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Abstract. We prove that potentials with summable variations on topologically transitive
countable Markov shifts have at most one equilibrium measure. We apply this to
multidimensional piecewise expanding maps using their Markov diagrams.

1. Introduction
Let S be a countable set and A = (#;;) sxs a matrix of zeroes and ones. The (one-sided)
topological Markov shift with set of states S and transition matrix A is

T =31 = {(x0, x1,...) € SO 1y =1 forall i}

together with the action of the left shift o : ¥ — X. The topology on X is assumed to be
the relative product topology inside SNV}, § being discrete. A shift invariant probability
measure p is called a maximal measure if h;, (o) is maximal and an equilibrium measure
for¢ : & — Rifh,(o) + [ ¢ du is well-defined and maximal.

Parry proved in [19] that if S is finite and o is topologically transitive, then there
exists exactly one maximal measure and that this measure is the Markov measure with
initial distribution (p;) and transition matrix (p;;) where p; = u;v;, pij = ujt;j/Au; and
u = (u;), v=(v;)and A > 0 are given by vA = Av, Au = Au and (u, v) = 1.

Ruelle [20] improved on this and showed that if S is finite, o is topologically transitive
and var, (¢) = 0 (0™) for some 6 € (0, 1), where

var, (¢) := sup{p(x) —p(y) : x; = yi fori =0,...,n — 1},

then ¢ has exactly one equilibrium measure. Furthermore, he showed that if Ly is the
operator Ly f = ZU},: . e?Y) £(y), then the unique equilibrium measure is given by 4 dv
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where h and v are a positive continuous function and a Borel probability measure such that
fhdv =1, Lygh = Ah and L(";v = Mv for A > 0. The condition var,(¢) = O(6") was
relaxed to Y var, (¢p) < oo by Walters [27].

If S is infinite there may be no maximal measure, but if it exists it must be unique as
long as o is topologically transitive (Gurevich [10, 11]). Indeed, Gurevich showed that in
this case there exists a maximal measure if and only if A is R-recurrent and R-positive and
also in this case the unique maximal measure can be determined as in the case |S| < oo
(the R-positivity and R-recurrence conditions are necessary and sufficient conditions for
the existence of u# and v). The same techniques yield the uniqueness of equilibrium
measures of potentials of the form ¢ (x) = ¢ (xo, ..., xy) (Gurevich and Savchenko [12]).

Our aim in this paper is to give a Ruelle-type generalization of these results for ¢
which depend on an infinite number of coordinates such that Zn>2 var, (¢p) < oo.
We then apply this generalization to certain (non-Markovian) multidimensional piecewise
expanding maps.

The Gurevich pressure of ¢ is Pg(¢p) = lim,_. - (1/n)log Zanx:x e$n () La1(x)
where a € S is fixed, [a] :== {x € ¥ : xp = a} and ¢, := Z:'l;ol ¢ o Tl Let Py (X)
denote the collection of o -invariant Borel probability measures on X. The metric pressure
(or just pressure) of © € Py (X) is:

Pu(®) = Pu($, ) = hu(o) + /MM.

Note that this is not always well-defined (¢ might not be integrable, or it might happen that
hy(o) = +oo and fqbdu = —o00). One of us showed [22, 23] that if o is topologically
mixing and sup ¢ < oo, then

PG (¢) = sup{Pu(¢) : u € Ps(2), Pu(¢) is well-defined}.

The condition sup ¢ < oo guarantees that [ ¢ du is well defined (though possibly infinite),
so the ‘well defined’ condition reduces to a preclusion of the u for which £, (6) = oo and
[ ¢ du = —o0.7 We prove the following.

THEOREM 1.1. Let (¥,0) be a topologically transitive countable Markov shift and
suppose ¢ : ¥ — R satisfies sup¢p < 00, Pg(¢p) < oo and Zn>2 var, (¢) < oo.
There exists at most one invariant probability measure | such that h, (o) + f ddu is
well defined and maximal.

THEOREM 1.2. Under the assumptions of the previous theorem, if u exists, then there
exist a positive continuous function h and a Borel measure v finite on each [a], a € S
and with full support such that for some . > 0, Lyh = Ah, L;;v = vand [hdv = 1.
Moreover, dyu = hdv.

These two theorems show that for ¢ with summable variations and finite Gurevich
pressure, if ¢ has an equilibrium measure then it is positive recurrent in the terminology
of [23, 24]. The opposite is not true, because it might happen that du = hdv where
+ Measures pu with f ¢ dp = —oo cannot contribute to the supremum (which is always larger than —oo because

of the existence of invariant measures supported on periodic points). Therefore, the condition of &, + J ¢ being
well defined can be replaced by the condition — [ ¢ < oc.
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Liv = v, Lgh = 1h and [ fdv = 1, satisfies h, (o) = oo and [pdpn = —oo
(in which case i, (o) + f ¢ d v is meaningless). Nevertheless, even in these situations, the
measure diu = hdv can still be interpreted as some kind of weak equilibrium measure.
We refer the reader to [23, 24] for details.

Finally, we remark that if the equilibrium measure of ¢ is a Gibbs measure (see [2]),
then its uniqueness can be deduced from the uniqueness of Gibbs measures, as in [2].
Unfortunately, if |S| = oo this never happens, unless A satisfies the BIP property (see [18]
and [26] for statements and definitions), so the general case cannot be treated this way.

Theorem 1.1 can be applied to non-Markov, multidimensional piecewise expanding
maps by using the connected Markov diagram introduced in [S]. To state our result we
need some definitions.

A piecewise expanding map (X, P, T) is a locally connected compact metric space X
together with a ‘partition” P which is simply a finite collection of non-empty, pairwise
disjoint open subsets of X with dense union and a map T : |Jycp A — X such that
for each A € P, each restriction 7|4 can be extended to an expanding homeomorphism
between a neighborhood of A and one of T A.

