detail.
We use a similar approach to the one used in [I9] where the scalar KAV equation was
considered. First, we differentiate equation (1) with respect to the variable ¢ and

analyze the regularity of V = ( = ) = ( e ), which solves

Vi+ Vo4 DVyyo + \AHV)U, + A\H(U)V,, + L(2,B)V =0, in (0,L) x (0,7) (2.2)
with boundary conditions
V(0,t) =V(L,t) = Vo(L,t) =0, te(0,7) (2.3)

and initial conditions

V(2,0) = V() = ( 20(e) ) _ ( uy(@,0) ) O<ao<l (2.4)

wo () ve(z,0)

where U = ( . ) € L2(0,T;[H}(0,L)]?) N L>=(0,T; X) is the weak solution of (L))
and Vp € [H=3(0,L)]2. Since U = 0 in w x (0,T), then V = 0 in w x (0,7) as well,
w being the subinterval where the damping L is effective. Thus, performing as in [19]
(combining multiplier techniques and the so-called compactness-uniqueness argument)
we show that the fact that U = 0 in w x (0,7) implies the extra regularity property
V € L2(0,T;[H}(0,L)]?) N L°°(0,T; X) which yields enough regularity on U to apply
the UCP obtained in [6].

Note that the regularity result we prove on (z,w) exhibits a definite gain of regularity
since, in principle, the initial data of V belongs to [H3(0, L)]?. The gain of regularity
comes from the fact that V' =0 on w x (0,T).

In the sequel, we prove some technical results constituting the basic ingredients for
obtaining the regularity result in Theorem 2.2.

LEMMA 2.4. Let U be the solution of problem ([I)-(L3) obtained in Theorem [ZT1
Then, for any Vo € X, problem (Z2)-24) has a unique global mild solution V' €
L2(0,T; [H(0,L)]?) N L*°(0,T; X) for any T > 0.

Proof. The proof will be done in several steps, combining semigroup theory, a fixed
point argument and energy estimates. Firstly, we will derive some estimates for the
solutions of the underlying linear system

Vi+ Vo + DVyyy + L(2,B)V =0, in (0,L) x (0,T)
V(0,t) =V (L,t) =V,(L,t) =0, te(0,T) (2.5)
V(z,0) = Vo(z), z€(0,L).

It is well known (see [I] and [6]) that, when £ = 0, the operator

ov P’V

AV =5, ~ Do
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with domain
D(A) = {U € [H*(0,L) N HL(0, D)% U, (L) = 0}

generates a semigroup of contractions in X. Moreover, since L(xz, B) is a bounded oper-
ator, then

| = L(z, B)U||x < C||U]|x, (2.6)

where C'is a positive constant. Then, from ([2.6) we conclude that A—L(z, B) generates a
semigroup of contractions {S(¢)}+>0 in X. Clearly, from (21)), using the energy method,
we obtain

L L
% |V\2dac+/ V- L(z, B)Vdz + |Va(0,8)]2 = 0.
0 0

In particular,
I1S®)Vollx < [[Vollx (2.7)

for any ¢ > 0. On the other hand, taking the inner product in X of (Z3]) with ( Z} )
and integrating over (0, L) x (0,T), we get
[SCVollz2o,m2 0,0y2) < C(T) |[Vollx, (2.8)

where C(T) is a positive constant given by

o= fre T2 29

Now, in order to apply the fixed point argument, we consider the set
K(T) = L*(0, T [Hg (0, L)) N L>(0, T X) (2.10)
endowed with the norm
WVl = IVIlLz0,0:m2 0,0)12) + 1V L(0,7:5)- (2.11)
Then, using the variation of parameters formula, system (2.2)-(24) may be written in
the following integral form:
t
V() =S{t)Vo + / St —8)G(V(s))ds:= P(V)(t), (2.12)
0
where V = ( Z ),U: ( Z ) and G is given by

G(V) = —AH(V)U, + HU)V,] = A ( (u2)e + ar(vw)y + az(vz + uw), ) . (2.13)

(vw) e + az(uz)y + a1(vz + vw),

In order to prove the local existence and uniqueness for system (Z2))-(24]), we proceed
in two steps:
Step 1: P maps K(7T) into itself continuously.

