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UNIONS OF LEBESGUE SPACES AND A; MAJORANTS

GREG KNESE, JOHN E. MCCARTHY AND KABE MOEN

We study two questions. When does a function belong to the union of
Lebesgue spaces, and when does a function have an A; majorant? We
provide a systematic study of these questions and show that they are fun-
damentally related. We show that the union of L% (R") spaces with w € A »
is equal to the union of all Banach function spaces for which the Hardy—
Littlewood maximal function is bounded on the space itself and its associate
space.

1. Introduction and statement of the main results

While the L? spaces are considered fundamental spaces of interest in analysis,
the weighted L? spaces and the related study of A, weights are perhaps part of
a more specialized area of analysis. It is the goal of this article to show that the
L? spaces considered in aggregate are intimately linked to these latter topics and
to the notion of an A; majorant. By recent developments our results indicate that
weighted Lebesgue spaces with A, weights may be good candidates for ambient
spaces for operators in harmonic analysis.
We begin with the following question.

Question 1.1. When does a function belong to the union of L? spaces?

Question 1.1 is vaguely stated on purpose. By union, we mean either the union of
LP? as p varies or the union of L} as w varies with p fixed. The union of L? spaces
often arises when considering a general domain to define operators in harmonic
analysis. Several such operators are bounded on L? for all 1 < p < oo, and hence
take functions from (J p>1 L7 into itself.

It turns out Question 1.1 is closely related to the theory of weighted Lebesgue
spaces and the action of the Hardy-Littlewood maximal operator on these spaces.
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For our purposes, a weight is a positive locally integrable function. An A; weight
is one that satisfies

Mw<Cw a.e.

Here M denotes the Hardy-Littlewood maximal operator

1
My =swp L [ I71ax
0sx 191 Jo
We exclude the weight w = 0 from belonging to A, and in this case we see that if
w € A then w > 0 a.e. The A; class of weights characterizes when M maps L}D
into L%, When 1 < p < 0o, M is bounded on L%, exactly when w € Ay

<L/wdx) (L/wl/(pl) dx)p_1<C
101 Jo 101 Jo N

for all cubes Q. At the other endpoint the A, class is defined to be the union of all
A, for p > 1. We now come to our second question.

Question 1.2. Given a measurable function f, when does there exist an A; weight
w such that

() fl<w?

We call a weight satisfying (1) an A; majorant of f and write A4, for the set of
measurable functions possessing an A; majorant. As stated, Question 1.2 does not
seem to have been considered before. As far as we can tell, the first notion of an
A1 majorant appeared in an article by Rutsky [2011]. In Rutsky’s paper, however,
a different definition of an A| majorant is given — one which requires the function
and the weight to a priori belong to a more restrictive class of functions.

If we examine weights locally, say on the interval [0, 1], then our problem has a
remarkably simple answer which reveals a close connection between traditional L?
spaces, weighted L? spaces, and A; majorants:

) Ma, (10, 11y = | L0, 17) = ] L2 ([0, 1]).
p>1 weA;

The proof of (2) is a synthesis of known important results for Muckenhoupt weights.
This equivalence reinforces the saying attributed to Antonio Cérdoba, “There are
no L? spaces, only weighted L? spaces.”

The local theory has several extensions including an application to Hardy spaces
on the unit disk. In [M®Carthy 1990], while studying the range of Toeplitz operators,
the second author showed that the Smirnov class, N, can be realized as a union of

weighted Hardy spaces:
Nt= ) H]

weW
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where W is the Szegd class of weights (see Section 2 for relevant definitions). The
class Ao (T) is a proper subset of W' (as Up>0 HP is a proper subspace of N1).
Using our techniques we are able to give a characterization of [ J p>0 H? in terms
of weighted H? spaces:

3) UJa" = H].
p>0 WEAs
We refer the reader to Section 4 for more on the local case.

For functions on R”, the theory is not as nice. In the local case the L? ([0, 1])
spaces are nested in p, whereas the L”(R") spaces are not. We are not able to
obtain equality of | J p=1 L7(R") and /4, (R"). Remarkably, even the much larger
union over weak-L? (R") spaces is not equal to Jl4, (R"). As a consequence of our
results, if pg is any exponent satisfying 1 < pg < oo then

) Lre®) S (L@ S dta, (RY).
p>1 weAp,
The class Jl4, (R") can be thought of as a generalization of L*°(R") —i.e., func-
tions that are majorized by constants, which are A} weights — while | J,, 4, LL(RM
is a generalization of L' (R"). With this in mind we obtain the following theorem.

