UNIQUENESS OF SOLUTIONS OF STOCHASTIC DIFFERENTIAL
EQUATIONS

A. M. DAVIE

ABSTRACT. We consider the stochastic differential equation
dx(t) = dW(t) + f(t, z(t))dt, x(0) = xg

for t > 0, where x(t) € R%, W is a standard d-dimensional Brownian motion, and f is
a bounded Borel function from [0,00) x R? — R? to R?. We show that, for almost all
Brownian paths W (¢), there is a unique z(t) satisfying this equation.

1. INTRODUCTION

In this paper we consider the stochastic differential equation
da(t) = dW(t) + f(t, x(t))dt, z(0) = xg

for t > 0, where x(t) € R? W is a standard d-dimensional Brownian motion, and f is a
bounded Borel function from [0, 00) x R? — R? to RY. Without loss of generality we suppose
xo = 0 and then we can write the equation as

(1) £t /fsx £>0

It follows from a theorem of Veretennikov [4] that (1) has a unique strong solution, i.e. there
is a unique process z(t), adapted to the filtration of the Brownian motion, satlsfymg (1).
Veretennikov in fact proved this for a more general equation. Here we consider a different
question, posed by N. V. Krylov [2]: we choose a Brownian path W and ask whether (1)
has a unique solution for that particular path. The main result of this paper is the following
affirmative answer:

Theorem 1.1. For almost every Brownian path W, there is a unique continuous x : [0, 00) —
R? satisfying (1).

This theorem can also be regarded as a uniqueness theorem for a random ODE: writing
x(t) = W(t) + u(t), the theorem states that for almost all choices of W, the differential
equation % = f(¢, W (t) 4+ u(t)) with «(0) = 0 has a unique solution.

In Sectlon 4, we give an application of this theorem to convergence of numerical approxi-
mations to (1).

Idea of proof of theorem. The theorem is trivial when f is Lipschitz in z, and the idea of
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the proof is essentially to find some substitute for a Lipschitz condition. The proof splits into
two parts, the first (section 2) being the derivation of an estimate which acts as a substitute
for the Lipschitz condition, and the second (section 3) being the application of this estimate
to prove the theorem. We start with a reduction to a slightly simpler problem.

A reduction. It will be convenient to suppose |f(t,x)| < 1 everywhere, which we can by
scaling. Then it will suffice to prove uniqueness of a solution on [0,1], as we can then repeat
to get uniqueness on [1,2] and so on.

So we work on [0,1], let X be the space of continuous functions x : [0,1] — R? with
z(0) = 0, and let Py be the law of Ré%valued Brownian motion on [0,1], which can be
regarded as a probability measure on X. Now we apply the Girsanov theorem (see [3]):
define ¢(z) = exp{ [, f(t, x(t))dz(t)—1 [} f(t,2(t))?dt}, which is well-defined for Py almost
all x € X, and define a measure p on X by du = ¢dPy,. Then if x € X is chosen at random
with law p, the path W € X defined by

2) W(t) = (t) - / £(s,2(s))ds

is a Brownian motion, i.e. W has law Py .
For a particular choice of x, and with W defined by (2), x will be the unique solution of
(1) provided the only solution of

(3) U(t)Z/O{f(S,fC(S)JrU(S))—f(Sw(S))}dS

in X is u = 0. So, to prove the theorem it suffices to show that, for p-a.a. z, (3) has no
non-trivial solution, since for such z, with W defined by (2) no other x can satisfy (2).

But p is absolutely continuous w.r.t. Py, so it suffices to show that, for Py-a.a. x, (3) has
no non-trivial solution. In other words, it suffices to show that, if W is a Brownian motion
then with probability 1 there is no non-trivial solution v € X of

() ) = [ LW (s) + u(s) = s, W(s) s
We prove this in section 3.

Remark. Our proof does not make use of the existence of a strong solution. It is tempting
to try to prove the theorem by measure-theoretic arguments based on the strong solution
and Girsanov’s theorem. Define T': X — X by

Tx(t) = x(t) — /0 f(s,z(s))ds

The strong solution gives a measurable map S : £ — F where E and F' are Borel subsets
of X with Py (FE) = Py (F) = 1, such that T o S is the identity on F, and F' is the range
of S. It follows that 7" is (1-1) on F' and for any W € E there is a unique solution of (1) in
F'. But we need a solution which is unique in X and to achieve this we need to show that
T(X\F) is a Py-null set, and this seems to be a significant obstacle.
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Our proof is quite complicated and it seems reasonable to hope that it can be simplified. In
particularly one might expect a simpler proof of Proposition 2.2. This seems to be nontrivial
even for p = 2. The bound for p = 2 follows from the first part of Lemma 2.5 (with ¢, = 0
and r = 0) and I do not know an essentially simpler proof.

In one dimension, in the case when f(t,z) depends only on z, a different and shorter proof
of Theorem 1.1 can be given, using local time, but it is not clear how to extend it to d > 1.

2. THE BASIC ESTIMATE
This section is devoted to the proof of the following:

Proposition 2.1. Let g be a Borel function on [0, 1] x R with |g(s, z)| < 1 everywhere. For
any even positive integer p and x € R?, we have

E( / {g(t,w<t>+x>—g(t,W@))}dt) < O (p/2)al?

where C is an absolute constant, |x| denotes the usual Fuclidean norm and W (t) is a standard
d-dimensional Brownian motion with W(0) = 0,

This will be deduced from the following one-dimensional version:

Proposition 2.2. Let g be a compactly supported smooth function on [0, 1] xR with |g(s, z)| <
1 everywhere and g’ bounded (where the prime denotes differentiation w.r.t. the second vari-
able). For any even positive integer p, we have

e[ seww) <o

where C' is an absolute constant, and here W (t) is one-dimensional Brownian motion with

W (0) = 0.

