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Abstract. We are concerned with the uniqueness result of positive solutions for
a class of quasilinear elliptic equation arising from plasma physics. We convert a
quasilinear elliptic equation into a semilinear one and show the unique existence
of positive radial solution for original equation under the suitable conditions on
the power of nonlinearity and quasilinearity. We also investigate non-degeneracy

of positive radial solution for converted semilinear elliptic equation.
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1. Introduction
In this paper, we consider the following quasilinear Schrodinger equation:

0z

g = —Az — |2|P7 2 — KA(2]Y) 2|22, (¢, ) € (0,00) x RY, (1.1)

where kK >0, « > 1, N > 1 and p > 1. Equation (1.1) with o = 2 derives from a superfluid
film equation in plasma physics, which was introduced in [5, 13]. We are interested in the
standing wave solution of the form: z(t,z) = wu(x)e™, XA > 0. Then we obtain the

following quasilinear elliptic problem:

—Au 4+ M — sA(u|*) |u|*?u = [uP"lu in RY. (1.2)
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Equation (1.2) has a variational structure, that is, one can obtain solutions of (1.2)

as critical points of the associated functional J defined by

1 1
J(u) = —/ (V| + \u? dz + i/ |V |u|*? dz — —/ lu[PT! dx

2 2c +1
1 1
= - / \Vu|? + \u? dz + %/ \Vul?|u|** "2 de — —— lu|Pt dx. (1.3)

We remark that nonlinear functional /

R
except for N = 1. Thus the natural function space for N > 2 is given by

|Vul|?|u[**? dx is not defined on all H'(RY)
N

X = {uec H'®); / Va2 da < oo} (1.4)

R

Existence of a positive solution of (1.2) has been studied in [1, 7, 14, 15, 18|. The purpose
of this paper is to study the uniqueness of the ground state solution of (1.2).
To state the existence of a ground state solution, we use the following notation. We

define the ground state energy level and the set of ground states by
m = inf{J(u); J'(u) =0, u € X \ {0}},
G :={we X\ {0}; J(w) =m, J'(w) =0}

In [1] and [16], they showed the set G has at least one element which is positive, radially
symmetric, decreasing with respect to r = |z| and has the exponential decay. To prove the
uniqueness of ground states, we need more precise properties on ground states. Actually

we have the following result which was obtained by [8] for the case a = 2.

200 — 1)N + 2
(aN_)2+ for N > 3,

l1<p<oofor N=1,2. Then G # () and any w € G satisfies the following properties:
(i) w e C*(RYN,R).
(i) w(x) > 0 for all z € RY.

)
(iii) w is radially symmetric: w(z) = w(|x|) and decreases with respect to r = |x|.
)

Theorem 1.1. Let A > 0, K > 0, a > 1 and 1 < p <

(iv) There exist ¢, ¢’ > 0 such that
N_1 —1 0
lim eVXel(z + 1) w(@) = ¢, lim e (r+ 1) 50 = .
|J¢‘—>OO T—00 arr

When N = 1, the uniqueness of ground states was already studied in [8]. The main
purpose of this paper is to give the uniqueness result for N > 2. Now Theorem 1.1 implies
that

G C {u € X NC? uis a positive radial solution of (1.2)}.
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We show that the set of positive radial solutions consists of just one element if we assume

additional conditions on k, A, a and p. Our main result is the following

Theorem 1.2. Assume N >3, a>1, a—1<p<3a—3 and

a—p P 202
< KA Pp-1 .,
max{a(p—l)’ a<3a—p—3>}—” 1

Then (1.2) has at most one positive radial solution. Hence the ground state solution of

(1.2) is unique.

As we will see later, we need a stronger assumption when N = 2. For detailed
conditions on k, A, a and p, see Lemma 4.3 below. We obtain the following sufficient

conditions for the uniqueness of positive radial solutions in the case N = 2.

Theorem 1.3. Suppose N =2, a > 2 and 2o — 1 < p < 3a — 3. Then
(i) For every fixed k > 0, there exists A\g > 0 such that if A > \g, then (1.2) has at most
one positive radial solution.
(ii) For every fixed A > 0, there exists ko > 0 such that if k > kg, then (1.2) has at most

one positive radial solution.

To prove Theorem 1.1-1.3, we adapt dual approach as in [1, 7]. More precisely, we
convert our quasilinear equation into a semilinear equation by using a suitable translation
f. We will see that the set of ground states G has one-to-one correspondence to that of
the semilinear problem. This enables us to apply the uniqueness result [9, 12, 17, 19] for
semilinear elliptic equations.

This paper is organized as follows. In Section 2, we introduce the dual approach and
prove Theorem 1.1. In Sections 3 and 4, we study the uniqueness for N > 3 and N = 2
respectively. Finally in Section 5, we study the non-degeneracy of the ground state solution

of the semilinear problem.
2. Dual approach and Proof of Theorem 1.1

In this section, we prove Theorem 1.1. Firstly we show the following Pohozaev-type

identity.