Theorem 1.3. Suppose 1 < p < oo. Then

U Lo®y :.A/LAI(IR”)H< U LL(R”)).

weA), weA|

Considering the basic fact

L'R)YNL®R") c () LP(R"),
l<p<oo
Theorem 1.3 shows that if we enlarge both L*°(R") to Jl4, (R") and LY(R") to
Uwe A L}U([RR”) and intersect the two, then we pick up an even bigger class of
functions, one that by (4) properly contains the union of all L?(R") for p > 1. As
a consequence to Theorem 1.3, we see that for all 1 < p, g < o0,

U LP(R") = U LY(R").

weA, u€A,
The proof of Theorem 1.3 uses the extrapolation theory of Rubio de Francia [1984;
1987] (see also the book [Cruz-Uribe et al. 2011]).

The union .| L? is a good candidate for a natural collection of functions on
which to iterate the Hardy—Littlewood maximal function. Rutsky [2014, Theorem 1]
showed that Banach function spaces & on R" (see Section 2) for which the Hardy-
Littlewood maximal function is bounded on both the space ¥ and the associate
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space &’ act as a natural domain for the set of all Calder6n—Zygmund operators.
We end the introduction with our main result which says a function belongs to a
function space ¥ for which the Hardy—Littlewood maximal function is bounded on
% and &' if and only if f € L (R") for some p > 1 and w € Ap(R"™).

Theorem 1.4. Suppose 1 < p < co. Then

U Lo®y = J#: M e n@ nds@)).

weA,

where the second union is over all Banach function spaces such that the Hardy—
Littlewood maximal operator is bounded on ¥ and %'.

Banach function spaces for which M € B(¥) N B(X’) are also related to the
Fefferman—Stein inequality. Define the sharp maximal function M* by

1
M7 =sup o [ 17~ foldx
o 101 J,
where fp = ﬁ /, 0 fdx. Lerner [2010] proved that if M € RB(¥), then the
Fefferman—Stein inequality

S I fllee < cllM* flle

holds for all nice functions in & if and only if M € B(X’). In particular, Theorem 1.4
shows that if f belongs to a Banach function space for which M € B(X) and the
Fefferman—Stein inequality (5) holds on &, then for any 1 < p < oo, there exists
w € A, for which f € LI, (R").

The outline of this paper is as follows. In Section 2 we state preliminary results
that are necessary for the rest of the paper. In Section 3 we study the classes of
functions with A} and A, majorants. In Section 4 we give a treatise of local theory
with applications to Hardy spaces on the unit disk. Section 5 is devoted to the
theory on R”, in particular the proofs of Theorems 1.3 and 1.4. We finish the article
with some open questions in Section 6.

2. Preliminaries

In this section, €2 denotes either R” or a cube Q with sides parallel to the coordinate
planes in R". For 0 < p < oo, LP(£2) is the set of measurable functions such that

nmﬂzfuww<m,
Q

Given p with 1 < p < oo, we use p’ to denote the dual exponent defined by the
equation 1/p+1/p’ = 1. A weight defined on a cube Q is a positive function
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in L'(Q). A weight on R" is a positive function in Lloc
define L}, () to be the collection of functions satisfying

(R™). Given a weight, w,

1717, = / FlPwdx < oo.

We define L3 (€2) to be the space of functions for which f/w e L*°(£2). This space
is normed by

I ez = 11/ wloe = esssup 1L
xXeQ
If T is the unit circle in the complex plane, then L”(T) and L% (T) are identified
as the space of 27 periodic functions that belong to L? ([0, 2rr]) and L5 ([0, 27)),
respectively.

We also examine the “complex analyst’s Hardy space”, as opposed to the real
analyst’s Hardy space defined in terms of maximal functions. Let D denote the unit
disk in the plane with boundary T. Given p with 0 < p < oo, let H? = H? (D) be
the space of analytic functions “normed” by

2 ) 1/p
I/l = sup (fo |f(re‘9)|l’§—§) .

O<r<l1

“Norm” is in quotes since this is not a norm for 0 < p < 1, but we use norm notation
| - || nonetheless. The Nevanlinna class, denoted N, is the collection of analytic
functions on D such that

21

Iflly = sup / log" |f (re”)| §2 < ox.
O<r<1J0 T

Functions in N have nontangential limits almost everywhere on the boundary, so

we may treat them as functions on the disk or the circle. The Smirnov class N

consists of functions f € N such that

2w 2
- + ioy, do + iy, do
tim [tog 1 0e 142 = [ og 1)1 4

It is well known that
+

| JaPSNTEN

p>0
(see, e.g., the books by Duren [1970] or Rudin [1964]). The Smirnov class is often
considered a natural limit of H? as p — 0.

