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Abstract. Consider the Navier-Stokes equation with the initial data a € L2(R?). Let u
and v be two weak solutions with the same initial value a. If u satisfies the usual energy
inequality and if Vo € L2((0,T); X1(R%)9) where X7 (R?) is the multiplier space, then we
have u = v.
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1. INTRODUCTION

Consider the Navier-Stokes equation in (0,7") x R? with 0 < T' < oo and d > 3:

(1.1) ou+ (u-V)u—Au+Vp=0, (z,t) € R% x (0, 00),
V-u=0, (z,t) € RY x (0, 00),
u(z,0) = a(x), z € RY,

where u = u(z, t) is the velocity field, p = p(z, t) is the scalar pressure and a(z) with
diva = 0 in the sense of distributions is the initial velocity field. For simplicity, we
assume that the external force has a scalar potential and is included in the pressure
gradient.

In their famous paper, Leray [11] and Hopf [5] constructed a weak solution u
of (1.1) for arbitrary a € L2. The solution is called the Leray-Hopf weak solution.
In the general case the problem of uniqueness of Leray-Hopf’s weak solutions is
still an open question. Masuda [13] extended Serrin’s class for uniqueness of weak
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solutions and made it clear that the class L°>°((0, T); L%(R¢)) plays an important role
for the uniqueness of weak solutions. Kozono-Sohr [7] showed that uniqueness holds
in L>((0,7T); LY).

Foias [3] and Serrin [14] introduced the class L¥((0, 00); L?) and showed that under
the additional assumption

2 d
u € L¥((0,00); L?) for —+ — =1 with ¢ >d,
a g

u is the only weak solution.

The purpose of this paper is to improve the criterion on uniqueness of weak so-
lutions to the class L2((0,T); X;(R%)?) (Definition 2). We know that for every
a € L2(RY) there is at least one weak solution u of (1.1) satisfying the energy inequal-
ity. Here we mean by the weak solution a function u € L>°((0,T); L2)NL?((0,T); H})
satisfying (1.1) in the sense of distributions (Definition 4). For more facts concerning
uniqueness of weak solutions we refer to the celebrated paper of Kozono and Sohr [7].

1.1. BMO and Hardy space H!(R%)
We recall that a locally summable function g on R? is said to have bounded mean
oscillation if

llgllBaro = sup l9(y) — 9B, r)| dy < 00,

2.k |B(x, R)| /B(s,R)

where
1

== dy.

The class of functions of bounded mean oscillation is denoted by BM O and often is
referred to as the John-Nirenberg space.
Note that

llgllBaro =0 if and only if ¢ = const.

It is thus natural to consider the quotient space BMO/R with the norm induced
by || - ||Bamo. Then BMO/R is a Banach space, which will also be denoted BMO
for simplicity. We easily see that L™ C BMO with continuous injection. For
f(x) =log |z| we have f € BMO but f ¢ L>, so BMO is strictly larger than L.

Next, we recall the definition and some of the main properties of Hardy spaces
HP(R?) introduced by E. Stein and G. Weiss [16] (for more facts on these spaces see
C. Fefferman and E. Stein [4]).
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Definition 1 ([4]). Let 0 < p < oo and let ¢ € S(RY) satisfy [, odz =1. A
tempered distribution f belongs to the Hardy space HP(R9) if

(1.2) @) = 335“% « f)(z)] € LP(RY),

where o, (2) =t~ 4ot 'x).