Proof. We start by observing that the LHS can be written as
p

p!/ E]] g (t;, W(t;))dty ---dt,
0<ty<--<tp<l

Jj=1

and using the joint distribution of W (¢y),---, W (t,) this can be expressed as

p
p! / / H{gl(t]‘, Zj)E(tj — tj_l, Zj — zj_l)}dzl s dedtl o dtp
where E(t, z) = (2rt)~/2¢*"/% and here ty = 0, 2y = 0.
We introduce the notation
k

Jk(t07 ZO) = / / H{g’(tj, Zj)E(tj — t];l, 2 ijl)}dzl s dedtl s dtk
to<t1<---<tp<l JRF

j=1
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and we shall show that .J,(0,0) < C?/I'(8 + 1); Proposition 2.2 will then follow since
pl < 2((p/2)))"

In order to estimate J, we use integration by parts to shift the derivatives to the ex-
ponential terms. We introduce some notation to handle the resulting terms - we define
B(t,z) = E'(t,z) and D(t,z) = E"(t,z) (where again primes denote differentiation w.r.t.
the second variable).

If S=5;---Skis a word in the alphabet {F, B, D} then we define

k
Ig(to, Zo) = / / H{g(t], Zj)Sj(tj — tjfl, Zj — ijl)}dzl cee dedtl ce dtk
to<t1<---<tp<l JR

d
j=1

In fact, only certain words in {F, B, D} will be required: we say a word is allowed if, when
all B’s are removed from the word, a word of the form (ED)" = EDED---ED, r > 0,
is left. The allowed words of length k correspond to the subsets of {1,2,--- ,k} having an
even number of members (namely the set of positions occupied by E and D in the word).
Hence the number of allowed words of length k is the number of such subsets of {1,2,--- |k},
namely 2+~1,

We shall show that

2k71

(5) Ji(to, 20) = Z +150) (to, 20)
j=1

where each SU) is an allowed word of length k (in fact each allowed word of length k appears
exactly once in this sum, but we do not need this fact). The proof will then be completed
by obtaining a bound for Ig.

We prove (5) by induction on k. So, assuming (5) for Ji, we have

1
Jk—i—l(th ZQ) = / dtl /g/(tl, Zl)E(tl — to,Zl — Zo)Jk(tl,Zl)dzl
to
1
= —/ dty /9(751, 21)B(t1 — to, 21 — 20) Ji(t1, 21)dz
to

1
- / /g(t1721>E(t1 - to, 21 — Z())J]/{(lfl, zl)dzl
to

Now we observe that, if S is an allowed string then Iy = —Ig where S is defined as BS* if
S = ES* and as DS* if S = BS* (note that S is not an allowed string). Applying this to

(5) we find J (to, 20) = ij.l:llfl FIlg(to, z0) and then we obtain

ok—1_1 ok—1_1

Jesa(to,20) = F D Insi(to,20) £ Y Ipai(to, 20)
j=1

j=1
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Noting that, if S is an allowed string, BS and ES are also allowed, this completes the
inductive proof of (5).

We now proceed to the estimation of I5(to, z9), when S is an allowed string. We start with
some preliminary lemmas.

Lemma 2.3. There is a constant C such that, if ¢ and h are real-valued Borel functions on
[0,1] x R with |¢(t,y)] < e /3 and |h(t,y)| < 1 everywhere, then

/dt/ ds//gbsz (t,y)D(t — s,y — z)dydz| < C
12 Ji)2

Proof. Denote the above integral by I. For [ € Z, let yx; be the characteristic function of
the interval [I,] 4 1) and define ¢;(s,y) = o(s,y)xi(y), and similarly h;. Let I;,, denote the
integral I with ¢, h replaced by ¢y, h,,. Then we have I = Zl,mEZ L. Let C,Ch, - - - denote

positive absolute constants.
Now if |l —m| =k > 2 then for z € [I,{ + 1) and y € [m,m + 1) we have |z —y| > k — 1
and then it follows easily that
ID(t — s,y — 2)| < CyeF=2°/4
and hence I, < Coe /8¢~ =2%/4 from which we deduce

Z || < Cs

|l—m|>2

Now suppose |l —m/| < 1. We use ¢;(s,u) for the Fourier transform in the second variable,
and similarly h,,,. We note that [ ¢;(s,u)*du = [ ¢(s, 2)?dz < Che /6 for 0 < s < 1 and
similarly [ A, (¢, u)*du < 1. We have

1 t
:/ dt/ ds/qbl(s,u)hm(t, —u)e” P22y
12 Jie

Applying ab < L(a%c + b2 with a = ¢y(s, u), b = hy(t, —u) and ¢ = /12, we deduce that

| 1| </ dt/ ds/qbl s,u)? el* 122 (=12 gy
1/2 t/2
—l—/ dt/ ds/ﬁm(—t,u)26_12/12u26_(t_5)“2/2du
12 Jt)2 R

In the first integral we integrate first w.r.t. ¢ and obtain the bound const.e /12 for the
integral. We get a similar bound for the second integral (integrating w.r.t. s first), and
hence

| I | < Cie™"/12

Summing over [ and m such that | —m| < 1, we obtain

Z | Iim| < Cs

ll—m|<1
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which completes the proof. O

Corollary 2.4. There is an absolute constant C such that if g and h are Borel functions on
[0,1] x R bounded by 1 everywhere then

1 ¢
/ dt/ ds/ g(s,2)E(s, 2)h(t,y)D(t — s,y — z)dydz| < C
12 Jiyz2 Jr2

and

1 t
/ dt/ ds/ g(s,2)B(s,2)h(t,y)D(t — s,y — z)dydz| < C
12 Jr2  Jr2

Proof. These follow easily from Lemma (2.3), the second using the easily verified fact that

|B(s, z)| < Cs/2(e=*"/3), O
We note that [, E(t, z)dz = 1, and we have the bounds
(6) / |B(t, 2)|dz < Cot /2, / |D(t, z)|dz < Cot ™
R R

where Cj is an absolute constant.

