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1 Introduction

In this paper we begin a systematic study of fully nonlinear integro-PDE in Hilbert spaces,
with the goal of the development of a theory of viscosity solutions for such equations. The
interest in such equations comes primarily from their connections with infinite dimensional
jump-diffusion processes, in particular with stochastic PDE (SPDE) driven by Lévy pro-
cesses [8, 42, 61]. Integro-PDE may be linear Kolmogorov equations associated with such
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SPDE, they may be Bellman-Isaacs equations for stochastic optimal control or stochastic
differential game problems driven by SPDE with jumps, they may be infinite dimensional
versions of Black-Scholes and Black-Scholes-Barenblatt equations associated with the the-
ory of bond markets driven by jump diffusions. In a recent paper [74], viscosity solutions
of integro-PDE were used to prove large deviation results for SPDE with small Lévy
noise. There is a need to develop a general theory of such equations. In this manuscript
we introduce the notion of viscosity solution appropriate for such equations and deal with
the fundamental issue of uniqueness of viscosity solutions. Existence of viscosity solutions
and connection with stochastic optimal control problems will be the subject of a future
publication.

Linear parabolic PDE with non-local operators on Hilbert spaces have already been
a subject of several investigations. The most studied equations are of Kolmogorov’s type
corresponding to Ornstein-Uhlenbeck processes perturbed by Lévy noise, see e.g. [9, 60].
More general equations with additional first order terms were studied in [49, 64]. In
particular [64] contains the so called BEL formula for the gradient of the solutions. Non-
linear parabolic problems with non-local operators, corresponding to optimal stopping
problems were investigated in [75] using the theory of maximal monotone operators.

Uniqueness of solutions in the viscosity theory is typically a consequence of a com-
parison theorem which ensures that under certain conditions a subsolution is always less
than or equal to a supersolution. It is usually the more difficult part of the theory. In
this paper we prove a general comparison principle for equation (5.1). The proof is rather
involved and is divided into several parts. The main difficulty comes from the fact that
our integro-PDE has both an integral part and a second order PDE part. If the second
order PDE terms are absent, the proof is much easier. A standard proof of comparison for
viscosity solutions of second order equations goes through a doubling (of the number of
variables) and penalization argument. In finite dimensional spaces one than uses maximum
principle for semicontinuous functions (see for instance Theorem 3.2 of [26]) to produce
test functions whose second order derivatives have proper ordering. This technique was
recently successfully adapted to integro-PDE, see for instance [12, 17, 41, 62]). In partic-
ular, in [41] a general “non-local maximum principle for semicontinuous functions” was
established, which was later generalized in [17]. Unfortunately it is not known if maximum
principle for semicontinuous functions is true in infinite dimensions. To remedy this, for
a purely second-order PDE, P. L. Lions introduced in [50] a technique which, through a
reduction to a finite dimensional case, still allows to produce test functions whose second
order derivatives consist of two operators; infinite dimensional ones which are eventually
negligible, and finite dimensional ones which have the right ordering. This technique was
later slightly improved and generalized in [27] and became a standard tool in the theory



of second order PDE in Hilbert spaces. Here we combine finite dimensional methods of
“non-local maximum principle” [41] with the finite dimensional reduction technique to
obtain a kind of “infinite dimensional non-local maximum principle” which is the main
tool in the proof of the comparison theorem. We focus our attention on time dependent
problems and equations of Bellman type in order to minimize the level of technical de-
tails. However, with only minor modifications, the results of this paper can be adapted
to stationary equations as well as equations with more general Hamiltonians, for instance
to integro-PDE of Isaacs type. Moreover other results typical in the viscosity theory like
consistency of viscosity solutions, similar in the spirit to these of [68], can be proved with
little effort. We leave these issues to the interested readers.

Finally we mention that the theory of fully nonlinear first and second order integro-
PDE in finite dimensional spaces is well developed by now. Papers and books [18, 32,
33, 34, 35, 36, 43, 44, 47, 48, 52, 53, 54, 55, 56, 57, 58, 63, 69] present various PDE,
analytic and probabilistic approaches and connections with stochastic optimal control.
The theory of viscosity solutions was introduced in [68, 71, 72] and its general theory
was further developed in [2, 3, 4, 11, 12, 15, 16, 17, 19, 23, 24, 25, 37, 40, 41, 70]. In
particular, papers [24, 70] contain higher order regularity results for viscosity solutions.
Papers [13, 14] treat evolution of interfaces moving with non-local velocity. Papers and
books [1, 5, 6, 7, 20, 21, 39, 51, 59, 62] are motivated by applications to finance and
control problems.

2 Preliminaries

Throughout this paper H, U will be real separable Hilbert spaces equipped with the inner
products (-, -), (-,-)y and the norms || - ||, || - ||z, and A will be a linear, densely defined,
maximal monotone operator in H.
Let B be a bounded, linear, positive, self-adjoint operator on H such that A*B is
bounded on H and
(A*B+¢yB)x,xz) >0 forallxz € H (2.1)

for some ¢y > 0. We refer to [28, 66] for existence of such an operator B and various
examples. In particular it was shown in [66] that B = ((A+I)(A*+1))~/? satisfies (2.1).
If A is self-adjoint we can always take B = (A + I)~!. Another example of B is given in
Example (2.1).

We define for v > 0 the space H_, to be the completion of H under the norm

X
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H_., is a Hilbert space equipped with the inner product

(v,y)_, = (Bix, Bly).

We denote by L(H) the space of bounded, linear operators on H and by S(H) the space
of bounded, linear, self-adjoint operators in H.

Let {e1, €9, ...} be an orthonormal basis in H_; made of elements of H. For N > 1 we
denote Hy = span{ey, ...,ey }. We define Py : H_; — H_; to be the orthogonal projection
onto Hy and set Qx := [ — Py. We have Py, Qy € L(H) and BPy = P53 BPy, BQN =
QyBQy. For x € H we will write zy = Py, 25 = Qn.