From Z7) and (28] we deduce that

1SOVolleery = II1SOVollzeeo,7:x) + 1S Vollz2 0,182 0,)12)
(1+C(T)Vollx,

IN
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where C(T) is given by (Z3)). On the other hand, the function

t
J(t) = / S(t— $)G(V(s))ds (2.14)
0
solves the system

Jo+ Ju + DJyus + L(z,B)J = G(V), in (0,L) x (0,T)
{ J(0,t) = J(L,t) = J,(L,t) =0, te(0,T) (2.15)
J(x,0)=0, z€(0,L).

But G maps K(T) C L?(0,T;[Hg(0,L)]?) into L*(0,T; X) and G is clearly continuous.
Thus, proceeding as in Rosier [Proposition 4.1, [22]] (see also [I]), we can prove that
the mild solution J(¢) of ([ZI5) belongs to K(T) and the map G — J(t) which maps
LY(0,T; X) into K(T') is continuous. Consequently, P maps K(T') into itself continuously.
Step 2: P is a contraction from a suitable ball By of IC(T') into itself when T' > 0 is
small enough (both R and T depend on the size of the initial conditions zg,wp in X and
the potentials u,v in L?(0,T; Hi (0, L)) N L>(0,T; X)).
In fact, let V = ( Z ) and W = ( le ) be elements of C(T'). Then, from (27),
1P(V) = P(W)][ L 0.1:x)

t

= essup]| [ (-G ()~ GOV ()]sl

0<t<T
< esssup / 1St = )GV (s)) — GOV ()] xds (2.16)
0<t<T
< e / 1G(V(s)) — GOW (s)) | xds
< /0 |G(V(s)) = GW(s))l[xds = ||G(V) = GW)||L1(0,7:x)-
Now, from (28],

1P(V) = P(W)ll 20,7112 0,L)]2)
=11 [ (= IG5 = GOV sl oo
< [ St = G () = GVl rimyo s (217

T
/ ICWICV(s)) — CW(s)]||xds < C(T) / IG(V () — G(W ()] xds

DINGV) = GW)llLr0.1:x)-
Combmmg @I8) and 2I7), we deduce that

1P(V) = P(W)llic(ry < max{L, C(T)}H|G(V) = GIW)||L1(0,75x)- (2.18)
To estimate the right-hand side of (2ZI8)) we proceed as follows. We define
a =max{l, \, |a1],|az|}. (2.19)
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Then, applying triangular and Holder inequalities we get

T
1G(V) = GW)[Lr0.1:x) :/0 1G(V(s)) = G(W (s))l|xds

T
= )‘/ [(uz)e + a1 (vw)z + az(vz + uw)e — (uz')e
0
—a1(vw')s — as(vz" + uw')|| 20,0y ds
T
+ /\/ [(vw)s + as(uz)y + a1 (vz +uw), — (vw'),
0
—as(uz")y — ay(vz' + uw'),| 20,2 ds
T
<20 [ (Ml + =)
x (|22 = zzllz2(0.0) + [lwe — wgllL2(0,1)) ds
T
20 [ (Il = 2l + o = wlleson)
0

X ([uall20,) + [vallr20,1)) ds (2.20)

. 3
<A4da (A HuH%"C(OL) + |U|%°°(O7L)ds>

T
x (/0 2o = 2122 (0,0) + llwa — wil@z(o,L)dS)

2

1
2

T
+ da (/o ||z — ZlHQLoo(o,L) + |Jw — w1||%°°(0,L)dS>

. 1
x (/O e |72 0, 1) + ||vz|2Lz(o,L>d8>

2
< 4a{HUHL?(O,T;[LOC(O,L)P)HV = Wllk(r)

+IV = Wllzaoz=o.0m 10l }-

Now, we use the classical interpolation inequality (Gagliardo-Nirenberg): There exists
~v > 0 such that

1 1
11l 0.0y < Y1l llhal Fagozy Vh € HAO,L). (2.21)
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As a consequence, we have
o .
poronm= [ (il + ol ) 4