It is known that if f € HP(R?), then (1.2) holds for all ¢ € S(R?) satisfying
Jga pdx = 1. The (quasi)-norm of HP(R?) is defined, up to equivalence, by

/p

1 lleo ity = 1 @)l e =(/ e |pdx)

We know by [4], [15] that if 1 < p < oo, then HP is a Banach space:

HP(R?) = LP(R?)  for 1 < p < oo,
H'(RY)

N

L'(R?)  with continuous injection,

and that H?(R?), 0 < p < 1, are quasi-Banach spaces in the quasi-norm || - |3 (ra)-

The crucial fact for our purpose is the boundedness of the Riesz transforms R; on
all of the spaces H?. Furthermore, an L'-function f on R¢ belongs to H!(R?) if and
only if its Riesz transforms R; f all belong to L'(R?) and

I fllrer ey = 1 Fll L ray + Z | RjfllL1(rey (equivalent norms).
J=1

Notice that all functions f € H!(RY) satisfy

(1.3) /Rd f(z)dzx = 0.

Indeed, the assumption f € H*(R%) implies that the Fourier transforms

&

|€|f(5) (U =1...,d),

:/f(x)e*imfdx and Ej\f(f)

are all continuous on R?, so f(0) = 0 and (1.3) is proved.
A fundamental theorem in the theory of Hardy spaces H!(R?) developed by C. Fef-
ferman and E. Stein [4] asserts:
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Theorem 1 (Fefferman). The dual space of H'(R?) is BMO. More precisely,
L is a continuous linear functional on H'(R?) if and only if it can be represented as

L(f)= [ fg
Rd

for some function g in BMO. Moreover, for any g € BMO and any f € H*(R?) we
have

< c(@)|| fll+ gl Baro-

(1.4) ‘/ fgdz| <

Let v > 1. We define the maximal function of f depending on 7,

1/~
Lf ()" dy) :

We begin by establishing the following result which is a variant of the Hardy-

Myflw) = t>0(|Bt( N B, ()

Littlewood maximal theorem. We need
Lemma 1. Ify <p < oo, then

M,: LP(R%) — LP(R?) is bounded.

Proof. See[15]. O

In [1], Coifman, Lions, Meyer and Semmes showed that the Hardy spaces can be
used to analyze the regularity of various nonlinear quantities by the compensated
compactness theory due to L. Murat [12] and F. Tartar [17]. Since then, these spaces
play an important role in studying the regularity of solutions to partial differential
equations. In particular, it was shown that for exponents p, ¢ with 1 < p < oo,
1/p+1/q =1, and vector fields u € LP(R%)?, v € LI(R%)¢ with divu = 0, curlv = 0
in the sense of distributions, the scalar product u - v belongs to the Hardy space
H*(R?). Moreover, there exists a positive constant C such that

[w- vll3r ey < Clluflzel|v]la-

The main purpose of this subsection is to prove two facts about the div-curl
lemma without imposing any a priori assumptions on exact cancellation, namely,
the divergence and curl need not be zero. Our results will lead to div(uv) being in
the Hardy space H!(R).
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The proof will be divided into two parts. In part 1, we consider the case u and
v being supported on the ball |z| < Ry, where Ry > 1 is a positive constant to be
determined later, while in Part 2, the general case follows by partition of unity. In
order to simplify the presentation, we take p = ¢ = 2.

The Sobolev space H;([Rd), 1 < p < oo, consists of functions f € LP(R?) such
that |V f| € LP(R9). It is a Banach space with respect to the norm

[y = 1 f e + 1V fllze-

Specifically, we will prove

Theorem 2. Letu € H;([Rd)d and v € H;([Rd), p>1,1/p+1/q=1. Then
there exists a positive constant C(d) such that

(1.5) [div(uv)[l ey < Cllulle [Vollza + [[divul e [v]lzo)-

Remark 1. Such inequalities and their generalizations are useful in hydrody-
namics. The reader is referred, in particular, to [1], [2].

Theorem 2 is a generalized version of the “div-curl” lemma ([1], Theorem II.1).
Observe that when divu = 0, Theorem 2 reduces to the classical div-curl lemma [1].

The following result due to [1] shows the importance of the Hardy space theory in
estimating the non-linear term « - Vo attached to the Navier-Stokes equations. This
produces a useful tool for PDE.