We remark that if B is compact then ||B"Qy|| — 0 as N — +oo for every v > 0.
Moreover in this case we can take {ej, ey, ...} to be a properly normalized orthonormal
basis of H composed of eigenvectors of B. For such a basis we have Py = Py, Qn = QY-

We say that a function u : Q@ — R is B-upper-semicontinuous (respectively, B-
lower-semicontinuous) on @ C [0,7] x H if whenever t, — t, z, — z, Bz, — Bux,
(t,z) € Q, then limsup,_,  u(t,, x,) < u(t,x) (respectively, liminf, ., u(t,,z,) >
u(t,z)). The function u is B-continuous on € if it is B-upper-semicontinuous and B-
lower-semicontinuous on §2.

For an open subset Z of a Hilbert space and an interval I C R, we will be using the
following function spaces.

BUC(I x Z) ={u: 1 x Z — R : u is uniformly continuous and bounded},

C*(Z)={u:Z — R :u, Du, D*u are continuous},
C2(Z) = {u € C*(Z) : u is bounded},
CY(Ix Z)={u:1IxZ — R :u,u, Du, D*u are continuous},
Co*(I x Z)={u e CY*(I x Z) : u is bounded},
UC*(Z) = {u € C*(Z) : Du, D*u are uniformly continuous},
UCHZ)={u e UC*(Z) : u is bounded},
UCY(I x Z) ={u € CY*(I x Z) : uy, Du, D*u are uniformly continuous},
UCY(I x Z) = {u € UCY*(I x Z) : u is bounded},

where Du, D?*u denote the Fréchet derivatives of u with respect to the space variable.
Let Y, Z be real, separable Hilbert spaces. If C' € L£(Z) is trace class (see e.g. [61],
Appendix A.2), its trace is defined by

o

T (C) = (Cfi, fi)z,

=0
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where {f1, f2,...} is any orthonormal basis of Z. A bounded linear operator C' : Z — Y
is Hilbert-Schmids if Y ;o |C'fil3 < +oo for any orthonormal basis of Z. The space of
Hilbert-Schmidt operators from Z to Y is denoted by L£2(Z,Y). It is equipped with the

norm

IClzoizyy = Y _ICFil3 = Tx (C*C)
i=0
which is independent of the choice of basis. Moreover ||C||z,zy) = ||C*|| £.(v,2)-

Example 2.1. The setting below is needed to study a controlled hyperbolic system with
Lévy noise (see [74], Section 9) considered in Example 4.3.

Let A be a strictly positive, self-adjoint operator in H with a bounded inverse. Then
the operator

D(A)
,4:(31 —01)’ DA =| x
D(Al/z)
D(A1/2)
1s maximal monotone in the Hilbert space H = X , equipped with the inner
H
product
u u I AL/2, A1)2- ~ u u
<<U) : <@)>H = (A2, APy, + (0,0) (U) : (@) eHN.
Moreover, A* = —A and one easily checks that the operator

A2
5 :( 0 A—1/2)

is bounded, positive, self-adjoint on H, A*B is bounded, and (2.1) holds with any constant
co > 0. Moreover

1)

3 Optimal control problem and HJB equation

= (st ) () en

-1

Let L be a Lévy process on [0,400) in U. Then

B L0y = o~

where for A\ € U,

P(A) = —i{m, \)v + %(Qk, Nu + /U\{O} (1= 4 100 <nyi(N y)o) v(dy),  (3.1)



m € U, @ > 0 is a bounded, self-adjoint operator on U such that Tr (Q)) < +o0, and v is
a non-negative measure on (U \ {0}, B(U \ {0})), where B(U \ {0}) is the Borel o-field,

for which
Lo it + [ i) <+
0<llyllv<1 lyllo=1

The measure v is called the Lévy measure of L or the jump intensity measure of L and
the function 1, the Lévy exponent of L or the characteristic exponent of L . According
to formula (3.1), the process L can be represented in the form

L(t) =mt + W (t) + Lo(t) + L1 (t),

where W, Ly, L, are independent Lévy processes such that W is a ()-Wiener process in U

(see [30]), and
o(t) —// 7(ds,dy), Li(t // m(ds, dy),
0<||y||U<1 |y||U>1

where 7 is the Poisson random measure of jumps of L and 7 is the compensated Poisson

random measure of jumps:

(0,4, B) = Y 1p(L(s) = L(s—)), B e BU\{0})), L(s—) = lim L(2),

0<s<t
7(dt, dy) = w(dt,dy) — dt v(dy)

(see e.g. [10, 22, 61, 67]). The process Ly is a square integrable martingale, and L; is
a compound Poisson process. In particular, for arbitrary trace class, positive definite
operator R on U and « € (0, 2), the following function

Y(A) = (RN N2, AeU, (3.2)

is of the form (3.1). It corresponds to an a-stable Lévy process with the Lévy measure

ra-— oo 1
V= fd-a) N(0, sR)——ds,
o 0 S +a
where N(0, sR) is the Gaussian measure on U with mean 0 and the covariance sR.
Let T > 0. We consider a family of the following stochastic optimal control problems.
For a given t € [0,T1], the set of admissible controls, denoted by U;, will be the collection

of all 6-tuples (Q, F, FL, P, (W, L), a(-)) satisfying the following conditions:

(i) (92, F,P) is a complete probability space;



(ii) (W, L) = {(W(s),L(s)) : t < s < T} is a pair of an independent U-valued Q-
Wiener process W(s) (Q € S(U),Q > 0 and @ is trace-class), and a U-valued Lévy
process L(s) = Ly(s) + Li(s) as above defined on (2, F,P) beginning at ¢ (with
W(t) = Lo(t) = Li(t) = 0, P a.s.), and F! is the filtration generated by (W, L),

augmented by the P-null sets in F;

(iii) a : [t,T] x Q@ — T, is an Fl-adapted, cddldg (right continuous with left limits)
processes with values in a complete separable metric space I'.

Consider a family of abstract stochastic differential equations (SDE)
dX(s) = (—AX(s) + b(X(
)

+ Jocpylp<r VX (s7); a(s—)
X(t) =z € H.