Lemma 2.1. Let u € X be a solution of (1.2). Then u satisfies the following identity:

P(u) := N (Vul? + ko Vul|?|u]?* 2 de + 5/ uldr — " u[P dz

= 0. (2.1)



Proof. For ¢t > 0, we put u;(z) = u (%) Then we have

Vug|* doe =tV 2 Vul? dz, u?dx =tV u? dz,
t
/ V| ug 72 do =tV / |Vl [uf>*72 da, / [P do = Y / u|P T da.

d
If u is a solution of (1.2), then EJ(W)‘ = 0. From this equality, we obtain (2.1). i
t=1

Next we convert (1.2) into a semilinear problem as in [1, 7]. Let f be a function
defined by

= / V1 + kat22—2 dt.
0

Then f is positive, monotone, convex and C™ on (0,00). For s < 0, we put f(s) = —f(—s).
Since f is monotone, we can define the inverse function f. Then f satisfies the following
ODE:

F) == a:f(8>2a_2 on s €[0,00), £(0)=0. (2.2)
From (2.2), we can observe that
£1(s) = —rafa ~ D51y = @ - )L — @ -, 23)

f"(s) = %{4(04 = D)7 = (6a = 5)(a = 1)(f)° + (e = 1)(2a = )(f)°}. (24)

The next two lemmas play important roles in Sections 3-5.

Lemma 2.2. f(s) satisfies the following properties:
(i) f(s) <s, f'(s)€(0,1], f"(s) <0 for all s > 0.
(n)é F(s) < s'(s) < f(s) for all s > 0.

(iii) < SJ;EZ))' > 0 for all s > 0.

Lemma 2.3. It fOHOWiS
oo f(s) oz f(s)
(i) lim —* = (;) , lim =1.

§—00 ga s—0 S8

(i) Tim L) — é (%ﬁ

§—00 g7 K

iii) lim f(s)
) B Spis) =

For the proof of (i) and (ii) of Lemma 2.2 and Lemma 2.3, we refer to [1]. Here we

give the proof of (iii) of Lemma 2.2.



Proof. By (2.3) and (ii) of Lemma 2.2, we have

(55) = (ot = 1= 1"

sf')  (sf)?
1 / / 1
> W(S(f )2 = s(f)? —sff")
_ 1—(f")?
Sapp e T
Since 0 < f’/ < 1 for all s > 0, we obtain the desired inequality. |

Using the function f, we consider the following semilinear problem:

—Av+Af(0)f'(v) = [f()P f(0)f'(v) n RY. (2.5)
The functional associated to (2.5) is defined by
_! v|? v)? dx — L v) [P da
10)= 5 [ Va0 de — e [ e

From Lemma 2.3, we can see that I is well-defined on H(RY) (see [1, 7] for the proof).
Moreover we have the following relation between (1.2) and (2.5), which was already shown

in [1, 7]. For the sake of completeness, we give the proof.

Lemma 2.4. Suppose v is a nontrivial critical point of I and v > 0. Then u = f(v) is a

positive solution of (1.2).

Proof. We can easily see that if v € HY(RY) is a nontrivial critical point of I(v), then
v is a solution of (2.5). By standard elliptic regularity theory, we see that v € C?(RY).
Moreover v > 0 implies . > 0. Since f € C°°(0, ), we also have u € C?(RY).

For v = f(u), we have

’201—48
f(s) = :
1 + Kkas|?>—2
Thus we have
koo — 1)|u|?e—4

" IVu|? + /1 + kalul22—2Aw.

B \/1 + kaju|?*—2



From (2.5), we can observe that u satisfies
—Au — ra|ul?*7?Au — ra(a — 1)|ul?* u|Vul? + A = |[u|P~ . (2.6)

Now u > 0 implies |u|® € C?%. Then it follows from

A(Ju|®) = div (au|* *uVu)
= alu|* 2ulu + Vu - V(a|u|* ?u)

= alu|*2ulu + ala — 1) |u|*?|Vul?

that
A(u]®)|u|*2u = alu** 2 Au + a(a — 1) |u)** | Vul?. (2.7)

Thus from (2.6) and (2.7), we see that if v is a nontrivial critical point of I and v > 0,

then u = f(v) is a positive solution of (1.2). i

Remark 2.5. If a > 2, then f € C?[0,00) and |f(v)|* € C? for any nontrivial criti-
cal point v of I. Thus Lemma 2.4 holds for any nontrivial critical point (possibly sign-
changing) of I if o > 2.

Lemma 2.4 tells us that we have only to show the existence of a positive solution
of (2.5) in order to find a positive solution of (1.2). However to show the existence of a
ground state solution, we need more informations on the relation between (1.2) and (2.5).

Actually we have the following relations.

