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For minimum-error channel discrimination tasks that involve only unitary channels, we show that sequential
strategies may outperform the parallel ones. Additionally, we show that general strategies that involve
indefinite causal order are also advantageous for this task. However, for the task of discriminating a uniformly
distributed set of unitary channels that forms a group, we show that parallel strategies are, indeed, optimal,
even when compared to general strategies. We also show that strategies based on the quantum switch cannot
outperform sequential strategies in the discrimination of unitary channels. Finally, we derive an absolute
upper bound for the maximal probability of successfully discriminating any set of unitary channels with any
number of copies for the most general strategies that are suitable for channel discrimination. Our bound is
tight since it is saturated by sets of unitary channels forming a group k-design.

I. INTRODUCTION

The discrimination of different hypotheses is a funda-
mental part of the scientific method that finds application
in the most distinct areas, such as information theory,1

bioinformatics,2 machine learning,3 and behavioral and
social sciences.4 In a discrimination task, one seeks for the
best manner to decide whether a particular hypothesis is
the most likely to be the best description of some scenario
or experiment. An important, albeit general, instance
of a discrimination task consists in identifying between
different input-output relations or different causal-effect
dynamics a physical system may undergo. For instance,
in an x-ray examination that identifies whether a per-
son has a broken bone, the examiner prepares an initial
state, which is subjected to certain dynamics when pass-
ing through the person’s body, before being measured by
some physical apparatus. In this case, the goal is to dis-
tinguish between the dynamics related to a broken and
a healthy bone by implementing the most appropriate
input state and measurement apparatus.

In its most fundamental level, closed-system dynamics
in quantum theory are described by unitary operations.
Hence, being able to discriminate between different uni-
tary operations is a ubiquitous task within quantum the-
ory and quantum technologies. Examples of tasks di-
rectly related to our ability to discriminate unitary oper-
ations are unitary equivalence determination,5,6 quantum
metrology,7,8 quantum hypothesis testing,9 quantum pa-
rameter estimation,10 alignment and transmission of ref-
erence frames,11,12 and discrimination and tomography
of quantum circuit elements.13

Discrimination tasks are also relevant to the field of

computer science. An oracle, which is an abstract ma-
chine used to study decision problems, may be under-
stood as a black box that solves certain problems with
a single operation. From a quantum computational per-
spective, a quantum oracle is a unitary operation whose
internal mechanisms are unknown and are employed
in seminal quantum algorithms, such as the Deustch-
Josza algorithm,14 Grover’s algorithm,15 and Simon’s al-
gorithm.16 These oracle-based quantum algorithms may
be recast as unitary discrimination tasks.17

Such practical and fundamental interest has motivated
an extensive study of the discrimination of unitary chan-
nels within the context of quantum information theory,
leading to a plethora of interesting results.

Contrarily to the problem of quantum state discrimi-
nation,18 in which two states cannot be perfectly distin-
guished with a finite number of uses, or copies, unless
they are orthogonal, it has been remarkably shown that
any pair of unitary channels can indeed always be per-
fectly distinguished with a finite number of copies.19,20

Moreover, perfect discrimination of a pair of unitary
channels can always be achieved by a parallel scheme19,20

(see also Ref.21). Even when perfect discrimination is not
possible, sequential strategies can never outperform par-
allel strategies in a task of discrimination between a pair
of unitary channels.22 Concerning the discrimination of
sets of more than two unitary channels, when consider-
ing unitaries which are a representation of a group and
uniformly distributed, Ref.22 showed once more that, for
any number of copies, sequential strategies are not ad-
vantageous when compared to parallel strategies. For
related tasks such as error-free and unambiguous uni-
tary channel discrimination,23 unitary estimation,22 uni-
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tary learning,24 and unitary store-and-retrieve,25 paral-
lel strategies were also proven to be optimal. Up to this
point, no unitary channel minimum-error discrimination
tasks in which sequential strategies outperform parallel
strategies are known, to the extent of our knowledge.

In this work, we focus on the discrimination of sets
of more than two unitary channels with multiple copies
to study the potential advantages that different classes of
strategies can bring to this task. The first contribution of
our work is precisely to show examples of discrimination
tasks of unitary channels in which sequential strategies
are advantageous, when compared to parallel strategies
that allow the same number of copies. In fact, contrarily
to the tasks of error-free and unambiguous unitary chan-
nel discrimination,23 we show that sequential strategies
can achieve perfect discrimination in tasks that parallel
strategies cannot.

Then, motivated by the recent advances in channel dis-
crimination theory that have established the advantage
of general discrimination strategies that involve indefinite
causal order for general channels,26 we study the poten-
tial advantages of these general strategies for the specific
case of unitary channel discrimination.

Extending the framework developed in Ref.26 to dis-
crimination tasks that allow for the use of multiple copies,
we achieve the following results. We prove the optimal-
ity of parallel strategies, even when compared against
general strategies, in tasks of discrimination of uniformly
distributed unitary channels that form a unitary repre-
sentation of some group for any number of copies. How-
ever, the power of general strategies is revealed when ap-
plied to discrimination tasks that fail to satisfy at least
one of these requirements. In these cases, we show that
general indefinite-causal-order strategies can outperform
sequential strategies, and again that sequential strategies
can outperform the parallel ones. Then, we show that a
particular case of general strategies, one that applies pro-
cesses related to the quantum switch27 and its general-
izations,28–30 can never outperform sequential strategies
in the discrimination of unitary channels.

The final contribution of our work is to derive an ul-
timate upper bound for the maximal probability of suc-
cessful discrimination of any ensembles of unitary chan-
nels with a uniform probability distribution. Our result
represents an upper bound for the most general strat-
egy that can possibly be employed in a task of channel
discrimination. We show that this bound is saturated
by parallel strategies for the discrimination of unitary
groups that form a k-design, where k is the number of
allowed copies.

II. MINIMUM-ERROR CHANNEL DISCRIMINATION

In a task of minimum-error channel discrimination,
one is given access to an unknown quantum channel

C̃i : L(HI) → L(HO), which maps quantum states from
an input linear space HI to an output linear space HO.

This quantum channel is known to have been drawn
with probability pi from a known ensemble of channels

E = {pj , C̃j}Nj=1. The task is to determine which channel
from the ensemble was received using a limited amount
of uses/queries of it, which is essentially to determine

the classical label i of channel C̃i. In order to accom-
plish this task in the case where only a single use of the
unknown channel is allowed, one may send part of a po-
tentially entangled state ρ ∈ L(HI ⊗Haux) through the

channel C̃i and subsequently jointly measure the output
state with a positive-operator valued measure (POVM)
M = {Ma}Na=1,Ma ∈ L(HO ⊗ Haux). When both the
state and measurement are optimized according to the
knowledge of the ensemble, the outcome of the measure-
ment will correspond to the most likely value of the label
i of the unknown channel. Then, the maximal probabil-
ity of successfully determining which channel is at hand
is given by

P := max
ρ,{Mi}

N∑

i=1

piTr
[
(C̃i ⊗ 1̃)(ρ)Mi

]
, (1)

where 1̃ : L(Haux)→ L(Haux) is the identity map.

When more than one use, or copy, as we will refer
to from now on, is allowed, different strategies come
into play, each exploring a different order in which the
copies of the unknown channel are applied. In Figs. 1(a)
and (b), we illustrate two such possibilities, a paral-
lel and a sequential strategy, respectively. However, a
more general strategy can be defined by considering the
most general higher-order transformation that can map k
quantum channels to a valid probability distribution [see
Fig. 1(c)]. It has been shown that some of these general
strategies may employ processes with an indefinite causal
order and that these strategies may outperform parallel
and sequential ones in tasks of channel discrimination.26

III. TESTER FORMALISM

To facilitate the approach to this problem, a concise
and unified formalism of testers,31 also referred to as
process POVMs,32,33 was developed in Ref.26, providing
practical tools for both the comparison between different
strategies and for the efficient computation of the maxi-
mal probability of successful discrimination of a channel
ensemble under different classes of strategies. We now re-
vise the tester formalism while extending its definitions
to strategies that involve a finite number of copies k of
the unknown channel.

In order to apply the tester formalism, we will make use
of the Choi-Jamio lkowski (CJ) representation of quan-
tum maps. The CJ isomorphism is a one-to-one cor-
respondence between completely positive maps and posi-
tive semidefinite operators, which allows one to represent

any linear map L̃ : L(HI) 7→ L(HO) by a linear operator
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L ∈ L(HI ⊗HO) defined by

L := (1̃⊗ L̃)(Φ+), (2)

where Φ+ =
∑
ij |ii〉〈jj| ∈ L(HI ⊗HI), with {|i〉} being

an orthonormal basis, is an unnormalized maximally en-
tangled state. In this representation, a quantum channel,
i.e., a completely positive trace-preserving (CPTP) map

C̃ : L(HI) 7→ L(HO), is represented by a linear operator
C ∈ L(HI ⊗ HO), often called the “Choi operator” of

channel C̃, which satisfies

C ≥ 0, TrOC = 1I , (3)

where TrO denotes the partial trace over HO and 1I de-
notes the identity operator onHI . In particular, the Choi
operator of a unitary channel is proportional to a maxi-
mally entangled state. Using Choi operators of quantum
channels, we can equivalently represent the channel en-

semble {pi, C̃i}Ni=1 as {pi, Ci}Ni=1, where Ci is the Choi

operator of channel C̃i.
A tester is a set of positive semidefinite operators

T = {Ti}Ni=1, Ti ∈ L(HI ⊗ HO), which obey certain
normalization constraints and which, when taking the
trace with the Choi operator of a quantum channel C,
lead to a valid probability distribution, according to
p(i|C) = Tr (Ti C). In this sense, testers act on quan-
tum channels similarly to how POVMs act on quantum
states and can, therefore, be interpreted as a “measure-
ment” of a quantum channel. Testers allow us to rewrite
the maximal probability of successful discrimination of
the channel ensemble E = {pi, Ci}Ni=1 as

P = max
{Ti}

N∑

i=1

piTr (Ti Ci) . (4)

The advantage of this representation is the simplifica-
tion of the optimization problem that defines the maxi-
mal probability of success: now, optimization over differ-
ent discrimination strategies may be achieved by maxi-
mizing P over the set of valid testers, as opposed to opti-
mizing over both states and measurements [as in Eq. (1)].