);a(s)))ds + 0(X(s), a(s))dW (s)
L) (ds, dy) —l—f|y”U>17 X(s—),a(s—),y)m(ds,dy) (3.3)

The above SDE is quite general and it includes for instance stochastic semilinear parabolic
and hyperbolic problems with Lévy noise [74] to name a few. In particular, if 7 is a linear
transformation with respect to the third variable, i.e.

V(z,a,y) =7(z,a)y, (3.4)
we arrive at the equation
dX(s) = (—AX(s) +b(X(s),a(s)))ds + (X (s),a(s))dW (s) + (X (s—), a(s—)dL(s).

We want to minimize a cost functional of the form

J(t, 7 a {/ F(X ds+g(X(T))}

over all admissible controls in U;. The dynamic programming equation for this problem
is an integro-PDE Hamilton-Jacobi-Bellman (HJB) equation

— (Az, Du) + inf,er {%Tr ((o(z,0)Q2)(0(x,a)Q2)* D*u) + (b(z, a), Du) + f(z,a)

+ fU\{O} ( t T+ 7($ a y)) - u(th) - 1{||y||U<1} <7($7 a, y)? Du(t’ $)>) V(dy)}>

u(T,z) = g(x).
(3.5)

The above integro-PDE should be satisfied by the value function

Vt,z) = a(l§lefzzt J(t,z;a()).

The validity of this is the subject of a paper under preparation.
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4 Assumptions

For (z,p, X,v) € H x H x S(H) x UCE(H), we set

Pl X, = inf {5 (0(0,0)0"(0.0)X) + (o)) + £l

ael’

# (ol a(oa) = o(o) = o0, Do) Lt <n) o) b (0.0
U\{0}

(Above o corresponds to o(x,a)Q? in (3.5).)
We will be making the following assumptions. Some of them can be relaxed but we do
not state them in the most general form in order not to overcomplicate the paper which

is already very technical.

(i) There exists a Borel measurable function p, bounded on bounded sets, such that

infyjz>r p(2) > 0 for every r > 0, and

/H[(P(Z))Ql{nznm} + 1z 21y]v(dz) < 4o0. (4.2)

(ii) o : HxT'— Ly(U,H), b: Hx T — H are continuous and such that

1b(z, a) = b(y, a)ll, llo(z, a) = oy, a)l| cow.mn) < Clle =yl -1, (4.3)

v: HxT'xU — H is continuous in x, a, Borel measurable with respect to z and
such that

17z, a,2) =2(y, a, 2) || < Cp(2)l[x =yl (4.4)

forall z,y € H,z € U,a € I', where I' is a complete separable metric space.

(iii) f: HxI'— R, g: H— R are continuous and such that

|f(@,a) = f(y,a)| +1g(x) — g(y)| < w(llz — yll-1) (4.5)
for all z,y € H,a € I', where w is a modulus of continuity.
(iv)
100, a)|[ 2o, 160, a)[[, [ £ (0, a)| < C, (4.6)
17(0,a, 2)|| < Cp(2) (4.7)
forallae ',z € U.
(v)

For every x € H,z € U, the set {v(x,a,z) :a € '} is precompact in H.  (4.8)



lim sup|Tr(o(x,a)0™(x,a)BQN)| =0 (4.9)

N——+oc0 a€l

for every z € H.

We notice that under the above assumptions, the Hamiltonian F' in (4.1) is well
defined. We remark that for v as in (3.4) we have p(z) = ||z||v.

Remark 4.1. [t is easy to see that (4.8) implies that

lim sup |QnY(x,a,2)]|-1 =0 (4.10)

N—+o0
for every x € H,z € U. Moreover, (4.8) holds if T" is compact.

Remark 4.2. [t is not difficult to notice (see for instance [45]) that if (4.3) and (4.6)
hold, then (4.9) is satisfied if B is compact, or if the control set I is compact. Moreover,
Tr (o(z,a)0*(z,a)BQN) > 0 for every x € H,a € T

Example 4.3. (Controlled wave equation with Lévy noise.) Consider the equation

Btle.6) = dus &)+ h(Eu(s,€), () < k(E u(s—.6).als), LL(s) >0, s>, E€O,

u(s,§) = s>t €00,
( )_UO()> 560,
Bu(t, &) = vo(§), £,

(4.11)
where O a bounded reqular domain in R, ug € HY(O), vy € L*(O), and L is an a-stable
process in a Hilbert space U with the Lévy exponent (3.2). In addition h,k are mappings
from O x R' x T into respectively R' and U. In this case we take H = L*(O) and A = A
with the domain D(A) = H2(O) N HY(O). Then D(Az) = HY{O) and

Hy(0)
H = X
L*(0)
Moreover
_ H2(0) N H(O)
AZ(—A 0), D(A) = X

Equation (4.11) can be rewritten as an evolution equation

dX (s) = (—AX(s) + b(X(s), a(s))) dt + (X (s—), a(s—))dL(s), X(t) =z = <u0)



where

()G (O () oo

Note that (4.2) is satisfied if p(z) = ||z]|u. Assume in addition that h,k are continuous
in all variables and h(&,-,a),k(,+,a) are Lipschitz continuous. Denote by cp(&,a) and
cn(&, a) their Lipschitz constants. We show that if

Cp = Sup Ch(ga a) < +00, ¢ =sup Ck(S) a) < +00,
§,a §,a

then the crucial assumption (ii) is satisfied. Indeed
U U -
() o), - s srotn
H
- ([ e o0 - e a@,arde) < ([ 1ue) - aePas) = el il
o o
w\ U
v v
for some constant ¢, where we used Fxample 2.1 to obtain the last line above. Similar
calculations show that that (4.4) is satisfied as well.

< cl|AY (u—a)l| < e

-1

5 Viscosity solutions

We consider second order terminal value problems for integro-PDE of the form

u; — (Ax, Du) + F(x,u, Du, D*>u,u(t,-)) =0, in (0,7) x H, 51
L)~ oo G

where F'is defined by (4.1). The definition of viscosity solution depends on the domain of
F', which is determined by the integrability condition we impose on the measure v(dz). In
this paper we assume (4.2), i.e. we focus on bounded viscosity solutions. Our definition is
based on the notion of the so called B-continuous viscosity solution which was introduced
for first order equations in [28, 29]. The reader should not consider our choice of test
functions as a definitive one but rather as a choice which gives good theory and which
can be modified if there is a need to do so.