The boundary of such a system is 3P := | J 4. p A.

P(;’*l denotes the collection of n-cylinders, i.e. the non-empty intersections Ap N
T-1A; Nn...NT LA, _, where A; are elements of P.

A piecewise Hilder-continuous potential is ¢ : X — R such that the restriction of ¢ to
any element of P is Holder-continuous, i.e. for all x, y in the same element of P,

lp(x) —p (M| < Kd(x, y)*

for some o > 0, K < oo (the values of ¢ on d P are irrelevant for our purposes).
The pressure of a subset S C X (not necessarily invariant) is

1
Pop(¢, S, T) := limsup — log Z sup exp ¢, (x)
n—oo N o1 = xeA
AePyTSNA#£D

where ¢, (x) := ¢(x) + ¢(Tx) +--- + ¢(T" " 'x).

The topological pressure of T is Piop(¢, T) := Pop(X, T).

An equilibrium measure is, as in the case of Markov shifts, an invariant probability
measure p for which the metric pressure P, (¢, T) is equal to the topological pressure

Pt()p(¢7 T)

THEOREM 1.3. Let (X, P, T) be a piecewise expanding map with a piecewise Holder-
continuous potential ¢. Assume that

Pop(¢p, 0P, T) < Prop(p, T).

Then:

(1) Pop(@, T) = sup,ep,(x) Pu(@, T) and this supremum is realized by at least one
measure;

(il)  there exist at most finitely many ergodic equilibrium measures; and

(iii) if, additionally, T is strongly topologically transitive in the sense that for all non-
empty open sets U, Uk>0 TK(U) D T(X), then there is a unique equilibrium
measure.

CAMBRIDGE JOURMNALS

http://journals.cambridge.org Downloaded: 03 Jun 2009 IP address: 137.205.202.8



http://journals.cambridge.org

1386 J. Buzzi and O. Sarig

Example. Recall that a multidimensional B-transformationisamap T : [0, l)d — [0, l)d,
d > 1 of the form 7' (x) = {B(x)} where B : R — R? is an expanding affine map and {y}
is the unique vector in [0, 1)¢ equal to y mod Z?. T is obviously a piecewise expanding
map on [0, 1]¢, the partition P being the collection of maximum connected open sets of
continuity.

COROLLARY 1.4. A multidimensional B-transformation T admits finitely many ergodic

equilibrium measures with respect to any non-negative Holder-continuous potential ¢ with

sup ¢ < Ag :=logmin{|| Biin.v| : ||v|| = 1}, Biin being the linear part of the affine map B.
Moreover if Aq > log(1 4+ </d) then the equilibrium measure is unique.

To see that the corollary follows from the theorem observe that, d P being included in a
finite union of hyper planes, Proposition 4 of [4] gives

Piop(¢p, 0P, T) < Piop(0, 0P, T) +supp < Ay +---+Ag—1 +sup¢

and
PtOP((b’T) >M+--+ A

with Ay > - -+ > A4 the logarithms of the moduli of the eigenvalues of Bjj,. It follows that

Piop(¢, 0P, T) < Piop(@p, T) — (Mg — sup @) < Prop(p, T)

so that one can indeed apply Theorem 1.3 to get the finiteness.

The uniqueness follows from Proposition 1 of [4], according to which the lower-bound
on the expansion of the statement of the Corollary implies strong topological mixing.

Theorem 1.3 generalizes a result of [6] which required the existence of a conformal
measure with full support—which had only been proved under additional assumptions
(especially covering, a strong form of mixing) by [8]. Indeed, it is easy to build examples
where the equilibrium measure is supported by a Cantor set and this shows that [6] cannot
apply, since in this case the support would contain a non-empty open set (more precisely,
the support would be equal to an open set modulo a set with zero conformal measure).

The core of the proof of this statement is the isomorphism theorem, Theorem 3.2,
identifying 7" and the Markov shift defined by its so-called connected Markov extension
with respect to all measures with metric pressure sufficiently close to Piop(¢, T).

2. Equilibrium measures on the Markov shift
This section contains the proofs of Theorems 1.1 and 1.2. We use the cylinder notation
lag,...,an—1] :={x € £ : x; € [a;]} and set & := {[a] : a € S}.

LEMMA 2.1. Suppose (X, 0) is topologically transitive and ¢ : ¥ — R is such that
Sup, > vary+1(¢p) < 0o. Let v be a conservative o-finite measure which is finite and
positive on some partition set. If L(’;v = Av for some A > 0, then v is ergodic.
Proof. We indicate the proof, which is well known (see [1, Ch. 4]). If v is such a measure,
then its transfer operator is ! Ly and it is easy to see thatif C := expsup,, > vary+1(¢n),
then for every [a] = [ao, ..., an—1] € (x(')’*l, [b] € oz(')"fl with [b] C [a,—1] and x € [a],

1

Eﬁ"*”e%*(")v[m <v([alNo~ " Dp]) < CADefr1@yp].
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Summing over [b] € ag'_l N [an—1] gives

1
E)»_(n_l)e%_](x)v[an—l] <vlal < C)\,_(n_l)€¢'1_](X)U[an_l].

This proves that every cylinder which ends with a state ¢ such that v[c] > 0 has positive
v—measure. By transitivity, we can always find a cylinder contained in [a] with this
property. Therefore, v is finite positive on all cylinders (although the total mass may be
infinite). This argument also shows that

1 )Lf(nfl)eli’nfl(x)

- < ———— < C.
Cc v[al/vla,—1]

Substituting this in the first displayed inequality gives

L V[Q]U[Q] < V([a]mo_f(nfl)[b]) g CZV[Q]U[Q]

< for all "1 and [b] C [an—1].
C? vlay—1] vla) o la] € ay " and [b] S [an-1]

A monotone class argument shows that for every Borel set E,
1
v(ialNo™""VE) > Zpvlalv(E N [an-1])/vian-1].