Lemma 2.6.
(i) It follows X = f(HY(RY)), that is, X = {f(v);v € HY(RN)} =: Y.
(ii) For any v € HY(RY), we put u = f(v). Then it follows J(u) = I(v).

Proof. (i) First we show Y C X. For v € H(R"), we put v = f(v). Then we have

1
1 +lia\f(v)|20‘—2|

V@) = If'(0)IVof® = Vul?.
By (i) of Lemma 2.2 and (2.2), we obtain

/ IVul? 4+ u? do + IiOé/ (Vul?|ul** 2 dx = / (V| + f(v)?dz < O|v||3: < oo.

Thus it follows Y C X.



To show X C Y, it suffices to show f(u) € H'(RN) for all u € X. For u € X, we put

v = f(u). Then it follows
/ |Vo|? dx = / () (w)|?|Vu|? da = / (1 + ralu**~?)|Vu|* dz < co.
RN RN RN
Next by (i) of Lemma 2.3, it follows
f(s)

lim 1(s) =1, lim =c

s—0 8 s—oo 8§¢

for some ¢ > 0. Thus there exist constants C;, C5 > 0 such that
f(s)] < Cixs<1l8| + Cax|s|>1]5]" for all s € R.
Then we have

2N«

v[* < Cixpui<t|ul® + Caxjus1|u>* < Crlul* + Colu| N2,

By Sobolev’s inequality, we obtain
N

/ |v|2dx§C'1/ |u|2dx+C'2/ |u|% dx
RN RN RN
N -2

< 01/ ul? dx + CY </ o?|Vul?|u|** 2 dx> < 0.
RY RN

Thus it follows X C Y and hence X =Y.
(ii) We substitute w = f(v) into J(u). Then from (2.2), it follows

1 RO
J(u) =5 \ 2 Nf(v)de + —— \V4 2 20-2
=g [ VIO AR+ S [ P
el LA
B %/RN Vol (1 + wal @) @) + A (0)° do - zﬁ /RN F@)[* da
_ 2 2 2, 1 1
_2/RN Vo|* + Af(v)*dx ) RN‘f(U)|p+ da
= 1(v).
and we obtain (ii). :

Now we are ready to prove Theorem 1.1.
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Proof of Theorem 1.1. We argue as in [8]. By the results due to [3, 4, 11], there exists
w € HY(RY) such that w > 0, radial and

I(w) = inf{I(v); I'(v) = 0, v e H*(RY)\{0}}.

By Lemma 2.4, w = f(w) satisfies J'(w) = 0. We claim that w € G.

Indeed we define

. N-2

P) =" [ Vol e+ A /RN f(0)de — —— /RN PP da, ve HY(RY).

2 p+1

Then it follows P(u) = P(v) for u = f(v) where P(u) was defined in (2.1). Moreover @
can be characterized by
weA:={ve HRY); Pv) =0}, I(d)= iggl(v).

Now let u € X be a nontrivial critical point of J. Then from (2.1), we have

1
J(u) = N /N (Vul? + ak|Vu|?|u]**~? dz
R

1 2 K 2
= — d — Y dz.
N RN\Vu| x+aN /RN\VM |“ dx

By the pointwise inequality |V]u(x)|| < |Vu(x)| a.e. z € RY, it follows

J(u) = J(lul) = I(f(lul)).

If N =2, then (2.1) implies P(|u|) = 0 and hence P(f(Ju|)) = 0. Then we obtain

J(u) 2 I(f(lu])) = I(@) = J(w).

If N > 3, we distinguish cases P(|u|) = 0 and P(|u|) < 0. If P(Ju|) = 0, then we have
J(u) > J(w) as in the case N = 2. Suppose P(|u|) = P(f(|u])) < 0. We put o = f(|ul)

and define ¥g(z) = v (%) for 6 € (0,1). We can see that there exists 6y € (0, 1) such that

P(vg,) = 0, that is, g, € A. Then we have
91\7—2
I(tg,) = -2
(,UGO) N RN
gN 2 K
= ON VIul? + = |V]ul*|* dz
RN (6%
0l 2

|Vo|? da

<
N Jon

= 02T (u) < J(u).

V)2 + 2V |2 da
[0
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Since vy, € A, we obtain
J(u) > I(vg,) > I(w) = J(w).

This implies w € G.

Next we show that if w € G, then |w| € G. If P(Jw|) < 0, then we get

J(w) > 1(vg,) = J(w).

This is a contradiction. Thus it follows P(|w|) = 0. Arguing as above, we obtain J(w) =
J(|Jw]). This implies |w| € G.

Next we show properties (i)-(iv).

(i) We can see if w € G, then w € L (RY). By the elliptic regularity theory, it
follows w € C?(RY).

(i) Since |w| € G for any w € G, it follows w > 0. We put @ = f(w). By the maximum

principle, we have w > 0. This implies w > 0.

(iii) We observe that if w € G, then w = f(w) is a ground state solution of (2.5). In
fact for any nontrivial critical point u of J, v = f (u) is a nontrivial critical point of I.