Definition 5.1. Let (4.2) be satisfied. We will say that a function ¢ is a test function if
¥ =@+ 06(t, x)h(||x]]), where:

(i) ¢,6 € UCY* (&, T —€) x H), 5 >0, ¢ is B-lower-semicontinuous, § is B-continuous,
and A*Dy, A*Do are uniformly continuous on (e, T —€) x H for every e > 0.
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(1) h € UCE(R), h is even, h'(r) > 0 for r € (0, +00).

Definition 5.2. Let (4.2) be satisfied. A bounded B-upper semicontinuous function u :
(0,T)x H — R is a viscosity subsolution of (5.1) if whenever u—1 has a global mazimum
at a point (t,x) for a test function (s, y) = @(s,y) + d(s,y)h(||ly||) then

Ui(t, x) — (x, A"Dep(t, ) + h([||) A" Di(t, x)) (5.2)
+F(x, Dy (t, z), D*)(t, ), (¢, -)) > 0. (5.3)
A bounded B-lower semicontinuous function u : (0,T) x H — R is a viscosity su-

persolution of (5.1) if whenever u+ 1 has a global minimum at a point (t,z) for a test
function 1 then

—y(t, ) + (x, A*Dp(t, ) + h(||z||) A*Di(t, x)) (5.4)
+F(z, —D(t,x), —D*)(t, z), —p(t,-)) < 0. (5.5)

A wiscosity solution of (5.1) is a function which is both a viscosity subsolution and a
viscosity supersolution.

Remark 5.3. We do not need it in this paper but sometimes it may be useful to extend
the class of test functions to be ¥(s,y) = @(s,y) + >y 0i(s,y)hi(||yll), where @, d;, h; are
as in Definition 5.1.

We will need a “localized” definition of viscosity solution which will allow us to
use test functions which are not necessarily bounded. Localized definitions of viscosity
solutions first appeared in [72, 68].

For0<r <1, (z,p, X,v,w) € Hx HxS(H)x UC?*(H) x BUC(H), we set

ael’

F.(x,p, X,v,w) = inf {%Tr (o(z,a)0"(z,a)X) + (b(x,a),p) + f(z,a)
+/ (v(@ + (7, a,y)) — v(x) = (y(z,a,y), Dv(z))) v(dy) (5.6)
{0<]lyllu<r}

+ /{||y||U>7“} (w(x+~(x,a,y) —w(x) — (y(z, a,9),0) Lgylu<1}) ,/(dy)} .

Definition 5.4. Let (4.2) be satisfied. We will say that a function 1 is a test function in
the sense of Definition 5.4 if v = ¢ + h(]||z||), where ¢, h are as in Definition 5.1 without
being bounded, however ¢ must be bounded on every set (e,T —¢€) x {x : ||z -1 < R},
0<e<T,R>0.

A bounded B-upper semicontinuous function u : (0,T) x H — R is a viscosity subso-
lution of (5.1) in the sense of Definition 5.4 if whenever u — 1 has a global mazimum at
a point (t,x) for a test function ¥ (s,y) = p(s,y) + h(||y||) then for every r >0

Uit @) + (2, A"Dp(t, x)) + F(x, D(t,x), D*(t, ), ¢(t, ), ult, ) = 0.
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A bounded B-lower semicontinuous function u : (0,T) x H — R is a viscosity super-
solution of (5.1) in the sense of Definition 5.4 if whenever u + v has a global minimum
at a point (t,x) for a test function ¥ = p(s,y) + h(||y||) then for every r >0

_wt(t> [L’) - <Iv A*Dsp(ta $)> + Fr(zv _Dw(t> [L’), —D2¢(t, x)> —’gb(t, ')a u(t> )) <0.

A wviscosity solution of (5.1) is a function which is both a wviscosity subsolution and a

viscosity supersolution.

The additional requirement that the test function ¢ be bounded on every set (¢,7 —
€) X {||z||-1 < R} is needed to guarantee that without loss of generality we can always
assume that the test functions ¢ and A(||y||) in the definition of viscosity solution are
bounded. We refer to Remark 4.3 of [73] for a simple construction on how to achieve this.

We assume in Lemma 5.5 (and similarly in Theorem 6.2) that the functions involved
are in BUC((0,T) x H_1) for simplicity. We only need that they are defined on (0,7) x H
and are uniformly continuous in the |- | x || -|[-1 norm. However then they can be extended
naturally to functions in BUC((0,T") x H_4).

Lemma 5.5. Let (4.2)-(4.8) be satisfied. If a function u € BUC((0,T) x H_1) is a
viscosity subsolution (respectively, supersolution) of (5.1) then it is a viscosity subsolution
(respectively, supersolution) of (5.1) in the sense of Definition 5.4.

Proof. We notice that, by Remark 4.1, (4.10) is satisfied. Let u € BUC((0,T) x H_1)
be a viscosity subsolution of (5.1) in the sense of Definition 5.2, and let u — 1) has a global
maximum at point (¢, z) for a test function ¥ (s, y) = ¢(s,y) + h(||lyl|), where without loss
of generality we can assume that ¢ and h(||y||) are bounded, and u(t,x) = ¥(t,x). Let
r > 0. Since u € BUC((0,T) x H_y), there exists a modulus ¢ such that

lu(s,y) —u(s, 2)| <o(lly — z]|-1) for s € (0,T),y,z€ H.