We can now prove ergodicity. Suppose E is an invariant set of positive measure.
The previous estimate shows that

—(n—1)
By (Lelal ™) (x) = v([x0s ..., Xp—11NT E) 1 vEN [x,,,l])'

vlxo, -, Xt T Cr vl
By conservativity, x,—1 = xo for infinitely many n. Consequently
o n—1 1 v(E N [xo])
liminfE,(1gley ™ )(x) 2 — ——————— almost everywhere.
=00 C?  wlxo]

We claim that the right-hand side is positive. This will prove the lemma, since the right-
hand side is equal (by the Martingale Convergence Theorem) to 1z and an indicator of a
set can only be positive almost everywhere if £ = ¥ modulo v.

By assumption v(E) > 0, so there exists a state yg such that v(E N [yg]) > O.
By transitivity there exist n and [a] € ag_l such that [a] C [xo] N 0_("_1)[)10]. Then

1 v[alv(E N [yo])

VEND0]) > v VEN ) >

>0

by the choice of yy. O

Our next lemma states that it is possible to assume without loss of generality that (X, o)
is topologically mixing.

LEMMA 2.2. If Theorems 1.1 and 1.2 are true for all topologically mixing shifts, they are
true for all topologically transitive shifts.

Proof. We use the well-known spectral decomposition (see Remark 7.1.35 in [16]). If ¥
is topologically transitive, then there exist pairwise disjoint closed sets X, ..., X,_1 such
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that ¥ = Uf:ol %, 0(%;) = Z(i+1)mod p» and such that (¥;, o'?) is topologically mixing.
Moreover, each X; is the union of partition sets.

Recoding (X;, 0”) by the partition into cylinders of length p, we may view it as a
topologically mixing topological Markov shift.

In order to prove Theorem 1.1 for o, it is enough to prove that there exists a unique
ergodic invariant u € Py (X) with (o) + f ¢ du = Pg(¢), because if there were more
than one invariant equilibrium measure, there would have been more than one ergodic
equilibrium measure. Suppose, then, that i is an ergodic equilibrium measure.

Note that u(%;) = 1/p > 0 for every i, because ¥ = U,f;& o_k(Zi). Let u; be the
measure u; (E) := w;(E N X;)/u(Z;). Since u = (o + -+ pp-1)/p»

1
> Y Pu($p,07) = Pu(dp, 0") = pPu(¢,0) = pP($,0)
=0

= PG (¢p,0P) = max PG (¢pls;, 0" 3%;).
1

This is possible only if for every i, u; is an equilibrium measures of ¢, with respect to
o? . ¥; — X;. This system is topologically mixing, so the u; are uniquely determined.
These determine w. This proves the topological transitive version of Theorem 1.1, given
its topological mixing version.

Next, note that the topologically mixing version of Theorem 1.2 implies that each u;
above satisfies du; = h; dv;, where h; is a continuous function supported and positive on
Y; with Lghi = Xf’hi, A > 0 and v; is a Borel measure finite and positive on cylinders
included in ; with (L§)*v; = A]v;. Set

p=l pzl hdv
ho= ZAO*’L;,;ZO, V= ng’ (Ly)*vo and dm = —r.
o g [ hdv

Itis easy to check that Lyh = Aoh and L(’;v = Agv. It follows from this that m is invariant.
It is an ergodic measure, since v is ergodic by Lemma 2.1. Our equilibrium measure p
is also ergodic, because almost all its ergodic components are equilibrium measures and
there is only one such measure. Therefore, i and m are two ergodic invariant probability
measures and by construction u|x, and m|yx, are proportional. Ergodicity now implies
that they are equal. This shows that u has the form & dv where /& and v are eigenvectors
of L¢. O

For the remainder of the section, we only treat topologically mixing Markov shifts
(the previous lemma states that this is enough).

Definition 1. Let (X, o) be a topologically mixing countable Markov shift. A function
g ¥ — Riscalled a sub g-function if g is strictly positive, Pg(logg) = 0 and for all

x € X, Zay:x gy) < L.
We recall the following known results.

LEMMA 2.3. If (¥, 0) is topologically mixing, then every ¢ : ¥ — R such that
PG (¢) < oo and Zn22 var, (¢) < oo is of the formlogg + ¢ — ¢ o 0 + Pg(¢) where g
is a sub g-function and ¢ is continuous with var, (¢) < Zk>n+1 varg (¢) for alln > 1.

CAMBRIDGE JOURMNALS

http://journals.cambridge.org Downloaded: 03 Jun 2009 IP address: 137.205.202.8



http://journals.cambridge.org

Uniqueness of equilibrium measures for countable Markov shifts 1389

Proof. See Lemma 1 in [25]. We remark that this proof uses the generalized Ruelle’s
Perron—Frobenius Theorem of [24, 25]. This is the only place we use this theorem
and it would be a significant improvement to have a different argument which does not
require it. a

LEMMA 2.4. Let p;,x; (i = 1,2,3,...) be real numbers such that p; > 0, x; > 0 and
Yopi =L IFY 2, pilogxi =log(Y ;2 pixi), then all x; with p; # 0 are equal.

Proof. This is a standard fact. O

Proof of Theorem 1.1. By Lemma 2.2 it is enough to treat the topologically mixing case.
Assume without loss of generality that Pg(¢) = O (else pass to ¢ — Pg(¢)). By Lemma 2.3
there exists a sub g-function and a continuous function ¢ : ¥ — R with var|(¢) < oo
such that

$p=logg+¢—ypoo. (H

Our strategy of proof is to show that every ergodic equilibrium measure p satisfies
Ly(e ™ u)=e“p. ()

(Here and throughout an equilibrium measure means an invariant probability measure i
for which iy, (o) + f ¢ du is well defined and maximal.)