The weighted Hardy space H), = HJ (D) is the closure of analytic polynomials

in LY,(T). While there are real variable definitions of weighted Hardy spaces, this
classical definition has an intuitive appeal.
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Let Mg be the Hardy-Littlewood maximal operator restricted to €2, i.e.,

M f(x) = sup i/ \f1dy.
b il Jo

When 2 = R" we write M f = Mf.
We define A(€2) to be the class of all weights on €2 such that Mow(x) < Cw(x)
a.e.x € Q. For p > 1, A,(£2) is the class of all weights on €2 such that

sup <L/wdx) (L/wl_P/dx>pl< 0.
o101 /o 101 J,

Given an A, weight w we refer to the weight o = w!'~?" as the dual weight. For
the endpoint, p = 0o, we use the definition

As(@ =] A, .
p=l

There are several other definitions of A, e.g., weights satisfying a reverse Jensen
inequality, a reverse Holder inequality, or a fairness condition with respect to
Lebesgue measure [Duoandikoetxea 2001; Grafakos 2008].

A weight on the torus is a positive function in LY(T). The classes A;(T), A (1),
and A (T) are defined analogously on T. The Szegé class of weights, denoted W',
are weights on T satisfying

/logwdQ > —00.
T

We notice that if w € Ay (T), then we have

</w d—9> exp(—/logw d_@) < 00.
T 27 T 2w
In particular, Aso(T) C W.
Example 2.1. Let xo € 2, 1 < p <00, and wy,(x) = |x —x0|%. Then wy, € A,(2)
if and only if —n <a <n(p —1).
We will need some elementary properties of A, weights, most of which follow
from the definition (see [Duoandikoetxea 2001, Proposition 7.2]).
Theorem 2.2. The following hold:
(i) AiCA, CA; CAxifl <p<g<oo.
(ii) For1 < p <oo,w € A, ifand only if o = w!=r e Apy.
(iii) If O <s <landw € A, then w* € A,
(iv) Ifu,v € Ay, thenuv'=P € A,
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It is interesting to note that the converse of (iv) also holds, but the proof is
much more intricate. This was shown by Jones [1980] and later by Rubio de
Francia [1982]. We emphasize that we do not need this converse statement, only
the statement (iv).

We also need the following deeper property of A, weights known as the reverse
Holder inequality. See [Hytonen et al. 2012] for a simple proof with nice constants.

Theorem 2.3. If w € Ax(K2), then there exists s > 1 such that for every cube

oce, S
1 s 2
@/Qw dx§(|Q|/dex>.

As a corollary to Theorem 2.3 we have the following openness properties of A,
classes.

Theorem 2.4. Let 1 < p < oo. The following hold:

(i) If p > 1then A,(Q2) = U1§q<p Ay ().
(i) If w € Ap(R2) then w*® € A,(2) for some s > 1.
For the results on R” we need the notion of a Banach function space. We refer
the reader to the book by Bennett and Sharpley [1988, Chapter 1] for an excellent
reference on the subject. A mapping p, defined on the set of nonnegative R"-

measurable functions and taking values in [0, oc], is said to be a Banach function
norm if it satisfies the following properties:

@ p(f) =0« f=0ae., paf)=ap(f)fora>0,p(f+g) =p(f)+r):
(i) if 0 < f < g ae., then p(g) < p(f);
(i) if f, 1 f a.e., then p(fu) 1 p(f);
(iv) if B C R" is bounded, then p(xp) < o0;
(v) if B C R”" is bounded, then

/dex =Cgp(f)

for some constant Cg with 0 < Cp < 0.

We note that our definition of a Banach function space is slightly different from
that found in [Bennett and Sharpley 1988]. In particular, in the axioms (iv) and (v)
we assume that the set B is a bounded set, whereas it is sometimes assumed that B
merely satisfy | B| < oo. We do this so that the spaces L, (R") with w € A p satisfy
items (iv) and (v). (See also the discussion at the beginning of Chapter 1 on page 2
of [Bennett and Sharpley 1988].)
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Given Banach function norm p, ¥ = Z(R", p) is the collection of measurable
functions such that p(| f|) < oo. In this case we may equip & with the norm

Ifllee = o (1f1)-

The associate space %’ is the set of all measurable functions g such that fg e L'(R")
for all f € &. This space is normed by

(6) IIgII%'=SUP{/Rn|fgIdx2IIfII%Sl}.

Equipped with this norm ¥’ is also a Banach function space and

|feldx <\ fllxllglle-
R)l

Typical examples of Banach function spaces are L? (R") for 1 < p < oo, whose
associate spaces are L” (R"). Other Banach spaces include weak type spaces
LP°°(R"), the Lorentz space L”9(R"), and Orlicz spaces L®(R") defined for a
Young function ® (see [Bennett and Sharpley 1988; Cruz-Uribe et al. 2011]). When
weA,(R")and 1 < p < oo, the spaces LY (R") are also Banach function spaces
with respect to Lebesgue measure. To see this, it suffices to check property (v).
Suppose f >0, 1 < p < 00, and B is bounded. Then B C Q for some cube Q so
o (B) < 0o, and Hélder’s inequality implies

1/p
/fdx=/fw1/1’w—1/l’dx50(3)1/1’ </fpwdx> <aB)""|flle.
B B B

To see that L}U(R") is a Banach function space when w € A;(R"), note that

) /fdx = / Sww ™ dx < (infw) | £l .
B B B v

Finally, if f € LS?, then

fodx _ fB(f/w)wdx <w®B) Sz,

showing L’ is a Banach function space.