Lemma 2. Letl <p<oo,l<g<dandl/r=1/p+1/g<1/d+1. If
u € LP(RY)? with V- u = 0 and Vv € L4(R?), then

u- Vv € H"(RY)

and
- Vol < Cllullzol| Vol

Proof. Theresultis due to [1]; but we give here a detailed proof for the reader’s
convenience. Observe that

f=u-Vo=V-(ua{-c)

for an arbitrary constant vector c. So we get

(o * f)(@) = 7471 / (Vo) (™ (& — 9))uly)(w(y) — mp(v)) dy,

Bi(x)
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where
1

"5 =B o

Taking
11 1
L<y<oeo, 1<f<d with —+5=1+7

and writing
1

1_1
g B

we see by the Poincaré-Sobolev inequality that

o0+ NI < gz ([ . |u<y>wdy)1” (f o) =mao)

C 1/~ 5 1/8
< — u(y “’dy) </ Vou(y dy)
- (/Bt@' )l [ mw)

Yo 1/8
Y ol
c<|Bt(x)| B,(gc)| u(y)| dy) <|Bt( i B,,mlv (v)] dy)

C(Myu)(zx) - (Mp(Vv))().

Y

Ul

)1/5*

We thus obtain
sup (oo + f)(@)] < C(Myu) (@) - (Ms(Vo))(z).
Since we can take v and [ such that
l<y<p, 1<pB<qg<d,
it follows from Lemma 1 that
IMyullr < Cllullzo,  [Ms(V0)]l20 < CIVe] o

Lemma 2 now follows from Hélder’s inequality

17l <Uflulglle (0<p<oo, 0<g<oo, - == +-).

This completes the proof of the lemma.
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We are now in position to prove Theorem 2.

Proof of Theorem 2. We distinguish three cases.
Case A. Let us assume first that

In this case we get
div(vu) = (Vo) -u+vdivu = u - Vo.

Then we have u € LP(R?)%, Vv € L4(RY) with divu = 0, curl(Vv) = 0 in the sense
of distributions. It follows from Lemma 2 that

u- Vo € H'(RY)
and there exists an absolute constant C such that
[div(vu)|l31(gay < CllullLe || Vol La.

Case B. We may of course introduce an additional assumption that u and v are
supported on the ball |z| < Rp. In order to simplify the presentation, we take
p = q = 2. We shall write Q for the ball in R? of radius Ry centered at the origin.
By H{J () we denote the closed subspace of H'(2) which is the closure of C§°(£2) in
the H! norm. Let

g =divu € L*(RY).

By the classical result (see e.g. [18]) we know that
g=0g1+ ...+ 0aga,
where g1,. .., g4 belong to Hj (). Set
G=(q1,...,94) and r=u-—G.

Then it follows that
divr =0 and re€ L*(9).

Using Lemma 2 we infer
div(rv) € H'(RY).

Further we set

f=div(Gv).
Using Lemma 3 below, we conclude that f € H!(R?).
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Case C. The general case. We call ¢ a smooth bump function with compact

1= Z ©*(x — k).

kezd

support provided

If f and g are two functions, we thus have

f@)g(x) = Y f@)*(@—k)g(x) = Y fulz)gu(),

kezd kezd

where

fr(x) = o(z — k) f(z) and  gi(x) = p(z - k)g(z).
Now set

ug(z) = p(xz — k)u(z) and wvi(z) = oz — k)v(z)

for k € 7¢. We then have

div(uv) = Z (ugvk) = Z wr, wy = div(ukvg).

kezd kezad

We are going to check that

> lwk g ey < oo
kezd

To do this, we apply the local version (Case A). It follows that

[wkll# ny < Clllukllze + |div k] z2)([Jokl 22 + [|div o] £2)
=€k € ll(Zd),

where
ex = O([lugll 22 + ldivug | z2)(lokll 22 + [|div vkl z2).