Then by Lemma 2.6, we have
I(v) =J(u) >m=J(w) =I(w).

This implies @ is a ground state solution of (2.5).

By the result of [6], any ground state solution of (2.5) is radially symmetric and
decreasing with respect to r = |z|. We can easily see that w(z) = w(|z|) if and only if
w(z) = f(w(x)) satisfies w(x) = w(|z|). Thus claim (iii) holds.

(iv) Let w € G and w = f(w). From (ii), @ is a positive radial solution of (2.5). Then

by the standard comparison principle, it follows
|D* ()| < ce 0l for all § € (0, V), z € RN, |k| <2 and some ¢ > 0.
By Lemma 2.2, we can see that
|D*w(z)| < ce 0%l for all § € (0, V), z € RN, |k| < 2 and some ¢ > 0.
Thus for |z| > 1, we have
—Aw + Aw < ce POl | pe—(2a—1)d]z]
Since 2o — 1 > 1 and we can take ¢ arbitrarily close to v/, it follows
—Aw+ Mw = o(G(x)) as |z| — oo,

where G is the fundamental solution of —A-+AI. Then by Gidas-Ni-Nirenberg’s asymptotic
result [10], we obtain (iv). i

Next we give a relation on the sets of positive radial solutions of (1.2) and (2.5).
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Lemma 2.7. It follows

{fuec XNC*RY); J'(u) =0, u>0, u(z) =u(|z|)}
— f({ve B AC?RY): T(0) =0, >0, v() = vl2])}).

Proof. By Lemma 2.4, we know that
{fue XNC*RY); J'(u) =0, u>0}D{f(v); I'(v) =0, v >0, ve H NC*RM)}.

Suppose the equality does not hold. Then there exists ug € X such that ug is a positive
solution of (1.2) but ug # f(v) for any positive solution v € H}(RY) of (2.5).

On the other hand by (i) of Lemma 2.6, we know if ug € X, then there exists vy such
that up = f(vg). Since ug is a positive solution of (1.2), we can see that vy is a positive

solution of (2.5). This is a contradiction. Thus we have
fue XNC*RY); J'(u) =0, u>0}={f(v); I'(v) =0, v>0, ve H NC*R")}.

Finally we can easily see that u(z) = u(|z|) if and only if v(z) = f(u(x)) satisfies v(z) =
v(|x]). i

Lemma 2.7 tells us that if (2.5) has at most one positive radial solution v, then (1.2)
also has at most one positive radial solution u = f(v). Thus we have only to study the

uniqueness of the positive solution of semilinear problem (2.5).
(2a —1)N +2
N -2

Finally in this section, we give the non-existence result for p > , which

is an easy consequence of the Pohozaev identity.

20 — 1)N + 2
Theorem 2.8. Suppose p > (2a N ) 5 i . Then (1.2) has no nontrivial solution u € X.
20 — 1)N + 2
Proof. Suppose u € X is a nontrivial solution of (1.2) and p > (22 N ) 5 i . From

J'(u)u = 0, we have
/ IVu|? + Mu? + ka?|Vul?|u]** 2 do — / lu|Pt dz = 0.
RN RN

On the other hand, u satisfies (2.1). Then we obtain

(a—l)(N—Q)/ |Vu|2dx+ (a—l)N+2/ N2 d
2a RN 20 RN

N N-2
- <p+1 T T2 )/U“'pﬂdf’;‘
R
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Since the left hand side is positive, it follows

N N-2 (2a — 1)N +2
— 0, that i .
Pt 1 o > U, at 1s, p < N —2
This is a contradiction. |

3. Uniqueness of positive radial solutions for N > 3

In this section, we study the uniqueness of the positive radial solution of (2.5). We put

g(s) = f(8)Pf'(s) = Af(s)f'(s) for s > 0 and K (s) := % (3.1)

We apply the following uniqueness result due to Serrin and Tang [19].

Proposition 3.1 [19]. Suppose that there exists b > 0 such that
(i) g is continuous on (0, 00), g(s) < 0 on (0,b] and g(s) > 0 for s > b.
(i) g € C(b,00) and K (s) <0 on (b, c0).

Then the semilinear problem:
—Au=g(u) in RN, >0, u— 0 as |z| — oo, u(0) = maxu(z)
has at most one positive radial solution.
Now we can see that g defined in (3.1) is of the class C'[0, o) and
9(s) = 0= [} (s) = A= s = [ (AT).

We put b := f_l()\ﬁ). Since (s — b)g(s) = (s = b)ff'(fP~1 — \), we can see (i) of
Proposition 3.1 holds.

Lemma 3.2. Assume o —1 < p < 3a — 3 and

a—p p 2a-2
< KA -1, 3.2
m“{a@—n’a@a—p—a}—” (3.2)

Then g satisfies (ii) of Proposition 3.1.