Whenl < p<oocandwe€ A 1), the assomate space of L% (R") defined by the
pairing in (6) is given not by Lp (R™) but by Lp (R") for o = w'~P". When p =1
and w € Ay, the associate space of L. is given by L°(R"). We are particularly
interested in Banach function spaces ¥ for which

IMflle < Cll flle,

in which case we write M € B(ZX).
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We end this section with the classical result of Coifman and Rochberg [1980]
(see also [Garcia-Cuerva and Rubio de Francia 1985, Theorem 3.4, p. 158]). This
result requires a definition.

Definition 2.5. We say that a function f(x) belongs to Mg (2) if
Mg f(x) <oo forae. x €.

If f belongs to a Banach function space for which M € B(¥), then f € MFp.
Theorem 2.6. If f € Mz () and 0 < § < 1, then (Mg f)° € A(R).
We leave the reader with a table of the notation used throughout the article.
2 Domain of interest, either R" or a cube Q C R;
Mg Hardy-Littlewood maximal operator restricted to €2;
Ap(S2) class of A, weights on £2;
JI/LZ\[) (2) functions on 2 with | f|” majorized by an A, weight;
Mp(2) functions on 2 such that Mg f < oo a.e.;
AT(R)  Ap(Q) NME();
M AL (2) functions majorized by A If (£2) weights.

3. The classes JI/LQ
P

Let us now define a general class of functions majorized by A, weights and establish
some properties of such classes. We remind the reader that a domain €2 will denote
throughout either all of R” or a cube Q in R”.

Definition 3.1. Let  and p satisfy 0 <r < oo and 1 < p < oco. Define Jl/tfql)(Q) to
be the collection of all measurable functions f on 2 such that

[f(xX)]" <w(x) forae. xeQ
for some w € A,(€2). When r = 1 we simply write A, (€2).
Theorem 2.4 implies the following general facts about the Jl/Lpr classes.

Theorem 3.2. Suppose r and p satisfy 0 <r <ocoand 1 < p <oo. Then

®) awy (@) =, (@
and if p > 1,
) Ay (@ = [ 4, ().

I<g<p
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Proof. We first prove (8). It is clear from (iii) of Theorem 2.2 that the union
U, - .A/Li‘p(Q) - Jl/Lgp(Q). On the other hand, if f € mgp(sz) then [f|" <w € A),.
By (ii) of Theorem 2.4, there exists ¢ > 1 such that w’ € A »(€2). But then, taking
s=rt>randu=w', wehave |f|* <ueA, sofell_ L/l/ti‘p(Q). The proof
of equality (9) follows directly from (i) of Theorem 2.4. O

Our next theorem shows that for a function to have an A; majorant it is equivalent
for its maximal function to have an A; majorant.

Theorem 3.3. We have f € M4, (2) if and only if Mo f € M4, ().

Proof. It f € M4, (R2), then Mq f < Mqw < Cw since w € A;(§2), which is to say
Mg f € M4, (2). The converse statement follows from the fact that | f| < Mq f. U

Using the exact same reasoning it is easy to prove that f € Al); (€2) if and only
if Mo(]f]") € M4, (S2). However, there is a better result when r > 1.

Theorem 3.4. [fr > 1 then the following are equivalent:

Q) f €M) ().

(i) Ma(f1") € Ma, (S2).
(iii) Mq f € ,/I/Lﬁh (2).
Proof. The equivalence (i) < (ii) follows from Theorem 3.3. We will prove (ii) =
(iii) and (iii) = ().

Suppose that w € A;(R2) and Mq(|f]") < w. Since r > 1, we know that
(Mq f) <Mq(lf]") < w, which is to say that Mq f € J(/L;\l.

On the other hand if (Mg f)" <w € A1(2), then Mg f < oo a.e., and hence f
is locally integrable on 2. By the Lebesgue differentiation theorem we have

IfI" < Mqf) <w. 0

Inthecase 0 <r <1, we still have f € Jl/L;‘1 (€2) ifand only if Mq(| f|") € M4, (£2).
However, it is not true that this is equivalent to (Mq f)" € Jl4, (€2). Consider the
following simple example.

Example 3.5. Let f(x) = |x[™" on Q =[-1,1]". If 0 <r <1, then f € M} (Q)
but My f = oo.

