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ABSTRACT

We consider a class of elliptic-parabolic-hyperbolic degenerate equations of the
form b(u): — a(u, p(u)z)z = f with homogeneous Dirichlet conditions and initial
conditions. In this paper we prove an L'-contraction principle and the unique-
ness of entropy solutions under rather general assumptions on the data.
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Introduction

Let I be an open bounded interval of R. We consider the initial-boundary-value
problem

b(u) —a(u,p(u)z)e = f in Q=]0,T[xI1,
b(u) = v on {0} x I, (EP)
u=20 on I' =]0, T[x 01,
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with T > 0, where

a: (z,£) € R x R—R is continuous, nondecreasing in ¢ € R with a(0,0) = 0;
b: R—R is continuous, nondecreasing and surjective with b(0) = 0;

¢: R—R is continuous, nondecreasing with ¢(0) = 0.

Whenever u is such that b(u) is constant, (EP) degenerates into an elliptic problem
of the form

—a(u,p(u)z), = f in Q=]0,T[xI,

b(u) = v on {0} x I,

u=0 on I' =]0, T[xOI.

If we let b = id, on each part where wu is such that ¢(u) is constant, then (EP) degen-
erates to a scalar conservation law of the form

ug —a(u,0), = f in Q=]0,T[xI,
u = ug on {0} x I,
u=0 on I' =]0, T[xOI.

It is then clear that we include in (EP), some first order hyperbolic problems, for which,
even under assumptions of regularity on data, there is no hope to get classical global
solutions.

It is also well known that, for such equations, the above problems are ill-posed in
the sense that there is no uniqueness. It is therefore necessary to introduce Kruzhkov
solutions in order to obtain existence and uniqueness results (see [16]).

Since b and ¢ are not strictly increasing, the formulations considered above in-
clude Stefan problems, filtration problems, etc., in the one dimensional case. Such
formulations involve a large class of problems and an important literature has been
developed. The case b = id for the problems that we consider in this paper was stud-
ied by Bénilan and Touré [8], where they proved existence of entropy solutions under
assumptions of the generalized domain. (Uniqueness of entropy solution remained
an open problem under such condition only). They also proved (with an additional
condition on the data such as ¢! € C(R)) existence and uniqueness of entropy so-
lution of the problem considered here. Note also that, in a bounded domain of RY,
when ¢ = id, under additional assumption on the vector field a, Carrillo and Wit-
tbold (see [12]) have proved uniqueness and a comparison result for weak solutions
and, more generally, renormalized solutions of the problem

b(u)y —diva(u, Du) = f in Q =]0,T[xQ,
b(u) = vo on {0} x Q,
u=0 on I =)0, T[x99.

In this paper we prove uniqueness and a comparison result for entropy solution
of (EP). Existence of entropy solutions was proved by the author (see [19]). We
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will briefly recall the results of [19] in section 1, and section 2 is devoted to the main
theorem of this paper.

1. Preliminaries

Let a, b, and ¢ be given functions such that
a: RxR—R, ¢:R—R, b: R—R are continuous.
We make the following assumptions:

a(k, &) is nondecreasing in &,
b(k) and (k) are nondecreasing and b is surjective,

a(0,0) = b(0) = ¢(0) = 0.

Define
H(k)=a(k,0) forkeR, h=a(u,o(u),),
1 if s >0,
H*(s)=<1[0,1] ifs=0,
0 if s <0,
/st
H.(s) = mm(?, 1),
and

Hols) 1 ifs>0,
s) =
0 0 otherwise.

Let v be a maximal monotone operator defined on R. We denote by 7y the main
section of :

the element of minimal absolute value of v(s) if y(s) # 0,
Yo(s) = +o0 if [s, +o0) N D(v) =0,
—00 if (—o0,s] N D(v) =0,

where D(7) is the domain of .
Our main assumption is the coerciveness of a with respect to £, for £ bounded;
more precisely,

lim inf |a(k,&)] =+oc0 VR > 0. H
i inf Ja(k.€) (Hy)

We also assume the following hypotheses:
(a(r,€) —als,m) - (€ —n) + M(r, s)(L+ € + [n]*)|o(r) — ¢(s)]
> T(p(r), o(s)) - € + (1), 9(5)) - n - (Ha)
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for all v, 5, &, n € R, where M: R x R — RT, I,I:R xR — R are continuous
functions;

There exists a: R x R — R continuous, nondecreasing with respect (Hs)
to the second variable and such that a(b(u), ¢(u).) = a(u, p(u)s)- 3

(a(z7€> - a(z70)) g > )‘|£|27 (H4)
where A > 0.
Remarks 1.1.

(i) Assumption (Hy) implies T'(p(r),¢(r)) = T(p(r),¢(r)) = 0 for all r € R.
Indeed, choosing r = s, n = 0, & = tv, t > 0, v € R in (Hy), we get
tvfa(r,tv) — a(r,0)] > T(p(r), ¢(r))tr. Dividing by ¢t and taking limit as ¢ — 0,
we get T'(p(r), o(r))r < 0 for all v € R; hence T'(p(r),¢(r)) = 0. Using the

same argument we obtain the corresponding result for I'.

(ii) (Hg) implies that a is monotone with respect to the second variable (see [12,
Remark 2.2] for the proof).

We now define the L'(I) operator associated with the evolution problem (EP) by
Apb(u) = —a(u, p(u) ). and it satisfies

v € Apb(u) if and only if b(u) € L(I), v € L*°(I), and u is an entropy
solution of the stationary problem (SP) with f = v + b(u),

where
{b(u) —a(u, p(u)z)e = f in I, (SP)
u=0 onI'=0I.

We have showed for this operator (see [18, Proposition 4.1] for the proof), the following
result:

Lemma 1.2. Suppose that (Hy) and (Hs) are satisfied. Then the operator Ay, defined
above satisfies the following:

(i) Ay is T-accretive in L(I), i.e.,
Iz = 2)"llrr < l(z — & + MApz — Ap2)) * || s
for all A\ >0 and x,% € D(Ay).
(ii) For any A > 0, the range R(I + \Ap) of I+ \Ay is dense in LY(I).
(iii) The domain D(Ay) of Ay is dense inL*(I).