Lemma 2.5. There is an absolute constant C' such that if g and h are Borel functions on
[0,1] X R bounded by 1 everywhere, and r > 0 then

/ dt/ ds/}RQ s,2)E(s — to, 2)h(t,y)D(t — s,y — 2)(1 — t)"dydz| < C(1+7)" (1 —ty) ™

nd
1 t
to t R2

Proof. Again, we let C,--- be absolute constants. By using the change of variables ¢’ =
(t—to)/(1 —tg), s = (s —t0)/(1 —tg), ¥ = y(1 —ty)~/2, it suffices to prove these estimates
when ty = 0. To do this, we start by scaling the first part of Corollary 2.4, and get

2=k t
/ dt/ ds/ g(s,2)E(s, 2)h(t,y)D(t — s,y — 2)(1 — t)"dydz| < Cy(1 — 27+ 1yra=*
2-k—1 t/2 R2

for k=0,1,2--- and then by summing over k, we get
¢

ds
t/2
Moreover, from the bounds (6) we have

/dt/ ds/RQ s, 2)E(s, 2)h(t,y)D(t — s,y — 2)(1 — t)"dydz| <

dt g(s,2)A(s, 2)h(t,y)D(t — s,y — 2)(1 — t)"dydz| < Cy(1 +7)*

RQ

< 03/ dt/ (t—s5)" N1 —t)"ds < Cy(1+7)"
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and combining these bounds gives the first result. Similarly, by scaling the second part of
orollary 2.4, we get

S 615(1 o 2—k—1)7‘2—k/2

/2 dt /t/2 ds /R2 g(s,2)B(s,2)h(t,y)D(t — s,y — 2)(1 — t)"dyd=z

for k=0,1,2--- and then by summing over k, we get

/ dt /:2 ds /R2 g(s,2)B(s,2)h(t,y)D(t — s,y — 2)(1 — t)"dydz

S C6<1 + T)il/Q

Moreover, from the bounds (6) we have
/dt/ ds/ $,2)B(s,z2)h(t,y)D(t — s,y — 2)(1 — t)"dydz| <
]RQ
< CO/ dt/ (t—s)" 1 (1 —t)"ds < Cr(147)71/?
0 0
which give the second result. 0

We can now complete the proof of Proposition 2.2 by obtaining the required bound for
Is(to, z0). Again we use Cy, Cy, - - - for absolute constants. We shall show that, for a suitable
choice of M, we have for any allowed string S of length &

Mk k/2
(7) Is(to:20)| < G5 (1= 1) /

We shall prove (7) by induction on k, provided M is chosen large enough. The case k = 0 is
immediate, so assume k£ > 0 and that (7) holds for all allowed strings of length less than k.
Then there are three cases: (1) S = BS’ where S’ has length k —1; (2) S = EDS" where S’
has length k —2; (3) S = EB™DS’ where m > 1 and S’ has length k —m — 2. In each case
S’ is an allowed string. We consider the three cases separately.

Case 1. In this case we have

1
dty
R

|Is(to, 20)| =

B(ty — to, 21 — 20)9(t1, 21) s/ (t1, z1)dz1

ME-1 1
S k—-H/ (1 — tl)(k_l)/thl/ |B(t1 — t(), 21 — Zo)|d2’1
F(T) R

to

C Mk—l 1 B B
< —Fl(k:Jrl)_/ (1 — 1) B 02ty — 1)V 2dty
2 to

= C1/aM" (1 — t)¥?)T (g + 1)

where we have used the inductive hypothesis to bound Ig/, and then the bound (6). (7) then
follows if M is large enough.
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Case 2. Now we have
1 1

[S(tOwZO):/ dt1/ dtz/ g(t1, 21)g(te, 22) E(t1—to, 21—20) D(ta—t1, 20—21) L (ta, 29)dz1d 2o
to t1 R2

We set h(t,z) = g(t,2)Is/(t, 2)(1 — t)'"% so that ||hlle < M*2/T(k/2) by the inductive
hypothesis, and then from the first part of Lemma 2.5 we deduce that

CQMk—2(1 _ to)k/Q

Is(t <
s (to, 20)| < KT (k/2)
and (7) follows if M is large enough.
Case 3. In this case have
m—+2
[S(to,zo) = / dtldtm+2/ (H g(tj,2j>> E(tl —to,Zl —Zo)X
to<t1<-+<tm42<1 RmH2\ =1

m—+1
X H B(tj —lj-1,25 — Zj—l)D(tm+2 — bt Zmy2 — Zm—l—l)]S’ (tm+27 Zm+2)d21 A2y
7j=2

Now let h(t,z) = g(t,2)Is/(t, 2)(1 — tpyo)®*™ *)/2 50 that by the inductive hypothesis on

S" we have [|h||o < M*™72/T(52). Then, writing

1 1
Q(ta 2) = / dtm—i—l / dtM+2 2 g(tm—i—la Zm—l—l)h(tm-i—Qa zm—i—?)(]- - tm+2)(k_m_2)/2 X
t tm+1

X B(tm—l—l - t7 Zm41 — Z)D<tm+2 - tm—l—l: Zm+2 — Zm+1)dzm+1dzm+2

we find from Lemma 2 that

Q(t, 2)| < Cy(k — m) V2 MFm=2(1 — t)*=m=1/2 7 (k‘ —2 m)

Using this in

m

Is(to,Zo) :/ dtldtm/ <Hg(tj,zj)> E(tl —to,Zl —ZO)X
to<t1<---<tm<l1l m .