Up to now we have proved
(1.6) [div(wv) |31 (ray < C(llullL2 + [[divul[2)([[o][ 2 + [|divol|L2).
This automatically yields the estimate
(1.7) [div(wv) |32 (ray < CllullL2][Vollz2 + [0l 2]|div ul| L)
To see this, we may replace u in the above inequality by
u = 51/27d/2u(§) whenever 0 < § < oo,
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and similarly v by
Vg = 61/2*(1/21)(%) whenever 0 < § < 00.

Thus the left-hand side of (1.6) fortunately does not change, while on the right-hand
side we get rid of the undesirable terms by letting § to be equal either to 0 or to +o0.
This completes the proof. O

Now we turn to the proof of Lemma 3. One can show that every function f €
LP(R%), p € (1,+00], with compact support and [ fdz = 0 belongs to H!(R?). In
particular, we have

Lemma 3. Ifd* =d/(d—1), f € L, supp f C Q and

/fdaz::O7

then f € HY(RY).

Proof. We have
f=div(G)v+ G- Vv

and we have to prove that both the terms belong to L. We consider the first term
on the right-hand side. Since Vv € L?, we have

div(G) € L? and v € LY where

N =
Q| =

Thus,
vdiv(G) e LY.

A similar argument works on the second term and this completes the proof of the
lemma. O

1.2. Multipliers and Morrey-Campanato spaces

In this section we give a description of the multiplier space X, introduced recently
by P.G. Lemarié-Rieusset in his work [9] (see also [10]). The space X,. of pointwise
multipliers which map L? into H " is defined in the following way.

Definition 2. For 0 < r < d/2 we define the homogeneous space X, by

X, ={feli.:VgeH fgelL?},

where we denote by H”"(R%) the completion of the space D(R?) with respect to the

r/2

norm [ul| g = [|(=4)"ul| 2.
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The norm of X, is given by the operator norm of pointwise multiplication

Ifllx, = sup gl

lgll grr <1

Similarly, we define the nonhomogeneous space X, for 0 < r < d/2 equipped with
the norm

[fllx. = sup gl

llgllzr <1

We have the homogeneity properties : Vo € R?

1 f(z +z0)llx, = If]x.,
1 f(x+z0)llx, = Ifllx,

1
IFA2)llx, < 7 llfllx,, 0 <A<,

1
IF ), < 5 lIflx,, A>0.

The imbeddings

LYt ¢ X,, 0<r<g, 0<t<r,
d/r ¥ d
L cX,, 0<r< 5
hold.
d —1
Example 1. If u(z) € D(RY), o(z) = (2 |xk|W) c % > 0,d > 2 and
k=1
d
> 4.t =d/2, then
k=1

/u;ed o(@)|u(z)]” de < C/Rd |[Vu(z)|* dx

and ¢ € Xlt([Rd).

Indeed, the inequality

/ (@) |u(z)? de
A<|z|<2A

(d—2)/2 2/d
[/ |u ()24 (4=2) dm] [/ o(2)¥? dx
A<L|z| <2 A<z | <2

N
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and the Sobolev theorem imply that for A > 0

|u(z)|?

/ o(z)|u(z)|? de < C{/ |Vu(z)|? do —|—/ o dx
A<|z| <22 A<|z| <22 A<|z| <22 ||

2/d
X [/ o(x)?/? dx} ,
A<|z|<2A

where C' does not depend on A. Let us estimate the integral

S(\) = / o(z)?? da.
A< |z|<2X

The domain A < |z| < 2\ can be represented as a finite sum of domains €255 such
that |z;| > £\ if 2 € Q) for j =1,...,d. Let for instance |z1]| > 2 A. Then

3 d:L'l d(Ed
o(z)?? dx < —)\/ .
/ij 27 Jaclat<ar (G + 2]z + .. o Jag|7e)d/2

The substitution z; = ¢;(

1X)711/75 gives the relations

dty...dty <C

SA) <C <
( ) Rd—1 (1 + |t2|72 + ...+ |td|7d)d/2

since the integral is converging. To see this, set t; = Tg/ Then

/ dti...dtg
Rd—1 (1 + |t2|72 4+ ...+ |td|7d)d/2
|7-|1/’Y2+---+1/’Yd—(d—1)

Rd-1 (1))

d7|
C/ ) 1/V+1<oo.