We now recall the definition of weak and entropy solutions of (EP).
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Definition 1.3. Let f € L?((0,T); H *(I)) and vy € L'(I). A weak solution of
problem (EP) is a measurable function u which also satisfies the following;:
b(u) € LYQ), b(u); € L*(0,T; H (1)),
p(u) € L2(0,T; Ho (1)), h=a(u,¢(u),) € L*(Q),
b(u)t — hm = f in D/(Q),
b(u(0,2)) = vo(x) a.e.on I.

The last condition should be understood in the following sense:

/0T<b / b(w)&, da dt — / o€ (0) dx

for any &€ € L2((0,T); HE(I)) N W((0, ) L*°(I)), such that &(T) = 0, where (-, -)
represents the duality pairing between H L(I) and HE(I).

Remark 1.4. We easily check that if u is a weak solution of (EP
(—u) is a weak solution of (EP)(b,a,p, —f) where b(s) = —b(—s), ¢
a(s, k) = —a(—s, —k).

Definition 1.5. Let f € L*((0,7); H (1)) N L*(Q) and vy € L*(I). An entropy
solution of problem (EP) is a weak solution u which satisfies the following:

)(b,a,¢, f) then
= —¢(~s). and

/Q Ho(u — k){&(h — H(K)) — (b(u) — (k))& — FE} da dt
- / (v — b(R))FE(0)dz <0 (2)

for any (k,€) € R x (L2((0,T); H*(I)) nWL((0,T); L*(I))) such that k >0, £ > 0,
and £(T) = 0 and for any (k,£) € R x (L?((0,T); H}(I)) nWHL((0,T); L>(I))) such
that £ > 0 and £(T) = 0;

~

/Q Ho(k — w){&(h — H (k) — (b(u) — (k))& — FE} du dt

+ / (v — b(k))"E(0)dz >0 (3)
R

for any (k,€) € R x (L2((0,T); H*( I)) NWwi((o, ) *°(I))) such that k <0, £ >0,
and £(T) = 0 and for any (k,£) € R x (L?((0,T); H}(I)) nWHL((0,T); L>(I))) such
that £ > 0 and &(T") = 0.
Remark 1.6. It is easy to see that if u is an entropy solution of (EP)(b,a, ¢, f)
then (—u) is an entropy solution of (EP)(b,a,, f) where b(r) = —b(—r), a(r, k) =
—a(=r,=k), §(r) = —p(=r), and f = —f.

We then have the following lemma (see [19]).

Lemma 1.7. Let (Hy)—(Hy) hold, then (EP) has at least an entropy solution.
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2. Comparison result and uniqueness

We will study in this section the question of uniqueness of the entropy solution of
the evolution problem (EP) which is the main result of this paper (see Theorem 2.5
below).

Remark 2.1. The concept of uniqueness considered here is the uniqueness of b(u);
on the other hand, if b is one to one, the uniqueness of b(u) is equivalent to that of u
(see [9] for more details).

For the proof of uniqueness, we use a method developed by Carrillo (see [11]) and
Carrillo-Wittbold (see [12]) for parabolic degenerated problems. We start by showing
that entropy solutions satisfy Kato’s inequality (cf. [4]); more precisely we show that
entropy solutions satisfy the following inequality:

Theorem 2.2 (Kato’s Inequality). For i = 1,2, let f; € L*((0,T); H~*(I)) N L*(Q)
and vy, € LY(I), let u; be an entropy solution of (EP) with respect to data (fi,vo,).
Then

/ Ho(uy — ug)(hy — he)&, dx dt — /(b(U1) — bluz)) "€ dz dt
Q Q
= [0, = 00" €©) dr < [ Holwn — ) - )€ dodt, ()
I Q
for any nonnegative & € D([0,T) x I).
For the proof of theorem 2.2, we first of all prove the following lemma:

Lemma 2.3. If u is a weak solution of (EP), then we have
| Holw = 1){(h ~ B, — f€) dodt— [ (ow) - b(k)) 6 do
Q Q
- /1<v0 = b(k))"£(0) do = — lim | (h — H(k))He(p(u) — @(k))z dudt  (5)

e—0 Q

for any (k,&) € R x D([0,T) x I) such that p(k) ¢ E, k>0, and £ > 0 and for any
(k,&) e R x D([0,T) x I) such that o(k) ¢ E and £ > 0; moreover,

/ Ho(k —w){(h — H(k))&, — f€} drdt — / (b(k) — b(u))"&, da dt
Q Q

+ / (b(k) — v0)*€(0)d = — lim [ (b~ H(E) He(o(k) — plu)) o€ dirdt (6)
I =0 Jo

for any (k,&) € R x D([0,T) x I) such that p(k) ¢ E, k <0 and £ > 0 and for any
(k, &) e Rx D([0,T) x I) such that (k) ¢ E and & > 0, where

E={rcIm(p)| (¢ o is discontinuous into r}.
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Remark 2.4. When the vector field a(k,§) is of the type a(k,&) = & + ¢(k), the
right-hand sides of (5) and (6) have constant sign and therefore, the proof of Kato’s
inequalities is simpler (see [11, Lemmas 1 and 5]). When the nonlinearities are more
general, as in this paper, the right-hand sides of (5) and (6) are not of constant sign,
Carrillo’s method does not apply directly and we need some extra effort to get Kato’s
inequalities (see the proofs of Theorem 2.2 and Theorem 2.5 below).