Proof. We observe that

Ky(s) =



Thus we have only to show that sg”g + ¢’g — s(g')? < 0 for s > b.

Firstly we compute ¢’ and ¢g”. It follows

g(s) = 2 = M = (P =),
g(s)=@=DfP 2+ PP =N+ L=,
g'(s) = (= D22 + 20— DFF 20 (= N+ (0= DS
+ T =N T =N+ (o= DT
= p(p — D) FP2(F)° + 30— DL+ 35 (P = )+ fF(fPTE ).

Then we have

sg"9+9'g—s(g')’
= (P = N2 (P2 s F ()2 = () = s P2+ PP+ P )
+ (P =N =D (0= 2)s(f)? +sf "+ [ )
—(p = 1)%s P2 ()"
Next we express sg”g + ¢g'g — s(g’)? in terms of f and f’ and regard as a polynomial
of f7=1 — X\. From (2.3) and (2.4), we have
s9"9+9'g - s(g')?
= (" =N ((a =D —4(a—=1)%sf° +3(a = 1)%sf® + (o = 2) [P (asf' - [))
- =N (0 —a=Dsf + (a=1)sf° + [ [7)
(o1
Now we use
(F77 = NP = (P = AP N = (P AR A ),
FP = (P = N2 2P = A = (P N2 2P =) AR

Thus we obtain

sg"g+9'g—s(g')’

= (P =22 ((a=Dff° —4(a=1)%sf° +3(a—=1)%sf" + (« = 2) [P (asf = [))
+ =D (" =2+ AT =N) (p—a=Dsf* + (a=1)sf° + ff7)
— (=12 (P =227 = M)+ A) s

= (P =N ((a=Dff° —4(a—=1)%sf° +3(a—1)sf® + (a = 2) f*(asf — [)

+p—Dp—a-Dsf*+@p—-D(a—-Dsf+@-1)ff°—(p—1)>sf")

12



+FAp =D =N ((p—a—D)sf* +(a—=1)sf"+ ff° = 2(p — 1)sf")
- N (p—1)°sf"
= (PP = N ((a=Df° (f — (da—p=3)sf' +3(a = 1)sf®) = (p— a+ 1) f*(asf' - [))
+Ap -1 =N (—(a+p—Dsf + ff°+ (a—1)sf°)
—N(p—1)%sf"
= (fP71 = N)2Hi(s) + AMp — D" = A Ha(s) = A (p— 1)*s . (3-3)

First we study the sign of Hy(s). It follows

Hy(s) = f2{~f'(asf' = ) = (0= 1) = (@ = 1)f?) sf"}.

From Lemma 2.2, we know that asf’ — f > 0 for all s > 0. Moreover from the fact that

f" is decreasing, we have

p—a+ ka(p— 1))\2;——_12

p-1)—(a=1f?>p-1—(a-1)f'(b)?*= 5z
14+ akA 1

From (3.2), it follows Ha(s) <0 for s > b.
Next we investigate the sign of Hy(s). We have
Hy(s) = (a=1)f"° (f — (da—p=3)sf +3(a—-1)sf?) = (p—a+1)f*(asf — f)
=t (a = 1)f°Hs(s) = (p — a+ 1) f*(asf — f).
Since p — a + 1 > 0, it suffices to show that H3(s) < 0 in order to prove Hy(s) < 0.

Now we observe that

Hy(s) = —(asf — f) = sf' (B —p—3) = 3(a = 1)f?).
From p < 3o — 3 and the fact that f’ is decreasing, we have

(Ba—p—3) =3(a—1)f'(s)* = (3a —p—3) = 3(a — 1)f'(b)
3(a—1)

1+ aAf(b)?e—2

_ b+ a(3a—p— 3)1@)\% '

=Ba—p-—3)—

2a—2
1+ arA? 1
We see that

b < kAT
04(304—19—3)_,{ ‘

—p+o¢(30¢—p—3)/€/\2;+12 >0 —
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Thus we have Hz(s) < 0 and hence Hi(s) < 0. From (3.3), we obtain Kj(s) < 0 for
5> b. i

By Lemma 3.2, we can apply Proposition 3.1. Hence we obtain the uniqueness of

positive radial solutions of (1.2) when N > 3 and the proof of Theorem 1.2 is complete.

4. Uniqueness of positive radial solutions for N = 2

In this section, we study the uniqueness of positive radial solutions of (2.5) for N = 2.
Under same notation as in Section 3, we apply the following uniqueness result due to
Mcleod and Serrin [17].

Proposition 4.1 [17]. Suppose that there exist b > 0 and 7 > 1 such that

(i) g € C10,00), g(0)=0, ¢'(0) < 0.

(ii) g(s) <0 for s € (0,b), g(s) > 0 for s € (b, 00).
(iii) ¢'(b) > 0.

/
) (@) >0 for s >0, s #b.

S

0 ((22)) <oprs=

Then the semilinear problem:

(iv

—Au = g(u) in R? u >0, u— 0 as |z| — oo, u(0) = maxu(x)

has at most one positive radial solution.