7j=1
X H B(tj - tjflu Zj — ijl)Q(tm, Zm)dzl e dzm
7j=2

and using the bounds (6) we find
MkfmfZ
~1/2 — / (ty —t,) Y2 ..
F(T) to<t1<--<tm<1l
.. (tm _ tm,1)71/2(1 _ tm)(k*mfl)ﬂdtl cdty,
Mk—m—2ﬂ.(m—1)/21'\(k721+1)

P05 + 1)

I5(to, 20)| < C7"F ' (k —m)

— an-i-l(k, . m)—l/Q (1 . to)k:/Q
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from which again (7) follows, provided M is large enough. Putting (7) with to =0, 2 = 0
and k£ = p in (5) completes the proof of Proposition 2.2. O

Proof of Proposition 2.1. We first note that it suffices to prove it for d = 1. To see this
let g, W,z be as in the statement of Proposition 2.1. By a rotation of coordinates we can
suppose = («,0,---,0). Then for fixed Brownian paths Ws,--- W, we can define h on

[0,1] x R by h(t,u) = g(t,u, Wa(t),--- , Wy(t)) and the d = 1 case of the Proposition gives

E (/Ol{h(t, Wi(t) + «) — h(t, Wl(t))}dt) < CP(p/2)!|af?

and then the required result follows by averaging over Wy, --- Wj.

So we suppose d = 1. Given a Borel function g on [0,1] x R with |g] < 1 we can find
a sequence of compactly supprted smooth functions g, with |g,| < 1, converging to g a.e.
on [0,1] x R. Then g,(t,W(t)) — g(t,W(t)) a.s. for a.a. t € [0,1], and the same for
gn(t, W (t) + ), so by Fatou’s lemma it suffices to prove the proposition for smooth g. But
then we have g(t, W (t)+z) —g(t, W(t)) = [ ¢'(t, W (t) +u)du and we can apply Proposition
2.2 and Minkowsi’s inequality to conclude the proof of Proposition 2.1.

What we in fact need is a scaled version of Proposition 2.1 for subintervals of [0,1]. For
s > 0 we denote by F; the o-field generated by {W(7) : 0 < 7 < s}. Then we can state the
required result:

Corollary 2.6. Let g be a Borel function on [0,1] x R? with |g| < 1 everywhere. Let
0<s<a<b<1andletp(x)= fab{g(W(t) +z)—g(W(t))}dt. Then for x € RY and X\ > 0
we have

P(|p(x)] = NY2[a| |F,) < 2672/
where | = b — a and C 1is the constant in Proposition 2.1.
Proof. First assume s =a =0, b = 1. Let a = (2C?|z|?)~!. Then

00
C(k

'E(p(l')%) < Zak02k|$|2k -9

k=0 k=0
and so P(|p(z)] > Mz|) = P(e®@)” > ey < 9p=aXlal® — 9=2/(2C%)

For the general case, let W (t) = I=/2{W (a+tl)—W (a)}, so that W is a standard Brownian
motion, and let h(x) = g(W(a) + z). Then p(z) = [*/2 fol{h(W(t) + ) — h(W(t))}dt and
it follows from the first part that P(|p(z)| > MY2|z| |F,) < 272"/ The required result
then follows by taking conditional expectation w.r.t. Fs. O

We note that the unconditional bound
P(|p(x)| > N2 [z]) < 26/
follows by taking s = 0. Also in the same way we obtain, for any even p € N,
(8) E(p(z)?|Fs) < CPIP2(p/2)!|x]?

The following lemma will also be needed:

E(eap(x)Q) —

N
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Lemma 2.7. Ifp> 1+ % there is a constant c(p,d) such that is g € LP([0,1] x RY) then
2

E ( / g@,wm)dt) < e(p. D)ol
0
Proof. We have

]E(/ g(t, W (t) dt) = /dt/ds/RM (s,O)g(t, 2)E(s, O E(t — 5,2 — ()d(dz

Now, if ¢ = -2 then [ E(t,2)dz = O(t (@=Dd/2) and p > 1 + ¢ implies (¢ — 1)d/2 < 1, so
the result follows from Holder’s mequahty OJ

3. PROOF OF THEOREM

We now apply Corollary 2.6 and Lemma 2.7 to the proof of the theorem. First we give a
brief sketch of the proof.

Outline of proof. The proof is motivated by the elementary case when f is Lipschitz in
the second variable. In this case, if I = [a,b] is a subinterval of [0,1] and u is a solution of
(4) satisfying

(9) u®)| <a, tel

and (= |u(a)|, then we deduce from (9) that |u(t)] < o' = 8+ L|I|a for t € I, where L is
the Lipschitz constant, i.e. (9) holds with « replaced by «'. If L|I| < 1 it follows that (9)
holds with o = (1 — L|I])7'3, and of course if 3 = 0 this gives u = 0 on I.

We try to copy this argument using Corollary 2.6 as a substitute for a Lipschitz condition.
There are two difficulties: first, Corollary 2.6 is a statement about probabilities and we need
an ‘almost sure’ version, and in doing so we lose something; second, in Corollary 2.6, x is
a constant, whereas we are dealing with a function v depending on ¢t. The way round the
second problem is to approximate u by a sequence of step functions u; and then use

J V@) + ) = FOv @)yt = i [ (FOVE)+ ) = SOV (D) e
~ [vi < o) - }dt+2 /{f )+ (8) — FOV () + w(t) Yot

where wu,, is constant on the interval I, and then to apply the ‘almost sure’ form of the
proposition to each interval of constancy of the terms on the right. Again, we lose something
in doing this, but, as it turns out, we still have good enough estimates to prove the theorem.
In fact, we need two versions of the ‘almost sure’ (nearly) Lipschitz condition, the first to
estimate [{f(W(¢)+u,(t)) — f(W(t))}dt and the second to estimate [{f(W (t)+u1(t)) —
F(W(t) + w(t)) }dt. We also need a third estimate, for sums of integrals of the second type.

The two versions of the ‘almost sure’ nearly-Lipschitz condition are conditions (11) and
(12) below, and the third estimate is (20). In Lemmas 3.1, 3.2, 3.5 and 3.6 it is shown
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that these conditions indeed hold almost surely. Lemmas 3.3 and 3.4 establish a technical
condition (15) needed to justify the passage to the limit as [ — oo (which is not trivial
when f is not continuous). With these preliminaries the above programme is carried out in
Lemma 3.7. The analogue of (9) above is (25). We no longer immediately get a« = 0 when
B =0, but we get a good enough bound to prove the uniqueness of the solution to (1), for
any W satisfying (11,12,15,20).

We now turn to the details.