Proof of Lemma 2.3. We observe that for all & such that p(k) ¢ E, we have
Ho(u = k) = Ho(p(u) — ¢(k)) on Q.
Also,
He(p(u) — p(k))§ € L*(0, T3 Hy (1))
since ¢(u) € L*(Q) and p(u(t)) € HE(I). Now, put

be(z) = Ho(z - p(s) and By (z / H, (0 (5" )o(r)) — (k) dr.
Since 1, is bounded, we have

By, (vo) € L'(I), By, (b(w)) € L*((0,T); L'(I))

/ B (bu)6s ot + [ By (00)6(0)da = = [ (bl Holola) = e(R)6) .
Moreover, since u is a weak solution and H,(p(u) — p(k))é € L2((0,T); Hi(I)), then
T
= [ bt Helot) = (k)
= [ (00— HODH0) — 6 — F () — )]

This equality gives
[ Bobtupg e+ [ B (o) ds
Q I
= /Q{(h — H(k))[He(p(u) — o(k))Ele — fHe(p(u) —p(k))E dzdt. (T)
In order to get equality (5), it is enough to show that
lim ( /@ B, (b(w))& da dt + /1 By (10)€(0) dx)
= [ 00 b0 ezt + [ o bk e @)

I
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for any (k,€) € D([0,T) x I) such that (k) ¢ E, k > 0, and £ > 0 and for any
(k,€) € Rx D([0,T) x I) such that ¢(k) ¢ E and £ > 0, where By_(b(u)) is defined
by

b(u)
By, (b(u)) = / He(po (57 )o(r) — o(k)) dr.

e Step 1. For k> 0.
b(u)
By, (b(u)) = e He(po (b1o(r) = p(k)) dr — (b(u) = b(k))™ ase— 0.

Since b is continuous, and ¢(k) ¢ E, we have that po((b=1)o(r)) —¢(k) > 0, Vr > b(k)
and then

H (oo ((b™)o(r)) —@(k))dr — 1 ase—0 Yr > bk).
Thus, in a similar way, we obtain
hr% B¢E (’Uo) = (1}0 — b(k‘))+
It is clear that |By, (b(u))| < |b(u)| and |By, (vo)| < |vo|, which implies that

lim ( /@ By, (b(w))& dar dt + /1 B, (10)€(0) dm)

e—0
= [0 ) e di+ [ (w0 7€(0)
Q I
o Step 2. For k <0.

By (b(u))
b(k) b(w)

=, He(po ((67)o(r)) — @(k)) dr + " He(po (b7 1o(r) — (k) dr.

Therefore,
lim By, (b(u)) = (b(u) — b(k))™ + b(k)

e—0

and, in a similar way,
hr% Bwe (Uo) = (1}0 — b(k‘))+ + b(]{})

Consequently,

e—0

Jim ( /Q By, (b(u))&: da dt + /1 By (10)€(0) dx) _ /Q (b(w) — b(k))*&, da dt
4 /Q b(k)E, da dt + /I (vo — b(k))*£(0) da + /1 b(k)€(0) da.
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Since
/Qb(k)ﬁt d:cdt—i—/lb(k)f(o) dx = /Ib(k:)(/o & dt) d:v+/jb(k)§(0) dx =0,
then ¢

i [ Bttt dnar+ [ B e i

€—

= [ o) ) e di+ [ (w0 -0 7€(0)
Q

1

Hence, (8) is established.
Again, taking limit as e — 0 in (7) and using (8), we obtain

00 =506 e+ [ o — bi8))*e(0) e
- /Q Ho(u — k)[(h — H(k))E: — f€] da dt
+ lim Q(h — H(k))He(p(u) — (k). de dt,
from which we deduce (5). The inequality (6) is obtained in a similar way. O
Next, we give the proof of Theorem 2.2.

Proof of Theorem 2.2. To do this, we use the method of doubling variables introduced
by Kruzkhov for scalar conservation laws (see [16]).

Let (s,y) and (t,z) be two different pairs of variables in Q. We set u; = u1(s,y),
fl = fl(say)’ Vo, = Vo, (y) and ugp = UQ(t,.’L'), f2 = f2(t7x)’ Vo, = ’l)02<.’17).

Let € be a smooth nonnegative function such that

(5,y) — &(t, 2, 5,9) € DT([0,T) x I) V(t.z) €Q,

. ©)
(t,x) — &(t,x,8,y) € DT([0,T) x I) V(s,y) € Q.

Let us define

Ql = {(Svy) € Q | @(ul(say)) € E}
and

Q2 ={(t,z) € Q| p(uz(t,x)) € E'}.
We deduce that

e(ur)y =0 on Qq, (10)

o(uz), =0 on Q.
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Moreover, we easily check that

Ho(uy —ug) = Ho(p(ur) — ¢(uz)) in [Qx (Q\Q)]U[Q\Q2) xQJ.  (11)

Replace u by u; and k by us in (5) and integrate over Q\ Q5. Also replace u by u; and
k by ug in (2) and integrate over Q2. Then, adding the two inequalities, we obtain

; QHO(Ul —uz){h1(&y + &) — (b(u1) — b(uz))és — f1£} dy ds da dt

_/ (v, — b(u2))*€(0) dy dx dt
QxI

< Hy(uy — uz2)a(ug, 0)&, dy ds dx dt
QxQ
+ Hy(up —ug)hi &, dy ds dx dt
QxQ
— lim (h1 — a(ug, 0))He(p(u1) — ¢(u2))y& dydsda dt.  (12)

=0J(@\Q2)xQ

In the same way, we replace k by u; and u by ug in (6) and integrate over Q \ Qj.
Furthermore, replace k by u; and u by wus in (3) and integrate over Q. Again, adding
the two inequalities gives

) QHO(UI —u){ha(& + &) — (b(uz) — b(u1))& — f2£} dy ds da dt

+/ (b(uy) — vo,)€(0) dy ds dx
IxQ

> Ho(uy —ug)a(uy, 0)E, dy ds dx dt
QxQ
+ Ho(U1 — ’LLQ)hggy dy ds dx dt
QxQ
— lim (he —a(u1,0))He(p(ur) — o(u2))€ dydsdr dt.  (13)
=0Jox(@\@)
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Subtracting (13) from (12) gives

) QHO(UI — ug)
x {(h1 = h2)(&x + &) + (b(u2) — b(u1))(&s + &) + (f2 — f1)€} dy ds du dt