As mentioned in [12], (iv) and (v) of Proposition 4.1 imply (ii) of Proposition 3.1.
This means that we need a stronger condition on the nonlinearity to show the uniqueness
for N = 2. Thus we have to restrict A, k, @ and p more strongly to show (iv) and (v).

Now we can see g defined in (3.1) satisfies (i)-(iii) of Proposition 4.1.

Lemma 4.2. Assume2a—1 < p < co. Then g defined in (3.1) satisfies (iv) of Proposition

1_
41 withr =271 =%
(8]

Proof. A direct calculation yields that
sg'(s) = 7g(s) = (p+1—a)sfP(f") + (a = DsfP7H(f)*
+(a=2)As(f)? = (@ = DAs(f) =7 fPf + 7ALf
> (p+1—a—an)sfPH(f)? + (1 = DAs(f)* + (a = DsfP7H(f)

1 —
Here we used 0 < f’ <1 and Lemma 2.2. Choosing 7 = u, we obtain 7 > 1 and
o

sg’ —1g >0 for s >0, s #b. |
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p+1—«
o}

. Assume further

Lemma 4.3. Supposea > 2, 2a—1<p<3a—3 andlet T =
(F(0)? < (27 + 20 — 3) (a0 — 2) + 72
- (a—-1)2p+3a—-6)

f(b) (p—2a+1)a
) - pri-a (42)

3p —6a+5+4(a—1)(f'(b)* — (21 — 1)

(4.1)

(b)
RS (4.3)

where b = f_l(/\ﬁ). Then g satisfies (v) of Proposition 4.1.

Proof. By a direct computation, it follows

(S (ﬁ)’)l - ST1+1 (s29" + (1 - 27)sg' +729) .

ST

We claim that s?g” + (1 — 27)sg’ + 729 < 0 for s > b. Indeed from (3.1), we have

s2¢" + (1 —27)sg' + m%g
= [P (S 4 3ps T+ (1= 27)sf2 "
+p(1 =27)sf ()2 + 722 f" + plp — 1)s*(f)?)
— (S A3+ (U= 2r)sf 7+ (1= 27)s(f)? + T2 f )
=: [P0 (s) — AKa(s). (4.4)

We prove K1(s) < 0 and Ks(s) > 0 for s > b.
Firstly we estimate fKs(s). From (2.3) and (2.4), we have

FKa(s) = s*f2f" + 32 f" + (L= 2m)sf2f" + (1= 21)sf(f))* + T2 2 f
=4(a = 1)s*(f)" = 2(3a — 4)(a = 1)s*(f)° = (21 = 1)(a = 1)sf(f)*
+2(a = 1)(a = 2)s*(f)° + (21 = 1)(a = 2)sf(f)* + 2 f2f" (4.5)

By (ii) of Lemma 2.2 and « > 2, it follows

2o —1)(a —2)5*(f)° + (27 — D(a - Dsf(f)? +7° 2
> 20— 1)(a - D2(f)* + (21 — Dl — 22(f)° +728(f")°
)

)s
= (27 4+ 20 — 3)(a — 2) + 72)s%(f')3. (4.6)

By (ii) of Lemma 2.2, we also have

—2(3a —4)(a — 1)$(f')" — (21 = D)@ — s f(f)* = —(a — 1)(2p+3a — 6)s2(f)°. (4.7)

15



From (4.5)-(4.7), we obtain
fKa(s) 2 4(a—1)%s*(f")" = (a=1)(2p+3a—6)s*(f')° + (27 +2a —3)(a—2)+7°)s°(f')°.
From (4.1) and the fact that ((f')?)" = 2f'f" < 0, it follows

(27 +2a = 3)(a—2) +7%) — (@ —1)(2p+3a —6)(f'(s)* >0 for s >b.

This implies fK2(s) > 0. Since f(s) > 0 for s > 0, we obtain Ks(s) > 0 for s > b.
Next we estimate K7(s). From (2.3) and (2.4), we have

Ki(s) = s> f2 1" +3ps” ff'f" + (1 = 27)sf2 f" + p(1 — 27)s f (f')?
+ 722 4 plp — 1) (f)°
= 4 —1)%*(f)" + (@ = 1)(3p — 6+ 5)s*(f')°
—@2r—=D)(e—-Dsf(f)*+p+1-a)p+1—2a)s°(f)°
—@r=1Dp+1-a)sf(f)? +72 21" (4.8)

We claim that

(p+1-a)(p+1—-20)s(f")’ —2r = D)(p+1—a)sf(f) + 7 f*f

2
<0 fors>b. (4.9)
Indeed we put ¢(s) = J}E ()) Then by (ii) and (iii) of Lemma 2.2, ¢(s) is increasing and
1 < ¢(s) < aforall s >0. Wealsoput p; :=p+1—a. ThenT—22 and

«

sf’

(p+1—a)(p+1—2a) - (2T—1)(p—|—1_a__|_7_ <f)2
=pilpr— ) - (——1>p1¢>+—2

Finally we define for 1 <t < «
K3(t) :== p1it® — (2p1 — a)at + & (p1 — @)
= (t — a)(p1t — a(p1 — @)).