T
<2 / (lullzzo.0o el 0.y + 1ol 2200 vl 220,z ds

< </0 ||u|2L2(o,L)d5> (/0 ||uw|%2(0,L)d5>

) . (2.22)
T 2 T 2
+ (/0 |’U|%2(O,L)d5> (/O ||Uz||%2(o,L)d5>
<~*T? {|‘UHLW(O,T;L?(O,L))HUHL?(O,T;Hé(O,L))
+ ||U||Loo(o,T;L2(o,L))||U||L2(0,T;Hg(o,L))}
1 1
<A T2 U o 0.7:) 10| L2 0,32 0,0072) < VT2 U0y
ie.,
1
Ul 20,7311 0,2012) < YT *[|Ullkc(r)- (2.23)
Analogously, we obtain
1
IV = WllL20,15z50,0012) < YTV = Wiy (2.24)
Now, returning to (220) and taking (223) and ([224) into account, we deduce that
IG(V) = GOWV)||Lro.rx) < 8T ||U]lxery [V = Wiy (2.25)
Finally, combining (Z25]) and (ZI8]), the following holds:
1
IP(V) = POW)llic(ry < 8max{1,C(T)}aTx||U|lcr|lV = Wllk(r)- (2.26)

Inequality ([2:26) allows us to conclude that P is a contraction in the ball B = {V €
K(T) : [|V|li(ry < R} whenever

T+ L

8 LT+ 77—
max{ ) +3(1—a3)

}O"VT%HU“C(T) <1, (2.27)

which will be true as long as T" > 0 is chosen sufficiently small.

In view of the computations above, the proof of Step 2 will be complete if we show
that P maps Bp into itself for a suitable choice of R and T satisfying ([2.27). Indeed, for
all V € Bp, estimative ([2.26]) gives us that

PVl < [[PO)y + [P(V) = PO)|[kr)-
Next, taking W = 0 in ([2.26]) and using (27) and (2.8) we obtain
1PVl (r) I1S()Vollx () +8max{1,C(T)}aT Ty Ul R
1Vollx + C(T)||Vallx + 8max{1, C(T)}aT3~||U]|x(r) R (2.28)
(1+C(T)|[Vollx + 8max{L, C(T)}aT 7 [[U]|ccr) R.

IN A
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Thus, choosing R = (1 +4/1+ llfaLS )||VO||X we deduce that
1P(V)le)

) (2.29)
< {1+ C(T) + 8max{1, C(T)}aTH U ]lery (1+/1+ ££) b Vol x.

In order to guarantee that the right-hand side of (Z29) is less than R, we choose T > 0,
sufficiently small, such that

, 1+1 111
C(T) +8max{1,C(T)}aT 4y ||U]|xr) <1+ 1+ +a ) < ( 1+ +a ) (2.30)
— U3 — U3

where C(T) is given by ([29). This is always possible. Taking T' > 0 possibly smaller
allows us to guarantee (Z27) as well. This concludes the proof of Step 2.

This shows that system (Z2))-(24]) has a unique mild solution for 0 < ¢ < T, with T
small. Thus, in order to conclude the proof of Lemma [24] it is sufficient to prove that
this solution exists globally. To do that we need some a priori estimates, which will be
obtained in several steps.

z

Step 3: This step is devoted to obtaining estimates for V = ( w ) in X. More precisely,

we will show that

L L T T
/0 V()| Pdx < / Vol Pde + 2a / U120 0,12 VI3t + 42 / Va2t

for o defined in (2.19)).
We take the inner product in X of [22) with V = ( z} ) and integrate by parts over
(0, L) to obtain

1d [*

-2 2 2
St ), (z* + w?)dx
4 512200,0) + wd(0,0] + a2 (0, 1w (0,1) + (£, BYU, U)

>0 (2.31)

L L L L
= / uzz,dr + / vwwdr + ay / vwz,dr + as / UzW,dx
0 0 0 0

L L L L
+as / V22 dx + ao / uwzzdxr + aq / vzWdx + aq / UWW, AT
0 0 0 0
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or

L L
l/[ (z,T) + w?(z, )}dm—l/ (zo+w0)d

<a / / |uzzm\dﬂcdt+/ / |vwwm\dﬂcdt+/ / |[vwz, |dadt
(2.32)
/ / \uzww\dxdt—l—/ / |vzzm\dxdt—|—/ / |uwz,|dzdt
/ / \vzwﬂdmdt—i—/ / |uwwm\dxdt]

vite

Now, applying the Young and Holder inequalities in the first term of ([Z32]) we get