—/ %umeﬂ®@Mﬁ—/ (b(u) — v0,)*€(0) dy dis de
Qx1I IxQ

< Ho(uy —ug)[hy — a(u1,0)]&, dy ds dx dt
QxQ

— Ho(uy — u2)[ha — a(us,0)]&, dy ds dx dt
QxQ

— lim [h1 — a(ug, 0)]He(p(ur) — o(u2))y € dy ds dx dt
0/ @\Q2)xQ

+ lim [ho — a(uy, 0)]He((u1) — p(u2)).€ dy ds dzx dt. (14)
e—0 QX(Q\Ql)

Using (10) and (11), we obtain

Hy(uy — ug2)[hy — a(uy,0)]&, dy ds dz dt

QxQ

= [ Holw - )l - (w06
Qx(Q\Q1)
= lim [h1 — alu1, 0)|He(p(u1) — p(u2))€y dy ds dx dt
“—0Jox@\@)
= —lim [h1 — a(u1,0)|He(p(ur) — @(u2))z dydsdax dt  (15)
“~0Jox@\)
and
Ho(uy — u2)[ha — alug,0)]€, dy ds dx dt
QxQ

= / Ho(ul — Ug)[hz - a(u2a 0)]&!
(Q\Q2)xQ

= liH(l) [ho — a(ug, 0)]He(o(u1) — p(u2))é, dy ds dx dt
U/ (Q\Q2)xQ
= —lim [ha — a(ug,0)]He(o(u1) — p(u2))y& dydsdx dt.  (16)

=0J(@\@2)x0
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Substituting (15) and (16) in (14) and using (10), we obtain

) QHo(U1—U2){(h1—h2)(€w+€y)+(b(U2)—b(ul))(§s+€t)+(fz—f1)§} dy ds dx dt

[ o~ b O dydwd — [ (ba) — ) 0) dy d o
QxI

IxQ
< lim [he — h1] div He(p(u1) — p(uz))€é dy ds dx dt. (17)
0J(@\@2) < (Q\Q1)
Now, put
I =lim [ho — hi]div He(p(u1) — o(uz2))€ dy ds dx dt.

€=0.J(Q\Q2) x (Q\Q1)
Then, by (H2)7

I =—1lim [a(u1, o(u1)y) — alug, p(uz)s)]
~0J@\@)x(@\@)

X (p(u1)y — @(u2)e) H (p(u1) — p(uz2))€ dy ds da dt
< lim M (uy, uz) (1 + |o(ur)y|® + |o(u2)a]?)
—0J@\@)x(@\a1)
X |p(ur) — p(u2) [H (¢(ur) — o(u2))é dy ds dz dt

~ lim D(p(our), u2))plour )y H (s (n) — pl1u2))E ly s e
TU(Q\Q2) x (Q\Q1)
— lim T(p(w1), p(us))p(us) H. (p(ur) — @(u2))é dy ds da dt

=0 J@\@)x @)
=ty ~ liy I~ iy
It is easy to see that lim. .o I; = 0.
Set

‘We then have that

I, = / divy Fe(p(u1))€ dy ds dx dt
(@\Q2) x(Q\Qu1)

—/ Fe(o(u1))&y dy ds da dt.
(Q\Q2) x(Q\@1)

Note that

1 min(z,p(us)+e€)
F.(z) = f/ T(r, o(us)) dr.

min(z,¢(uz2))
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The function T is in C(R?) and attains its maximum and minimum on any compact
subset of R; in particular on [¢(uz), ¢(uz2) + €], since ||uz]| is finite (see [19, Propo-
sition 9]).

Again, there exist m, and M, such that

1 min(z,p(us)+e)
me < f/ T(r, p(uz)) dr < M..

€ Jmin(z,p(u2))

By the intermediate value theorem, there exist r1(e) and ra(€) in [¢(uz), @(usz) + €]
such that

me = T'(r1(e), p(u2))
and

Me = T(ra(€), p(uz))-

Since 71 (€) and r3(€) are in [p(us2), p(uz) + €], there exist 6 and s in ]0, 1[ such that

r1(€) = 01(p(u2)) + (1 — 1) (p(uz) +€)
and

r2(€) = O2(p(u2)) + (1 — 02)(p(uz) +€).
Consequently,

lim 71 (¢) = @(u2) and lim 75 (€) = @(uz).

e—0 e—

Thus, we obtain
lim . = D), @(u) =0 and  lim M, = D(p(us), ¢(us)) = 0.

This implies that F. — 0 as ¢ — 0, and so lim..qlo = 0. Similarly, we get
that lim._o I3 = 0. Consequently, I < 0 and, from (17), we deduce the following
inequality:

Ho(ur — u2)
QxQ

x {(h1 = h2) (& + &) + (b(uz) — b(u1))(&s + &) + (fo — f1)€} dydsdx dt

— / (vo, — b(u2))*TE(0) dy dx dt — / (b(u1) — vo,)TE(0) dydsdr <0, (18)
QxI IxQ

for any nonnegative function ¢ satisfying (9).
Now let & € D([0,T) x I) such that & > 0; let (p,,) and (p;) be classical sequences
of mollifiers in R such that p;(s) = p;(—s) and p,(s) = pn(—s).
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Define

et = (5 TP

Then ¢4™ are nonnegative functions satisfying (9) for n and [ large enough.

By (18), for n and [ large enough, we have

Ho(u = ) { (b1 = ha) (€ + )
QxQ
+ (b(uz) — b(u1))(€s + &) + (f2 — f1)§}pnpl dy ds dx dt

—/ (v0, — b)) Epupy dy de dt
Qx ({0} xI)

— / (b(u1) — vo,) T €pupr dy ds dz < 0. (19)
({orxn)xQ

Set

~l=

e = [ GG = [ (G

since supp(pr) C (—+,+1)-

Since us is an entropy solution, we replace u by ug, k by u1(0,-), and £ by pr®
in (3) and integrate over I to obtain

—/ (vor — bluz))*Epnpr dy da di
Qx ({0} x1I)

— / (vo, — b(uﬁ)*pngagl) dy dx dt
Qx ({0} x1I)

_f/ Ho(us(0,) — uz)
Qx ({0} x1T)

x {(aluz, p(uz)e) — a(u1(0,-),0)) (pnp™)z — fapnp ™} dy de dt

V

— Vg, — U pne®) dy da
( 01 02) Y y
({0} xI)x ({0} x1I)
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1
and since <p(l) =0 when t > ik we have