For the case of k copies, different normalization con-
straints define testers that represent different classes of
strategies. We now define k-copy testers that represent
parallel, sequential, and general strategies.

Let HI :=
⊗k

i=1HIi and HO :=
⊗k

i=1HOi be the joint
input and output spaces, respectively, of k copies of a
quantum channel, let dI := dim(HI) and dO := dim(HO)
be their dimension, and let

X(·) := TrX(·)⊗ 1X

dX
(5)

denote a trace-and-replace operation in HX .

A. Parallel strategies

Parallel strategies are the ones that consist of sending
each system that composes a multipartite state through

one of the copies of the unknown channel, in such a way
that the output of each copy does not interact with the
input of the others, and jointly measuring the output
state at the end [see Fig. 1(a), left]. These strategies
are characterized by parallel testers [see Fig. 1(a), right]
TPAR = {TPAR

i }Ni=1, TPAR
i ∈ L(HI ⊗HO). Let WPAR :=∑

i T
PAR
i . Then, parallel testers are defined as

TPAR
i ≥ 0 ∀ i (6)

TrWPAR = dO (7)

WPAR =O WPAR. (8)

This is equivalent to defining WPAR to be a parallel pro-
cess, satisfying WPAR = σI ⊗ 1O, where Tr(σI) = 1.

B. Sequential strategies

In a sequential strategy, a quantum system is sent
through the first copy of the channel, and its out-
put system is allowed to be sent as input of the next
copy, while general CPTP maps may act on the sys-
tems in between copies. The final output is measured
by a POVM [see Fig. 1(b), left]. These strategies are
represented by sequential testers [see Fig. 1(b), right]

T SEQ = {T SEQ
i }Ni=1, T

SEQ
i ∈ L(HI ⊗HO). Let W SEQ :=∑

i T
SEQ
i . Then, sequential testers are defined as

T SEQ
i ≥ 0 ∀ i (9)

TrW SEQ = dO (10)

W SEQ =Ok W
SEQ (11)

IkOkW
SEQ =O(k−1)IkOk W

SEQ (12)

. . .

I2O2...IkOkW
SEQ =O1I2O2...IkOk W

SEQ. (13)

This is equivalent to defining W SEQ to be a k-slot
comb,31 or a k-partite ordered process matrix34 (see also
Refs.35,36).

C. General strategies

Finally, general strategies are defined by the most
general higher-order operations that can transform k
quantum channels into a joint probability distribution.
They can be regarded as the most general “measure-
ment” that acts jointly on k quantum channels, yield-
ing a classical output. Crucially, and contrarily to
parallel and sequential strategies, general strategies do
not physically impose any particular order in which the
copies of the channel must be applied. The testers
that characterize these strategies, the general testers,
are the most general sets of positive semidefinite oper-
ators TGEN = {TGEN

i }Ni=1, T
GEN
i ∈ L(HI ⊗ HO) that

satisfy p(i|C1, . . . , Ck) = Tr
[
TGEN
i (C1 ⊗ . . .⊗ Ck)

]
. Let
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⇐⇒
I1 O1

˜

slot 1

slot 2

TPAR

Ik Ok

··
·I2 O2

slot k

I1 O1

aux

slot 1

slot 2

I2 O2 ˜Mρ

Ik Ok

··
·

slot k

ρ

I1 I2O1 O2

aux2aux1

slot 1 slot 2 · · · M˜

auxk

Ik Ok

eE1
eE2

eEk-1 slot k

I1 I2O1 O2 ˜slot 1 slot 2 · · ·
Ik Ok

slot k

T SEQ

⇐⇒

(b) SEQUENTIAL

(a) PARALLEL

Ik Ok

slot k

Ik Ok

slot k

˜

I1 O1

slot 1

I2 O2

slot 2

··
·

TGEN⇐⇒M˜F

I1 O1

slot 1

I2 O2

slot 2

··
·

(c) GENERAL

WF

TPAR

Figure 1. Schematic representation of the realization of every k-copy (a) parallel tester TPAR with a state ρ and a POVM M ;

(b) sequential tester T SEQ with a state ρ, channels Ẽi, i ∈ {1, k − 1}, and a POVM M ; and (c) general tester TGEN with a
process matrix W and a POVM M .

WGEN :=
∑
i T

GEN
i . Then, general testers can be equiv-

alently defined as

TGEN
i ≥ 0 ∀ i (14)

Tr[WGEN(C1 ⊗ . . .⊗ Ck)] = 1, (15)

for all Choi states of quantum channels Ci ∈ L(HIi ⊗
HOi). This is equivalent to defining WGEN to be a gen-
eral k-partite process matrix.34,37 For the cases of k = 2
and k = 3, we provide a characterization of WGEN in
terms of linear constraints in Appendix A.

Ordered processes, such as WPAR and W SEQ, form
a subset of the general processes WGEN. However, some
general processes are known not to respect the causal con-
straints of ordered processes, that is, they are neither par-
allel nor sequential.37 Moreover, they cannot be described
as convex mixtures of ordered processes, in the bipar-
tite case, or other more appropriate notions of mixtures
of causal order, in the multipartite case.38 Such general
processes have been termed to exhibit an indefinite causal
order37 and have been shown to bring advantages to sev-
eral quantum information tasks, such as quantum compu-
tation,28 communication complexity,39,40 discrimination
of bipartite non-signaling channels,41 violation of fully
and semi-device-independent causal inequalities,37,42,43

inversion of unknown unitary operations,44 and, more re-
cently, discrimination of general quantum channels.26

Contrarily to the parallel and sequential cases, a real-
ization of general testers in terms of quantum operations
is an open problem. More specifically, a general tester
can always be constructed from a general process matrix

and a POVM,26 as illustrated in Fig. 1(c). However,
only a subset of process matrices are currently known to
be realizable with quantum operations.45 This subset,
known as “coherent quantum control of causal orders”,
has been shown to bring advantage to the discrimination
of general channels.26 See Ref.26 for a more detailed
discussion about the realization of testers.

For any chosen strategy, the maximal probability of
successful discrimination of an ensemble of N channels
E = {pi, Ci}Ni=1 using k copies is given by

PS := max
{TSi }

N∑

i=1

piTr
(
TSi C

⊗k
i

)
, (16)

where S ∈ {PAR,SEQ,GEN}.
For all three classes of strategies, PS can be computed

via semidefinite programming (SDP). A short review of
dual and primal SDP problems associated with the max-
imal probability of successful discrimination is given in
Appendix A.

IV. DISCRIMINATION OF UNITARY CHANNELS

In this section, we present our results concerning the
discrimination of unitary channels. Here, unitary chan-
nels, also called unitary operations, will be simply de-
noted by unitary operators U that satisfy UU† = 1, and
these terms will be used interchangeably. The Choi op-
erators of unitary channels will be denoted as |U〉〉〈〈U | ∈
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L(HI ⊗HO), where

|U〉〉 :=
∑

i

(1⊗ U)|ii〉. (17)

We start considering a discrimination task that in-
volves unitary channels that form a group (see Ap-
pendix B). We show that, for an ensemble composed of a
set of unitary channels that forms a group and a uniform
distribution, parallel strategies do not only perform as
well as the sequential ones22 but are, indeed, the opti-
mal strategies for discrimination—even considering gen-
eral strategies that may involve indefinite causal order.

Theorem 1. For ensembles composed of a uniform prob-
ability distribution and a set of unitary channels that
forms a group up to a global phase, in discrimination
tasks that allow for k copies, parallel strategies are opti-
mal, even when considering general strategies.

More specifically, let E = {pi, Ui}i be an ensemble with
N unitary channels, where pi = 1

N ∀ i and the set {Ui}i
forms a group up to a global phase. Then, for any number
of copies k and for every general tester {TGEN

i }, there
exists a parallel tester {TPAR

i }i such that

1

N

N∑
i=1

Tr
(
TPAR
i |Ui〉〉〈〈Ui|⊗k

)
=

1

N

N∑
i=1

Tr
(
TGEN
i |Ui〉〉〈〈Ui|⊗k

)
.

(18)

The proof of this theorem can be found in Appendix B.

Theorem 1 has two crucial hypotheses: (1) the set of
unitary operators {Ui} forms a group and (2) the distri-
bution {pi} is uniform. If at least one of these hypotheses
is not satisfied, then Theorem 1, in fact, does not hold,
as we show in the following.

Theorem 2. There exist ensembles of unitary chan-
nels for which sequential strategies of discrimination out-
perform parallel strategies. Moreover, sequential strate-
gies can achieve perfect discrimination in some scenar-
ios where the maximal probability of success of parallel
strategies is strictly less than one.

Let us start with the case where the set of unitary chan-
nels does not form a group, but the probability distribu-
tion of the ensemble is uniform. In the following, σx, σy,
and σz are the Pauli operators and H := |+〉〈0|+ |−〉〈1|,
where |±〉 := 1√

2
(|0〉 ± |1〉), is the Hadamard gate.

Throughout the paper, we take
√
A :=

∑
i

√
λi|i〉〈i| to

be the square root of an arbitrary diagonalizable opera-
tor A =

∑
i λi|i〉〈i|.

Example 1. The ensemble composed of a uniform proba-
bility distribution and N = 4 qubit unitary channels given
by {Ui} = {1,√σx,√σy,

√
σz}, in a discrimination task

that allows for k = 2 copies, can be discriminated under a
sequential strategy with probability of success PSEQ = 1,
while any parallel strategy yields PPAR < 1.

A straightforward sequential strategy that attains per-
fect discrimination of this ensemble can be constructed
by first noting that

√
σi
√
σi = σi; hence, a simple compo-

sition of the unitary operators Ui leads to the Pauli oper-
ators, which are perfectly discriminated with a bipartite
maximally entangled state and a joint measurement in
the Bell basis. The proof that any parallel strategy that
applies two copies can never attain perfect discrimina-
tion is provided in Appendix C and applies the method
of computer-assisted proofs developed in Ref.26.