Once we prove this we can proceed as follows. Assume by way of contradiction
that there is more than one invariant equilibrium measure. Every equilibrium measure
is a barycenter of the collection of ergodic equilibrium measures, since almost every
ergodic component of an equilibrium measure is itself an equilibrium measure. Therefore,
if there is more than one equilibrium measure, there must be more than one ergodic
equilibrium measure. Let u and uy be two different ergodic equilibrium measures and
set 1= %(m + @2). This is a non-ergodic measure which satisfies (2), in contradiction
to Lemma 2.17. This contradiction proves the theorem.

Recall that an invariant probability measure y is said to satisfy the Rokhlin formula, if

dup
hu(o) = _/IOgduoo

dup

where © o o is the o-finite measure (u o 0)(E) = Y 4., #(o(E N A))f. Ledrappier
showed in [17] that§

du
E.(flaf)(x) = M fQ)
a;x dpoo
and deduced that
dup
I ) — LalogE, (14]a%) = —1 )
p(@lof®) ==Y " 14logE,(1alef®) e

Aca

+ The conditions of Lemma 2.1 are satisfied: (1) e~ u is conservative since it is equivalent to the invariant
probability measure ; (2) e~ % is finite and positive on some partition set, since y is a probability measure and
vary (p) < oo.

I Note that, in general, (i 0 0)(E) # u(o (E)).

§ Ledrappier considered the case of a finite alphabet, but this part of his arguments applies to countable alphabets
without modifications.

CAMBRIDGE JOURMNALS

http://journals.cambridge.org Downloaded: 03 Jun 2009 IP address: 137.205.202.8



http://journals.cambridge.org

1390 J. Buzzi and O. Sarig

It follows from this that

H (xt|a®) E/IM(oHot‘lx’)dp,:—/log du.

duoo
If H, () is finite, then H (a|a(®) = h;(c). Therefore, Rokhlin’s formula holds whenever
H, (o) < oo.

A key step in the proof of (2) is to show that every ergodic equilibrium measure i
satisfies the Rokhlin formula, the difficulty being that, in general, H,, (o) may be infinite
so it is not obvious a priori that H (a|a{°) = hy (o).

Let 1 be an ergodic probability measure for which h,,(0) + [ ¢ dpu is well defined and
equal to zero. Note that f ¢ d . must then be finite.

Fix some [a] € « with positive measure and consider the induced transformation on [a]
given by 5 (x) = 0¥ (x) where 7 (x) := ligy(x)inf{n > 1 : 0" (x) € [a]}. The induced
transformation preserves the measure w(E) := w(E N [a])/wnl[a] and admits the Markov
partition

B={la,&,....6—1,al:n > 1,§ # a}\ {2}

Define a Bernoulli measure tg on [a] by up (ﬂf’;ol B = ]_[fl:_o1 (B;) whenever
B; € B and let g be the measure on X given by

s (E) = ulal Z lgoo' ditp.
[al =0

This is a probability measure, since up(X) = plal [tdip = plal [tdr = 1 (by the
Kac formula). up is o-ergodic, since i p is o-ergodic and [a] is a sweep-out set for up
(i.e. /LB(UZ->] o '[a) =1).

We claim that fqbd;LB > —o00. Set C := SUPy, > Valn1Pn < Zk>2 varg¢ and define
¢ = Z,T:_ol ¢ oo'. Note that every B € B is a cylinder of length n(B) 4 1 where n(B) is
the unique value of t on B. Now,

By (318) = 213_(3)/¢ 7.

Bep

50 [|¢ — Ex(¢|B)lloc < C. Therefore,

/ ¢pdup = plal ]¢>du3 > pla] : ]En@lﬁ)dﬁB -C

= ulal 5dﬁ—C=/¢du—C>—oo.
[a] )

Consequently, hy,(0) + [¢dup is well-defined although it may be equal to +oo.
Therefore, by the variational principle, &, (0) < — [ ¢dup < co. Since pup is ergodic,
Abramov’s Formula applies and so hy, (o) = (1/ulaDhg, (@) = (1/ula)Hg,(B) =
(1/ula]) Hz(B). Therefore,

Hz(B) < o0.
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This implies that i satisfies the Rokhlin formula. Since u is ergodic, the Kac and Abramov
formulas both apply and so

1 (@) = hi (@) /1 W ome L[ 1og—9
R o) =hy(0) = 0 ——di = —— 0 w
ulal™" g la] gduw wlal Sy Fduoo
—1
: 1 du
l
= du =— lo du.
M[a] Z ulal /5; g duoo

Therefore, u satisfies the Rokhlin formula as well. This shows that every ergodic
equilibrium measure satisfies the Rokhlin formula.

Our next step is to prove that if u is an ergodic equilibrium measure, then du/du o o =
g mod o o where g is as in (1). Our argument is a variation on an argument of Ledrappier
[17] (see also [28])7.

We begin by showing that logge L!(n) and that [(¢ — ¢ o o)du = O.
Since Lipggl < 1, logg < 0 and so log g is one-sided integrable. We show that it is
absolutely integrable. Set g™ := ]_[7;& gool, g(x) := g™ (x). Since varjp < oo,
@ 1g) € L' () and Jia)(® — ¢ 0G)djx = 0. It follows that

/loggdu u(a])/IOggdu u(a])/[qb (p—gpoo)ldu

a])/ ddu = /q&d,u,> —o0.