-/ (v0, — bluz))* Epnpr dy d dt
Qx ({0} x1)

2_

/ (W0, — v0,) e dy da
({0} xI)x ({0} xTI)

- / Ho(un (0, ) — u)
({0}x1)x((0,4)x1I)

x {(a(uz, p(us)e) — a(u1(0,-),0))(pne)e — fopne} dy dx dt. (20)

It is easy to see that the second integral on the right hand side of inequality (20)
converges to 0 when | — +oo. Moreover, since p;(s) = p;(—s) for any s € R, then

£(0, #54)
2

T
i 00 =6(0572) i [ i) =

for any (z,y) € I x I. Since (0, x,%) is uniformly bounded in L (I) x L>(I),
we deduce that the first integral on the right hand side of inequality (20) converges to

1

2/ ('001 - U02)+Pn§dyd$»
({0} xI)x ({0} x1)

as | — +o00. Then we conclude that

— lim sup lim sup/ (vo, — b(u2)) Epppr dy dx dt
Qx ({0} xI)

n—+oo [|—+4o00

1
> — lim f/ (vo, — vo,) T pné dy dx
n=ro0 2 J({oyx 1) x ({0} x1)
1
= —5/ (vo, — vo,) "€ da. (21)
{0}x1I

Similarly, by considering the function

¢<Z>(S7x,y):/ng(;,gC;L?’)pz(;T)dT:/? (371)5(;’5?)”(_27,) dr

and the fact that u; is an entropy solution and letting u = uq, k = u2(0,-), £ = pn@®
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in (2), we deduce that

— lim sup lim sup/ (b(uy) — vo,) Epnpr dy ds dz
({0}xI)xQ

n—+o0 [—+oo

. T
n=+00 2/ ({0} 1) x ({0} x 1)
1
= —5/ (’Uol — 1}02)+£ dx (22)
{0}xr1

Finally, taking limit as n — +oo and | — +oo in (19), and using (21) and (22),
we get (4). This completes the proof. |

Theorem 2.5 (Kato’s Inequality). For i = 1,2, let f; € L*>((0,T); H-*(I)) N L*(Q)
and vy, € LY(I), let u; be an entropy solution of (EP) with respect to data (f;,vo,).
Then,

/ Ho(u1 — U2)(h1 - hQ)fr dr dt — /(b(ul) — b(UQ))Jrft dx dt
Q Q

- /(U01 —v,)TE(0) dx < / Ho(ur —u2)(f1 — f2)€dadt, (23)
I Q

for any nonnegative ¢ € D([0,T) x I).

Proof. As in the proof of the previous theorem we consider two different pairs
of variables (s,y) and (t,z) in Q, and we assume that u; = ui(s,v), f1 = f1(s,9),
vo, = Vo, (y), and that us = ua(t,x), fo = fa(t,x), vo, = vo,(x). Let Q; and Qy
be defined as in the proof of the previous theorem.

Let £ = £(t, 2, 8,y) be a nonnegative and smooth function in R* such that

(s,y) — &(t, 2, 8,y) € D([0,T) x I) for any (t,x) € Q, (24)
(t,x) — &(t,x, 8,y) € D([0,T) x I) for any (s,y) € Q.

Then, replace u by u; and k by uj in (5) and integrate over Q \ QF . Also replace u
by u; and k by u3 in (2) and integrate over QF . Then, according to (10) and (11)
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by adding the two inequalities, we obtain

[ Holun =) {ha (s + &) + (0u) = blu) = fachdy dsdo di

[ oo = b)) e dydo
QxI
< —lim (hy — a(ug,0))H (p(ur) — p(ug ))& dy ds dz dt
“~0J@\ed)xe
— lim (hy — a(u1,0))He(o(ur) — p(ug)) £ dy ds dx dt

e—0 QxQ
+ Ho(ur — u3)a(u1,0)&, dy ds dx dt
QxQ
+ Ho(uy —ug)a(ug , 0)¢, dy ds dzx dt.
QxQ

Since we integrate where u; and vg, are positive, the above inequality can be written
as

) @Ho(ufr —ug ) {h (& + &) + (b(uz) = b(u)))&s — 1€} dy ds du dt

- [t~ b)) e dy o
QxI

<~ lim (hy — aluz , ) He(p(uf) — p(uy))y€ dy ds da dt
~PJ@\Qf)xQ
~ lim (b — aluf ) (i) — plud )€ dy ds da dt
P Jox@\af)
+ Ho(ui —ug)a(u,0)¢, dy ds dx dt
QxQ
+ Ho(uy —ug)a(ug,0)&, dydsdx dt. (25)
QxQ

where b = a(uf, ¢(u).) and Q = {(s,y) € Q/(uy (s,y)) € E}.

Recall that, by (24), (t,z) — &(t,x,s,y) € D([0,T) x I) for any (s,y) € Q; then,
we replace u by up and k by u] in (6) and integrate over Q \ Qf . Also replace u
by ue and k by uf in (3) and integrate over Qf. Then, adding the two inequalities,
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we obtain
o Ho(ui —u2){(ha — a(uy,0))& + (b(u]) — b(ua))& — fol} dy ds da dt
+ )~ ) e dydsda
IxQ
> — lim (ha — a(uf,0))Hc(o(ul) — p(uz))& dy dsdx dt. (26)
=0 Jox(@\ef)

Note that
Ho(ui™ — ug) = Ho(ui” —ugz )(1 — Ho(uy)) + Ho(us ).