<C dr ... dmy

Therefore,

2 2 |u(x)|2
o(z)|u(z)]” de < Cs |u(z)|” dz + o—dx|.
A<|z| <2 A<|z| <21 A<|z|<2X |z]

Setting A = 2", m € 7 and assuming these inequalities for all m, we obtain that

[ <o [ wupas+ [ L),
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By Hardy’s inequality in R%, d > 3, we have

u\x 2
/[Rd | |EE|2| dz < (d_42)2 /Rd |Vu(z)]*dz, u(z) € D(RY),

and hence
/ o(x)|u(z)]? de < C/ |Vu(z)? de.
Rd Rd
Now we recall the definition of the Morrey-Campanato spaces ([6], [19]):
Definition 3. For 1 < p < ¢ < 400, the Morrey-Campanato space M, , is
defined by

(1.8) = {f € Lj,.(R):

1.0 = sup Osugle/q P F ()L Be,R) (W) o ay) < 00}
<R

Let us define the homogeneous Morrey-Campanato spaces M, , for 1 < p < ¢ <
400 by

1/p
(1.9) Ifllgr, = sup sup RYa=4/» < [ e dy) |
z€R R>0 B(z,R)
It is easy to check the following properties:

1

— —  0<A<1
A4 fllm,,

1f(A2) |, =

1
1F A2l s, = sazg 1w, A >0

We shall use the following classical results [6].
a) For 1 < p<p/, p<q<+oo and for all functions f such that f € /\'/lp,q N L>
we have

1
115t gy < IFIZZZFIREE

b) For p, ¢, p, ¢’ such that 1/p+1/p' <1,1/q+1/¢ <1, f € Mpy, g € My o
we have

ngMpff,q// with 1/p+1/p' =1/p", 1/q+1/qd =1/4".
¢) For 1 < p < d we have

YA>0, M)y, , = Il xg, o
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d) If p’ < p then

Mp;q C MP#Z’

Mp,q C ./\/lpgq.
e) If go < ¢1 then

Mgy T My g,
LY =Mgqg C Mpg, p<q

We have the following comparison between multipliers and Morrey-Campanato
spaces:

Proposition 1. For 0 < r < d/2, we have

X € Ms ayr,
Xr c M2,d/r~

Proof. Let f€ X,,0< R< 1,20 €R%and ¢ € D, ¢ =1 on B(wg/R,1). We

have
1/2 1/2
wer(f o ra) —w(f ) Pay
lz—zo| <R ly—zo/R|<1

1/2

<r ([ irsmPa)

yERI
S R\ f(Ry)llx, 16
< fWlx, ol < Clf )l x.-
We observe that the same proof is also valid for homogeneous spaces. O

Additionally, for 2 < p < d/r and 0 < r < d/2 we have the following inclusion
relations:

LYT(RY) € LY (RY) € My a/n(RY) € X (RY) € M a/n(RY),

where LP:>° denotes the usual Lorentz (weak LP) space. For the definition and basic
properties of Lorentz spaces LP? we refer to [16].
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2. UNIQUENESS THEOREM

Before turning our attention to uniqueness issues, we start with some prerequisites
for our main result. Let

Cor (RY) = {p € (C°(RT))?: divp = 0} C (C5°(R)%.
The subspace

-1l 2

L2(RY) = Cg,(RY) = {u € L*(RY)?: divu = 0}

is obtained as the closure of C§%, with respect to the L2-norm || - || 2. H} denotes
the closure of C§¢, with respect to the norm

lull s = llull 2 + 11 = A)?ull g2 for r > 0.