Therefore, logg € L' (). It follows that ¢ — ¢ 0 0 = ¢ — log g is absolutely integrable,
because ¢ must be absolutely integrable ([ ¢* < oo as sup¢p < oo and [¢~ < oo,
otherwise n will not be an equilibrium measure). By the ergodic theorem,

1 1
/(go—(poo)d,u,: lim —(¢p —pooc™ =liminf—(¢p —@poc") =0
n—oo n n—oo n

s0 [(p —¢@oo)du = 0. Consequently, h, (o) + [loggdu = 0.
Set g, = du/dpoo. We check that the transfer operator of u is given by 6, f =

> oy=x 8u(¥) f (). The invariance of w implies that 3, _ . g, (y) = 5,1 = 1 p-almost
everywhere, so g, is a g-function. Since p satisfies Rokhlin’s Formula,

O:hﬂ(o)—i-/loggd,tl,:/logidu
8

=/< 3 g () log £ )du(x></log( > g(y)) dp(x) <0
gu(y)

oy=x oy=x,8.(y)>0

All inequalities must be equalities, so

Z gu(y) log 80) log( Z gu(y) - g(y)) for p-almost all x.
oy=x (y) oy=x )

By Lemma 2.4, for u-almost all x there exists ¢(x) such that

yeo 'x}, gu(») >0 implies g(y) =c(x)gu(y).

+ The arguments in [17, 28] only show that for almost every x, du/dp o o (x) = g(x), but actually a stronger
statement is needed: for almost every x, forall y € o~ lx (du/duoo(y)=g(y)).
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Summing over y € o~ {x} N [gn > O] gives c(x) = Zay:x,gu(y)>0g(y) < 1.
The last derivation shows that f loge(x)du(x) = 0 so c(x) = 1 p-almost everywhere.
For every x such that c(x) = 1 and Zay:x gu(y) = 1, o~ Hx} [gn > 0], else
c(x) < Zw:x g(y) < 1 (we have used the positivity of g). Therefore, for p-almost
every x

yeo Hx} implies g(y) = gu(y).

This means that Liogg, = Liogg Whence Lroggu = L;kogguy’ = u. A calculation shows

that L;(e"/’ u) = e ¥u so (2) holds. By the discussion at the beginning of the proof, this
proves the theorem. O

Proof of Theorem 1.2. Assume without loss of generality that Pg(¢) = 0. By Lemma 2.3,
¢ = log g+ ¢ — ¢ oo with ¢ continuous and g a sub g-function. The proof of Theorem 1.1
shows that if y is an equilibrium measure, then (2) holds. Consequently, if v := ¢~ % and
h = e?, then

Lj;v=v and /hdv: 1.
For every g € L,

v(gLgh) =v(goo -h) =pu(goo) =u(g) =v(gh)

s0 Lyh = h v-almost everywhere. The identity L3v = v can be used to show that v is
finite and positive on cylinders and so since both 4 and Lyh are continuous, Lyh = h
everywhere. O

3. Equilibrium measures for piecewise expanding maps

We prove Theorem 1.3. Let (X, P, T) be a piecewise expanding map together with a
piecewise Holder-continuous potential ¢ : X — R. We continue using the cylinder
notation [Ao, . .., Ap] := (_o T " A;.

Fix some T-invariant probability measure m on X. We prove that P,(¢,T) <
Piop(¢p, T). We prove this under the extra assumption that m is ergodic (otherwise use
the ergodic decomposition).

The proof is based on a reduction to the symbolic dynamics of 7', which we proceed
to describe. Let dom(7") € X denote the domain of definition of T". The symbolic
dynamics of (X, P, T) is the left-shift o on:

2(T) = Clos({A = (Ao, Ay, ...) e PNYO 13 e x
such that foralln > 0 x € dom(7T") and T"x € A,}),
where Clos(-) denotes the closure in the compact space PNUO} (it is endowed with
the product topology of the discrete topologies on P). Define # : X(T) — X by

{r(A)} = ﬂn>0 [Ag...A,]. As T is piecewise expanding, 7 is well defined. Moreover,
if A := 718 P), then

T E(T)\UU_kA — X\ U T %3P

k>0 k>0
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is bi-measurable, injective, surjective and satisfies w o 0 = T o w. Next, define
®:3(T) > Rby ®(A) = lim, infp([Ap, ..., A,]) and note that

O(A) = ¢p(w(A)) whenever mw(A) ¢ 0P.

It is easy to check that @ is Holder-continuous (respectively continuous) if ¢ is piecewise
Holder-continuous (respectively piecewise uniformly continuous); the distance on X (7)
is, as usual d(A, B) = 27", where n is the smallest integer such that A, # B, orn = co.

Set S = UpooT %3P, If m(S) = 0 then = : ((T), B(X(T)),m o w,0) —
(X,B(X),m,T) is a measure-theoretic isomorphism, so Py (¢, T) = P, -1(P,0).
Also, P,,.-1(®,0) < Pop(®P, o), because of the variational principle for the topological
pressure of a continuous function with respect to a homeomorphism of a compact metric
space (see [27]). Therefore, Py, (¢, T) < Pop(P,0). It is routine to check that
Piop(®, 0) = Piop(¢, T) and it follows that P, (¢, T) < Piop(¢, T) whenever m(S) = 0.

Suppose now that m(S) > 0. We claim that P, (¢, T) < Pop(¢p, T).

Indeed, m(S) > 0O implies by invariance of m that m(d P) > 0. Thus our assumption
that Pop(¢p, P, T) < Pyp(¢p, T) and the following observation (the proof of which is
given in §4) imply the claim.

PROPOSITION 3.1. Consider a piecewise expanding map t together with a piecewise
uniformly continuous potential f. Let m be an ergodic invariant probability measure.
Um(s) > O! then Pm(fv 7:) g PtOp(fs Ss T)'

This proves that SUPyep,(x) Pm (@, T) < Piop(@, T).