Then we get from (26) that
Ho(uf —uy)

QxQ
x {(hy — a(uf,0))& + (b(uf) = b(uz))& — (1 — Ho(uy)) 26} dy ds dz dt

+ / (b(uf) - U$)+f(0) dydsdx — / v0,£(0) dy ds dx
IxQ

IxQ

+ 0x0 Ho(ug ) {h2&s — b(u2)é — f2£} dy ds dx dt

> — lim (ha — a(uf,0))He(p(ui) — (u2)).€ dy ds da dt, (27)
<=0 Jox(@\Q})

where hi = a(uj, o(ug).).
Moreover, since for almost every (t,z) € Q the function

(5,9) — He(p(uy) — (u3))E(t, z, 5,y)

belongs to L?((0,T); H}(I)), we have
L0 = et O (Hlp(ud) — (), dy st =
X
and, therefore, by taking into account (10) and (11),

tim [ (h5 — a(uf,0)Ho(p(ub) — p(u),& dy ds du dt
U JoxQ

= —lim [ (hf — a(uf, 0) He(o(uf) — p(u ), dy ds da dt
€E— QXQ

T /Q QWZ —a(uf, 0))Ho(o(uf) — ¢(uf))é, dy ds du dt

= /(@\@+> Q(h% —a(ug,0))Ho(ui —ug)é, dydsdxdt =
5 )X
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=— Ho(uf —ug)(hy — a(ug,0))&, dy ds dz dt.
QxQ

From inequality (27) we deduce that
Ho(uf — u3)

QxQ
{3 (& + &) + (b(uf) = b(uz))& — (1 — Ho(uy)) f26} dy ds dx dt
+ /IXQ(b(u+) — va;)Jrf(O) dydsdx —/ v0,6(0) dy ds dx

IxQ
+ Ho(ug ){ho&s — b(u2)&: — fo&} dydsdx dt
QxQ
> —lim (ho — a(uf,0)) He(p(uy) — ¢ (u2)).€ dy ds du dt
—VJox@\e)
~ lim (h — aluf, 0)) Holp(ul) — plud )€ dy ds da dt
=0J@\ef)xQ
+ Ho(uf — ug)a(uf,0)¢, dyds dz dt
QxQ
+ Ho(ui —ug)a(uy,0)¢, dy ds dx dt. (28)
QxQ

Now, subtracting (28) from (25), we get

Ho(uf = uf){ (B = W) (€ + &) + ((ud) = b(u])) (€ + &)
QxQ

—(h—-(01- Ho(ug_))fz)f} dy ds dx dt

= [~ b)) dyded— [ (b(ud) — o) €O dydsda
QxI IxQ

_ Hy(ug ){h2&: — b(u2)é — f2f} dy dsdx dt + /I . vy,6(0) dy ds dx

QxQ
< —lim (hy — a(uz , ) He(p(uf) — ¢(uz))y€ dy ds da dt

=0J(@\0f)x0Q

— lim (hi = a(uf, 0) He(p(uf) — p(uf)€ dy ds da dt
—0Jox@\o)

+ lim (hs — a(uf, 0)) He((uf) = ¢(un)) dy ds da dt
=0 Jox@\oh

+ lim (hy —a(ug,0))He(p(uf) — o(ug))y& dy ds da dt. (29)

Revista Matemdtica Complutense
25 2009: vol. 22, num. 1, pags. 7-36



Stanislas Ouaro Second order elliptic-parabolic-hyperbolic equation

‘We know that

lim (h2 — a(ui ,0) Ho((ui ) — (ua))a€ dyds d dt
=0 Jox@\e)
= lim Ho(uy ) (he — a(uf, O))He(go(uf) — o(u2))zdydsdax dt
=0 Jox@\a)
+ lim (h;r — a(uf, 0))H6(<p(uf) - go(u;))mf dydsdzdt, (30)

=0 Jox@\0)

since 1 = (1 — Ho(uy )) + Ho(ugy ) and 1 — Hy(uy ) = 0 when ug < 0.
Using (30) in (29), it follows that

Ho(ui = w){ (B = W) (€ + &) + (0(ud) = b(uD)) (€ + &)
QxQ

- (A-0- Ho(uz_))fz)ﬁ} dy ds dz dt

[ - b)) dydedt [ (b(uf) - o) €0 dydsda
QxI IxQ

~ [ Holus){hats — blua)és — o} dydsdude+ [ ug,€(0) dydsds

QxQ IxQ
< lim Ho(uy )(ha — a(ul,0))He(p(ui) — ¢(u2)).€ dy ds da dt
=0 Jox@\e)
+ lim [he — h]div Ho(o(u]) — o(ug))€ dy ds dz dt. (31)

¢=0.J@\QF)x(Q\Q})

Define
J = lim [hy — hi]div He(o(uf) — o(ug )€ dy ds dx dt
=0/ x@\eh)
and
K =lim Ho(uy ) (he — a(uf,0)He(p(u) — @(u2))xé dy ds dx dt.

=0.Jox(@\af)

As in the proof of theorem 2.2 for I < 0, we prove that J < 0 and K < 0. Then we ob-
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tain from (31) that

Ho(ui —w){ (hF = hE)(& + &) + (b(ud) — b(u))(& + &)
QxQ

- (h-0- Ho(“?))fz)é“} dy ds dz dt
i/<%f“@WﬂWWMﬁ—/ (b(uy) — o) €(0) dy ds do
QxI IxQ

< [ Holw) (st~ bun)és ~ fag} dydsdodt— [ o e0)dydsdn. (32
QxQ xQ

Now, let £ € D([0,T) x R), £ > 0, be such that
supp(§) N ([0,T) xR) € [0,T) x B,

where B is an interval for which either BN Al = () or B CC B’ is a part of the
graph of a Lipschitz continuous function. Then there exists a sequence of mollifiers p;
defined on R, with supp(p;) C (—2/1,0) and there exists a sequence of mollifiers p,
defined on R such that, for n large enough,

z— pn(%) e D(I) Vye B,

Xn(z) = /pn (%) dy is an increasing sequence for x € B,
I
Xn(x) =1 for any x € B such that d(z,R\ I) > ¢/n,

where ¢ is a positive constant depending on B. Then, for n and [ large enough, the
function

g(lm)(t’gc’s,y) = 5(@£)Pn<%>pl<t ; s)

satisfies (24) and the function

fW@®=/5me&w@%
Q

=) [ (50 [ (50 s =g

satisfies
¢ eD(o,T)x 1), €W <) v >,
€M (¢, @) = £(t,x)  Va such that d(z, R\ I) > ¢/n,

where ¢ is a positive constant depending on B. Obviously £ < &, and £ converges
to £ in L™(Q) for any 1 <r < +o0.
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Replace ¢ by ¢ in (32) to get