We can assume that o(7) < 2||ullc = M, 7 > 0. It follows from (4.4) and (4.7) that
|7(z,a,y)|| < C(z)p(y). Set ¢ := C(x) and let for € > 0

ks = / V(dy)
{p(y)>3u{llyllu 27}

and
€

RPN

For N > 1 let uf, be a smooth approximation of ux, such that
Uy < Uy < Uy + O

12



Set
iy (s,y) = uy(s, Pny) + 20c + he([|Qnyll-1),

where h, is a smooth bounded, non-decreasing function such that h.(7) < C.7% for 7 >
0,h(r)=2M +1for 7 > 1, and o(7) < . + he(7). Then u < @5 and

un (s, y) <uls,y) + 220 + he([Quyll-1)) < ¥(s,y) +2(20 + he([|@nyll-1)),  (5.7)

which in particular imply that

u(s, y) — (s, y)] <220 + he([Quyll-1)) - (5.8)

Let  : [0,00) — [0, 1] be a smooth function such that n(7) =1 for 7 < 1, n(r) = 0 for
7 > 2, and which is strictly decreasing on [1,2]. We define n.(7) = n(7/¢) and

Div(s,) = V(s y)nellly — 2l 1) + a5 (s, 9) (1 = nellly — x| -1))-
We notice that by (5.7) and the definition of ¢,

Dyt r +(z,a,y) = vtz +y(z,a,y)) if p(y) <efe, a €T, (5.9)
U (ty) < vt y) + 226 + he(|Qnyll-1)) - (5.10)

It is now clear that u — 1%\, has a global maximum at (¢, ). Therefore, by Definition
5.2, we have

0 <y(t,z) + (x, A*Dp(t,x)) + leglf“ {%Tr (o(x,a)0* (x,a)D*Y(t, x))
+(b(z,a), DY(t,x)) + f(x,a) (5.11)
+ /U\{O} (Wv(t, z+v(x,a,y) — Pyt z) — (v(z, a,y), DY(L, $)>1{||y||u<1}) V(dy)} :
Using (5.7), (5.9), (5.10) we now estimate
o (5l 5900 0,9) = 60,2 = (), DU 2 L g ()
</ (U(t 2+ 5(x.0.9)) — (t.2) — (y(x.0,), DU(t,2))) v(dy)
{0<]lyllu<r}

- wdy) + [ 211 Qx (2 + (. a.9)) -1 ()
{p(y)= S Hllyllu 27} {p(y)= S Hllyllu 27}

+/{” - (u(t,z + (2, a,y)) — u(t,z) — (y(z,a,y), DY(t, ) Ly <1}
+(¢(ta T+ 7(557 a, y)) - u(t> T+ 7(‘% a, y)))ne(||7($v a, y) ||—1)) V(dy).
: /{0<|| lo<r} ('l/f(t, z+ 7(1" a, y)) - ¢(t> I) - <7(I7 a, y)> D’l/)(t, [L’))) V(dy) (5.12)

i /{|| o >r} (U(t,x +(z,a,y)) —ult,z) = (y(z, a,y), DY(t, $)>1{|Iyllu<1}) v(dy) + o(e, N),
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where

lim lim o(e, N) =0.
e—0 N—+4o00

To obtain the last inequality we used (4.10), Lebesgue dominated convergence theorem,
and the fact that

lim . sup{[v/(t, @ + (2, a,9)) = ult, @ + (@, @, y)) ne(lly (@, @ y)ll-1) }(dy) = 0.
yllzr} ac
(5.13)

To see (5.13), by the dominated convergence theorem, it is enough to show that for every
y, the integrand in (5.13) converges to 0 as € — 0. Let a. be such that

[V(t, x4+ (2, ac, y)) — ul(t, x +y(@, ac, y)) (|17 (2, ac, y)l|-1)

> ilézp){ltb(t, 4+ y(z,a,y) —ult,z +v(z,a,9))[ne([v(z, @, y)[|-1)} — e

If liminfe_o||v(z,ae,y)||-1 > 0 we are done. If lim, .o |v(z,ac,,y)||-1 = 0 then, by
precompactness of {y(z,a,y) : a € I'} in H, there is a subsequence ¢, such that
v(@, e, ,y) — 0 as k — oo. But then [¢(t,z + (2, a,, ,y)) —u(t,z + (2, a, ,y))| — 0
as k — oo which proves the claim.

It now remains to plug (5.12) into (5.11) and let N — +o00 and then € — 0 to obtain

vilt, @) + (@, A" Dp(t, x)) + Fo(w, Dy (t, @), D*(t,x),9(t, ), u(t, ) > 0.
|

Remark 5.6. In many cases the integrability condition (4.2) can be strengthened. For
instance, for a square integrable Lévy process we have p(z) = ||z||v and

/H((p(z))Ql/(dz) < 4o00. (5.14)

In such cases we can consider important problems leading to unbounded viscosity solu-
tions and the definition of viscosity solution must be modified to allow for unbounded test
functions having proper growth and infinity. We leave these extensions to the readers. In
particular, when (5.14) is satisfied, we can consider solutions which have quadratic growth
at infinity and then use test functions which grow quadratically at infinity.

6 Comparison Principle

We begin with a finite dimensional parabolic maximum principle in a version suitable for
integro-PDE. It can be deduced from basically the same arguments as the ones used in
the proofs of Lemmas 7.3, 7.4, 7.7 of [41] or directly adapting the proof of the maximum
principle for semicontinuous functions which can be found in [26].
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Lemma 6.1. Let u, —v be upper semicontinuous on (0,T) x RN and such that u, —v are

bounded from above. Let

lz—yl*>  (t—s)?
2¢ 203

u(t, z) —v(s,y) -

have a strict global mazimum at (t,5,Z,y). Then there exist points ty, S, Tk, Yk, functions
ks Ui, P, U € UC2([0, T] X RY), @, @1, bounded from, below, by, 1y, bounded from above,
and X, Y, Xi, Yy € S(N) such that

kl_i)l}_loo(tkvskvxkvyk> = (ﬂ §7j7g>7 (61>

k1—1>1:|I—100u(tk’ ,’,Uk) = U(t, ,’L’), kl—l>I—|1:looU(8k7 yk) = U(Sa y)7

u— g has a strict global mazimum at (tg, xy),
v—1y  has a strict global minimum at (S, y),
otk 1) = Or(ths Th)s o1 < i,

o] + 1ol < CL+[|2?), k>1,

(r)e(te, Tr) = (Pr)e(th, 7)) — t;g as k — 400,

. -3
Dgpk(tk,l’k) = D(pk(tk, ZL’k) — Ty as k‘ — —I—OO, (62)

D*op(ty, o) < Xp — X as k — +o0, (6.3)