We now show that there exists m such that P, (¢,T) = Pop(P,0). Note that
o : X(T) — X(T) is expansive and that & is continuous (in fact, it is Holder-
continuous). It follows that there is a o-invariant probability measure u on %(7") for
which P, (P, 0) = Piop(P, T) [14, Theorem 20.2.10]. Setm := p o . If m(S) > 0
then u(n_lS) > (0 and so

Piop(®@,0) = Pu(®,0) < Pop(P, n’]aP, o) (Proposition 3.1)
< Piop(9, 0P, T)
< Piop(¢p, T) (by assumption)
= Ptop((b’ 0),

which is a contradiction. Therefore, m(S) = 0. It follows that 7 is an isomorphism
between (X(T), B(2(T)), u,0) and (X, B(X),m,T), and so Py, (¢, T) = P (P,0) =
Pop(®, 0); we have already remarked that Piop(P,0) = Pyop(¢, T). This proves
Theorem 1.3(3).

We now turn to the finite multiplicity of the equilibrium measure, point (ii) of
the theorem. We shall prove it by reduction to a Markov shift using the connected
Markov diagram introduced in [S5] by generalizing the construction of Hofbauer [13] for
multidimensional dynamical systems. Let us recall its definition.

Definition 2. The (connected) Markov diagram is the directed graph D = (V, E) with
vertices V. = {T"C : n > 0,C is a connected component of Z € Pg} and edges
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E ={A — B :3Z € P such that B is a connected component of T'(A) N Z}. This graph
defines a one-sided Markov shift (X, o).

There is a natural projection onto the symbolic dynamics:
q:X— X(T)

defined by ¢ (o) = A such that A, € P contains «;, forall n > 0. Obviouslygoo = o ogq
and ¢ is countable-to-one. We extend @ to X by setting @ := ® o g on X.

The proof of the second part of the theorem is based on constructing a certain type of
isomorphism between the natural extensions of ¥ and X. We begin with some generalities.
A weighted measurable dynamical system (X, T, ¢) is a measurable map 7 : X — X
together with a measurable function ¢ : X — R called the potential. A set S € X
is P-negligible if there exists p < sup, P, (¢, T) such that for every ergodic invariant
probability measure u, if P, (¢, T) > p then u(S) = 0.

Definition 3. Two weighted measurable dynamical systems (X, T, ¢) and (Y, S, ) are
said to be P-isomorphic if there exist invariant subsets X’ € X, Y’ C Y and a bimeasurable
bijection s : X’ — Y/, such that X\ X', Y\ Y’ are P-negligible, hoT = Soh and ¢ = yoh.

We will deduce part (ii) of the theorem from the following.

THEOREM 3.2. Let (X, P, T) be a piecewise invertible map with a piecewise uniformly

continuous potential ¢ : X — R. If Pop(¢p, 0P, T) < Pop(@, T), then:

(1)  the natural extensionst of (X, T) and of (¥, o) are P-isomorphic;

(2) (%, o) contains only finitely many maximal irreducible subchains (defined just after
this) with pressure close to Pyop(¢p, T).

Recall that an irreducible part of an oriented graph is a subgraph with the property that
any two vertices can be joined in both directions. A graph splits into its maximal irreducible
parts (and a remaining part made of those vertices to which no path returns, but this part
plays no role dynamically speaking). Recall also that the support of any ergodic invariant
measure is contained in exactly one maximal irreducible subchain, i.e. the subchain defined
by one of these maximal irreducible parts of the graph.

Before proving this theorem, let us see how it can be used to deduce part
Theorem 1.3(ii). Note that ®|y is bounded from above and is Holder continuous, and
therefore has finite Gurevich pressure since

PG(@|5) = sup Pu(®.0)= sup Pu(¢.T) = Pop(@.T) < 0.
UePy(T) nePr(X)

The second equality follows from Theorem 3.2. Under these conditions, Theorem 1.1
implies that each irreducible sub-shift has at most one equilibrium measure.
Theorem 3.2(2) states that X contains only finitely many maximal irreducible subchains
with maximum pressure. Hence, ¥ has only finitely many ergodic equilibrium measures.
By Theorem 3.2(1) this must then also be true for 7, concluding the proof of
Theorem1.3(ii).

+ See the definition at the beginning of the proof.
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Proof of Theorem 3.2. The strategy of the proof is the same as in [S] where the same
statements were proved in the case ® = 0 (entropy replacing pressure).
Let p_ : (X—,T-) — (X, T) be the natural extension,

X_={xeX?:T(xy) =xpp1 Vn € Z},
T_((xp)nez) = (Xn+1)nez, and
P—((Xn)nez) = Xo.

We also extend ¢ to X_ by setting ¢ := ¢ o p_. Define p_ : (X_,0-) = (X,0) and ®
on X_ similarly. Let IT_ : ¥_ — X_ be the natural extensionof [ :=moqg : X — X to
amap from X_ to X_.

It is well known that the projection m + m o p_ is a bijection between Pr_(X_) and
Pr (X) which preserves ergodicity, entropy and metric pressure.

The following notion plays a key role in the construction.

Definition 4. An invariant probability measure p of 7_ is said to be shadowed by the
boundary if, for some integer N and for p-almostevery x € X_, there exist infinitely many
positive integers n such that Pg’_l (x_p)NAP # &, where AP := U,ICV:O T"(UAE]D aT A)
and Py ~1(x) is the element of Py ~! containing x if it exists or .

Construct, as in [5], two invariant sets X’ C X_, ¥/ C X_ with the following

properties:
(1)  The restriction, IT_ : ¥ — X’ is a bi-measurable bijection and I[1_ o 0_ =
T_oIl_.

(2) Let u be an ergodic T—-invariant probability on X’ . If u(X_ \ X") = 1, then p is
shadowed by the boundary.

(3) Let u be an ergodic o_-invariant measure on X_. If u(X_ \ ¥’) = 1, then either
o I~! is shadowed by the boundary, or u(p~'TI"'3 P) > 0.