Of course, if 0 <7 < 1 and Mq f < 0o a.e., then (Mg f)" € A1(R2) (and hence
Mg f € My (€2)) automatically by Theorem 2.6.
We now study the class Al 4 b Since the A, classes are nested, we have

My, CJI/LAP C J‘/LAq Cly,,

for 1 < p < g < o0. In the local case we have the following characterization.
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Theorem 3.6. If Q is a cube in R" then

Ma, (Q) = Ma(Q).

Proof. It suffices to show Ma_ (Q) C M4, (Q). Suppose that f € Ma_(Q), so that
there exists w € Axo(Q) with

[ fl < w.

Since w € Ax(Q), the reverse Holder inequality implies that there exists s > 1
such that

(Mouw*)'s <2Mow < 2(Mouw*)'/s.

Moreover, since w € Ll(Q), we have Mpw < 00 a.e. By Theorem 2.6, Mow is
bounded above and below by an A;(Q) weight, and hence is in A;(Q) itself. [J

In the global case we have A4, (R") C M4, (R") for any p > 1, as the following
example indicates.

Example 3.7. Let p > 1 and 0 < @ < n(p — 1). Now consider the function
J(x) = |x|*. Then f € Ap(R") C M4, (R"), but f ¢ AMp(R") so in particular,
f ¢ M4, (R"). To see this, notice that for every x € R* and r > |x|,

Mf(x) > rif |x|* dx ~ r®

|x|<r

so Mf = oo.

To obtain positive results on R for the classes JM4,(R") and M4, (R") similar
to Theorem 3.6, we must restrict to A, majorants whose maximal function is finite.
Given w € A, a simple way to create a weight in AL is to take a truncation: let
w;, = min(w, 1) for A > 0. Then w; € Axc NL>® C AL . We end our study of the
class M4, with the following characterizations.

Theorem 3.8. L4, (R") = M,r (R).

Proof. Since A1(R") C Axo(R") and A (R") C Jlr(R™), we have the inclusion
Mg, (R") C M AL (R™). On the other hand, if f is dominated by a weight w in
AgO(IR”) = Ao (R") N M F(R"), then by Theorem 2.3 we have

M) <2Mw <00 ae.
for some s > 1. So in particular, | f| < M(| f|)'/* < M(w*)'/* € A;(R"). O

Theorem 3.9. A function f belongs to M4, (R") if and only if there is an s > 1 such
that | f|* € Mg (R™).
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Remark 3.10. Given r > 0, if one defines Jl’;(R") to be the class of functions
such that M (| f]") < oo a.e. (equivalently | f|" € Mg (R")), then Theorem 3.9 can
be stated as

Mg, (R = [ AR,

r>1

Proof of Theorem 3.9. Let w be an A1(R") majorant of f. Since w € A (R"),
w® € Aj(R") for some s > 1, which implies | f|* € M4, (R"). By Theorem 3.4
we have M (| f|°) € M4, (R") C Llloc([R”). On the other hand, if there exists s > 1
such that M(|f|*) < oo a.e., then M(|f|*)!/* € A;(R") by Theorem 2.6, and
|fI <M fI5)Y. O

4. The local case

For this section Q will be a fixed cube in R". We begin with the following extension
of the equivalences in (2).

Theorem 4.1. Let Q be a cube in R" and r, pg satisfy 0 < r < pg < o0. Then

W =L = Lrw.
p>r WEAp/r

Proof. We will prove the chain of containments

U Lo c|JLr) caty, @ c || L.

WEApy/r p>r WEAp/r

. (UweA,, . M) c Up>r L?(Q)): Suppose we have f € L})(Q) for some
w € Apy/r(Q). Set go = po/r. By (ii) of Theorem 2.2, 0 = w!~% € A, (0.
By Theorem 2.3, o satisfies a reverse Holder inequality:

1/s
1 s 2
— o’ dx < — odx
<|Q’|/Qf ) =121y

for some s > 1 and all Q' € Q. This implies that o € L*(Q). Define

14 L sothatg > 1, and let p =rqg > r. Then
q ' sqq

q
1/p 1/p
(/ | f1P dx) — (/ |f|rqwq/qow—€l/qo dx)
0 Q
1/po 1/(sqq)
§<f|f|p°wdx) (/Gsdx) .
0 Q

. (Up>r LP(Q) C Jl/LZ“(Q)): If f e LP(Q) for some p > r, then Theorem 2.6
implies | f|" < Mo(f17)"/? € A(R).
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o (Ji/tgl(Q) C UweApO/'_Lio(Q)): Set go = po/r > 1 and suppose we have
g=IfI"<we A (Q). Then w!~% ¢ A4 (Q) by (iv) of Theorem 2.2 and

f|f|p°w1_q°dx=/gq°wl_q°dx5/wdx<oo. O
0 o o

Next, we extend Theorem 4.1 to A weights.