Our definition of the Leray-Hopf weak solutions (see e.g., [8], [7]) now reads:

Definition 4 (weak solutions). Let a € L2 and T > 0. A measurable function u
is called a weak solution of (1.1) on (0,7) if u has the following properties:

1. uwe L>=((0,T); L2) N LQ((O,T);H;) for all T' > 0;

2. u(t) is continuous in time in the weak topology of L2 with

(u(t),¢) — (a,¢) as t—0"

for all ¢ € L2;
3. for any 0 < s <t < T, u satisfies the identity

(2.1) / {=(,0-¢) + (u-Vu, ¢) + (Vu, V) } dT = —(u(t), ¢(t)) + (u(s), (s))

for all ¢ € H'((s,t); HL). Here (-,-) denotes the scalar product and || - |12
denotes the norm in L2(R?)9.

Remark 2. For u and ¢ as above, the integral

T
/ (u-Vu,¢)dr
0

is well defined since by the Sobolev inequality we have

lull 2a/a-2) < C||Vul|L2
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so that

T T
/ (u- Vu, 6) dr| < / lall goarca—a |Vl 2 1] o dr
0 0

T
<C sup (60 / Va2 dr.
o<t<T 0

Existence of weak solutions has been established by Leray in [11] for the initial
velocity in L2(R%). The result is the following

Theorem 3 (Leray-Hopf). Let T > 0. Then, for any given a € L2(R?), there
exits at least one weak solution u to (1.1) on (0,T) such that

t
(2.2) lu(t)]2: + 2/ [Vu(s)||32ds < |jal|3z, 0<t<T
0

and
[|u(t) —allpz — 0 as t — +0.

Let us introduce the class L*((0,T); L) with the norm || - |

T 1/s
P ( / lu®llz dt) .

The classical result on uniqueness of weak solutions in the class L*((0,7); L) was
given by Foias, Serrin and Masuda [3], [14], [13].

Le((0,1);L7) by

[l

Theorem 4 (Foias-Serrin-Masuda). Let a € L2(R?). Let u and v be two weak
solutions of (1.1) on (0,T). Suppose that u satisfies

2 d
(2.3) we L°((0,T); LY) for —+—=1 with d <y < 0.
s 7

Assume that v fulfils the energy inequality (2.2) for 0 < t < T. Then we have u = v
on [0,T).

Remark 3. In Theorem 4, v need not belong to the class (2.3). On the other
hand, every weak solution u with (2.3) fulfils the energy identity

t
(2.4) [u®l3+2 [ [Vu()Eeds = [alffs, 0<t<T,
0

It seems to be an interesting question whether every weak solution satisfies the energy
inequality (2.2).
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Remark 4. The class (2.3) is important from the view point of scaling invariance
for the Navier-Stokes equations. It can be easily seen that if (u,p) is a pair of the
solution to (1.1) on R? x (0,T), then so is the family {uy,px}r>0 where

ur(x,t) = Mu(dz, A2t),  palz,t) = Nu(dz, \2t).
Scaling invariance means that

>\1—(2/s+d/v)||u|

[uallzs((0,00);27) = ( Le((0,00):L7)) = 1Ull L((0,00);7) for all A >0

holds if and only if

We shall next deal with the critical case with s = co and v = d in (2.3).

Theorem 5 (Masuda [13], Kozono-Sohr [7]). Let a € L2(R%). Let u and v be
two weak solutions of (1.1) on (0,T). Suppose that

(2.5) u € L=((0,T); LY)

and that v fulfils the energy inequality (2.2) for all 0 < t < T. Then we have u = v
on [0,T).

Remark 5. Masuda [13] proved that if u € L>((0,T); L?) is continuous from
the right on [0,7') in the norm of L%, then u = v holds on [0, 7). Later on, Kozono-
Sohr [7] showed that every weak solution in L°°((0,T); L%) of (1.1) on (0, T) becomes
necessarily continuous from the right in the norm of L.