T L T
/ / luzz,|dxdt < / llwzl2(0,0) 122 L2 (0,1)dt
o Jo 0

17 ) o,
< 5 [ MelBauydt+ g [ Nl (2.33)
0 0
1 4 2 2 1 T 2
< 5 | MienlFlrond+5 [ ledlond

Performing similar calculations to those leading to ([2:33) we can estimate the terms (7)
up to (viii) in the right of [2:32) to obtain

L L
/[ZQ(x,T)—FwQ(x,T)]dxg/ (25 +w)dx
0 0
T
+20 / (1l 0.y + 101w 0.0)) (10,2 + eolEaoy ) (2:34)
T
+a [ (el lBagony + el )

Step 4: Now, we will estimate the last term in (Z34]). We claim that the following holds:

T L cr [t
/ / (22 + w?)dzdt < — {/ (25 + wi)da
o Jo o LJo

A (2.35)
[ (1 ey + ol ) (121000 + ol ) ]

for some constants C' > 0 and ¢ > 0 sufficiently small.
In order to prove the claim, we take the inner product in X of ([2.2]) with ( ;ZU )
and integrate over (0, L) x (0,7). Then, performing integration by parts and using the
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boundary conditions we obtain the following identity:

/ / z +w )dxdt

92 T

>0

= —2(13/ / ZpWepdxdt + = / / 22 + w? )dxdt
+ 5/ x(22 + wd)dx + = / / ruzzpdrdt + = / / uz’dxdt
0
2 2
- vw*dxdt + —a1 vzwdmdt + —ag uzwdajdt
0

g / / zvzwydrdt + al/ / zvzzwdxdt
9 T oL 9 T L
+ —a2/ / zuz,wdrdt + —ag/ / zuzwydxdt + —al/ / ww?dzdt
3 o Jo 3 o Jo 3 o Jo
9 T L 9 T L
+ —ag/ / v22dxdt + —al/ / ruwwdrdt
3 o Jo 3 o Jo
9 T L 9 (T (L
+ —a2/ / Tvzzywdxdt + —/ / Tvwwdrdt.
3 o Jo 3Jo Jo

(2.36)

Since 2as fOT fOL Zpwedrdt > —ag3 fOT fOL(zg + w?)dzdt and the terms in the brace are
nonnegative as indicated, from (Z30) it follows that

T L T L L
/ / (22 4+ w?)dxdt < B[/ / (2% 4 w?)dxdt + / (22 + wd)dx
o Jo o Jo 0
T L T L T L
+/ / |uzzz\dxdt+/ / |vwwz\dxdt+/ / |[vwz, |dadt
o Jo o Jo o Jo

ol - ooy
+/ / |uzwm|dxdt+/ / |Uzzm|dxdt+/ / |vwz,|dzdt
o Jo 0o Jo o Jo
/ / |vzwx|dxdt+/ / |uwwm|dxdt—|—/ / usz:Edt

Vi

/ / vad:Edt—i—/ / udexdt—l—/ / vzzda:dt

(2.37)
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where

8=

2 2 4
max{g,gL,§|a1| —lasa|, L|a1| L|a2|} (2.38)

Performing as in (233)) we can estimate the term () as follows: For any d; > 0 we have

T L T 1 ) % T ) %
//\uzzmuxdtg /5—\|uz||Lz(O,L)dt /51||zz|\L2(O,L)dt
0 (2.39)

5, ,
< 0] 2 0.1 121 oo 1+ 2 / [ERI- .
25 / L= (0,L)1?11L2(0,L) ) L2(0,L)

In a similar way we can estimate the terms (4¢) up to (viii) in [Z37)). Moreover, applying
Poincaré’s inequality in (iz), we deduce that for any d; > 0 we have

[ / i < [ el mllelzona
(2.40)

02 9 9
SE o HUHL‘X’(OL)H ||L2(OL)dt+ C/ ||ZJCHL2(O,L)dt7

1—a3

where C, denotes Poincaré’s constant. Analogously, we estimate the terms (z) up to
(z74) in the right-hand side of (2Z31).
Finally, combining (237), ([2.39) and ([2.40) we obtain