Another example of this phenomenon is showed by the
ensemble {Ui} = {1, σx, σy,

√
σz} with uniform probabil-

ity distribution, which also satisfies PPAR < P SEQ = 1
for a discrimination task with k = 2 copies. In Ap-
pendix C, we show that such an ensemble can actually
be discriminated perfectly by a sequential strategy that
uses, on average, 1.5 copies.

The next example concerns a set of unitary channels
that forms a group, but the probability distribution of
the ensemble is not uniform.

Example 2. Let {1, σx, σy, σz, H, σxH, σyH, σzH} =
{Ui} be a tuple of N = 8 unitary channels that forms
a group up to a global phase, and let {pi} be a probabil-
ity distribution in which each element pi is proportional
to the i-th digit of the number π ≈ 3.1415926, that is,
{pi} = { 3

31 ,
1
31 ,

4
31 , . . . ,

6
31}. For the ensemble {pi, Ui},

in a discrimination task that allows for k = 2 copies,
sequential strategies outperform parallel strategies, i.e.,
PPAR < PSEQ.

The proof of this example is also in Appendix C, and
applies the same method of computer-assisted proofs. In
Example 2, we have set the distribution {pi} to be pro-
portional to the ith digit of the constant π to emphasize
that the phenomenon of sequential strategies outperform-
ing the parallel ones when the set of unitary channels
forms a group does not require a particularly well cho-
sen non-uniform distribution. In practice, we have ob-
served that with randomly generated distributions, opti-
mal strategies often respect PPAR < P SEQ.

In both of the aforementioned examples, general strate-
gies do not outperform sequential strategies. However,
for the case of discrimination of unitary channels using
k = 3 copies, we show that general strategies are, indeed,
advantageous.

Theorem 3. There exist ensembles of unitary channels
for which general strategies of discrimination outperform
sequential strategies.

Let us start again with the case where the set of uni-
tary channels does not form a group, but the proba-
bility distribution of the ensemble is uniform. For the
following, we define Hy := |+y〉〈0| + |−y〉〈1|, where
|±y〉 := 1√

2
(|0〉 ± i|1〉), and HP := |+P 〉〈0| + |−P 〉〈1|,

where |+P 〉 := 1
5 (3|0〉+ 4|1〉) and |−P 〉 := 1

5 (4|0〉 − 3|1〉).
Example 3. For the ensemble composed of a uniform
probability distribution and N = 4 unitary channels given
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=

∀ Ui

˜
Mρ

V00 V10 V01 V11 V02 V12
UiUi

c

t

a

˜
ρ MWSL

Ui

Ui
c

t

a

Figure 2. Illustration of a 2-copy sequential strategy that attains the same probability of successful discrimination as any
2-copy switch-like strategy, for all sets of unitary channels {Ui}Ni=1. Line “c” represents a control system, “t” represents a
target system, and “a” represents an auxiliary system. Both strategies can be straightforwardly extended to k copies (see
Appendix E).

by {Ui} = {√σx,
√
σz,
√
Hy,
√
HP }, in a discrimina-

tion task that allows for k = 3 copies, general strategies
outperform sequential strategies and sequential strate-
gies outperform parallel strategies. Therefore, the max-
imal probabilities of success satisfy the strict hierarchy
PPAR < PSEQ < PGEN.

The proof of this example can be found in Appendix D.

General strategies can also be advantageous for the
discrimination of an ensemble composed of a non-
uniform probability distribution and a set of unitary
channels that forms a group. Let the set of unitary
operators in Example 3 be the set of generators of a
group (potentially with an infinite number of elements).
Now, consider the ensemble composed of such a group
and a probability distribution given by pi = 1

4 for
the four values of i corresponding to the four unitary
operators which are the generators of the group, and
pi = 0 otherwise. It is straightforward to see that the
maximal probabilities of successfully discriminating this
ensemble would be the same as the ones in Example 3,
hence satisfying PPAR < P SEQ < PGEN. Although
somewhat artificial, this example shows that advantages
of general strategies are, indeed, possible for this kind of
unitary channel ensemble.

Although general indefinite-causal-order strategies can
be advantageous for the discrimination of unitary chan-
nels, this is not the case for one particular sub-class of
general strategies: those which can be constructed from
the quantum switch.27

Let Vmn, with m ∈ {0, 1}, n ∈ {0, 1, 2}, be unitary op-
erators that act on a target and an auxiliary system and
U1, U2 be unitary operators that act only on the target
system. Finally, let {|m〉〈m|c}m be projectors that act
on a control system. Then, we define the switch-like su-
perchannel, which transforms a pair of unitary channels

into one unitary channel, according to

WSL(U1, U2) :=|0〉〈0|c ⊗ V02 (U2 ⊗ 1)V01 (U1 ⊗ 1)V00

+|1〉〈1|c ⊗ V12 (U1 ⊗ 1)V11 (U2 ⊗ 1)V10,

(19)

where 1 is the identity operator acting on the auxiliary
system. In the case where Vmn = 1 ∀m,n, one recov-
ers the standard quantum switch.27 The switch-like su-
perchannel has been previously considered in Refs.29,30

in the context of reversability-preserving transforma-
tions. Generalizations of the switch-like superchannel
that transform k instead of 2 unitaries are presented in
detail in Appendix E, applying unitaries {Vmn}m,n, with
m ∈ {0, . . . , k! − 1} and n ∈ {0, . . . , k}, and considering
all permutations of the target unitaries {Ul}kl=1. Such
k-slots switch-like superchannels have been shown to be
implementable via coherent quantum control of causal
orders.45

Now, let W SL ∈ L(HP ⊗ HI ⊗ HO ⊗ HF ) be the k-
slot switch-like process associated with the k-slot gen-
eralization of the switch-like superchannel in Eq. (19).
A general discrimination strategy, given by the k-copy
switch-like tester T SL = {T SL

i }, T SL
i ∈ L(HI ⊗HO) can

be constructed using the k-slot switch-like process W SL,
a quantum state ρ ∈ L(HP ) that acts on the “past” space
of the k slots of W SL, and a POVM {Mi},Mi ∈ L(HF ),
that acts on the “future” space, according to

T SL
i := TrPF

[
(ρ⊗ 1)W SL(1⊗Mi)

]
(20)

where the identity operators 1 act on the correspondent
complementary spaces.

We show that such switch-like strategies exhibit no ad-
vantage over sequential strategies for the discrimination
of N unitary channels using k copies.

Theorem 4. The action of the switch-like process on k
copies of a unitary channel can be equivalently described
by a sequential process that acts on k copies of the same
unitary channel.
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Uniformly sampling qubit unitary channels

N k = 2 k = 3

2 PPAR = P SEQ = PGEN PPAR = P SEQ = PGEN

3 PPAR = P SEQ = PGEN PPAR < P SEQ = PGEN

4 PPAR < P SEQ = PGEN PPAR < P SEQ < PGEN

...
...

...

10 PPAR < P SEQ = PGEN PPAR < P SEQ < PGEN

...
...

...

25 PPAR ≈ P SEQ = PGEN PPAR < P SEQ ≈ PGEN

Table I. Summary of numerical findings: Gaps between dif-
ferent strategies of discrimination using k copies of ensembles
of N uniformly distributed qubit unitary channels sampled
according to the Haar measure. The bold equalities on row
N = 2 denote known analytical results (see Ref.22). A strict
inequality indicates that examples of ensembles that exhibit
such gaps were encountered. An equality indicates that, for
all sampled ensembles, no gap was encountered, up to numer-
ical precision. The number of sampled sets ranged from 500
to 50 000.

Consequently, in a discrimination task involving the
ensemble E = {pi, Ui}i composed of N unitary channels
and some probability distribution, and that allows for k
copies, for every switch-like tester {TSL

i }i, there exists a

sequential tester {TSEQ
i }i that attains the same probabil-

ity of success, according to

N∑

i=1

piTr
(
TSL
i |Ui〉〉〈〈Ui|⊗k

)
=

N∑

i=1

piTr
(
TSEQ
i |Ui〉〉〈〈Ui|⊗k

)
.

(21)

The proof can be found in Appendix E, where we pro-
vide a simple construction of a sequential strategy that
performs as well as any switch-like strategy using the
same number of copies for unitary channel discrimina-
tion. A graphical representation of such a strategy in the
case of k = 2 copies is represented in Fig. 2.

V. UNIFORMLY SAMPLED UNITARY CHANNELS

The advantage of sequential and general strategies in
the discrimination of unitary channels is not restricted
to the main examples given for Theorems 2 and 3. In
fact, by sampling sets of unitary operators uniformly dis-
tributed according to the Haar measure, and using these
sets to construct ensembles with uniform probability dis-
tribution, one can find several other examples of the ad-
vantage of sequential and general strategies. A summary
of our numerical findings is presented in Table I.

Qubits, k = 2. In the scenario of qubit unitary chan-
nels and k = 2 copies, we have observed gaps between the

Figure 3. Ratios of the averages of the maximal probability of
successful discrimination of ensembles of N ∈ {2, . . . , 25} uni-
formly distributed qubit unitary channels sampled according
to the Haar measure. Top: For k = 2 copies, the ratio be-
tween parallel and sequential strategies 〈PPAR〉/〈P SEQ〉. To
compute the averages, 1 000 sets were sampled for each N .
Bottom: For k = 3 copies, the ratio between parallel and
sequential strategies 〈PPAR〉/〈P SEQ〉 and between sequential
and general strategies 〈P SEQ〉/〈PGEN〉. To compute the av-
erages, 500 sets were sampled for each N .

performance of parallel and sequential strategies for en-
sembles of N ∈ {4, . . . , 25} unitary channels. For the case
ofN = 2, it is known that such gaps do not exit22, and for
the case of N = 3, no gap was discovered. By calculat-
ing the averages of the maximal probabilities of success,
we observed that the minimum ratio 〈PPAR〉/〈P SEQ〉 oc-
curred at N = 6. At N = 25, gaps were hardly detected.
This behavior can be visualized in the plot of Fig. 3 (top).