Theorem 4.2. Let Q be a cube in R" and py be an exponent with 0 < py < o0.

Then
U, @=L = Lrw.

r>0 p>0 weA

Proof. We first prove
U, @=L 0.

r>0 p>0
e (O):If fe Jl/Lgl(Q) for some r > 0, and w € A;(Q) is such that | f|" < w,
then f € L"(Q) C Up>0 L?(Q).
e D) If f e LP(Q) for some p > 0, let r be such that 0 < r < p. Then
|fI" < Mo(1f1P)7P € A1(Q).
Next we show

Urrwo = L.

p>0 WEA

e (C): Suppose f € LP(Q) for some 0 < p < co. Then if r < min(p, pg) we
have

ferrclJrro = L c | Lrw.

r<p weApo/r WEA

e (D): Suppose f € LY’(Q) for some w € Ay. Then w € A, for some g > 1.
Set p = po/q and notice that p < pg. Then

1/q 1/q'
flfl”dxzf|f|Pw1/qw—1/qus (/Ipr"wdx) (f wl—q’dx) . O
0 o o 0

Example 4.3. The function

(10) F(x) =x""logx) 2 x(0.1/2)(x)

does not belong to Jly4, ([0, 1]). This follows from Theorem 4.1 since it can be
readily checked that

feL'(o, 1])\(U L7 ([0, 1])).

p>1
However, f € M#([0, 1]) since f € L'([0, 1]).
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Remark 4.4. Suppose 0 < p < co. Then
L) = |J 5.

wWEA|

The proof of the equality in Remark 4.4 follows from the fact that 1 € A; and
from inequality (7) with B = Q.

We define Hyu, (T) as the set of functions in N * whose boundary function is
majorized by an A (T) weight. Since we may identify the torus T with Q =0, 2x],
it is obvious that Theorems 4.1 and 4.2 hold for L?(T) and L%, (T) spaces. We have
the following analogs for Hardy spaces.

Theorem 4.5. If pg is an exponent satisfying 1 < pg < 00, then
HyM=JH"=J HY.
p>1 WEAp,
Theorem 4.6. If pg is an exponent satisfying 0 < pg < 00, then
Jar =] =D
p>0 weAx

Proof of Theorems 4.5 and 4.6. Since NT N LP(T) = H? for p > 0 [Duren 1970,
Theorem 2.11], we see that

Ha (M =N"Nuly, (T =NTN U LP(T) = U H?.
p>1 p>1
This is the first part of Theorem 4.5.
To go from equality of the analogous L? spaces to the Hardy spaces is a matter
of using two facts for 0 < py < oo:

(a) fv logwdf > —o0 and w € LY(T) implies that w = |h|P° for some outer
function h € H?,

(b) If h € HP is outer, then the set hC[z] = V{z/h : j > 0} is dense in HP0,

Item (a) comes from the standard construction of an outer function [Duren 1970,
Section 2.5]. As for item (b), when 1 < pg < oo this is a standard generalization of
Beurling’s theorem [Duren 1970, Theorem 7.4]. When 0 < py < 1, this is a less
well known result that can be found in Gamelin [1966, Theorem 4].

For Theorem 4.5 we must show for 1 < pg < oo that

P — Po
U= np.
p>1 WEAp,

Now, for f € H? C L?, we know there exists w € A, (T) such that f € LI (T)
by (2). Factor w = |h|P° with outer h € HP°. Then, fh € NTNLP(T) = HPo
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while hC[z] is dense in H?° so that there exist polynomials Q, satisfying
[0 0uimas = [ 15 = Qimwas — o

as n — oo. This shows f € HJ" (since it is initially defined as the closure of the
analytic polynomials in L%’ (T)).

Conversely, we have seen that if f € H}", then f € LP(T) for some p > 1. Factor
w = |h|P as before. Then, fh € HP° and 1/ h is outer, so that f = fh(1/h) € N*.
Since f € L?(T), we can then conclude that f € H?.

The proof of Theorem 4.6, which claims for 0 < py < oo that

U= ae.
p>0 wWEAs

is similar once we know the corresponding fact for L?(T) spaces. Indeed, take

f € HP for some p > 0. There exists w € Ay, such that f € L1 (T) by Theorem 4.2.