T L C L
/ /(z§+w§)dmdt§§{/ (23 + w)da

0 0 0 (2.41)
- / (14 il 0,0 + 1013 0,0) ) (I2lB32(0,) + el 2go,)) ],

for some constants C > 0 and ¢ > 0 sufficiently small. This completes Step 4.
Now, we can conclude the proof of Lemma 24 i.e., the global well-posedness for

system (Z2)-(Z4). Replacing [235) into ([2:34) we have
L L
/ [22(z, T) +w?(z,T)]dx < C’[/ (22 4+ wd)dx
0 0

T
- / (14 Ml 0,0y + o1 0,0y ) (1213 2(0,00 + 02y ) ]

for some positive constant C' > 0. Then, applying Gronwall’s inequality together with
Theorem [2.1] we deduce that

(2, w)|| Lo 0,1,x) = esssup[|(2(-, £), w(-,1))|[x < C, (2.42)
0<t<T

where C' = C(T, 8, [|uol[r2(0,1), [|vol| 22 (0,1 |20l £2(0,1) [lwol[ 2 (0,2.)) > 0.
On the other hand, combining (Z35]), [2:42)) and Theorem [Z] we obtain

(2, w)”L?(o T3[HZ(0,1)]2 y < C, (2.43)

where C' > 0 also depends on |[ugl|z2(0,1), HUOHL?(O,L)a |[z0l|z2(0,z) llwol|£2(0,1), B and T
This concludes the proof of Lemma 241 |
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LEMMA 2.5. Given R, there exists a positive constant C' = C(T, L, |[uol|z2(0,1)
llvol|z2(0,1), @) such that
T T
WolBe < { [ Wa@0Pdt+ [ VIRt + Wollgsons} (249
holds for every solution V' of (Z2))- 2] obtained in Lemma[2] whose initial data satisfies
IVollx < R.

Proof. To prove ([2:44]) we combine multiplier techniques and the so-called “compact-

ness-uniqueness” argument. We first take the inner product in X of (Z2]) with ( g :tt))fu)

Next, performing integration by parts over (0, L) x (0, T"), we obtain the following identity:

L T L T
T/O (zo—f—wo)da::/o /0 (2 +w )dmdt+/0 (T = 1)(22(0,1) + w2 (0, £))dt

T T
+2a3/0 (T—t)zm(O,t)wz(O,t)dt—kQ/ (T — t)(L(x, B)V,V)dt

0
T L T L
+ / / (T — t)uy,2*dxdt + / / (T — t)v,widadt
o Jo o Jo

T oL T oL
+az / / (T — t)vg 2> dadt + ay / / (T — t)uzw’dzdt
o Jo o Jo

T L T L
+ as / / (T — t)ugzwdzdt + aq / / (T — t)vgzwdzdt.
o Jo o Jo
(2.45)

From (Z43) and the assumptions on £(z, B) we deduce that

L 1 T L T
/ (Zg +w§)dm S —/ / (22 +w2)dxdt+2/ HVH[sz(w)]zdt
0 T 0 0 0

T T L
+(1+a3)/0 (zg(o,t)+w§(o,t))dt+2a/0 /0(|um|+\vm|)(z2+w2)dxdt.

In the sequel, we estimate the terms on the right-hand side of (2:46). Applying Holder’s

(2.46)

inequality, we get

T L
/ / g |2 dadt
o Jo

IN

T
/0 [t 120, 1212 0.1

" Vo :
(/ ||um|%2(o,mdt> (/ ||z||i4(o,mdt>

= ||U'HL2(O,T;H3(O,L))||Z||%4(O,T;L4(O,L))'

IN

Similar arguments imply that the last integral in (240]) satisfies
T L
/ / (lue| + |ve]) (2% + w?)dzdt < (HUHL?(O,T;H(}(O,L)) + ||U||L2(0,T;H3(0,L)))
o Jo

x (I2lBaorizs 0.0 + lagorizao.ny) -
(2.47)
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Again, applying Holder’s inequality we get

I P
T/O /O d.’[dt < —/ ||Z||L4(O L)dt
T T 2 2
< VL / 12dt / 1211240,y dt (2.48)
T 0 0 ’
L 2
= T||Z||L4(O,T;L4(O,L))‘

Now, returning to (Z46]) and using the above estimates together with Theorem [Z1] we
obtain

T
| G+ udhae < (Il aomzsonn + ol rscony)
0 (2.49)

T T
+(1+a3)/ (zi(o,t)+wi(0,t))dt+2/ IV IIEr2 oyt
0 0

where ¢ > 0 depends only on T, L, [|uo||z2(0,z), ||vol|z2(0,z) and a. Thus, in order to
prove ([244) it is sufficient to show that for any 7" > 0 there exists a positive constant
C = C(T) such that

T
2lZao,rpac0,2y) + 1wl a0 pe00,1y) < C{/o (22(0, 1) + w2 (0,1))dt

T
[V IRt + ol sy + Nl sy} (2:50)

for any solution of (II))-(T3]).