Qutrits, k = 2. For the case of qutrit unitary chan-
nels and k = 2 copies, we discovered a gap between the
performance of parallel and sequential strategies already
for a discrimination task of only N = 3 unitary chan-
nels, while in the qubit case, the first example of this
phenomenon was found only for N = 4. In this scenario
as well, no advantages of general strategies were found.
These results are not plotted.

Qubits, k = 3. In the scenario of qubit unitary chan-
nels and k = 3 copies, the advantage of general strate-
gies over causally ordered ones (parallel and sequential)
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is common. Still considering uniformly sampled qubit
unitary channels, in the 3-copy case, we have found a
strict hierarchy of discrimination strategies in scenarios
of N ∈ {4, . . . , 19}. For N ∈ {20, . . . , 25}, the advan-
tage of sequential strategies was clear but that of gen-
eral strategies was hardly detected. Also in the case of
N = 3, only an advantage of sequential over parallel
strategies was found. The minimum ratios of the aver-
ages 〈PPAR〉/〈P SEQ〉 and 〈P SEQ〉/〈PGEN〉 were found at
N = 10 and N = 11, respectively. These results are
plotted in Fig. 3 (bottom).

The number of unitary channel ensembles sampled to
calculate the average values of the maximal probabilities
of success ranged from 50 000 for d = 2, k = 2, N = 2 to
100 for d = 3, k = 2, N = 3.

In Fig. 3, one can see how the ratios between the max-
imal probabilities of success of different classes of strate-
gies decrease as the number N of uniformly sampled uni-
tary channels being discriminated increases. This obser-
vation is in line with the idea that, in the limit where the
ensemble is composed of all qubit unitary channels, there-
fore forming the group SU(2), it is expected that parallel
strategies would be optimal. In Sec. VI, we formally an-
alyze the asymptotic behavior of 〈PS〉, while providing
an absolute upper bound for the maximal probability of
success under any strategy.

VI. ULTIMATE UPPER BOUND FOR PS FOR ANY
SET OF UNITARY CHANNELS

We now present an upper bound for the maximal
probability of success for discriminating a set of N
d-dimensional unitary channels with general strategies
when k copies are available. Our result applies to any
ensemble of unitary channels E = {pi, Ui}Ni=1 where
pi = 1

N is a uniform probability distribution. Since
general testers are the most general strategies that are
consistent with a channel discrimination task, our result
constitutes an ultimate upper bound for discriminating
uniformly distributed unitary channels. Additionally, as
we show later, our bound can be saturated by particular
choices of unitary channels.

Theorem 5 (Upper bound for general strategies). Let
E = {pi, Ui}Ni=1 be an ensemble composed of N d-
dimensional unitary channels and a uniform probability
distribution. The maximal probability of successful dis-
crimination of a general strategy with k copies is upper
bounded by

PGEN ≤ 1

N
γ(d, k), (22)

where γ(d, k) is given by

γ(d, k) :=

(
k + d2 − 1

k

)
=

(k + d2 − 1)!

k!(d2 − 1)!
. (23)

The proof of this theorem is in Appendix F.

Figure 4. Upper bound and average of the maximal proba-
bility of successful discrimination of sets of N ∈ {2, . . . , 25}
qubit unitary operators sampled according to the Haar mea-
sure. The plotted curves correspond to the average 〈PS〉
multiplied by N and the constant line is the analytical up-
per bound of γ(2, k) derived in Thm. 5. Note how all N〈PS〉
asymptotically approach the upper bound γ(2, k) as N in-
creases, although somewhat slowly. Top: For k = 2 copies,
N〈PPAR〉 and N〈P SEQ〉 are plotted against the upper bound
of γ(2, 2) = 10. To compute the averages, 1 000 sets were
sampled for each N . Bottom: For k = 3 copies, N〈PPAR〉,
N〈P SEQ〉, and N〈PGEN〉 are plotted against the upper bound
of γ(2, 3) = 20. The difference between plotted points of
N〈P SEQ〉 and N〈PGEN〉 is not visible. To compute the aver-
ages, 500 sets were sampled for each N .

The upper bound given by Thm. 5 can be attained
by some particular choices of unitary channels that form
a group (and hence, by Thm. 3, attainable by a par-
allel strategy). In particular, it follows from Refs.46–48

that when sets of unitary operators {Ui}i form group
k-designs, there exists a parallel strategy such that

PPAR =
1

N
γ(d, k). (24)

A set of unitary operators {Ui}Ni=1 forms a group k-
design when the set forms a group and respects the rela-
tion

∫

Haar

U⊗k ρ U⊗k
†
dU =

1

N

N∑

i=1

U⊗ki ρ U⊗ki
†

(25)
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for every linear operator ρ.
In Sec. V, we analyzed the problem of discriminating

N unitary operators uniformly sampled according to the
Haar measure. For any fixed dimension d and number
of copies k, if we sample a very large number N of uni-
tary operators (N → ∞), when the distribution {pi}i is
uniform, the maximal probability of success will be very
small (PS → 0). At the same time, due to the uniform
properties of the Haar measure, if we uniformly sample
a large number N of unitary operators, we obtain a set
that approaches the group of all unitary operators of the
given dimension, which is equivalent to the group SU(d),
approximately satisfying the group k-design condition in
Eq. (25). Therefore, for large N , we have the asymptotic
behavior

N〈PPAR〉 ≈ N〈P SEQ〉 ≈ N〈PGEN〉 ≈ γ(d, k). (26)

This argument can be made more rigorous by recognizing
that SU(d) is a compact Lie group, treating probabilities
as probability densities, and maximizing likelihood.46,48

As an example from our numerical calculations, in
Fig. 4, for the case of d = 2 and k = 2, 3, we can vi-
sualize the behavior of N〈PS〉 as a function of N and
how it asymptotically approaches the constant γ(d, k),
which takes the values of γ(2, 2) = 10 and γ(2, 3) = 20,
with increasing N .

VII. CONCLUSION

We extended the unified tester formalism of Ref.26 to
the case of k copies and applied it particularly to the
study of unitary channel discrimination. Our first con-
tribution was to prove that, in a discrimination task of an
ensemble of a set of unitary channels that forms a group
and a uniform probability distribution, parallel strategies
are always optimal, even when compared against the per-
formance of general strategies.

Subsequently, we showed an example of a unitary chan-
nel discrimination task in which a sequential strategy
outperforms any parallel strategy. Our result consists of
the first demonstration of such a phenomenon, to the ex-
tent of our knowledge. Our task involves two copies and
four unitary channels, which can be perfectly discrimi-
nated with a sequential strategy but not with a parallel
one. We explicitly provided the optimal discrimination
strategy for this task.

We also showed that general strategies that involve
indefinite causal order are advantageous for the discrimi-
nation of unitary channels. Our simplest example of this
phenomenon is a task of discriminating among four uni-
tary channels using three copies. While our optimal par-
allel and sequential strategies can be straightforwardly
implemented with (ordered) quantum circuits, a poten-
tial quantum realization of the optimal general strategies
that are advantageous in this scenario remains an open
problem. We then demonstrated that general strategies
that are created from switch-like transformations, which

are known to be, in principle, implementable with quan-
tum operations,45 can never perform better than sequen-
tial strategies for unitary channel discrimination.

The final result of our work was an upper bound for
the maximal probability of success of any set of unitary
channels using any number of copies under any strategy.
This ultimate bound applies to any possible discrimina-
tion strategy and was shown to be tight, attained by dis-
crimination tasks of unitary groups that form a k-design.

The concrete examples of the advantages of sequential
and general strategies in this work focused on discrimina-
tion tasks that use k = 2 or 3 copies. An open question
of our work is how these strategy gaps would scale with
larger values of k. The preliminary results presented here
indicate that the advantage of sequential over parallel
strategies and of general over sequential strategies should
be even more accentuated as a higher number of copies
are allowed. This idea is supported by the intuition that
the number of different ways in which one can construct
sequential strategies, as compared to parallel strategies,
increases with the number of slots k. Similarly, we ex-
pect such a phenomenon to exist for the general case.
It would then be interesting to find out exactly the rate
with which these gaps increase with k.

No advantage of general strategies was found in sce-
narios involving discrimination of unitary channels using
only k = 2 copies. We conjecture that, when considering
k = 2 copies, such an advantage is, indeed, not possible
for any number N of unitary channels. We also remark
that, when considering k = 2 copies, Refs.29,30 proved
that superchannels that preserve reversibility (i.e. trans-
form unitary channels into unitary channels) are neces-
sarily of the switch-like form. Intuitively, it seems plau-
sible that the optimal general strategy for discriminat-
ing unitary channels would be one that transforms uni-
tary channels into unitary channels. This argument of
reversibility preservation combined with our Theorem 4
might lead to a proof of our conjecture.

Furthermore, we also conjecture that, when consider-
ing N = 2 unitary channels, general strategies are not
advantageous for any number of copies k. In this sce-
nario, it has been proven that sequential strategies can-
not outperform parallel ones,22 and we believe this to
also be the case for general strategies. The task of dis-
criminating between two unitary channels can always be
recast as the problem of discriminating a unitary opera-
tor from the identity operator. In the parallel case, the
probability of successful discrimination has been shown
to be related to the spread of the eigenvalues of this uni-
tary operator.19,20 The proof presented in Ref.22 explores
how sequential strategies affect the spread of the eigen-
values of unitary operators, to conclude that they cannot
outperform the parallel ones. A better understanding of
how general strategies affect the spread of the eigenvalues
of unitary operators could lead to a conclusive answer for
this conjecture.