Ui (Sk, yk) = @k(sk,yk% Py > U,
W] + [ < CA+[|2)?), k>1,

~ t—35

(Vr)e(Sk, k) = (V) (S, i) —

as k — +o0,

~ T
D¢k(3kayk> = Dwk(ska yk) - Ty as k — +o00, (6.4)

D*Yy(skyyk) > Y =Y ask — +oo, (6.5)

S(I 0 _(X 0\ _3(1-I
‘E(o I)S(O—Y)§E<—II)'

. —1 2 -—72
Pk — | EyH + (=5) as k — +oo in UCE ([0, T] x RY),

where

and

as k — +oo in UCE ([0, T] x RY).
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Theorem 6.2. Let (4.2)-(4.9) be satisfied. Let w € BUC([0,T] x H_y) be a viscosity
subsolution of (5.1) and v € BUC([0,T] x H_y) be a viscosity supersolution of (5.1).
Suppose that u(T,z) < v(T,x) for allx € H. Then u < v.

Proof. We will show that the assumption u £ v leads to a contradiction.
Step 1. Define u*(t, ) = u(t,r) — £ and v*(s,y) = v(s,y)+% for u > 0. For€,6, 3 > 0
we consider the function

2
|z —yllZ,
2¢

(t—>s)
23

Using perturbed optimization (see [31] and [29], page 424) we can find sequences a,, b, €
R, and p,, ¢, € H such that |a,| + |by| + [[pall + [|¢al| < & such that

(t—s)?
B

achieves a strict global maximum at some point (¢,8,z,7) € (0,7] x (0,7] x H x H.

é(ta S,l’,y) = uu(tax) - 'Uu(s>y) - - 5(”1’”2 + ||y||2) -

2
l’ —
u”(t,x)—v“(s,y)— || 2y||_1 =0
€

(Il +[ly11*) = +ant +bys + (Bpn, ) + (Ban, y)

[\

Standard considerations (see for instance [38]) yield

1 -
%%l liinqs;ip %(t —5)?=0 forevery §,¢ >0, (6.6)
lggllimsup limsup 6(||Z]|* + ||7||*) =0 for every e > 0, (6.7)
510 n—o00
1
lim lim sup lim sup lim sup — ||z — 9||*, = 0. (6.8)
elo 50 B0 n—ooo 2€

If u £ v it thus follows from the above and the uniform continuity of u,v, that for
sufficiently small pu, €, 8, 3 > 0 and n large enough, 0 < ¢,5 < T.

Step 2. (Reduction to finite dimensions.) For N > 1 let us denote by Hy the space
Hy equipped with the || - |1 norm (which on Hy is equivalent to || - ||). For a function
w € C*(H_y) we will denote by Dy_,w, D} w its Frechet derivatives in this space. We
now define

(BQn(z —g),7) [1@n(x—2)|%,

ul(tv I‘) = uu(tv I) -
€ €

L les@ =,
2¢

—§||z||* + ant + (Bp,, )

and

(BOn( —9),y) | 1Qn(y = DI

€ +5Hy’|2_bn5_ <BQnay>'

vi(s,y) = v'(s,y) —

Then ] 1
w(t.a) = wi(s.9) = 3o lIPxle =) - g5t =9
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has a strict global maximum at (¢, 3, Z, 7). Setting

(t,xy) = lsup ul(t,@v—i-xﬁ,),
IENGQNH

01(s,yn) = Linf 01 (8, yn + Yn),
yNEQNH
we thus see that

- N 1
Uy (t, o) — 01(s, yn) — 2—€||5’3N —ynl*y — %(t —s)? (6.9)

has a strict global maximum over [0,7] x [0,T] x Hy x Hy at (¢, 8, Zy, yn). Moreover we
also have 1 (t,Zy) = u1(t, Z), 01(3, Jn) = v1(5, 7). Since u,v € BUC([0,T] x H_1) it also
easily follows that u,v € UCi([0,T] x Hy) (which here means that they are uniformly
continuous on bounded subsets). We can now use Lemma 6.1 applied to @, 01, in which
RY is replaced by Hy.

Step 3. (Non-local maximum principle.) Let then points (tg, sk, Ty x, Ynk) € (0,1 X
(0,7) x Hy x Hy, functions @i, ¥y, ¢r, U € UC?([0,T] x Hy), and X, Y, X}, Y}, € S(Hy)
be as in Lemma 6.1 for our case. Setting ¢ (t, x) = v (t, xn), Yi(s,y) = Ye(s,yn), Pr(t, ) =
Ge(t, zn), r(s,y) = Ur(s,yn) we can consider them as functions in UC?([0,T] x H_;)
and XY, X, Y, as elements of S(H_y), such that X = PyXPy,Y = PyY Py, X) =
Py Xy Py, Yy = PyY,Py as operators in L(H_q). (We remark that in (6.2)-(6.5) we now
have Dy, D%N.) Since the norm in Hy is equivalent to the norm in H, the convergence
(6.1) holds in R x R x H x H, the convergences in (6.2), (6.4) hold in H, and the con-
vergences in (6.3), (6.5) hold in £(H). Using the fact that Dy, = BDy ,ow, D*p) =
BD?{ i, Dby = BDy_ by, D*by, = BD}, 1y, and the same is also true for functions
Dk wk, we thus have that oy, ¥, Pr, wk are good test functions and moreover we have

kl—i>I-il:loo(tk7 Sky TN g UNk) = (8,8, Ty, 0y) MR xR x H x H, (6.10)
kETOO u(te, oy ge) = w(t, T), kETOO 01(Sk, Yng) = v1(5,7), (6.11)
— ¢ has a strict global maximum over (0,7) x Hy at (tg, 2y k), (6.12)
01 — ¢y has a strict global minimum over (0,7") x Hy at (Sg, yn k), (6.13)
er(tr, o g) = Pr(te, k), or < Pr, (6.14)
loul + 1@e] < COA+ [lf?), k=1 (6.15)
()it 2 p) = (Be)e(te 2 p) — - . 5 as k— +oo, (6.16)
IN — YN

B_ID(pk(tk,SL’N’k) = B_lD(ﬁk(tk,SL’N’k) — in Hask — +00, (617)