Ho(uf = uf){ (hF = n3)(E™ +€0m) + (b(ud) = b)) + )
QxQ
- (h—-(- Ho(“?))fz)f(l’")} dy ds dx dt

@X 0} x1 2 S d d 1
0} x X 0 g a

< : QHO(u;){hzg;W — b(uz)e"™ — o™ dy ds da dt
X

- / 1)0725(1’") dy ds dzx.
({0} xI)xQ

Therefore, since (0, + 9y)(pn(5%)) = (8 + 95)(m(152)) = 0, it follows from the
above inequality that

Houif = u){ (b = h)& + () - bl ))&
QxQ
- (fl -(1- Ho(ug))fz)ﬁ}pnpl dy dsdx dt

X x T 2 é l(i d d
X1)X d (i

< / HO(UQ_){h2§g(E”) — b(ug) En) _ f2§(n)} de dt — / vo—Qg(n) dr.
Q

{0}xT1

Since f{O}xI vogf(”) dx > 0, we can write the inequality above as

Ho(uf —u){ (b = h)e + () — b(uf ))&,
QxQ
~ (f1 = (U= Ho(u; ) 2)€ ppapr dy ds da dt

_/ (vg, — b(uz ) Epnpr dy da dt
Qx ({0} x1)

- /({O} I) Q<b(uf) a U(;rz)+£pnpl dydsdr <
X1)X
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= / v, €™ dar + / Ho(uz ){hat — b(uz)e™ — fo€™} da dt
{0} xr1 Q

I — I, — I3 < Iy,

n,lli{l—il-ooll - /QHO(UT B U;)
) {(h = h3)ee + (b(ud) = b(u))& — (fr — (1 — Ho(uy)) f2) €} da d,

where every function depends on (¢, z).
As in the proof of Theorem 2.2, we prove that

n—+oo [—+4o0

1
— lim sup limsup I > **/ (Ua—l - U$)+§dx
{0} xTI
and

1
—limsup lim sup I3 > —*/ (U(—)Fl - U(-)Z)Jrf dz,
{0}xT1

n—-+0oo [—+oo

where every function depends on x.
Since us is an entropy solution,

0 L) = /{ e /Q Ho(ug) {hats — b(un)s — fob} du dt

is monotone increasing. In particular, since
0< g(") < g(n’) <¢

for any n’ such that n < n’, we deduce that L(£(™)) is an increasing sequence satisfying
0 < L(¢M™) < L(€), and therefore it converges when n — +oo. Then

/@Ho(uf —uj)
x {(h = h3)& + (b(ud) — b(ui))& — (f1 — (1 — Ho(uy)) f2)€} da dt

/{O}Xl(v()’;v(‘)’;)+§dx

< lim < / Ho(uy ) {ha&( — b(ug)&(™ — fo6™} da dt + /
Q

n—-+00 {0}xT

V5, €™ dm) (33)

for any nonnegative £ € D([0,T) x B).
Now, considering Remark 1.6, and replacing u; by —us, us by —uy, f1 by —fa, fo
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by —f1, b by b, ¢ by , and a by a, and arguing as above, we deduce that

/Q Ho((—up) — (—u3))
X {(hT = h3)w + (b(—u3) — b(—up ) — (1 — Ho(ub)) fo — f2)€} dudt
- / (b(—u(0,)7) — b(~us(0,-)7)) € d
{0}xT1

< — lim (/ Ho(uF) {7 &8 — b(uy) ™ — 16} da dt
Q

n—-4o0o
—/ varlé“(”) dm) (34)
{0}x1I

for any nonnegative £ € D([0,7") x B), where

hl_ = a’(_ul_a (p(_ul_)x)7 h2_ = a(_UQ_v(p(_U’Z_)x)a
’U(;r = b(u(O’ ')+)’ Vg = b(u(O’ )_)

It is easy to check that

Ho((—uy ) — (—uz))(1 — Ho(u ) Ho(ugy ) + Ho(ui — ug )Ho(uf)
= Ho(u1 — UQ), (35)

Ho((—uy ) = (—uy ) Ho(uy ) + Ho(ui —uz ) (1 — Ho(uy ) Ho(uy)
= Ho(ul — UQ), (36)

Ho(uf — ug) = Ho(u — uz ) Ho(uy), (37)
Ho((—uy ) — (~uy ) = Ho((—uy ) — (—uy ) Ho(usy ), (38)

Ho(uf —ug)(hi = h3) + Ho((—uy) = (—u3))(hy — h3)
= Ho(U1 — Ug)(hl — hz) (39)

and

Ho(ui —ug )(b(u) = b(ug)) + Ho((—uy ) — (—uy ) (b(—uy) — b(—uy))
= H()(Ul — u2)(b(u1) - b(UQ)) (40)
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Then adding (33) and (34) by using (35)—(40), we obtain

/@ Ho(uy — us){(hy — ha)En + (busz) — b(un))Er — (fy — fo)€} du

- /{0} I(vol - 1102)+5d$
X

< lim < / Ho(uy ){ha&l™ — b(ug)el™ — £} da dt
Q

n—-+o0o

+ / U(Lf(n)dx)
{0}xTI

— lim < / Ho(u){hi&l — b(uy)e™ — 60} da dt
Q

n—-+o0o

_ / varlg(n) dm), (41)
{0}x1I

for any nonnegative £ € D([0,T) x B).
Now let ¢ € D([0,T) x B), € > 0. Then £®) = ¢y, € D([0,T) x I) and
by applying Theorem 2.2, we have

/@Ho(m — ug)
x {(h1 = h2)(Exnr)a + (b(u2) — b(u1))(exns) — (f1 — f2)§xns } d dt

- / (v0r — 03 E(0) o dz < 0.