Then it follows

Ks(t) <0forte [w,a].
1

16



Now (4.2) implies

F0) _ (p—20+1a _ a(pi—a)
bf'(b) = p+l—a po
b
Thus from (4.2), we have K3(t) <0 for t € [%, al. Since ¢(s) is increasing, we obtain

2
p1(p1 — o) — <% — 1) p1o(s) + %qf(s) <0 fors>b

and hence (4.9) holds.

Next we observe that

4(a = 1)%s*(f)" + (@ = 1)(3p — 6a + 5)s*(f')° — (27 — 1) (e = 1)sf(f)*

= (=02 (=60 +5- Cr = 1) (L) + 40— 077
— (a—1)$2(f)PKa(s). (4.10)
We can easily see that Kj(s) = —(27 — 1) (sif’>/ +8(a—1)f'f" < 0, that is, K4(s) is

decreasing. Moreover from (4.3), we have

b
Ky(b) =3p—6a+5— (21— 1) (bj;g(;)) +4(a — 1)(f'(b))* < 0.
Thus we obtain K4(s) < 0 for s > b. From (4.8)-(4.10), it follows K;(s) < 0 for s > b.
’ /
Thus from (4.4), we obtain (s <£> ) < 0 for s > b. i
S’T
p+1—«

Lemma 4.4. Suppose a > 2, 2a—1<p<3a—3 and let T = . Then

a
(i) For every fixed k > 0, there exists Ao > 0 such that if A\ > X, (4.1)-(4.3) in Lemma

4.3 are fulfilled.

(ii) For every fixed A > 0, there exists kg > 0 such that if k > ko, (4.1)-(4.3) in Lemma
4.3 are fulfilled.

Proof. From (2.2) and b = f_l()\ﬁ), it follows

(F(8)? = —— s
14+ arA?=T

(27 + 20 — 3) (a0 — 2) + 72
(a—1)(2p+ 3a — 6)

Since > 0, (4.1) is satisfied if either X or  is sufficiently large.

17



Next we observe that

_1_
Ap—1

b= f1(\7T) = V1 + art2e=2 dt.

0

This implies b — oo if either A or k tends to infinity. By (iii) of Lemma 2.3 and the fact

(p—2a+ 1)«
(p+1—a)

< «,

(4.2) holds if either A or x is sufficiently large.
Finally we notice that if p < 3a — 3, then

3p—6a+5 <a
21 -1 '
Since b;gi)l))) /" a and f'(b) — 0 as b — o0, (4.3) holds if b is sufficiently large. Since

b — oo as either \ or k goes to infinity, (4.3) is fulfilled if either A or  is sufficiently
large. |

By Lemmas 4.2-4.4, we can apply Proposition 4.1. Hence we obtain the uniqueness

of positive radial solutions of (1.2) for N = 2 and the proof of Theorem 1.3 is complete.

5. Non-degeneracy of the ground state solution

As we have shown in Sections 3 and 4, problem (1.2) and (2.5) has at most one positive
radial solution. In this section, we study spectral properties of the linearized operator. We
will show that the unique positive radial solution of (2.5) is non-degenerate in H} ,(R")
if we add some conditions. To this aim, we apply the result due to Bates and Shi [2]. We

consider the following semilinear problem:
~Au=g(u)in RY, u>0, u(z) =u(jz|), u— 0 as |z| — oo, u(0) = maxu(z). (5.1)

Proposition 5.1 [2]. Suppose g € C1([0,00)) satisfies the following properties.

(gl) There exists b > 0 such that g(0) = g(b) =0, g(s) < 0 for s € (0,b), ¢’(0) < 0 and
g'(b) > 0.

6
(g2) There exists @ > b such that / g(s)ds = 0.
0

(g3) g(s) >0 for all s > b.

N 42
(g4) K,(s) (defined in (3.1)) is non-increasing in [6, 00) and Ky(s) — K € [1, ﬁ)
as s — oo.

18



(g5) Kg4(s) > Kg4(0) for s € (b,6] and K,(s) < K for s € (0,b).

Under assumptions (gl)-(g5), let uw be the unique positive radial solution of (5.1) and
Lo :=—A—¢'(0). Then

(1) o(Lo) = op(Lo) Uoe(Lo).
(2) oc(Lo) = [-4¢'(0),00), op(Lo) C (=00, —g'(0)).
(3) If pn € 0,(Lo), then the corresponding eigenfunction ¢(x) satisfies

p(x)| < Cee™V = S for g e RY

for any small € > 0 and some C, > 0.
(4) If p € o,(Lo) N (—00,0), then the corresponding eigenfunction is radially symmetric.