€
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D2S0k(tk>$N,k) S Xk — X in ,C(H) as k — “+00, (618)

(St ynge) = Uk Ynk)s Vi > U, (6.19)

k| + |k < C(L+ |lz)?), k>1 (6.20)

(Vr)e(sk, ynk) = (dk)t(sk,ij,k) — tgg as k — +o0o, (6.21)

B Dy (s, ywr) = B Din(sioyw) — 2P in Hask— 400,  (622)

D*Yy.(skyyng) = Ye — Y in L(H) as k — oo, (6.23)

- (13 g) = (i)( —OY) = (—BB _BB) ' (6.24)

as operators in L(H x H), and

- IC=gnlE | (=3)?
PE 2 MY
r o — . 2 7— . 2
PR [ M IO
2¢ 203
(Convergence in UCE_([0,T] x H) means convergence in UC?([0,T] x H) on bounded
subsets of [0,7] x H.)

Step 4. (Back to infinite dimensions. ) We now use agaln perturbed optimization to
obtain that for every § > 1 there exist al,b] € R, and p], ¢, € H such that |a]| + |b]| +
[FAESIrAl < L and points (t), s, x5, y1) € (0,T) x (0,T) x H x H such that

where

as k — +oo in UCE.([0,T] x H), (6.25)

as k — +oo in UCE ([0, T] x H). (6.26)

uy(t,z) — @p(t,x) — ajt — (Bp),x) has a global maximum over (0,T) x H at (t},z7]),
(6.27)
v1(s,y) — Yi(s,y) — bl.s — (Bql,y) has a global minimum over (0,7) x H at (s}, y.).
(6.28)
Rather standard arguments (see for instance [27] or [46], page 261) allow us now to
conclude that (t{z, si, (:E{C)N, (yi)N) — (tk, Sk, TNk YN k) a8 j — +oo and show that there
exists a subsequence j, such that (tik,sik,xi’“,yi’“) — (t,5,%,7) as k — +oo which we
then easily can choose to satisfy

) } t—3
(pr)e(til, 23) — B * ask— +00, (6.29)
B 1D§0k(t]k Jk) N M in H as k‘ N +OO, (630)
€
) ) t—3
(r)e(sits yi*) — TS as k — o0, (6.31)

18



B Dy (sl ) — X "IN iy H oas k — 400, (6.32)
€

Doy (tl, xlF) — Xp, < w(k)I, (6.33)

D%y (s, ylF) — Vi > —w(k)I, (6.34)

where limy_ o w(k) = 0, and, denoting #xx = Txx + (1) %, Invk = ynvg + 5%,

sup/ (8, 20 + v (@, a, ) — @r(EE, 20) — (@, 0, y), Dw(t, 234)))
ael’ J{0<yllo <r}
— (or(tr, Tnge +Y(@Ngs @, Y)) — Pr(t, Tng) — (V(Engs @, y), Dor(te, Tae))) |v(dy)
— 0 ask— o0, (6.35)

(Vi (sP, yl + (i a,y) — (st yit) — (v(yl¥, a,y), DYw(s, yit))

sup/
a€l’ J{o<]lyllu <r}

— (Y (sk Unve + Y Gnps @5 Y)) — V(e Ingk) — (Y ON ks @), DYr(se, Un)))

v(dy)
— 0 ask — +oo. (6.36)

(Convergences (6.35) and (6.36) follow from uniform continuity of ¢y, ¥, and its deriva-
tives, and (4.4), (4.7).)

Thus, using (4.3), (6.14), (6.15), (6.17), (6.32), (6.25) and (6.35), (recall that vy (tg, Tn k) =
Ok (tk, Tnk)) we obtain that for every a € I'and 0 < 1 < 1

<|lyllv<r

< / (or(tes v + Y @Nk, 0 Y) — er(te, T g) — (V(@Nk, 0, y), Dok(ts, Ty k) v(dy)
{0<lyllu<r}
+w1(k)

< / (Pr(tr, T +Y(@Nky a5 Y)) — Prlte, Tag) — (V(@Nk» @, y), DPr(t, ) v(dy)
{0<lyllu<r}

+w1(/<:)
< /{0<||y||U<T} (||(95 + 7(9%@,296))N —un %y _ [z —QEJN||_1 — (v, a,y), MO o(dy)
B —HUQ(]{?)
- / KT @ DN g0 4 (k) < o) + wnlr) (6.37)
{o<llyllo<r} 2¢

where limy_, oo wa(k) = 0,lim,_ows(r) = 0 for fixed €,0,5,n, N, and wy(k),ws(r) are
independent of @ € I and wy(k) also of 0 < r < 1.
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Similarly, for every a € I' and 0 < r < 1,
/{0 T (U (si, yl + (i, a,y) — Vs, yis) — (v, a,y), Dyw(slt, yik))) v(dy)
<|lyllu<r
> _W2(k5> — u)g(’/’). (638)

Step 5. (Viscosity inequalities.) Using Definition 5.4 of viscosity subsolution (recall
(6.27) and the definition of u;), and (6.37), we thus obtain

+ (or)e (6, 27) = an + af

0
(t)?

— (i, A (Doi(t 21 +

BOx(E-y) 2BQy(z)* — 7)
€

- — Bp, + Bp}*))

1 . . . . 2B
rinf {310 (ot o ot )Pt at) + 257+ 222} 4 (e

acl
BQn (T —9) 2BQy (z} — T)
€ €

+(b(x}¥, a), Dy, 2iF) + + 20z + — Bp, + Bpl*)

i a,y)||2 .
+/{0 lyllo<r} (HQW( " e +5||7(:ci’“,a,y)ll2> v(dy) + wa(k) + ws(r)
<llyllv<r

+/ (u(tﬁ,azﬁ (e, a,y)) —ut,23") — (et a,y),
Uvllo>r}

BQn(7 —9) 2BQn(a}f — )
€

€

Doy (65, %) + + 202]% +

— Bp, + Bpik>1{||y||u<1}) V(dy)} >0

Since

acl',k>1

Q ’}/l’jk,a,y 2_ .
sup [ 0L | g a0, )7 ) () < (),
{0<lyllu<r} €

where lim, _qw4(r) = 0 for fixed €, 0, 3, n, N, letting k — +o00 in (6.39) and using (6.18),
(6.29)-(6.34) we obtain

€
+ inf {%Tr (a(i’,a)a*(i’,a)(X + 201 + 2B€QN)) + f(z,a)
——= +20% — Bp,,) + ws(€,0,5,n, N;7)

/{u ||> } <u (@, a,y)) — u(t, ) — (¥(Z,a,y),
Bz —y)

+

+ 267 — Bpn>1{||y||U<1}) (dy)} >0, (6.39)
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where lim,_qws(€,0, 3,n, N;r) = 0.