We argue by contradiction. Suppose that (Z50) does not hold. Then, there exists a
sequence of functions V,, = ( on ) € L°°(0,T; X) N L*(0,T;[Hg (0, L)]?) solving

Wn

Vit + Vo + DVip www + NH (V) Uy + NH(U) Vi + Lz, BV, = 0, in (0, L) % (0,T)
Vi(0,8) = Vi(L,t) = Vouo(L,t) =0, te (0,T)

Va(2,0) = Vi o(z) = ( en(z,0) > = < “n.0(2) > , O<z<L,

wp,(z,0) Wn0()
(2.51)
satisfying
|[Va, <R?’ VYneN (2.52)
and such that
IVallZs o723 0,092 (2.53)
7 .
ST 20,8 + w2 (0,0)dt+ [ IVl 2ot + Virol By (0 1
goes to infinity as n — oco. Let
1
3
on = (12l 0.z 200,0) + onlZeorizoory) (2.54)
and consider
On(x,t) 1 zn (2, )
@ — = — . 2~
n(z,t) < n(. 1) o () ) neN (2.55)
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For each n € N the function ®,, solves
D+ Py + DOy gy + NH(P,) Uy + AH(U)D,y, o + L(2, B)®, =0,
®,(0,t) = @, (L,t) = D, (L, 1) =0,

o (2.56)
on(z,0) ) < Pn,o(z) ) B
,,(x,0) = By, —( O | wme |
(@.0) = @)= (100 ) = (G0t wio
n (0,L) x (0,T), and satisfies
||¢n||2L4(0,T;L4(0,L)) + |Wn‘|2L4(0,T;L4(0,L)) =1 (2.57)

and

T T
/0 (62.,(0,0) + 02, (0,0))dt + / 1Dl 0y + [ @nolBs o0,y — 0 (258)

as n — oco. Moreover,

a){®y0}nen is bounded in X; (2.59)
b){ox }nen is bounded in R; (2.60)
e){®, }nen is bounded in L>(0,T; X) N L*(0,T;[Hy (0, L)]?); (2.61)
A){H(®),)Uy }tneny and {H(U)®Py, 4 }nen are bounded in (2.62)
L*(0,T; [L1(0, L)]?);
e){®,. + }nen is bounded in L2(0,T; [H (0, L)]?); (2.63)
f) there exists s > 0 such that {®,},en is bounded in (2.64)

L*0,T; [H*(0, L)]?), the embedding H*(0, L) < L*(0, L) being compact.
Indeed,
a) Multiplying inequality ([ZZ9) by —» and using (Z55) we have
L
/0 (¢7(2,0) + 97 (x,0))dx < ¢ (H¢n”2L4(0,T;L4(0,L)) + ||wn”2L4(O7T;L4(O,L)))
equal to one by ([2357)
T T
b 1) [ @00+ 02,00+ 2 [0
0 0

which is bounded by (Z58)

Thus,
@ 0ll% = 160 (- O[T,y + 1¥n( OF2¢0,) S C, YneEN,

for some constant C' > 0.
b) Letting t = 0 in ([2355]), the boundedness for {0}, }nen follows from ([2352]) and ([258).
¢) Taking (259) and (ZE80) into account, we can proceed as in Step 4 of Lemma [Z4]

(see (242) and [243)).
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d) Applying the Young and Hoélder inequalities we get

1
2

T
[(udn)allL20,7:20 (0,12)) = (/0 |(u¢n)m||%1(0,L)dt>

[N

T 2
< (/0 (||u\|Hg(o,L)H%HL?(&L)+|\U||L2(0,L)|\¢n||H3(o,L)) dt)

1
2

T
< (2/0 (‘|u||?{é(0,L)||¢nHQL2(O,L) + HUH%Z’(O,L)||¢n”i13(0,L)> dt)