For any n > 0 we can divide [0,1] into 2" intervals I, = [k27", (k + 1)27"], k =
0,1,2,---,2" — 1. We shall also consider dyadic decompositions of R?, and say = € R?
is a dyadic point if each component of x is rational with denominator a power of 2. Let
Q = {z € R : ||z|| < 1}, where ||z| denotes the supremum norm max;<;<q|z;|. We also
introduce the notation

o) = / {g(W () + ) — g(W(t))}dt
and
() = o) — oui(y) = / (W () +2) — g(W(t) + y)}dt

Then we can state:

Lemma 3.1. Let g be a real function on [0,1] x R? with |g(t, z)| < 1 everywhere. Then with
probability 1 we can find C' > 0 so that

1 1/2
(1) pui(z,v)] < c{nm (1o ) }2"% ~y]

for all dyadic x,y € Q and all choices of integers n,k withn >0 and 0 < k < 2" — 1.

Proof. Let us say that two dyadic points z,y € R? are dyadic neighbours if for some integer
m > 0 we have ||z —y|| = 27™ and 27™x,2 ™y € Z%. Then using the Corollary 2.6 we have,
for any such pair z,y € () and any n, k that

P (| pni(, )| > A(n'/? 4+ ml/2)27m=n/2) < Ope=CaVnam)
and by summing over all possible choices of n, k, m, z,y we find that the probability that
|puk (2, )| > A(R/? 4+ mt/2)2—m—n/2

for some choice of I,; and dyadic neighbours z,y € @ is not more than
SO0 S0 2n3dodmE3) 0y o= C2A(14mn) wwhich approaches 0 as A — oo.
It follows that, given € > 0, we can find A(¢) such that, with probability > 1 — ¢, we have

|pnk(x; y)| < )\(1 + n1/2 + m1/2)2_m_n/2

for all choices of n, k and dyadic neighbours in Q.
Next let z,y be any two dyadic points in (), and let m be the smallest non-negative integer
such that ||z — y|| < 27™. For r > m, choose z, to minimise ||x — z,|| subject to 2"z, € Z¢,
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and y, similarly. Then ||z, — Y| =27 or 0, and for r > m, ||z, — z,41|| =27 or 0. So
Tm,Ym are dyadic neighbours or equal, and the same applies to z,,x,.1 and y,,y,+1. Then
we have

pnk($a ?J) = pnk’(xma ym) + Z Pnk(fEr, xm) + Z pnk’(yma yr)

(note that the sums are actually finite, since x,y are dyadic, so that z = z, and y = vy, for
large 7). Then applying the above bounds for the case of dyadic neighbours to each term,
we get the desired result. O

Next we prove a similar estimate for o,;, which is analogous to the Law of the Iterated
Logarithm for Brownian motion.

Lemma 3.2. With probability 1 there is a constant C > 0 such that for alln € N, k €
{0,1,---,2" — 1} and dyadic x € Q we have

(12) (@) < Cnt/227 2 (|| + 277"

Proof. For any integer r > 0 we let Q, = {z € R?: ||z|| < 27"}. Then if m > r the number
of pairs (z,y) of dyadic neighbours in @, with ||z —y|| =27 is < (9 x 2™7")¢ and for each
such pair we have

P(|/)nk(l',y)| Z )\(nl/2 + /m — 7,)27m7n/2) S Cleszx\Q(nerfr) S 0122d(r7m)€702)\267n

for A\ large. By summing over n, 1 <7 < 2" and m > r and all pairs (z,y), we deduce that,
with probability > 1 — C3e= | we have pui(x,y) < A(n'/2 + /m —r)272 for n € N,
1 <r <mnand m > r and all pairs (z,y) of dyadic neighbours in @, with ||z — y|| = 27,
and then, by an argument similar to Lemma 3.1, we get for all n» and 1 < r < n that
onk(T) < CsAn'/22-7=7/2 for all dyadic z € Q,. The required result follows. O

The next two lemmas are used to justify the passage to the limit [ — oo in (10).

Let @ denote the set of @-valued functions u on [0,1] satisfying |u(s) — u(t)| < |s — ],
s,t € [0,1], and let ®,, denote the set of Q-valued functions on [0,1] which are constant on
each I, and satisfy |u(k27") —u(127")| < |k —|27™. Then let &* = d U U, d,,.

Lemma 3.3. Given € > 0, we can find n > 0 such that if U C (0,1) x R? is open with
|U| < n, then, with probability > 1 — €, we have fol xu(t, W(t) +u(t))dt < e for all u € O*.

Proof. Fix € > 0. By Lemma 3.1 we can find K such that, for any Borel function ¢ on
0,1] x R? with |¢| < 1 everywhere we have with probability > 1 — ¢/2 that

(13) {6V (E) + 7) — (W (1) + y)}dt < Kn'/22-5/2

Ign

for all pairs of dyadic points z,y in ) and all choices of n, k. Then we choose m such that
AK Y00 nl/227n/2 < e Let Q be a finite set of dyadic points of @ such that every x € Q
is within distance 27 of some point of (2.



UNIQUENESS OF SOLUTIONS OF STOCHASTIC DIFFERENTIAL EQUATIONS 13

Provided § is chosen small enough, any bounded Borel function ¢ on [0, 1] X RY with
Dl Lo (0,1 xmay < 6 Will satisfy
€

P ( /Imk o(t, W (t) +w>dt‘ > 2m6/4> ST ))

for each k,x. Then the probability that

/ b(8, W (1) + )t

is at least 1 —¢/2.

Now let 7 = 0P, and suppose U is open with m(U) < n. Let (¢,) be an increasing sequence
of continuous non-negative functions on [0, 1] x R? converging pointwise to xy. Note that
then ||¢,|| zr(jo,1jxre < 6. For each r define events A,: (14) holds for ¢ = ¢, and B,: (13)
holds for ¢ = ¢,. Then P(A,) > 1—¢/2 and P(B,) > 1 —¢/2. Also, when A, and B, both
hold, we have [, ¢, (t, W(t) + x)dt < 27™¢/2 for all x such that |z| < 2.