(5) The principal eigenvalue j11(Lg) < 0 is simple and the corresponding eigenfunction ¢,

can be chosen to be positive.

(6) p2(Lo) = 0 and the eigenspace corresponding to the eigenvalue p = 0 is spanned by

ou .
(2 0o}

We show that (gl)-(gh) hold for ¢(s) defined in (3.1). We can easily see that (gl)

2
implies (g2). Next we show that if we suppose additional conditions on « and p, then (g4)
and (gb) hold.

- 1 \ 71 o
and (g3) hold. Next we put 6 = f ((Ii)\) > . Then we have / g(s) ds = 0, which
0

20— 1)N + 2
Lemma 5.2. Assume2a—1<p< (2 N ) 5 i . Then g(s) defined in (3.1) satisfies
) p+1—« N +2
sli)l’folng(S) = T = Koo S |:1, m) .
Proof. By direct computation, we have
g'(s)s
K,(s) =
9( ) g(S)
_ (=D s+ 2 o) ()P s = A+ (= D) (P A
FIUP=t =)

_sf’ ((p -

L (e rema v a-nuy).
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/

Since lim ——~ = — and lim f’ = 0, we obtain
§—00 o s§—00

p—1 2—-a pt+l-a

lim K =
i, Kyls) = ==+ 5 o
20— 1)N + 2 1— N +2
From 2a—1<p< (22 )N + , it follows pri-a € |1, Kte . Thus we show the
N -2 o N —2
claim of Lemma 5.2. |

Lemma 5.3. Assume a > 2, 2a— 1 <p < 3a — 3 and
D 20-2
< )\ p—1
aBa—p—3) ~ "
Then g(s) defined in (3.1) satisfies (g4) and (gb) in Proposition 5.1.

Proof. Firstly we observe that if « > 2 and 2a — 1 < p < 3a — 3, then
a—p < p
ap—1) " aBa-p-3)

(5.2)
In fact, we have
(@ =p)Ba—p—3)—pp—1) = Ba—4p)(a—1).
Since a > 2 and p > 2a — 1, it follows
3a—4p < —ba+4 < -6 < 0.

This implies (3a — 4p)(av — 1) < 0 and hence (5.2) holds.

By Lemmas 3.2 and 5.2, we can see (g4) and the first inequality in (g5) hold. Next
we show that K,(s) <1 for s € (0,b). In fact, we have

sg'(s) = g(s) = (= VP f)?s + (2= a)(f)*s(fP71 = N)
+ (= D) (P =N = FFUPT =N
= (- D)2+ (=N (@2 =) (f) s+ (@=D(f) s~ ff).
For s € (0,b), it follows fP~' — X\ < 0. On the other hand by Lemma 2.2, we have
(f)?s < ff'. Using f’ <1, we obtain
(2= a)(f)?s+(a=D(f)'s = [ <2=a)(f)s+ (a=1)(f)'s = (f)?s
—(a- (s () - 1) <.

Thus we have sg’(s) — g(s) > (p — 1) fP~1(f")%s > 0 for all s € (0,b). Since g(s) < 0 for
s € (0,b), it follows K (s) <1 for s € (0,b).

Finally by Lemma 5.2, we have
_ptl-a

a
Thus the second inequality in (g5) holds. i

K,(s) <1< Ky

By Lemmas 5.2 and 5.3, we obtain the following
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Theorem 5.4. Assume N >3, a > 2, 2a—1<p < 3a—3 and

p < /1)\21?—_12
aBa—p—3) — '

Let v be the unique positive solution of (2.5) and L := —A — ¢'(v); H*(RY) — L?*(RY).
Then

(1) o(L) = 0p(L)Uaoe(L).
(2) oe(L) = [A,00), 0p(L) C (=00, ).

(3) If p € 0,(L), then the corresponding eigenfunction ¢(x) satisfies
p(z)] < Cee™ V571 for o e RV

for any small € > 0 and some C, > 0.
(4) If p € o,(L) N (—00,0), then the corresponding eigenfunction is radially symmetric.

(5) The principal eigenvalue p1(L) < 0 is simple and the corresponding eigenfunction ¢,

can be chosen to be positive.

(6) p2(L) =0 and the eigenspace corresponding to the eigenvalue p = 0 is spanned by

ov .
()

From (6) of Theorem 5.4, we obtain the non-degeneracy of the ground state solution
of (2.5) in H} ,(RY).

Corollary 5.5. Let v be the unique positive solution of (2.5). Then v is non-degenerate
in H (RY), that is, if

rad
—A¢ - gl(v)¢ =0in RN and 925 € Hv}ad(RN)a
then ¢ = 0.

Remark 5.6. We have shown the non-degeneracy of the ground state solution of semilin-
ear problem (2.5). However we don’t know this implies the non-degeneracy for the ground

state solution of quasilinear problem (1.2).
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