Finally, an interesting open question that could fol-
low our work is how quantum-specific are the phenomena
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presented here. For instance, Ref.49 showed that adap-
tive strategies may outperform parallel ones in classical
channel discrimination; however, their examples did not
concern a classical analog of unitary channels. Assuming
the analog of a unitary channel in classical information
theory to be a classical channel that maps determinis-
tic probability distributions into deterministic probabil-
ity distributions, i.e., channels that can be described by
a permutation matrix, it would be interesting to investi-
gate whether their discrimination could also be enhanced
by sequential strategies. Additionally, Refs.50,51 showed
that indefinite causal order also manifests itself in clas-
sical processes. Hence, an interesting question would be
whether indefinite causality is also a useful resource for
classical channel discrimination.
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APPENDIX

The appendix is composed of the following sections: Appendix A presents the definition of 2- and 3-slot process
matrices in terms of positivity and linear normalization constraints and a small review of the formulation of
the maximal probability of successful discrimination in terms of primal and dual SDP problems; Appendix B
presents the proof of Theorem 1; Appendix C presents the proof of Examples 1 and 2; Appendix D presents the proof
of Example 3, Appendix E presents the proof of Theorem 4; and, finally, Appendix F contains the proof of Theorem 5.

Some of the sections in the Appendix will make use of the link product13 between two linear operators, which is a

useful mathematical tool to compose linear maps that are represented by their Choi operators. If C̃ := B̃ ◦ Ã is the

composition of the linear maps Ã : L(H1) → L(H2) and B̃ : L(H2) → L(H3), the Choi operator of C̃ is given by

C = A ∗B, where A and B are the Choi operators of Ã and B̃, respectively, and ∗ stands for the link product, which
we now define. Let A ∈ L(H1⊗H2) and B ∈ L(H2⊗H3) be linear operators. The link product A ∗B ∈ L(H1⊗H3)
is defined as

A12 ∗B23 := Tr2

[(
(A12)T2 ⊗ 13

)(
11 ⊗B23

)]
, (27)

where (·)T2 stands for the partial transposition on the linear space H2.
We remark that identifying the linear spaces where the operators act is an important part of the link product, also,

if we keep track on these linear spaces, the link product is commutative and associative.

Appendix A: Semidefinite programming formulation and linear constraints for general processes of k = 2 and k = 3 slots

For sake of completeness, in the following, we present a characterization of general processes with k = 2 and k = 3
slots, which are bipartite and tripartite process matrices, in terms of positivity constraints and linear normalization
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constraints. While positivity is a consequence of physical considerations, the linear normalization constraints are a
direct implication of Eq. (15). We refer to Ref.34 for a detailed explanation of the method and Ref.53 for the explicit
characterization of general processes with k = 3 slots.

We recall that we represent the trace-and-replace operation on HX as X(·) = TrX(·)⊗ 1X

dX
, where dX = dim(HX).

Let W ∈ L(HAIAO ⊗HBIBO ) be a 2-slot (bipartite) process matrix. Then,

W ≥ 0 (A1)

Tr(W ) = dAOdBO (A2)

AIAOW =AIAOBO W (A3)

BIBOW =AOBIBO W (A4)

W +AOBO W =AO W +BO W. (A5)

Now let W ∈ L(HAIAO ⊗HBIBO ⊗HCICO ) be a 3-slot (tripartite) process matrix. Then,

W ≥ 0 (A6)

Tr(W ) = dAOdBOdCO (A7)

AIAOBIBOW =AIAOBIBOCO W (A8)

BIBOCICOW =AOBIBOCICO W (A9)

AIAOCICOW =AIAOBOCICO W (A10)

AIAOW +AIAOBOCO W =AIAOBO W +AIAOCO W (A11)

BIBOW +AOBIBOCO W =AOBIBO W +BIBOCO W (A12)

CICOW +AOBOCICO W =AOCICO W +BOCICO W (A13)

W +AOBO W +AOCO W +BOCO W =AO W +BO W +CO W +AOBOCO W. (A14)

We also recall that the maximal probability of successful discrimination in Eq. (16) can be equivalently expressed
by the primal SDP problem

given {pi, Ci}
maximize

∑

i

piTr
(
TSi C

⊗k
i

)

subject to TSi ≥ 0 ∀ i,
∑

i

TSi = WS ,

(A15)

or the dual problem

given {pi, Ci}
minimize λ

subject to pi C
⊗k
i ≤ λWS ∀ i,

(A16)

the latter of which can be straightforwardly phrased as an SDP by absorbing the coefficient λ into W
S

, which is

the dual affine of process matrix WS .26 For parallel processes WPAR, their dual affine W
PAR

is a general k-partite

quantum channel, for sequential processes W SEQ, their dual affine W
SEQ

is a k-partite channel with memory, and for

general processes WGEN, their dual affine W
GEN

is a k-partite non-signaling channel. We refer to Ref.26 for more
details. In principle, any solution of the primal problem gives an upper bound to PS and any solution of the dual
problem, a lower bound. From strong duality, it is guarantee that the optimal solution of both problems coincides.
Both problems are used in the computer-assisted-proof method applied in this paper.

Appendix B: Proof of Theorem 1

We start this section with Lemma 1, which plays a main role in the proof of Thm 1, and may be of independent
interest. The theorems presented in this section employ methods that are similar to the ones in Ref.20,54, which
exploit the covariance of processes to parallelize strategies.
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Lemma 1. Let {TU}U , TU ∈ L(HI⊗HO), be a general k-slot tester associated with the general process W :=
∑
U TU ,

that respects the commutation relation

W IO
(
1⊗ U⊗k

)IO
=
(
1⊗ U⊗k

)IO
W IO, (B1)

for every unitary operator U ∈ L(Cd) from a set {U}U .
Then, there exists a parallel k-slot tester {TPAR

U }i such that

Tr
(
TPAR
U |U〉〉〈〈U |⊗k

)
= Tr

(
TU |U〉〉〈〈U |⊗k

)
∀ U ∈ {U}U . (B2)

Moreover, this parallel tester can be written as TPAR
U = ρI

′I ∗ M I′O
U where HI′ is an auxiliary space which is

isomorphic to HI , ρ ∈ L(HI ⊗HI′) is a quantum state defined by

ρI
′I :=

√
W

T I
′I

|1〉〉〈〈1|I′I
√
W

T I
′I

, (B3)

and {MU}U is a POVM defined by55

M I′O
U :=

√
W
−1I

′O

TU
I′O
√
W
−1I

′O

. (B4)

Proof. We start our proof by verifying that ρ ∈ L(HI′ ⊗ HI) is a valid quantum state. The operator ρ is positive
semidefinite because it is a composition of positive semidefinite operators and the normalization condition follows
from

Tr(ρ) =Tr

(√
W

T I
′I

|1〉〉〈〈1|I′I
√
W

T I
′I
)

(B5)

=Tr
(
WT I

′I |1〉〉〈〈1|I′I
)

(B6)

=Tr
(
W I′I |1〉〉〈〈1|T I

′I
)

(B7)

=Tr
(
W I′I |1〉〉〈〈1|I′I

)
(B8)

=1, (B9)

where the last equation holds because, since W is a general process, it satisfies Tr(WC) = 1 for any C which is the
Choi operator of a channel.

Let us now verify that the set of operators {MU}U forms a valid POVM. For that it is enough to recognize that all
operators MU are compositions of positive semidefinite operators that add up to the identity, according to

∑

U

MU =
√
W
−1I

′O∑

U

TU
I′O√

W
−1I

′O

(B10)

=
√
W
−1I

′O

W I′O
√
W
−1I

′O

(B11)

=1I
′O. (B12)

The relation
√
W
−1
W
√
W
−1

= 1 can be shown by writing W in an orthonormal basis as W =
∑
i αi|i〉〈i| and√

W
−1

=
∑
i α
−1/2
i |i〉〈i|.

Recall that for any unitary operator U , we have the identity |U〉〉〈〈U |T = |U∗〉〉〈〈U∗|, and if CIO is the Choi operator

of a linear map C̃ : L(HI)→ L(HO), ρI
′I ∈ L(HI′ ⊗HI), it holds that ρI

′I ∗CIO =
(

1̃⊗ C̃(ρI
′I)
)I′O

. In addition, if

a diagonalizable operator W IO commutes with
(
1⊗ U⊗k

)IO
, its positive semidefinite square root

√
W also commutes

with56
(
1⊗ U⊗k

)IO
; hence, we have

√
W (1⊗ U⊗k) = (1⊗ U⊗k)

√
W. (B13)
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By taking the complex conjugation on both sides of Eq. (B13) and exploiting the fact that
√
W =

√
W
†

implies√
W

T
=
√
W
∗
, it holds that

√
W

T
(1⊗ U∗⊗k) = (1⊗ U∗⊗k)

√
W

T
. (B14)

With these identities in hand, we can evaluate the link product ρI
′I ∗

(
|U⊗k〉〉〈〈U⊗k|T

)IO
, which will be used in the

next step of the proof, to obtain

ρI
′I ∗

(
|U〉〉〈〈U |⊗kT

)IO
=ρI

′I ∗
(
|U∗〉〉〈〈U∗|⊗k

) IO
(B15)

=
[
(1⊗ U∗⊗k) ρ (1⊗ UT⊗k)

]I′O
(B16)

=
[
(1⊗ U∗⊗k)

√
W

T |1〉〉〈〈1|
√
W

T
(1⊗ UT⊗k)

]I′O
(B17)

=
[√

W
T

(1⊗ U∗⊗k) |1〉〉〈〈1| (1⊗ UT⊗k)
√
W

T
]I′O

(B18)

=
(√

W
T |U∗〉〉〈〈U∗|⊗k

√
W

T
)I′O

. (B19)

We now finish the proof by verifying that

Tr
(
TPAR
U |U〉〉〈〈U |⊗k

)
= Tr

[
(ρI
′I ∗M I′O

U ) |U〉〉〈〈U |⊗kIO
]

(B20)

= (ρI
′I ∗M I′O

U ) ∗ (|U〉〉〈〈U |⊗k)T
IO

(B21)

= M I′O
U ∗

(
ρI
′I ∗ |U∗〉〉〈〈U∗|⊗k IO

)
(B22)

= M I′O
U ∗

(√
W

T |U∗〉〉〈〈U∗|⊗k
√
W

T
)I′O

(applying Eq. (B19)) (B23)

= Tr

[
M I′O
U

(√
W

T |U∗〉〉〈〈U∗|⊗k
√
W

T
)T I′O]

(B24)

= Tr

[
M I′O
U

(√
W |U〉〉〈〈U |⊗k

√
W
)I′O]

(B25)

= Tr

[(√
W
−1
TU
√
W
−1)I′O (√

W |U〉〉〈〈U |⊗k
√
W
)I′O]

(B26)

= Tr
(
TU |U〉〉〈〈U |⊗k

)
. (B27)

Now, we prove Theorem 1.