Factor w = |h|P0 with outer h € HP0. Then, f € H]° as above using Gamelin’s
result. The converse is similar to the previous proof. ]

5. The global case

In this section we address the case when our functions are defined on all of R”. Let
us first prove Theorem 1.3, which states that for any 1 < p < oo,

U Lo@®y =ata, ®) 0 | L), (RY).
weA, wWEA]
Proof of Theorem 1.3. First we show
Ma,®H N [ Ly, @ c | Lo®.
weA| weA,

Suppose w is an A majorant of f and f € LL(R") for some u € A;(R"). By
Theorem 2.2, uw! =7 € A,(R") and

| f1Pw'Pudx 5/ | fludx.
R R

To see the reverse containment suppose that f # 0 belongs to L% (R") for some
w € Ap(R"). We will use the fact that w € A,(R") implies M € B(LY) to apply
the Rubio de Francia algorithm:

RI= Z2"||M|| '

B(LE)
Then Rf isan Ay maJorant of f so f e dly, (R"). Also let g be any function in

Lp (R") where o = w'~ r satisfying ||g||Lp = = 1. Again, since 0 € A, (R"), we
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apply the Rubio de Francia algorithm

Re = Zku ||" ’

%(L"

so that Rg is in A;(R") and || Rg]| < 2. Hence

LI’ (Rny =
|f1Rg dx =/ [f1w!PRew™ 7 dx <1 f g I RGN Ly oy = 20 F ey
Rn Rn o

showing that f € LL (R") as well. O

weA]

Before moving on, we remark that the intersection of A4, (R") and | J,, A Lllv (R™)
is necessary for the result on R". We did not encounter this phenomenon in the
local case since for a fixed cube, M4, (Q) C L'(Q). To see that the intersection
is necessary, notice that the function in Example 4.3 viewed as a function on R
belongs to L'(R) C UweA L1 (R), but does not belong to L, (R) for any p > 1
and w € A, (R) since it is not in L’ (R) for any p > 1. Theorem 1.3 shows that
for1 < p < oo,

loc
U Lo @) ctta, ®").
weA,

Below we will show this containment is proper (see Example 5.2).
We now prove Theorem 1.4.

Proof of Theorem 1.4. By Theorem 1.3 it suffices to show

(a1 ULo®ycl J@: Men@nae@))
weA,
and
(12) U{%:Me%(%)ﬂ%(%/)} C Mg, (R N UL}U([R{”).
weAl

However, the containment (11) is immediate, since
MeRLIR)) cweA,R")ocecAyR") S Me %(L{,’/([R”)).

On the other hand, for containment (12), if f = 0, then f € ¥ for some Banach
function space ¥ such that M € B(X) N B(X’). Then we may use the Rubio de
Francia algorithm to construct an A;(R") majorant:

Rf =
Z 2K |M||W)
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Then Rf € Ay and | f| < Rf,so f € M4, (R"). Given g € X’ let

Rg =
Z 2k ||M||M,
so that Rg € A (R")N%’ and ||Rgllx < 2|gllx. Then

/ |fIRgdx < | fllellRgller <21 fllellglle
Rn

which yields f € | J, .4, LL(RY). O
When p > 1, LP-°°(R") is a Banach function space on which M is bounded (see
[Grafakos 2008]), and likewise, its associate (L?-°(R"))’ = LP"!(R"), the Lorentz

space with exponents p’ and 1, is also a Banach function space on which M is
bounded (see [Arifio and Muckenhoupt 1990]).

weA]

Corollary 5.1. Suppose 1 < py < 00. Then
Jzrewn c | Lrmn.

p>1 WEAp,
From Corollary 5.1 we see that the analogous version of the equivalences in (2)

are not true on R”. This follows since

Urren s Lr=m.
p>1 p>1
For example, f(x) = [x|™/* € L>*(R") but f ¢ J,.o L (R").
We also remark that the techniques required for R” are completely different than
the local case. For example, to prove the containment

L7 ®") ity (R

p>1
it is not enough to simply dominate | | by M (| £1P)V/P_ However, for f € LP"*°(R"),
M(|f|”) may not be finite (take f(x) = |x|7"/?, in which case M(| f|?) = 00).
Instead we must refine our construction of an A; majorant using the techniques of
Rubio de Francia [1984].

We now provide examples to show that the inclusions in (4) are proper. We first

show that the second inclusion is proper, i.e.,

U LE@®R™ S iy, (RY).

weA,

Since .
U Lo@®") = iy, R 0 | L, ®"),
weA) WEA|

it suffices to find a function in M, (R") \ (U,c4, Lt (RM).

wWEA]
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Example 5.2. The function f(x) = 1 belongs to Jl4, (R") \ UweAlL}U(R"). To
prove this we need the fact that if w € Ay, then w ¢ L' (R"). One way to see this
(pointed out by the referee) is to notice that A, weights are doubling, and doubling
measures have infinite total mass. We can also give an ad hoc argument using the
reverse Holder inequality. If w satisfies

1/s
1 2
— | wdx) < = | wdx
(lQl/Q ) — 10l Jo

for some s > 1 and all cubes Q, then by taking Oy =[—N, N]", we have

1 1/s 1 1/s )
_— widx) < | —— widx)] < —/— wdx < w "
<|QN| o ) = <|QN| on ) = Tonl 1,0 = 1oy |” o1

Letting N — oo we arrive at a contradiction. Finally, to see 1 ¢ LL @R,

notice that 1 € L} (R") if and only if w € L1(R").

weA1

Next we show that

Jrrew) S | Lomn.

p>1 weA),

For this example we need the following lemma.