For the construction of X’_ and ¥’ and (1) see [5, Proposition 2.2]. Parts (2) and (3)
are Propositions 2.6 and 2.7 there (observe that in contrast to Proposition 2.7 we work with
the Markov shift defined by the Markov diagram and not the geometric Markov extension
of [5]); to relate the two we have to code, hence a possible problem if M(ﬁ:] n'opP) > 0).

To prove that the above restriction of I1_ is a P-isomorphism, we need to show that
X_\ X" and ¥_\ X/ are P-negligible.

We begin with the P-negligibility of X_ \ X’_. Property (1) says that every ergodic
invariant probability measure p carried by X_ \ X’ must be shadowed by the boundary.
The P-negligibility of X_\ X" follows from the following proposition and our assumption
that Piop(¢p, 0P, T) < Prop(, T).

PROPOSITION 3.3. Let u be an invariant measure of (X_, T-). If u is shadowed by the
boundary then P, (®,T-) < Piop(¢, 0P, T).

The proof of Proposition 3.3 is given in §4.

Next, we prove the P-negligibility of X_ \ X’ . Consider some ergodic invariant
probability u measure carried by £_ \ X”. It is enough to prove that P,(®,0_) <
Puop(¢. 8P, T), because Pup(.9P.T) < Pup(@.T) = supcp,x) Pu(@.T) <
SUpep, (z_) Pm (P, 0-).
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Property (3) above says that either u(ﬁjll'[_laP) > 0 or u(ﬁjll'[_laP) = 0 and
w o MZ! is shadowed by the boundary. In the first case, v := pu o p-lo g !
ergodic o-invariant measure on X (7') which satisfies v(x~'d P) > 0. By Proposition 3.1,
Py(®,0l5(1)) < Pop(®@, 77 10P, ol5(1)) < Piop(¢, P, T). Note that m +> mo (p—)~!
and m — m o ¢~! both preserve entropy, because the first is a natural extension and the
second is countable-to-one (see, e.g., Proposition 2.8 in [5]). Therefore, P, (®,0_) =
Py(®,0|21)) < Pop(¢p, 0P, T).

In the second case, u o I1_! is shadowed by the boundary and Proposition 3.3 implies
that PMOH:] (®,T-) < Pop(®,0P,T). Since I1_ preserves entropy being a natural
extension, P, (®,0_) = lenil (@, T-) and so again P, (®,0-) < Pop(¢,dP, T).

This proves that £_ \ X’ is P-negligible and concludes the proof of part (1) of
Theorem 3.2.

We now turn to part (2), which says that there are only finitely many subchains with
large pressure. This is a strengthening of [5, Theorem C] even in the case of the zero
potential, but under the additional assumption that 7 is expanding. We obtain it by adapting
Proposition 1.1 of [9].

Let B(x, r) € X denote the ball of radius r and center x and define fora € X

is an

€(a) := sup{r > 0:3n > 0 such that B(IT(c" ), r) C ay}.

LEMMA 3.4. LetV be the set of vertices of the Markov diagram D. For any 8o > 0, there
exists a finite subset Vo C V such that foralla € X\ UnzO o "I lap

ife(a) > 80, then there exists n > 0 such that a,, € V.

Proof. Let ko be an integer sufficiently large so that diame(;‘0 < %80. Define V) to be the
collection of the connected components C of the subsets of the form

Tk A for some A € Pgo

which are such that C contains a ball with radius 8g/2. The finiteness of ) follows from
the fact that T7%0 is piecewise uniformly continuous so that there is only a finite number of
disjoint subsets S € X such that T*0 S contains a ball with radius 80.

Indeed, set Vo(A) := Vo N {C : C is a connected component of TXA}. By definition,

Vo= |J w@.
Aep}
0<k<ko

This is a finite union, because P is finite. Therefore, it is enough to prove that Vy(A)
is finite for every A. If this is not true, there are distinct Cq, C2, C3,... € Vy(A) with
Ci 2 Bsyn(x;). These balls are pairwise disjoint, because C; are pairwise disjoint
(being connected components of the same set). Thus {x;} is a §o/2-separated sequence,
which contradicts the compactness of X. This proves that V) is finite.

Recall formula (2.1) of [5]. Fora = (ap, @1,...) € £\ U,-g0 "7 10P,

otk 18 the connected component of

T*(oy N [Ay . .. Apik]) which contains TT(6" ). (3)
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Let @ € X be as in the statement of the lemma with €(«x) > &g. By definition, there is
some integer n > 0 such that o, 2 B(I1(0" ), 809/2), so o, contains a ball of radius 8o/2.
By the choice of &g, B(IT(c"@),80/2) 2 [An...Antky] and so o, 2 [Ay. .. Apgkgl-

Therefore, by (3), a4, is also a connected component of Th[A, ... Ajtko]. This shows
that a1, € Vo. O

LEMMA 3.5. For all € > 0, there exists § > 0 such that if u is an invariant probability
measure on (¥,0) and €(a) < 6 for p-almost every a € X, then Py (®,0) <
Piop(¢p, 0P, T).

We defer the proof of this lemma to the next section.

Proof of Theorem 1.3(ii). Fix € € (0, Pop(¢p, T) — Prop(¢p, 3P, T)). Let § > 0 be given
by Lemma 3.5. Let V) be the finite part defined by Lemma 3.4.

CLAIM. Any invariant probability measure . of ¥ such that u({a € £ : a9 € Vo}) =0
satisfies Py (®,0) < Pop(¢, 0P, T) + €.

To prove this claim observe that by Lemma 3.4, ; must satisfy €(«) < §o for p-almost
every «. But then we can apply Lemma 3.5 and get the claim.