1
2
< <2||¢HH%°°(O,T;L2(O,L))||U‘H%2(O,T;H(}(O7L)) + 2||UH%°°(O,T;L2(O,L))||¢HHQL2(O7T;H(}(O,L)))

< V2 (l19nlleorizz0m 1l 2o 0.2 + 1l 0.7:220,00) 100l 20 7313 0,0 ) -
Combining Theorem 2T and ([2.61)) we deduce that
|| (ugn)zllL200,7:010,0)) < C

for some constant C' > 0. Analogously, we bound the other terms in (2.62)).
e) Taking the results above into account, it is sufficient to observe that

Dt =Dy — Opowe — AH(®,)U — AH(U)®,, — L(z, B)D,.

f) In fact, since {®,,}nen is bounded in L?(0,T; [HE(0,L)]?) N L>(0,T; X), by inter-
polation we can deduce that {¢, }nen and {¢, }nen are bounded in

[Lz(oa T H(% (Oa L))’ Lq(oa T L2(Ov L))]9 = L4(Oa T [H(% (Oa L)a Lz(oa L)]G)a

where 1 = 16 4 g and 0 < 6 < 1. On the other hand, according to [12],

(Y0, 0), L0, L))y = H3(0,1) ifs=1-0%,

and due to the Rellich-Kondrachov theorem we obtain that

1 1 s
H*(0,L) — L*(0,L) if —> - —=.
(0.L) =+ LH0,L) if > 5~
Thus, s > i, and, consequently, 6 < %. Choosing ¢ = 8 and 6 = %, the claim holds with

_ 1.
§= 3!

[HY(0,2), L3(0, L))z = Hy (0,L) = H¥(0, L).

Furthermore, the embedding Hs (0, L) = L*(0, L) is compact.
The statement above allows us to conclude that {¢, }nen and {¥y, }nen belong to the
set

W= {w € L*0,T; H3(0,L)); Z—f e L*(0,T; H—2(0,L))} .

Then, by classical compactness results [24], we can extract a subsequence of {®,},en,
still denoted by same index n, such that

o, — &= ( ;Z ) strongly in L*(0,T;[L*(0,L)]?), asn — oo.
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Consequently, by ([257),
||¢H%4(O,T;L4(O,L)) + |WH2L4(0,T;L4(0,L)) =1 (2.65)

Moreover, using lower semicontinuity, we obtain that

T T
0=timint { [ (62,00 + 020,00+ [ @] e
0 0

n—oo
B so.ry + [¥mollrso.0) } (2.66)

+ ||¢n,0
T T
zé(ﬁ@w+ﬁ@ww+4|@®Mw+wm%m@+wm@ﬁuy

which, in particular, implies that
6(x,0) = (,0) = 0.
Thus, the limit ® which solves the system
S, + 0, + D,y + AH(®)U, + \H(U)P, + L(x,B)® =0, in (0,L) x (0,T)
&(0,t) = ®(L,t) = D, (L,t) =0, te(0,T)
O(x,0) = Pp(z) =0, 0<ax<L

is identically zero, i.e., ¢ =9 = 0. This contradicts (Z.65) and, necessarily, (Z50]) has to
be valid. This completes the proof of Lemma a
We are now in condition to prove Theorem 2.2.
Proof. Proof of Theorem 2.2:
Let ( Zs ) € X. Differentiating system (LI))-(I3]) with respect to ¢, we obtain the

system (Z2)-(24) with
V@m—%w—(ZWﬁ>—(W@%)ew4@mﬁ

wo () wy(z,
On the other hand, if U,(0,¢t) = 0 and U = 0 in w x (0,7), then V,(0,¢) = 0 and V
vanishes in w x (0,7 as well. Consequently, by assumption on the damping £L(z, B), we
conclude that V =0 in w x (0,T) and according to Lemma 28] we obtain that V; € X.
Now, combining Lemma [Z4] and system (LII), we get

t
and
DU,y = -U — U, — AH(U)U,, — L(z,B)U, in Q x (0, 00). (2.68)

Consequently, by 267, (Z68) and Theorem 2.1 it follows that
U e L?(0,T;[H*(0,L)]*) N H*(0,T; X).