The same result holds when for v = +00 we replace the assumption
u € L?((0,T); L)
by the weaker assumption
u € L*((0,T); BMO(R%)?).
The replacement of the hypothesis u € L2((0,T); L) by u € L?((0,T); BMO(R%)9)

was recently discussed in a similar context by Kozono and Taniuchi [8]. Moreover,

we have
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Theorem 6 (Kozono-Taniuchi). Let a € L2(R%) and let u, v be two weak
solutions of (1.1) on (0,T). Suppose that

(2.6) u € L*((0,T); BMO(R%)?)
and that v fulfils the energy inequality (2.2) for 0 < t < T. Then we have u = v on
[0,T].
Remark 6. By Theorem 4, every weak solution in L2((0,T); L®°) is unique.
Our result on uniqueness of the weak solution now reads:
Theorem 7. Let a € L*(RY)? with V -a = 0. Assume that there exists a

solution u for the Navier-Stokes equation on (0,T) x R? (for some T € (0, +00]) with
the initial data a so that

u € L=((0,7); L(RY)?) N L*((0,T); Hy(RM)?)
and
Vu € L*((0,T); X1 (RY)?).
Then w is the unique Leray-Hopf solution associated with a on [0,T).

The same result holds when the assumption Vu € L2((0,T); X1(R%)?) is replaced
by u € L%((0,T); BMO(R%)%).

The following corollary, which is an immediate consequence of Theorem 7, gives a
simpler sufficient condition in terms of the Lorentz spaces.

Corollary 1. Let a € L*(R%)? with V- a = 0. Assume that there exists a
solution u for the Navier-Stokes equation on (0,T) x R? (for some T € (0, +o0]) with
initial data a so that

w € L®((0,T); L2(RM)Y) N L*((0,7); Hy(RY)4)
and
Vu € L2((0,T); L4 (R4)%),

where LP**° denotes the usual Lorentz (weak LP) space. Then u is the unique Leray-
Hopf solution associated with a on [0,T).

The same result again holds when the assumption Vu € L2((0,7T); L% (R%)4) is
replaced by u € L2((0,T); LY(R%)%).
The following lemmas play a fundamental role in estimating the nonlinear term.
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Lemma 4. Let f € HY(R?), g(x) = (gi(x))L, with V-g =0 and g € L?(R%)<.
Furthermore, we assume that Vh € X;(R%). Then there exists a constant C(d) > 0
independent of f, g and h such that

(2.7) /d fg-Vhdz| < OV L2wa)llgllLzwayel[ VAl %, ga)
IR L

and

(2.8 [, 91| < U9 s lllguos 1905,

Proof. The proof is easy, due to the definition of Xl([Rd). Supposing that
Vh € X1(R%) and using the Cauchy-Schwarz inequality, we get

1/2
< (/d |f|2|Vh|2dx> 91| L2 (raya
R,

1/2
< UM oo ([ 197 02) gl

fg-Vhdx
R4

where the constant C' is independent of f, g and h. Thus the lemma is proved in the
case of (2.7). The proof is similar in the case of (2.8). O

The same result holds when we replace the assumption Vh € Xl([Rd) by the
assumption h € H'(R?) N BMO(R?). Indeed, we known that

h(z) = log|z| € BMO

and 1
Vh|* < —,
VP <

hence by Hardy’s inequality in R? (d > 3) we have

/ F@F 4, < C(d)/ IVi[de, Vfe HY(R).
R Rd

|=[?