Theorem 1. Let E = {pU , |U〉〉〈〈U |}U be an ensemble of unitary channels where the set of unitary operators U ∈ L(Cd),
{U}U forms a group up to a global phase—that is, there exist real numbers φi such that

• eiφ11 ∈ {U}U

• If A ∈ {U}U , then eiφAA−1 ∈ {U}U

• If A,B ∈ {U}U , then eiφABAB ∈ {U}U ,

and the distribution {pU}U is uniform—that is, if the set has N elements, pU = 1
N .

Then, for any number of uses k and every general tester {TGEN
U }U , TGEN

U ∈ L(HI ⊗ HO) there exists a parallel
tester {TPAR

U }U , TPAR
U ∈ L(HI ⊗HO), such that

1

N

∑

U∈{U}U

Tr
(
TGEN
U |U〉〉〈〈U |⊗k

)
=

1

N

∑

U∈{U}U

Tr
(
TPAR
U |U〉〉〈〈U |⊗k

)
. (B28)
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Before presenting the proof, we recall that unitary operators that are equivalent up to a global phase represent
equivalent unitary channels. That is, if U ′ = eiφU : HI → HO is a linear operator, its associated map is given by

Ũ ′(ρ) = U ′ρU ′
†

(B29)

= eiφe−iφUρU† (B30)

= UρU† (B31)

= Ũ(ρ) (B32)

and its Choi operator |U〉〉〈〈U | respects

|U〉〉〈〈U | = |U ′〉〉〈〈U ′|. (B33)

Due to this fact, the two sets of operators {Ui}i and {eiφiUi}i represent the same set of quantum channels.

Proof. The proof goes as follows: we start by using the general tester {TGEN
U }U to construct another general tester

{TU}U which obeys

1

N

∑

U∈{U}U

Tr
(
TGEN
U |U〉〉〈〈U |⊗k

)
=

1

N

∑

U∈{U}U

Tr
(
TU |U〉〉〈〈U |⊗k

)
. (B34)

Then, we prove that the general tester {TU}U we defined respects the hypothesis of Lemma 1. Hence, there exists a
parallel tester {TPAR

U }U which is equivalent to {TU}U when acting on the set of unitary operators {U}U .
Let us start by defining the general tester {TU}U as:

TU :=
1

N

∑

V ∈{U}U

(
1I ⊗ V †⊗k

)IO
TGEN
V U

IO (
1I ⊗ V ⊗k

)IO
, (B35)

where V U stands for the standard operator composition up to a global phase, that is, if V U is not in the set {U}U ,
we pick eiφV UV U , which is ensured to be an element of {U}U . Before proceeding, we should verify that the set
of operators {TU}U is indeed a valid general tester. Note that since TU is a composition of positive semidefinite
operators, it holds that TU ≥ 0 for every U . We now show that W :=

∑
U TU is a valid general process. First, note

that

W :=
∑

U

TU (B36)

=
∑

U

1

N

∑

V

(1⊗ V †⊗k)TGEN
V U (1⊗ V ⊗k) (B37)

=
1

N

∑

U

∑

V

(1⊗ V †⊗k)TGEN
V (V −1U) (1⊗ V ⊗k) (B38)

=
1

N

∑

U

∑

V

(1⊗ V †⊗k)TGEN
U (1⊗ V ⊗k) (B39)

=
1

N

∑

V

(1⊗ V †⊗k)
∑

U

TGEN
U (1⊗ V ⊗k) (B40)

=
1

N

∑

V

(1⊗ V †⊗k)WGEN (1⊗ V ⊗k), (B41)

where WGEN :=
∑
U T

GEN
U and, in Eq. (B38), we have used the change of variable U 7→ V −1U , which does not affect

the sum because the set {U}U is a group.
Note also that, if CIO is the Choi operator of a quantum channel, the operator defined by

C ′IO :=
1

N

∑

V

(1⊗ V ⊗k)IO CIO (1⊗ V †⊗k)IO, (B42)
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is a valid channel since it is positive semidefinite and TrO(C ′IO) = TrO(CIO) = 1I . It then follows that, for every

quantum channel of the form C =
⊗k

i=1 C
IiOi
i , we have

Tr(W IOCIO) =
1

N
Tr

[∑

V

(1⊗ V †⊗k)WGEN (1⊗ V ⊗k)C

]
(B43)

=
1

N
Tr

[
WGEN

∑

V

(1⊗ V ⊗k)C (1⊗ V †⊗k)

]
(B44)

= Tr(W IOC ′IO) (B45)

= 1, (B46)

ensuring that {TU}U is a valid general tester.
The next step is to show that the tester {TU}U attains the same success probability for discriminating the ensemble

E = {pU , |U〉〉〈〈U |}U as the tester {TGEN
U }U . This claim follows from direct calculation, that is,

1

N

∑

U

Tr(TU |U〉〉〈〈U |⊗k) =
1

N2

∑

U

∑

V

Tr
[
(1⊗ V †⊗k)TGEN

V U (1⊗ V ⊗k) |U〉〉〈〈U |⊗k
]

(B47)

=
1

N2

∑

U

∑

V

Tr
[
TGEN
V U (1⊗ V ⊗k) |U〉〉〈〈U |⊗k (1⊗ V †⊗k)

]
(B48)

=
1

N2

∑

U

∑

V

Tr
(
TGEN
V U |V U〉〉〈〈V U |⊗k

)
(B49)

=
1

N2

∑

U

∑

V

Tr
(
TGEN
V (V −1U) |V

(
V −1U

)
〉〉〈〈V

(
V −1U

)
|⊗k
)

(B50)

=
1

N2

∑

U

∑

V

Tr
(
TGEN
U |U〉〉〈〈U |⊗k

)
(B51)

=
1

N

∑

U

Tr
(
TGEN
U |U〉〉〈〈U |⊗k

)
. (B52)

The final step is to verify that the process W :=
∑
U TU commutes with 1 ⊗ U⊗k for every unitary operator

U ∈ {U}U to ensure that the tester {TU}U fulfills the hypothesis of Lemma 1. Direct calculation shows that

(1⊗ U⊗k)W (1⊗ U†⊗k) =(1⊗ U⊗k)
1

N

∑

V

(1⊗ V †⊗k)WGEN (1⊗ V ⊗k)(1⊗ U†⊗k) (B53)

=
1

N

∑

V

(
1⊗

(
UV †

)⊗k)
WGEN

(
1⊗

(
V U†

)⊗k)
(B54)

=
1

N

∑

V

[
1⊗ (U(V U)†)⊗k

]
WGEN

[
1⊗ ((V U)U†)⊗k

]
(B55)

=
1

N

∑

V

(1⊗ V †⊗k)WGEN (1⊗ V ⊗k) (B56)

=W. (B57)

Hence, we have that

W IO
(
1⊗ U⊗k

)IO
=
(
1⊗ U⊗k

)IO
W IO, (B58)

and by Lemma 1, one can construct a parallel tester {TPAR
U }U which respects

Tr
(
TPAR
U |U〉〉〈〈U |⊗k

)
= Tr

(
TU |U〉〉〈〈U |⊗k

)
∀ U ∈ {U}U , (B59)

and therefore, by applying Eq. (B52), we have

1

N

∑

U

Tr
(
TPAR
U |U〉〉〈〈U |⊗k

)
=

1

N

∑

U

Tr
(
TGEN
U |U〉〉〈〈U |⊗k

)
, (B60)

concluding our proof.
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Appendix C: Proof of Examples 1 and 2

The examples in this section show the advantage of sequential strategies over parallel strategies in channel dis-
crimination tasks that involve only unitary channels and using k = 2 copies. In the examples of this section, general
strategies cannot outperform sequential ones. We recall that in the following σx, σy, and σz denote the Pauli operators
and H := |+〉〈0|+ |−〉〈1|, where |±〉 := 1√

2
(|0〉± |1〉) denotes the Hadamard gate. In addition, if A ∈ L(Cd) is a linear

operator with spectral decomposition A =
∑
i αi|ψi〉〈ψi|, its square root is defined as

√
A :=

∑
i

√
αi|ψi〉〈ψi|.

We start by proving Example 1 from the main text. It concerns the discrimination of an ensemble composed of a
uniform probability distribution and a set of unitaries that does not form a group.

Example 1. The ensemble composed of a uniform probability distribution and N = 4 qubit unitary channels given
by {Ui} = {1,√σx,√σy,

√
σz}, in a discrimination task that allows for k = 2 copies, can be discriminated under a

sequential strategy with success probability PSEQ = 1, while any parallel strategy yields PPAR < 1.

Proof. The sequential strategy that attains perfect discrimination is easily understood by realizing that when the
k = 2 copies of the unitaries {Ui} are applied in sequence, one recovers Ui Ui =

√
σi
√
σi = σi, where σ1 = 1, σ2 =

σx, σ3 = σy, σ4 = σz. Therefore the task reduces to the discrimination of the four Pauli operators with k = 1 copy,
which can be perfectly realized with a two-qubit maximally entangled state and a Bell measurement.