Now let u € ®*. For each n > m choose u,, € ®,, taking a constant dyadic value within
27" of u(k2™") on L for k= 0,1,---,2" — 1. Now if A, and B, hold then [ ¢,(t, W(t) +
U (t))dt < €/2 and

(14) <2 ™e/4 for every ke {0,1,---,2" -1}, z€Q

/ 1{@«(1&, W (t) + un(t)) — dp(t, W (t) + tni (1) }dt| < Kn'/?271/2

from which it follows that fol or(t, W (t) + u(t))dt < e. So if we define the event @, :

fol o (t, W (t)+u(t))dt < e for all u € ¢, then we have P(Q,) > 1 —e¢. But since ¢, 1 > ¢, we
have @),+1 C @,, and it follows that with probability > 1 —e€ we have @, for all r, from which
the result follows, since fol Or(t, W (t) + u(t))dt — fol xu(t, W(t) + u(t))dt by the bounded

convergence theorem. U

Lemma 3.4. If g is a bounded Borel function on [0, 1] xR?, then, with probability 1, whenever
(un) is a sequence in ®* converging pointwise to a limit u € ®*, we have

(15) /O G (6 W (8) + un () dE — /0 ot W () + ult))dt

Proof. Given € > 0, let ) be as in Lemma 3.3, and let A be a bounded continuous function on
[0, 1] xR¢ such that g = h outside an open set U with m(U) < n. With probability > 1—e, the
conclusion of Lemma 3.3 holds, which means that for any convergent sequence (u,,) in ® we
have fol Iy (t, W(t)+u,(t))dt < e, and the same for the limit u(t), so, if M is an upper bound
for |g— h|, we have the bound | [{g(t, W (t) + u,(t)) — h(t, W (t) + u,(t)) }dt| < Me, and the
same for z in place of u,,. Also, since h is continuous, fol h(t, W (t)4u,(t))dt — fol h(t, W (t)+
u(t)dt. It follows that, for n large enough, ‘fol g(t, W(t) + u,(t))dt — fol g(t, W(t) + u(t)dt‘ <
(2M + 1)e, and, since this holds for any € > 0, the result follows. 0
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Note that Lemma 3.4 implies that p,(x,y) and p.x(z) are continuous, so that the esti-
mates of Lemmas 3.1 and 3.2 will hold for all z,y € Q.

We also need a stronger bound for sums of p,, terms than that given by the bounds for
individual terms in Lemma 3.1, and the next two lemmas provide this. They are motivated
by the idea that any solution of (4) should satisfy the approximate equation u((k+1)27") ~
u(k2™") + ok (u(k27")) which suggests that on a short time interval a solution can be
approximated by an ‘Euler scheme’ xy1 = x) + opp(xg).

Lemma 3.5. Given even p > 2 we can find C' > 0 such that, for any choice of n,r € N
with r < 272 k€ {0,1,---,2" — 1} and xo € Q, if we define x1,--- ,x, by the recurrence
relation Ty = Ty + O prq(z,), then

r r—1
P <Z |Prrq(Tg—1,2g)] > 27" {CZ |zq| + )\7’1/2\:150|}> <C\?

q=1 q=0
for any A > 0.
Proof. We use (1, --- to denote constants which depend only on d and p. We write F; for
Fiksjra-n- Note first that z, is F, measurable and E(|oy, k1q(7y)[?|F,) < C127"P/2|z,|P by
(8). Hence E|oy, 4iq(24)[P < C127"/2E|z,|P. Tt follows that E|z, [P < (1+Cy/P2-"/2)PE|z,|P
and so
(16) Bl < (1+CP27 2P|l < Colao?

for1 <gqg<r.
Now let Y, = |pnirq(®g-1,24)|, Z4, = E(Yy|F,) and X, = Y, — Z,. Then X, is F,1
measurable and E(X,|F,) = 0 so by Burkholder’s inequality

E| qu’p < C3E(Z X{?)p/2 < CBrp/%l]EZ |Xq|p < C4rp/2—1 ZE(qu)

g=1

< CorPP71 2N " R|ny — wga|” = Cor”? 71272 "Elog kg1 (zg-1) [P

S C’67’p/2_12_”p Z E|[Eq_1|p

q=1
from which we deduce using (16) that
(17) E| > X,|P < Cor/227 P

q=1

Also let V, = E(Z,|F,_1) and W, = Z, — V,. Noting that Z, < Cs27"20,, , 1(r, 1) we get
in a similar way that

(18) E| > W,lP < Cor?/?277P |z P



UNIQUENESS OF SOLUTIONS OF STOCHASTIC DIFFERENTIAL EQUATIONS 15

We also have
(19) Vol < Cro27 VX 4]

Now Y, = X, + W, + V. By (17) and (18) we have P(| >/ _ (X, + W,)[ > 27" Ar2|z|) <
C11 AP and the result then follows by (19). O

Lemma 3.6. With probability 1 there exists C > 0 such that for any n,r € N with r < 2"/4,
any k € {0,1,--- ,2" —r} and any yo, - ,yr € Q we have

r r—1
—3n -n —on/2
(20) > Ionira(a1:9a) < C (2 M gol + 27N gl +277 )

q=1 q=0

where Yg = Ygr1 — Yq — Un,k+q(yq)'

Proof. Let 6, = 9-2"%, By Lemma 3.1, with probability 1 there exists C' > 0 such that, for
any n,k > 0 and any z,y € ), we have

As before, let Q, = {z € R?: ||z|| < 27*}. Then, for integers s with 0 < s < 2"/2 let Q,,,
be a set of not more than (2"d"/?)? points of @, such that every x € @, is within distance
277" of a point of Qs and let 0, = Uy c9-n280s. Let p = 8(4 + d). Then by Lemma 3.5
there is C; > 0 such that the probability that

r r—1
S Pntsaltazg)] = 27 (cl S oyl + wrvw)

q=1 q=0

for some n, 7, k as in the statement and some zy € ©,, is bounded above by O >°°° | A7P2n(3+d)g—pn/8
which approaches 0 as A — o0o. Hence with probability 1 there exists C' > 0 such that

r r—1
(22) Z |Prktq(Tg-1,24)] < C27" (Z 4| + 271/87"1/2|$0|>

g=1 q=0

for all n, k,r as above and zy € €2,,.