It follows from the claim that any ergodic measure with pressure closer to Pop(¢, 1)
than this right-hand side must live on an irreducible subchain meeting V), hence it must
live on a finite number of maximal irreducible subchains as ) is finite. O

4. Proof of the pressure estimates

Proof of Proposition 3.1. w is an invariant and ergodic probability measure of 7 with
w(S) > 0. Fix € > 0 arbitrarily small.

By the ergodic theorem, there exist 7] < oo and a subset X; of measure > 1 — %/,L(S )
such that for all x € X and all n > n;

n—1
@) =) p(e*x) > n(/qnm - e). @)
k=0

Note that u(S N X1) > u(S)/2 > 0.
Observe that

[fn(x) — @u()] < €n 5)

for all x, y in the same n-cylinder, for n large enough. This is because of the piecewise
uniform continuity of ¢ and because lim,,—, o diamP”" = 0.
Consider C,, the collection of n-cylinders meeting S. By definition,

sup ed’n(x) < Ce"(Ptop((b!SvT)'i‘G)
AeC, xXeA

for some constant C < oo and all n. Remove from C,, any cylinder that does not meet X.
The resulting C, is a cover of X; N S. By (5) and then (4),

3 supe?@ > N sup em W > ucy o pdu=3€)
AeC, xeA AeC), xeANX,
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We thus obtain
#C < Ce(Ptop(¢,S,f)*f¢dM+4e)"
. .

Rudolph’s formula for the entropy [21] states that if u is an ergodic invariant probability
measure and P is a finite generator, then

1
hy(7) =liminf —log R,,
n—oo n

where R, is the minimum cardinality of a collection of P-cylinders with a union of measure
of at least some fixed constant 0 < A < 1. Hence,

1
hy(7) < liminf = log#C,,.
n—oo n
Hence we get, after taking the limits n — oo and € — 0,

h,u(t) < Ptop((b’ S7 t) - /‘Pdﬂa
from which the proposition follows immediately. o

Proof of Proposition 3.3. Let pu_ be an invariant and ergodic probability measure
of (X_,T-). Let u be the corresponding measure on (X, 7). As is well known,
P, (®,T_) = P, (P, T), so that it is enough to bound the latter quantity.

Pick € > 0. Fix ng so large that for all n > ng, the collection S, of n-cylinders, the
closure of which meets 0 P, satisfies

sup e < (Pop@0P. T+,
A€S, xX€eA

Fix n1 so large that for all n > ny, |9, (x) — ¢, (y)| < en for all x, y in the same n-cylinder.

Let ny, = max(ng, € ' log(#P-||¢]lc0)-11). Increase n, if necessary so that the binomial
coefficient C,Ezn/"*Hl is at most e /(n/n, + 1).

Indeed, by Stirling’s Formula n! = C*!(n/e)"n'/?, where C*! represents a function of
n with value in (C e ), where C is independent of n. Hence, writing o := 2/n,,

(n/ny + DHCP T < 30012 expl(—alogar — (1 — &) log(1 — a))n] < "

for n large enough, if n, has been chosen large enough.
Define the measurable integer-valued function n on X_ by

n(x) =min{n > n, : P"(x_,) N AP # &}.

As p_ is shadowed by the boundary, this is well defined almost everywhere.

Let N_ be so large that u_({x € X_ : n(x) > N_}) < €/(#P - ||¢|lcc)-

By the ergodic theorem, there exists n3 < oo and a measurable subset X; € X_ such
that forall x € X; andn > n3,

%#{0 <k<n:n(Tx)>N_} <e/HP - [|$loo)- (6)

By the same reasoning as in the proof of Proposition 3.1, it is enough to prove that for all
large n, the collection C,, of n-cylinders that meet X satisfies

sup e < Ce(Pap(®9P.T)+e)
AEC,, xeA
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Let x € X; and n > n,. We define intervals [a;, b;) by induction. We set
ap = n. Provided a; is defined, we let by = max{b < a; : n(T’x) < N_} and
aip1 = biy1 — n(T"*' ).

Let ig be the largest i with a; > 0. We claim:

(1) APN P (p_Tx) # @,

(2) bi—ai > ny;

@) #(10.m)\ U2, lar. b)) < (¢/Tog#P - [$lloo)n.

Therefore, the itinerary AgA; ... A,—1 € P" (or more precisely in ( p_lP)m determining

the n-cylinder containing x can be described completely by specifying:

(1) aninteger 0 < r < n/n, giving the number of intervals [a;, b;);

(2) the starting and ending positions of each one of these intervals;

(3) the symbols Ay Ag 41 ... Ap,—1 picked among the itineraries of the same length of
points in A P;

(4) the symbols at the remaining places.

Hence, writing n’ = Zi‘):l (b; — ay),

[n/n4] r

D supet < ) 2 [ 2.
AeC, *¥€A r=0 0<a,<br<--<aj<bj<n i=l BePbiiaiil|éﬁAP;é@
0
X sup ePbi—a; (V) #P - el\d’”oo)"—n/
yeB
< (n/ny + 1)CZ["/H*]en(Plop(¢,8P,T)+2€)een
< en(Ptop(¢vaP!T)+46)’

proving the claim. O

Proof of Lemma 3.5. Let p be an invariant probability measure on (X, o) such that for
almost every «, €(a) < 8. Fix Dg such that u({o : «p = Dg}) > 0. The proof of Proposi-
tion 1.1 in [9] shows that if § > 0 is small enough then for every n > 0 there is a collection
C, of n-cylinders containing all the points @ € [D] that satisfy € (@) < § such that

Z supecb"(") < CePop@.0P. T+
AeCy A

The union of the cylinders in C, covers Dp modulo p, thus its p-measure is positively
lower-bounded. However, we have seen (see the proof of Proposition 3.1) that this implies
that P, (P, 0) < Pop(¢, 0P, T) + €. O
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