Lemma 5.3. Suppose u, v € A (R"). Then
max(u,v) € A{(R") and min(u, v) € A;(R").

Proof. To see that max(u, v) is in A (R") note that max(u, v) <u+v <2 max(u, v),
and hence

M(max(u, v)) < Mu+ Mv < C(u+v) <2C max(u, v).

To prove min(u, v) € A1 (R") we use the equivalent definition of A;(R"):

weAl(R")é@ wdxanéfw VQCR"

where the infimum is the essential infimum of w over the cube Q. Set w =min(u, v)
and let Q be a cube. Notice that infy u > infp v implies infp w = infy v and hence

L/‘wdxfL/vdeCinfv:Cinfw.
101 Jo 101 Jo 0 0

On the other hand, if infp u < infyp v then infp w = infy u and so

L/wdng/udxgcmfuzcmfw.
19 0 10| 0 0 o

So w € A (R"). O
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Example 5.4. Consider f(x) = max(lx|~", [x| 7). 1f 0 < < § < 1 then
& Up=o L7 (R"). However,

|f ()] < w(x)

where w(x) =max(|x| ™", 1), and f € LL([R”) where u(x) = min(|x|~Y", 1) when
l—a <y < 1. By Lemma 5.3, both # and w belong to A{(R"). Thus

feta®)n|JL,®RY =[] LLm®".

WEA| weA,

Finally, we end with brief descriptions of | J L,%U(IR") and Jl4, (R") in terms

of Banach function spaces.

weA|

Theorem 5.5. | J L, (R") = J{%: M e B@)} = J{Z: &' nA(R") # 2},

weA]

Proof. 1t is clear that

UL,®yc|J@: men@),

weAl

since the associate space of L (R") is
LE[R") = {f: f/we L®)

with norm || f||z~ = || f/w] L~. For any cube Q,

w

|Q|/|f|dx_||f/w||Loo|Q| w dx.

Hence if w € Ay, then
Mf <|fllLeMw < C| fllLeow,

and dividing through by w we obtain M € B(LY).

The associate space is always a closed subspace of the dual space [Bennett and
Sharpley 1988; Rubio de Francia 1987]. Suppose ¥ is such that M € B(X’). Given
g € %' with g # 0 (notice Banach function spaces always contain nonzero functions
by property (iv) of Banach function norms), let

Z 2k |M||%(9€,

so that w € A (R") and ||w|lg < ||gll@’. Thus w € ¥ N A1 (R"), showing that

MeBA)=2XNARY £ 2.
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Finally, suppose f € & for some % such that ¥ contains an A; weight. Let
w € X NA(R"). Then

|flwdx < || fllaellwlle
Rn

so that f € LL (R"). O

Finally we refer to a result of Chu [2013] which gives the final characterization
of M4, (R").

Theorem 5.6 [Chu 2013]. A4, (R") = U {X:MeRBX)}.

6. Questions

We leave the reader with some open questions.

1. Let A}, =(),., Ag. Is there a characterization of the union

Lo

*
weAp

q=p

In general A, ; A’;,. For example w(x) = max((log lx|~H~1, 1) belongs to

A7 but not Aj. Moreover,
{w:w, 1/w e AT} = clospmoL™

(see [Garcia-Cuerva and Rubio de Francia 1985; Johnson and Neugebauer
1987]). In the local case we have

ULh@c UL (@ =limsupL’(Q).
-

wEA;‘, s<p r>s r—

Are these two sets equal?
2. It is well known that
L'nr*c (Y Lrc |J Lrer'+L™.
l<p<oo I<p<oo

When can we write a function as the sum of a function in 4, and |, ¢4, Ly,?
That is, what conditions on a function guarantee it belongs to M 4,+_J Ll2

U o2

weA,

weA1

3. What can one say about

IfweAyand p>1then M € %(L{,’;‘"’), so for p > 1,

U Lgoo C ./‘/LAI.

U)GA]
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4. Do these results transfer to more general domains? It is possible to consider
a general open set 2 as our domain of interest. We may define the A ,(£2)
classes, Jl4,(€2), and the Hardy-Littlewood maximal operator Mg, exactly as
before. However, the openness results, Theorems 2.3 and 2.4, may not hold for
2, even if it is bounded [Cruz-Uribe et al. 2011]. In the local case we assume
that weights belong to L'(€2). What happens if we only assume Ll (Q)?
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