Similar computation, using Definition 5.4 of viscosity supersolution (recall (6.28) and

the definition of v;) and (6.38), gives us

w o t—3§

Tz T 3 + b,
Lllrellﬁ{ —Tr (a WY — 201 — 2B€QN)) + f(g,a)
+(b(y,a), B(j 9 _ 20y + Bqy) — ws(€,9,8,n, N;r)

€
+/ (v(s,erW(y, a,y)) —v(5,9) — (v(¥, a,9),
{llyllo=r}
B(z -y _
Q — 25y + BQn>1{|Iy||U<1}) I/(dy)} <0.
Step 6. (Estimates.) Now, if r < ||y||v,

u(t_7 T+ V(jv a, y)) - U(gvg + 7(@7 a, y))
. ||f + 7(‘%70’7 y) - (g+ 7(g>a7y))”2—1

2€
+(Bpn, T + (7, a,y)) + (Ban, 7 +7(¥,a,y))
o 2=l _ B B _
<u(t, ) —v(s,7) — Tl —5(1z)” + l7]*) + (Bpn, &) + (Ban, 9),

which implies, by (4.4) and (4.7), that for every a € I,y € U

BE=9) | 555 Bp.)
€

B(r —y)

u(ﬂj + 7("%7 a, y)) - u(t_v j) - <”}/(I, a, y)7

U(‘§7 Y+ V(gu a, y)) - U(§7 g) - <7(g7 a, y)7

||7(jva'> y) _7(g>a7y)||2— _
< =+ 0(|(z,

< 5 a, )" + 177, @, »)II*)

Iz — g2 _ _
<c (2— a7+ 191P) ) (o))
If ||ly|lo > 1, (6.41) also implies that

u(t, 7 +7(7,a,y)) — u(t,7) — (v(5,9 + (¥, a,y)) — v(5,7))

(“ BT 504+ )+ 20+ ) + ||yr|>> Cl)

21

— 201y + Bqn>)

(6.40)

= 0([lz + (@, e, )I* + 117 + (5, 0, 9)*)

(6.41)

(6.42)



for some C(y) > 0. It is easy to see using (6.6)-(6.8) that we can choose a sequence
(€x, Ox, Bk, nx) such that, denoting (1, Sk, Tr, Jx) to be the point (¢, 5, Z, ) corresponding
to (Ek, 5k7 6k7 nk), we have

lim sup lim sup lim sup lim sup/ sup (u(t, z + (7, a,y)) — u(t, 2)
€l0 510 Bl0 n—oo J{||y|ly>1} acl

— (v(5,7 + (7, a,y)) — v(5,7)) )v(dy)

= lim sup (u(fk, T+ v(Tk, a,y)) — u(ty, Tp) (6.43)
F=o0 J{llylly>1} a€l

— (0(Sk, Ui + ¥ (Trs @, y)) — v(5k, Tx)) ) v(dy)

and such that

: L _ , _ 1z, — grll2
Jim <—(||$k|| + gkll) + Sw(llzel” + [17x1%) + e ) =0. (6.44)
—0o0 \ Nk €k

Then, (6.42), (6.43), (6.44), and the Lebesgue dominated convergence theorem, imply

lim sup lim sup lim sup lim sup/ sup (u(t,Z + (Z,a,y)) — u(t, z)
€10 510 B0 n—oo J{|ylly>1} a€l

—(v(5, 7+, a,y) —v(5,9) Jv(dy) <0. (6.45)

Thus, subtracting (6.40) from (6.39), using (2.1), (4.2)-(4.7), (4.9), the fact that X,Y
satisfy (6.24), and standard properties of traces, we obtain

2p Hj - gH2—1 2 2

2 <o (T s 13 + 11 ) + e, 8, N 1)

ael

T inf {/{Hynm} (u(t, T+, a,y)) —ut,z) — (7(7,a,y),

M + 20T — BPn>1{||y||U<1}) V(dy)}
— inf v(S, 7y J,a, —v(s,9) — (v(y,a,y),
wr{4m¢@§( 7+ 1(.0.9)) — v(5.5) — (170,)
M — 209 + Bqn>1{||y||y<1}) V(dy)} :

where limsup,,_, . limsupy_, . limsup, ,ws(e, 6, 3;n, N,7) = 0, which, upon using (6.6)-
(6.8) (6.41) and (6.45), yields

2
T_/; S W7(€,5,/6,n,N,T)

+/’ sup (u(f, & + (7, a,9)) — u(F, 7) — (v(5, 5+ (7 a, y)) — v(5, 7)) v(dy)
{llyllu>1} a€l’

S w8(€> 5)/6777'7 Na T)>
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where

lim sup lim sup lim sup lim sup lim sup lim sup ws(e€, 0, 3,n, N,r) = 0.
€l0 510 B0 n—oo  N—ooo 70

This contradiction shows that we must have u < v. [ |

Remark 6.3. If (4.3) i replaced by (5.14) in Theorem 6.2 then its proof can be made
substantially simpler. In this case there is no need to use Definition 5.4 (and thus Lemma

5.5 is not necessary), and in the proof after (6.40) there is no need to consider separately
the cases ||y|lv < 1 and ||y||v > 1. It is enough to use (6.41) in both cases directly after
(6.40) was subtracted from (6.39). A splitting argument to estimate the integral terms for

r < |lyllv <1 and ||ly|lv > 1 separately in the proof of comparison theorem was used in

[41].
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