In order to show that the probability PPAR of discriminating these unitary channels with k = 2 copies in a parallel
strategy is strictly less than one, we make use of the dual problem associated with the SDP that computes the maximal
probability of successful discrimination, given in Eq. (A16). Hence, in order to obtain an upper bound for the maximal
success probability PPAR, it is enough to find a value λ < 1 and the Choi state of a quantum channel W , that is,
W ≥ 0 and TrO(W ) = 1I , that respect

1

4
|Ui〉〉〈〈Ui|⊗2 ≤ λW for i ∈ {1, 2, 3, 4}. (C1)

Using the computer-assisted-proof method presented in Ref.26, we obtain an operator W that satisfies all the
quantum channel conditions exactly and, for λ = 9571

1000 , satisfies the inequality (C1). Hence,

PPAR ≤ 9571

10000
. (C2)

In our online repository52 we present a Mathematica notebook that can be used to verify that W is a valid Choi state
of a quantum channel.

Another similar example with an interesting property is given by the unitary channel ensemble composed of a
uniform probability distribution and {Ui} = {1, σx, σy,

√
σz}.

To prove this example as well, let us start by constructing a perfect sequential strategy. We start by noting that
the four Bell states can be written as:

|φ+〉 :=
|00〉+ |11〉√

2
= (1⊗ 1) |φ+〉, |φ−〉 :=

|00〉 − |11〉√
2

= (1⊗ σz) |φ+〉,

|ψ+〉 :=
|01〉+ |10〉√

2
= (1⊗ σx) |φ+〉, |ψ−〉 :=

|01〉 − |10〉√
2

= (−i) (1⊗ σy) |φ+〉.

Additionally, since we take
√
σz = |0〉〈0|+ i|1〉〈1|, we can check that the state

(1⊗√σz) |φ+〉 =
|00〉+ i|11〉√

2
(C3)

is orthogonal to |ψ+〉 and |ψ−〉. We will now exploit these identities to construct a sequential strategy that attains
P SEQ = 1 with k = 2 uses.

The strategy goes as follows: Define the auxiliary space Haux1 to be isomorphic to HI1 and prepare the initial state
ρ ∈ L(HI1 ⊗Haux1) as

ρI1 aux1 := |φ+〉〈φ+|I1aux1 . (C4)

The state ρI1aux1 will then be subjected to the first copy of a unitary channel Ui, leading to the output state ρO1 aux1

ρO1 aux1 = (Ui ⊗ 1aux1) ρI1 aux1 (Ui ⊗ 1aux1)
†

= (Ui ⊗ 1aux1) |φ+〉〈φ+|I1 aux1 (Ui ⊗ 1aux1)
†
. (C5)
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Then, we apply the following transformation on the state ρO1 aux1 . We perform a projective measurement with POVM
elements given by

Mψ+ := |ψ+〉〈ψ+| (C6)

Mψ− := |ψ−〉〈ψ−| (C7)

Mφ := |φ+〉〈φ+|+ |φ−〉〈φ−| (C8)

and, after the measurement, re-prepare the quantum system in the state ρI2 aux2 = M̃i(ρ) =
√
Miρ
√
Mi
†

with

probability Tr
(
M̃i(ρ)

)
= Tr(ρMi). This transformation can be described by a Lüders instrument. It can be checked

that, if Ui = σx, one obtains the outcome associated with Mψ+ with probability one. Similarly, if Ui = σy, one
obtains the outcome associated with Mψ− with probability one. Hence, in these two cases, we have perfect channel
discrimination. Now, if we obtain the outcome associated with Mφ, the unitary Ui can be either 1 or

√
σz.

After performing the projective measurement with elements {Mψ+ ,Mψ− ,Mφ} and a Lüders instrument, the state

ρI2 aux2 is subjected to a second copy of Ui. Direct calculation shows that if Ui = 1, then after the use of the second
copy of unitary Ui, the state ρO2 aux2 of the system is

(1⊗ 1)
2 |φ+〉 = |φ+〉. (C9)

If Ui =
√
σz after the second use of the unitary Ui the state ρO2 aux2 of the system is

(1⊗√σz)2 |φ+〉 = |φ−〉. (C10)

Since |φ+〉 and |φ−〉 are orthogonal, they can be discriminated with probability one. Hence, the set of unitary
operators {Ui}4i=1 can be perfectly discriminated in a sequential strategy with k = 2 copies.

Using the tester formalism, this sequential strategy would be presented in terms of a sequential tester T SEQ =

{T SEQ
i }, which can be implemented by an input quantum state ρ, a quantum encoder channel Ẽ, and a quantum

measurement {Ni}i. For completeness, we now present an explicit sequential tester that attains P SEQ = 1. As in the
strategy described earlier, we set the initial state as ρI1 aux1 := |φ+〉〈φ+|I1 aux1 . Now, instead of using an instrument,

we define a quantum encoder channel Ẽ : L(HO1 ⊗Haux1)→ L(HI2 ⊗Haux2 ⊗Haux′2) as

Ẽ(ρ) =
(√

Mφ ρ
√
Mφ
†)⊗Maux′2

φ +
(√

Mψ+ ρ
√
Mψ+

†)⊗Maux′2
ψ+ +

(√
Mψ− ρ

√
Mψ−

†)⊗Maux′2
ψ− , (C11)

so that ρI2 aux2 aux′2 = Ẽ(ρO1 aux1). We finish our sequential tester construction by presenting quantum measurement

given by operators Ni ∈ L(HO2 ⊗Haux ⊗Haux′2),

N1 := |φ+〉〈φ+| ⊗Mφ (C12)

N2 := |φ−〉〈φ−| ⊗Mφ (C13)

N3 := 1⊗Mψ+ (C14)

N4 := 1⊗Mψ− . (C15)

In this way, if E is the Choi operator of the channel Ẽ, the sequential tester with elements T SEQ
i := ρ∗E ∗NT

i respects∑
i Tr(T SEQ

i |Ui〉〉〈〈Ui|⊗2) = 1.
In order to show that the probability PPAR of discriminating these unitary channels with k = 2 copies in a parallel

strategy is strictly less than one, we apply the method of computer-assisted proof again to obtain the upper bound of

PPAR ≤ 9741

10000
. (C16)

An interesting property of this example is that, with the above described sequential strategy, for the cases in which
the unknown channel is either U2 = σx or U3 = σy, a conclusive answer is achieved after only one use of the unknown
channel. From the uniform probability of the ensemble, we know that this scenario would occur with probability 1

2 .
Only when the unknown channel is either U1 = 1 or U4 =

√
σy is it necessary to use the second copy of the unknown

channel to arrive at a conclusive answer. This scenario would also occur with probability 1
2 . If one considers this

discrimination task as being performed repeatedly, always drawing the unknown channel with uniform probability
from the ensemble {Ui} = {1, σx, σy,

√
σz}, then one can see that, on average over the multiples runs of the task,

perfect discrimination will be achieved using only 1.5 copies of the unknown channel under this sequential strategy.

We now prove Example 2 from the main text. It concerns the discrimination of an ensemble composed of a
non-uniform probability distribution and a set of unitaries that forms a group.
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Example 2. Let {Ui} = {1, σx, σy, σz, H, σxH, σyH, σzH} be a tuple of N = 8 unitary channels that forms a group
up to a global phase, and let {pi} be a probability distribution in which each element pi is proportional to the i-th digit of
the number π ≈ 3.1415926, that is, {pi} = { 3

31 ,
1
31 ,

4
31 ,

1
31 ,

5
31 ,

9
31 ,

2
31 .

6
31}. For the ensemble {pi, Ui}, in a discrimination

task that allows for k = 2 copies, sequential strategies outperform parallel strategies, i.e., PPAR < PSEQ.

Proof. The first step of the proof is to ensure that the tuple {1, σx, σy, σz, H, σxH, σyH, σzH} forms a group up to
a global phase. This is done by direct inspection. The second step of the proof is to ensure that there is a sequential
strategy which outperforms any parallel one. We accomplish this step with the aid of the computer-assisted-proof
methods presented in Ref.26. These methods allow us to compute rigorous and explicit upper and lower bounds for
the maximal probability of success under parallel and sequential strategies. We obtain

8196

10000
< PPAR <

8197

10000
< P SEQ <

8198

10000
, (C17)

ensuring that PPAR < P SEQ.
The code used in the computer-assisted proof of the this example is publicly available at our online repository52,

along with a Mathematica notebook, which shows that this set of unitaries forms a group.

Appendix D: Proof of Example 3

The Example in this Section shows the advantage of general strategies over sequential strategies and of sequential
strategies over parallel strategies in channel discrimination tasks that only involve unitary channels and using k = 3
copies.

We start by proving Example 3 from the main text. It concerns the discrimination of an ensemble composed of a
uniform probability distribution and a set of unitaries that does not form a group. We recall that, for the following, we
define Hy := |+y〉〈0|+|−y〉〈1|, where |±y〉 := 1√

2
(|0〉±i|1〉), and HP := |+P 〉〈0|+|−P 〉〈1|, where |+P 〉 := 1

5 (3|0〉+4|1〉)
and |−P 〉 := 1

5 (4|0〉 − 3|1〉).

Example 3. For the ensemble composed of a uniform probability distribution and N = 4 unitary channels given by
{Ui} = {√σx,

√
σz,
√
Hy,
√
HP }, in a discrimination task that allows for k = 3 copies, general strategies outperform

sequential strategies, and sequential strategies outperform parallel strategies. Therefore, the maximal probabilities of
success satisfy the strict hierarchy PPAR < PSEQ < PGEN.

Proof. The proof follows from the direct application of the computer-assisted methods presented in Ref.26. These
methods allow us to find explicit and exact parallel/sequential/general testers that attain a given success probability,
ensuring, then, a lower bound for the maximal success probability for its class. In addition, we can obtain an exact
parallel/sequential/general upper bound, given the SDP dual formulation. The code used to obtain the computer-
assisted proof of the present example is publicly available in our online repository52.

The computed bounds for the maximal probability of successful discrimination are

9570

10000
< PPAR <

9571

10000

<
9876

10000
< P SEQ <

9877

10000

<
9881

10000
< PGEN <

9882

10000
,

(D1)

showing the advantage of strategies that apply indefinite causal order over ordered ones and proving a strict hierarchy
between strategies for the discrimination of a set of unitary channels.