This remark suggests that the lemma will also hold when we replace the X 1(R)-
norm of VA by the BMO-norm of h. In fact, the following is a combination of the
compensated compactness results of Coifman, Lions, Meyer and Semmes [1] and the
duality of the space BMO.
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Lemma 5. Let f € H'(RY), g = (¢:(z))L, with V-g =0 and g € L?*(R%)¢ and
let h € HY(RY) N BMO(R?). Then there exists a constant C(d) > 0 independent
of f, g and h such that

(2.9) (g - VI, <OV fllLzwallgll L2rayall bl Baroway-

Proof. It is an immediate consequence of Lemma 2 and the duality inequal-
ity (1.4):

(g - Vf,0)] < Cllg -V fllarwa)llhll Brrowa
< OV fllzzwayllgll L2 raya bl Baromay-

Next we recall the following well-known result:

Lemma 6 (Poincaré inequality). Suppose Q is a cube in R? of side length o and
fis C? on Q with Vf € L?(Q). There exists ¢ independent of f such that

(2.10) /Q 1 — mofPdy < cg? /Q V() dy,

where mq f = 1/1Q)| [, f(y) dy is the integral mean of f on Q.
Combining this result with Proposition 1 gives
Proposition 2. If f € H'(RY) and Vf € X;(R%), then

f € BMO(RY).

Proof. Since X;(R%) C My 4(R%), it follows that
Vfe ./\'/lzyd([Rd).

By the classical Poincaré inequality (2.10) we have

/ ) - mer W) dy < CR? / V()P dy
B(z,R) B(z,R)

d 2
<CR HVfHMM
for every ball B(z, R) of any radius R and
1
flsaro = sup sup ———c Fy) = mp@mf @) dy
Wm0 = 00, 2 B, B Joery )~ e T

< CIVSIZ,, , < CIVII, g
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We are now in position to prove the main result.

Proof of Theorem 7. Let v be another weak solution of (1.1) associated to a on
(0,T) (with the associated pressure p) such that

v e L>((0,7); L2(RY)) 0 L2((0, T); H (R)?)

and
Vo € L2((0,T); X1 (RH)?).

We consider the difference w = u — v and we obtain

(2.11) Ow — Aw + Vpy, = —[w - Vo + u - Vuwl,
divw = 0,
w(z,0) = 0.

If we take the inner product (-,-) of L? with w, we get

2wl + [ Vwl3s = ~w- Vo, ).

Integration by parts followed by integration over time then lead to
t t t
(2.12)  Jw@®)|32+2 [ [|[Vw||3zdr = —2/ (w-Vo,w)dr = 2/ (w- Vw,v)dr
0 0 0
for all 0 <t < T. Lemma 4 with
g=w, Vf=Vw and h=v
yields directly
(w.Vw,v)| < C||Vw||L2(Rd)||w||L2(Rd)d||VU||X1(W)-

We thus observe that by the Young inequality (ab < a?/2 + b%/2, a,b > 0) it follows

that
¢
/(w Vw,v)
0

Hence by (2.12)

/ V0l gy dr + 5 / 022 gy IV 012 g

leo()l132 + / Vw3 dr < C / ol aya V0%, gy A
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for all t > 0. Since Vo € L2((0,T); X1(R%)%) and w(0) = 0, it follows from the
Gronwall inequality that

O3 < ) exp (0 [ IV0l, ooy 7)

and thus
lw®)|3. =0, 0<t<T,

which implies the uniqueness of weak solutions.
The proof when
u € L*((0,T); BMO(R%)?)

is quite similar. We apply Lemma 5 with
g=w Vf=Vw and h=wv
which yields directly
(w - Vw,v)| < C||Vw||L2(uzed)||w||L2(u;ed)d||U||BMO([Rd)~

Using again Young’ s inequality, we get

A%uvww

Hence it follows from (2.12) that

/nwwwmm+ /mewmwmmwwr

t t
umw@+£nww@w<c£nw;wwwamwﬂr

for all 0 < t < T. Since v € L%((0,T); BMO(R%)?) and w(0) = 0, the Gronwall
inequality yields
lw(®)|z2 =0, 0<t<T,

from which we get the desired uniqueness. O
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