Now, using the UCP proved in [6] (Corollary 3.5) we have U = 0. O
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3. Proof of the main result.
Proof. We will use methods as in [I6]. We first take the inner product in X of (LTI

with ( g: 25 ) and integrating over (0, L) x (0,T) to obtain the identity

L T L T
T/o (u3+v§)dx:/0 /O (u2+v2)dxdt+/0 (T — t)(u2(0,t) +v2(0,t))dt o)

+ 24 /O T — s (0,8)0, (0. £)dE + 2 /0 (e, B DYt

Consequently,

b s 1 N T 2
/O(uo-kvo)dxﬁT/O /O(u +v)dxdt+(1+a3)/0 (uz(0,t) +v3(0,t))dt .

T
+ 2/0 U3y dt-

Now, we claim that, for any 7' > 0 and R > 0, there exists a constant C = C(R,T) > 0
such that

Tfa, g Ty 2 g 2
/0 /0 (u® +v )dxdt<Cl/o (um(O,t)—f—vm(O,t))dt—i—/O ||U|Y(w)dt] (3.3)

for any solution U of (LI)-([L3), whenever ||Up||% < R?.
We argue by contradiction. Suppose that ([B3) is not true. Then, there exists a
sequence of functions {U, }nen € L°°(0,T; X) N L%(0,T; [Hi (0, L)]?) that is a solution of

Unt +Upng + DUy g + HU,)U,y, p + L(2,B)U, =0, z€(0,L), t>0,
Un(O,t) = Un(L,t) = Un’x(L7t) =0, t>0, (34)

Un(2,0) =Upo(z), 0<z<L.

Moreover,
1Unollx < R? VneN (3.5)
and
||un||%2(0,T;L2(O,L)) + H’UTLH%?(O,T;LQ(O,L)) B
w5 (T2 L (0,0) + 02, (0,0)de + T U ydt 30
Let
s
on = (IunlZo.zz20.0) + oz rizzry ) = MUnllx (3.7)
and consider
s~ S & () o
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For each n € N, Z,, satisfies
Znt+ Zng+DZp gy +0nH(Zp) 2w +a(2) 2, =0, z€(0,L), t>0

Zn(O, t) = Zn(L,t) = ZnJ(L,t) =0, t>0 (3.9)
Zn(2,0) = Zng =22, 0<z<L,
HZHH%Q(O,T;X) =1 (3.10)
and
T T
tim [ 200+ 02, 0.0+ [ 12,08 e =0, (3.11)

Following the arguments used in the proof of Lemma 2.5 we can prove that
Z,, — Z strongly in L*(0,T; X), as n — oo, (3.12)

where the limit function Z solves

Zv+Zy+ DZyuy + HZ)Z, +a(x)Z =0, 2€(0,L), t€(0,T) ( )
3.13
Z(0,t) = Z(L,t) = Z,(L,t) =0, te(0,T).
In addition,
Z,(0,¢t)=0, te(0,T)
(3.14)

Z=0, inwx/(0,7T).
Consequently, from Theorem 2.2 we conclude that Z = 0 in (0,L) x (0,7), which
contradicts BI0). Indeed, since Z,, — Z strongly in L?(0,T; X), from [BI0) we deduce
that ||Z|\%2(07T;X) = 1. Thus,

L T T
/0 (u2 +v3)dz < C VO (u2(0,t) +v§(o,t))dt+/0 ||U|§/(w)dt1 (3.15)
for some C = C(R,T). On the other hand, from (7)) and ([9) we have

T L T
/ [w?(z,T) + v*(x, T)|dxdt S/ (ud + v3)dx — 2/ ||U\|§,(w)dt
0 0 0 (3.16)

T
4 (1—a3)/0 (2(0, ) + v2(0, 1)) dt.

Inequalities (BI5]) and [B.I6) give the exponential decay of the energy E(t). Indeed, let
CU+a3) where O is the constant that appears in (310]). Then,

1—(13 ’

(14 8) (Il D)0,y + 100 D20,z

R =

T
< nomm;WLyuwmé@@)—zw—ch U1t

T
- (ma) [ 200+ 020,00 < (ol + ool o)
Recalling that 0 < ag < 1, we have

E(T) <y E(0),
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where 0 < v < 1. The semigroup property implies the conclusion of Theorem [T} |
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