We now suppose, as we may with probability 1, that (21) and (22) hold (with the same
C). We fix n,k, 7,90 Yr, Y07V as in the statement of the lemma. Take the smallest
s such that yy € Q,, noting that then 2771 < |yo| < d'/227%. Then we find 7y € Q,
with |zg — yo| < 275" < 2'7"|ye| and define @ - -z, by the recurrence relation x,.; =
Tq + Ongrq(Tq). Then by (22)

r r—1
S pnsrala s, )] < G20 (z o + zn/w)

g=1 q=0
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Using (21) we have |z441| = |24+ Oprrq(zy)| < (1 +C’2_”/4)|xq| + 0, 50 |z4| < Cyi(Jzo| +1765)
and

(23) D pnra(Tg-,24) < Co27*(Jzo| +2/15,.)
q=1

Now let ug = zq — yg. Then [ugy1 — tg| < [pnrq(Tq, Yg)| + |74l sO
[ugea] < Jugl (14 C27%) + || + 0
and since |ug| < 2'7"|yo| we deduce that |u,| < C3(27"|yo| + 70, + 22;(1) 174]) and so

r—1
(24) |Pnjerq(Tq, Yg)| < Cy27"/* (2_n|yO| + 700 + Z |'7q|>

q=0
and we have the same bound for |pp, j+q(24-1, Y4—1)|. Now

Pn,k—i—q(yq—la yq) = pn,k—l-q(xq—la xq) + Pn,k+q(yq—lv Iq—1> + pn,k+q(xqa yq)

and then using (23), (24) and the fact that |z — yo| < 2'7"|yo| we deduce that

r r—1
S pukra (a1, vl < Cs (23”/4\y0| + 2743 |y + 2”%)

q=1 q=0

from which the result follows. O

We now proceed to complete the proof of the theorem. From now on we take g = f in
the definition of o, and p,,. We consider a Brownian path W satisfying the conclusions of
Lemmas 3.1, 3.2, 3.6 and 3.4 for some C' > 0. We shall show that for such a Brownian path
the only solution u of (4) in ® is u = 0. This will follow from the following:

Lemma 3.7. Suppose W satisfies the conclusions of Lemmas 3.1, 3.2, 3.6 and 3.4 for some
C > 0. Then there are positive constants K and mg such that, for all integers m > my, if u
is a solution of (4) in ® and for some j € {0,1,--- 2™ — 1 and some [ with 92" < g <
272" we have [u(j2-™)| < B, then

u((G +1)27™)] < 5{1 + K27" log(1/5)}

Proof. We use C,Cy, --- for positive constants which depend only on the constant C' and
the dimension d. Fix m, j and § as in the statement, and suppose |u(j27™)| < . Let N be
the integer part of 4log,(1/3). Suppose u € ® satisfies (4), and let u,, be the step function
which takes the constant value w(k2~") on the interval I, for £ =0,1,--- ,2" — 1.
Let a be the smallest nonnegative number such that

(j+1)2n—m—1

(25) > fu((k+1)27) —u(k2™)| < a2 ™ (n!/?2"/2 4+ N)
k:jznfm

for all n with m <n < N.



UNIQUENESS OF SOLUTIONS OF STOCHASTIC DIFFERENTIAL EQUATIONS 17

For n > m let

(j+1)2n—m—1

(26) Yo=Y [uk2)

k=j2n—m
Then by (25)
¢” < 2¢n—1 + a2_m(n1/22n/2 + N)

for n > m,and since 1, = [ it follows that

(27) Yo K2R 4 Y a2 (V2 4 N) < 0127 (B4 a27N)

l=m+1

for all n with m < n < N, where we have used the fact that m!/?2"/2 is bounded by const.N.
Now fix n > m. Then for k = j2"™, ... (j + 1)2"™ — 1 we have, using (15)

e+ 1)27) — a2 /{f +ult) = JOV ()

{F(W(#) + un(t)) = t))}dt + Z )+ (b)) — F(W(E) + w(t)) pdi

Ikn Ikn

which we can write as

(28)
oo (k+1)2i=m—1
u((k+1)27") —u(k2™) = opk(u )+ Z Z P (w2720 + 1)), u(27!r))
=n  r=k2l-n

from which we deduce

(j+1)2n -1 (j+1)2n -1 o
(29) > k12 —uk2 )< > Jow(uk2T) [+ >

k=j2n—m f=j2n—m I=n

- l—m _
where @ = 32U 02 " | g (w(271 120 + 1)), u(270)) .

We now proceed to estimate the two sums on the right of (29), starting with the easier o,
term. Using Lemma 3.2 and the fact that N < 2™, we have |0, (x)| < Con/2277/2(27N 4 |z|)

and so

2 ™ (+1)2n-m—1
Z ’Unk(u(k2_”))| < Oy Z n1/22—n/2(2—N + |U(k’2_n)D
(30) k=jon—m PR —
< Cyn'?2"2 (B + 27" Na+27)
using (27).

Next we bound > €, which we do in two stages. We first obtain a relatively crude
bound by applying (11) to each term, and then obtain an improved by applying the crude
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bound together with Lemma (3.6). To start with the crude bound, from (11) we have
|poi(z,y)| < C3272NY2(27N 4 |z — y|) and using this together with (25) gives

(31 Q < C27 AN a2 (1222 4 N}
and so
N
(32) D < GNP N 4 027N
l=m

For | > N we use |u(t) — u(t')| < |t — /| and (11) to obtain

I=N+1 I=N+1

and combining this with (32) we obtain

(34) D < Cy(NY227m N2 4 027N

l=m

The second stage is to improve the estimate (34) by applying Lemma 3.6 to obtain a
better estimate for €, for larger n; we use (34) to bound the 7 term in Lemma 3.6.