Therefore

/QHo(m —ug){(h1 — h2)& + (b(uz) — b(u1))&e — (f1 — f2)&} dx dt

- / (vor — v0,)HE(0) d

I
< | Hotus ) {n — ha)(€(1 = x ).
o+ (b(u2) = b )& (1 = xw) = (f1 = f2)E(1 = xo) } dv
~ [0, ~ ) 6O~ ) d (42)

I
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and since £(1 — x,/) is a nonnegative function of D([0,T) x B), from (41), we have

/QHo(m - U2){(h1 = h2)(€(1 = xn))a + (b(u2) — b(u1))&e(1 — xnr)

= (= 1280 = o) bzt~ [ o, = 00,) €)1~ o) o

I

< g | [ ot ) {patett = .
= b(u2)& (1 — Xn)Xn) — f26(1 — Xn,)Xn} da dt
+ [0~ ]

= Jim [ /@ Ho(u){ P (€01 = o))

= b(un)r(1 = X)) = &1 = X | der

- [0 -, dx].

Moreover, for any n' there exists n{ such that x, = 1 in supp(x,/) for n > nj.
Therefore,

lim  lim [/QHO(ug){hz(f(lxn/)xn)z

n’—+oo n—-+o00

= b(u2)& (1 = xnr)Xn — f2€(1 — Xn’)Xn} dx dt + /Ivo_zf(O)(l = Xn')Xn dx

— lim lim U@Ho(uf){hl(f(l—xnf)xn)z

n’—-+oo n—-+oo

—b(u1)& (1 — xn ) xn — f1E(1 — Xn’)Xn} dz dt — /Iv(')"lg(O)(l — Xn')Xn dx_
= Jim_ i | |t e = o

n’/—+o00 n—+00

= b(u2)&(Xn = Xn) = f2§(Xn — Xn’)} da dt + /10625(0)(% — Xn) dw}

N n’EIEoo nll}}rloo |:/Q H()(Uii_){hl(f(xn B Xn’))x

- b(ul)gt(Xn - Xn') - flf(Xn - Xn’)} dx dt — /Iv(tg(o)(Xn - Xn') d$:| =0
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and, by (42), we obtain

/QHO(U1 —ug){(h1 — h2)& + (b(ua) — b(u1))&e — (f1 — f2)€} dw dt

- / (vor — v0,)HE(0) dx <0 (43)

I

for any nonnegative £ € D([0,T) x B).

Now let Iy cC I be such that Iy U Ule B; is a covering of I where B,
for 1 < i < k, are intervals satisfying (36). Let (¢;)¥_, be a partition of unity related
to the above covering (¢o € D(Iy), p; € D(B;), for 1 <i < k). Let ¢ € D([0,T) x 1),
€ >0, and let & = £p;. Then, applying (4) for i = 0 and (43) for 1 <14 < k, we have

/Q Ho(uy — un){(hy — ha)és, + (b(uz) — bun))es, — (fi — f2)6i} dard
- / (vo, — v0,) " €:(0) dr < 0

forall 0 <i<k.
Since £ = Zf:() &, we have

/QHO(U1 —ug){(h1 — h2)& + (b(ua) — b(u1))&e — (f1 — f2)€} da dt
- [0, = ) e0)da <0

for any nonnegative & € D([0,T) x I). This completes the proof of Theorem 2.5. [J

As a consequence of Theorem 2.5, we have

Corollary 2.6. Let v, € L*(I), let f; € L*((0,T); H~Y(1)) N LY(Q), and let u; be
an entropy solution of (EP)(f;,vo,), i =1,2. Then

/I (b(ua (1)) — blus()))* do

< /I(Uol —vg,) " der/Ot/IHo(Ul —uz)(f1 — f2) dwds, (44)

and, therefore,

t
16(ui(t)) — b(uz(t))l| L1y < llvo, — voullzr () +/ Ilf1 — fallr(r) ds. (45)
0
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In particular, if vo, < vo, almost everywhere in I and fi < fo almost everywhere
in Q, then
b(ur) < b(ug) a.e. in Q. (46)

Moreover, if f1 = fa and vo, = vo,, then

Proof. Let £ € D([0,T) x I) be such that £ > 0 and & = £(¢) (¢, =0). From (23) we
have

— /OT (/I(b(ul) — b(ug))+dw>§t dt — /I(vol — v,)T€(0) da
< /OT (/l Ho(uy —u2)(f1 — f2)d$>§dt,

and therefore

-/ ) ( Jbtur) = b)) = (un, = )] dw) &t

I
T
S / (/ Ho(U1 — UQ)(fl — f2) dac)fdt (48)
0 I
Let us introduce the functions

/[(b(m(f)) = b(ua(t))" = (vo, —vo,)"]da fort € (0,7),

G(t) =<1

0 for t € (=T,0),
F(t) = /1 Ho(uy(t) — ua(t))(f1(t) — f2(t)) dz for t € (0,T),

0 for t € (—T,0).

Then, from (48), we deduce that

% <F inD'(-T,T),

and therefore, since G and F' vanish for ¢t < 0, we have that

G(t) < /tF(s) ds.

Hence, we easily deduce (44). From (44), we easily deduce (45)—(47), which shows
the corollary. O]

Revista Matemdtica Complutense
2009: vol. 22, num. 1, pags. 7-36 34



Stanislas Ouaro Second order elliptic-parabolic-hyperbolic equation

Remark 2.7. As the reader can see, in the proof of the main theorem of this paper
(see Theorem 2.5), and also in [18], assumptions (Hz) and (H4) are not needed to
obtain uniqueness of entropy solution of (EP) nor to define the operator A,. They
seem to be needed just to show existence of weak and entropy solutions (see [19]).
Another interesting and difficult open question is to generalize the results to higher
dimensions. Note that the techniques used in this paper can be employed to get
uniqueness of entropy solutions in several dimensions space (cf. [3]), but it is not pos-
sible to generalize the techniques used in [18,19] to get existence of entropy solutions
in higher dimensions due to the fact that the main assumption for the proof of exis-
tence in the one dimension case is assumption (H;) (see [18] for more details), which
is equivalent to the coerciveness assumption only in dimension one but not equivalent
to the coerciveness assumption in several dimensions.
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