Let NY/¢ <n < N. We define v,; = u((k+1)27") — u(k2™™) — 0,1 (u(k2™™)), noting that
(28) implies that

(1271 %0
(35) ST Iyl €D < Cy(NV22TmN2 a7 N?)
k:j2n77n l:n
Also we define
(+D2n=m—1
A= > pakn 27k 27 (k + 1))
k=jon—m

so that €, < A,41. Let 7 = [2/4]. In order to apply Lemma 3.6 to estimate A,,, we will
split the sum into r-sized pieces. First we find i € {0,1,--- ,r — 1} such that, writing s =
|1 (2™ —4) |, we have Y 7, [u(j27™ + (i +tr)27")| < r~'4),. Now we fix for the moment
t € {0,1,---,s} and apply Lemma 3.6 with y, = u((k + ¢)27") where k = j2"™™ + i + tr.
We obtain

T r—1
—3n —n —n —on/2
> pnera Va1, va) < Co (2 PR 4 27 kgl + 277 )

g=1 q=0
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Summing over ¢ then gives

(j+1)2n~m—1

Z |pn+1(27"k, 27" (k 4+ 1)) §092_3”/4 Z lu(j27™ 4 (i 4 tr)27")|
k=j2n=m i =0
(j+1)2n—m—1
+Co [ +27 " s 2

k=j2n—m4i

Also

T J2nTmi—1

S o @27+ 1) < Co | 27 2T+ 27 Y ] 027
S k=j2n-m

From the last two inequalities, using (27), (35) and |u(j2~™)| < 3, we find that

An S 010{27171(5 + Oé27mN) + Qfmfn/4<Nl/227N/2 + OéN2) + 2n—2”/2}
Since n > N6 the first term dominates so A,, < C1127™(f 4+ a27™N), and the same bound
holds for 2, < A, ;1. We deduce that

Z Ql S ClgNQ_m(ﬁ + OéNQ_m)
N1/6<I<N
Using the original bound (31) for I < N/ we have
ST GNP NN g (N iy
m<I<N1/6

Combining these two estimates with (33) we get our improved bound.

D < Cu{N2"(B+ aN2™™) + a2 "N 4 2782 NE/2)y

l=m
To conclude the proof we use this bound along with (30) in (29) and obtain

(j+1)2n—m—1
> (ul(k+1)27") —u(k27")| <Ci5(n'/?27> + N2

k=j2n—m
X {B+ (N2 + N~V4 L omm/2N1/2)}
for all n with m <n < N. Comparing this with (25) we see by the minimality of o that
a < Cis{f + (N2 + N~V L o=m/2N1/2)}

Then if m is large enough to ensure Cy5(N2™™ + N~V/* 4+ 27™/2N1/2) < 1/2 it follows that
a < 2C1583. Then applying (25) with n = m gives |u((j + 1)27™)| < 8 + 2058(m!/?2m/% +
N)27™ < B(1 + C1gN2~™) from which the required result follows. O
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To complete the proof of Theorem 1.1, using the notation of Lemma 3.7 let m > my
and By = 272" and define §; for j = 1,2,---,2™ by the recurrence relation ;1 =
B;(1+ K27 log(1/6;)). Writing ~; = log(1/3;) we then have

Vi1 = — log(l + K27™v;) = 7;(1 — K277)
so the sequence (v;) is decreasing and
v = 70(1 = K27 > qpe K1 = 93m/4, =K1 5 92m/3
for all j = 1,2,---,2™, provided m is large enough. Then for each j, §; is in the range

specified in Lemma 3.7, and it follows from that lemma by induction on j that |u(j27™)| < g,

for each j. Hence |u(j27™)| < 2-2""* for each j. This holds for all large enough m, and
hence u vanishes at all dyadic points in [0,1], and, as w is continuous, u = 0 on [0,1]. This
completes the proof of the theorem.

4. AN APPLICATION

We give an application of Theorem 1.1 to convergence of Euler approximations to (1) with
variable step size.

In this section we assume f is continuous and consider (1) on a bounded interval [0, 7.
Given a partition P = {0 = tp < t; < -+ < ty = T} of [0,7] we consider the Euler
approximation to (1) given by:

Tpi1 = Ty + Wtna1) — W(tn) + (tns1 — t) f(tn, x2)
forn=20,---, N —1, with zo = 0. For such a partition P we let 6(P) = max’_(t, — t,_1).
Then we have the following:
Corollary 4.1. For almost every Brownian path W, for any sequence
Pe= 1t 1y}
of partitions with §(Py) — 0, we have
N,

i [ — 2(1)] — 0

as k — oo, where x(t) is the unique solution of (1) and {$$Lk)} is the Euler approrimation
using the partition Py.

Proof. Suppose W is a path for which the conclusion of Theorem 1.1 holds, and suppose there
is a sequence of partitions with §(P;) — 0 such that max™*, |z%) — 2(t%)| > § > 0. Then if
we let ul) = 2 —W(t,(zk)) we have \ugﬁl —u%k)\ <|If Hoo(tff“_@l —tg{)) so by Ascoli-Arzela, after
passing to a subsequence we have a continuous u on [0, 7] such that max)*, |u£lk) — u(t%k))| —
0. Then writing y(t) = u(t) + W (t) we see that y # x and, using the continuity of f, that y
satisfies (1), contradicting the conclusion of the theorem. Corollary 4.1 is proved. O
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The point of Corollary 4.1 is that the partitions can be chosen arbitrarily, no ‘non-
anticipating’ condition is required. For general SDE’s with non-additive noise and suffi-
ciently smooth coefficients Euler approximations will converge to the solution provided the
partition points t,, are stopping times, but this condition is rather restrictive for numerical
practice, and an example is given in section 4.1 of [1] of a natural variable step-size Euler
scheme for a simple SDE which converges to the wrong limit. [1] also contains related results
and discussion.
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