Appendix E: Proof of Theorem 4

In this section, we prove Thm. 4 from the main text, which concerns the inability of switch-like strategies to
outperform sequential strategies on channel discrimination tasks that involve only unitary channels. We also repeat
here Fig. 2 from the main text for convenience of the reader.

Theorem 4. The action of the switch-like superchannel on k copies of a unitary channel can be equivalently described
by a sequential circuit that acts on k copies of the same unitary channel.
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=

∀ Ui

˜
Mρ

V00 V10 V01 V11 V02 V12
UiUi

c

t

a

˜
ρ MWSL

Ui

Ui
c

t

a

Figure 2. Illustration of a 2-copy sequential strategy that attains the same probability of successful discrimination as any
2-copy switch-like strategy, for all sets of unitary channels {Ui}Ni=1. Line “c” represents a control system, “t” represents a
target system, and “a” represents an auxiliary system. Both strategies can be straightforwardly extended to k copies.

Consequently, in a discrimination task involving the ensemble E = {pi, Ui}i composed of N unitary channels and
some probability distribution and that allows for k copies, for every switch-like tester {TSL

i }i, there exists a sequential

tester {TSEQ
i }i that attains the same probability of success, according to

N∑

i=1

piTr
(
TSL
i |Ui〉〉〈〈Ui|⊗k

)
=

N∑

i=1

piTr
(
TSEQ
i |Ui〉〉〈〈Ui|⊗k

)
. (E1)

In order to provide a better intuition on this result, before presenting the formal definition of the switch-like process
with k slots and proving Theorem 4 in full generality, we present a proof for the k = 2 case that is illustrated in Fig. 2
in the main text.

For the case k = 2, the switch-like superchannel transforms a pair of unitary channels {U1, U2} into one unitary
channel, according to

WSL(U1, U2) :=|0〉〈0|c ⊗ V02 (U2 ⊗ 1a)V01 (U1 ⊗ 1a)V00 + |1〉〈1|c ⊗ V12 (U1 ⊗ 1a)V11 (U2 ⊗ 1a)V10, (E2)

where 1a is the identity operator acting on the auxiliary system and Vπi are fixed unitary operators. Note that, if
U1 = U2 = U , we have

WSL(U,U) =|0〉〈0|c ⊗ V02 (U ⊗ 1a)V01 (U ⊗ 1a)V00 + |1〉〈1|c ⊗ V12 (U ⊗ 1a)V11 (U ⊗ 1a)V10. (E3)

We now define a controlled version of the unitary operators V0i as

V ctrl
0i := |0〉〈0|c ⊗ V0i + |1〉〈1|c ⊗ 1t ⊗ 1a. (E4)

and a controlled version of V1i as

V ctrl
1i := |0〉〈0|c ⊗ 1t ⊗ 1a + |1〉〈1|c ⊗ V1i. (E5)

We first note that due to the orthogonality of |0〉 and |1〉, we have V ctrl
1i V ctrl

0i = |0〉〈0|c ⊗ V0i + |1〉〈1|c ⊗ V1i. Hence,
a direct calculation shows that

V ctrl
12 V ctrl

02 (1c ⊗ U ⊗ 1a) · V ctrl
11 V ctrl

01 (1c ⊗ U ⊗ 1a) · V ctrl
10 V ctrl

00 = (|0〉〈0|c ⊗ V02 + |1〉〈1|c ⊗ V12) (1c ⊗ U ⊗ 1a) ·
(|0〉〈0|c ⊗ V01 + |1〉〈1|c ⊗ V11) (1c ⊗ U ⊗ 1a) ·
(|0〉〈0|c ⊗ V00 + |1〉〈1|c ⊗ V10) (1c ⊗ U ⊗ 1a) (E6)

=WSL(U,U). (E7)

This shows that, when U1 = U2 = U , a 2-slot sequential circuit which performs the operations V ctrl
12 V ctrl

02 , V ctrl
11 V ctrl

01 ,
and V ctrl

10 V ctrl
00 can perfectly simulate the two-slot switch-like superchannel. See Fig. 2 in the main text for an

illustration.
Now, we extend this result to an arbitrary finite number of copies k.
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Definition 1 (Switch-like superchannel). Let {π}π, π ∈ {0, . . . , k! − 1} be a set in which each integer π represents
a permutation of the set {1, . . . , k} and σπ : {1, . . . , k} → {1, . . . , k} be the permutation function such that, after
permutation π, the element i ∈ {1, . . . , k} is mapped to σπ(i). The k-slot switch-like superchannel acts on a set of k
unitary operators {Ui}ki=1, Ui : HIi → HOi according to

WSL(U1, . . . , Uk) :=

k!−1∑

π=0

|π〉〈π|c ⊗
[
Vπk

(
Uσπ(k) ⊗ 1a

)
Vπ(k−1)

(
Uσπ(k−1) ⊗ 1a

)
Vπ(k−2) . . .

(
Uσπ(1) ⊗ 1a

)
Vπ0
]
, (E8)

where {Vπn}πn is a set of unitary operators defined as

Vπ0 : HPt ⊗Ha → HIσπ(1) ⊗Ha (E9)

Vπn : HIσπ(i) ⊗Ha → HOσπ(i+1) ⊗Ha forn ∈ {1, . . . , k − 1} (E10)

Vπk : HIσπ(k) ⊗Ha → HFt ⊗Ha (E11)

Here, we have defined the switch-like superchannel only by its action on unitary channels, without explic-
itly stating how the switch-like superchannel acts on general quantum operations57 or its process W SL ∈
L
(
HP ⊗HI ⊗HO ⊗HF

)
. In order to prove Theorem 4 and for the main purpose of this paper, knowing the action of

switch-like superchannels only on unitary channels will be enough, but for the sake of concreteness, we also present an
explicit process which implements the switch-like superchannel. For that, we define the process W SL := |USL〉〉〈〈USL|
where

USL :=
⊕

π

VπkVπk−1 . . . Vπ1Vπ0. (E12)

Following Lemma 1 in Ref.29 (see also Theorem 2 of Ref.51), one can verify that the process W SL acts on unitary
operators according to the switch-like superchannel, as presented in Definition 1.

Proof. We start our proof by defining the generalized controlled operation

V ctrl
n :=

k!−1∑

π=0

|π〉〈π|c ⊗ Vπn ∀ n ∈ {0, . . . , k}, (E13)

which is a valid unitary operator since V ctrl
n

(
V ctrl
n

)†
= 1. Now, note that, due to orthogonality of the vectors |π〉, we

have

V ctrl
k (1c ⊗ U ⊗ 1a)V ctrl

(k−1)(1
c ⊗ U ⊗ 1a)V ctrl

(k−2) . . . (1
c ⊗ U ⊗ 1a)V ctrl

0 =WSL(U, . . . , U). (E14)

Hence, similarly to the k = 2 case, a simple concatenation of the operators V ctrl
i provides a k-slot sequential quantum

circuit that perfectly simulates the switch-like k-slot superchannel when all input unitary channels are equal.
Since every sequential quantum circuit can be written as an ordered process W SEQ ∈ L

(
HP ⊗HI ⊗HO ⊗HF

)
13,

when k identical unitary operators U are plugged into the process W SEQ, the output operation is described by

W SEQ ∗ |U〉〉〈〈U |⊗k = W SL ∗ |U〉〉〈〈U |⊗k, (E15)

where ∗ is the link product and W SL is a process associated with the switch-like superchannel. Hence, if

T SL
i := TrPF [(ρ⊗ 1)W SL(1⊗Mi)] (E16)

is the tester associated to the switch-like strategy, then one can construct a sequential tester

T SEQ
i = TrPF [(ρ⊗ 1)W SEQ(1⊗Mi)] (E17)

such that, for any unitary operator U , one has

Tr
(
T SL
i |U〉〉〈〈U |⊗k

)
= Tr

(
T SEQ
i |U〉〉〈〈U |⊗k

)
, (E18)

ensuring that there is always a sequential tester that performs as well as any switch-like one.
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Appendix F: Upper bound

We start this section by stating a lemma from Ref.58 which will be very useful for proving Thm. 5. We would also
like to mention that step 2 of Ref.59 and Thm. 3 of Ref.48 are essentially equivalent to the lemma that we now state.

Lemma 2 (Ref.48,58,59). Let E ∈ L(Cd) be a positive semidefinite operator, Ug ∈ L(Cd) be unitary operators, and
G = {Ug}g be a (compact Lie) group of unitary operators up to a global phase. It holds true that

E ≤ γG
∫

Haar

Ug E U
†
gdg, (F1)

with

γG :=
∑

µ∈irrep{G}

dµ min(mµ, dµ), (F2)

where irrep{G} is the set of all inequivalent irreducible representations (irreps) of G in L(Cd), dµ is the dimension of
the linear space corresponding to the irrep µ and mµ is its associated multiplicity.

We are now in conditions to prove Thm. 5.

Theorem 5 (Upper bound for general strategies). Let E = {pi, Ui}Ni=1 be an ensemble composed of N d-dimensional
unitary channels and a uniform probability distribution. The maximal probability of successful discrimination of a
general strategy with k copies is upper bounded by

PGEN ≤ 1

N
γ(d, k), (F3)

where γ(d, k) is given by

γ(d, k) :=

(
k + d2 − 1

k

)
=

(k + d2 − 1)!

k!(d2 − 1)!
. (F4)

Proof. The dual formulation of the channel discrimination problem [see Eq. (A16)] guarantees that if W is the Choi
operator of a non-signaling channel and the constraints

pi|Ui〉〉〈〈Ui|⊗k ≤ λW ∀i ∈ {1, . . . , N} (F5)

are respected, the coefficient λ is an upper bound for the maximal probability of successfully discriminating the
ensemble E = {pi, Ui}Ni=1 with k copies. Our proof consists in explicitly presenting the Choi operator of a non-
signaling channel W and a real number λ that respects the constraints of Eq. (F5) for any ensemble E = {pi, Ui}Ni=1

with pi = 1
N .

Consider the following ansatz:

W :=

∫

Haar

|U〉〉〈〈U |⊗kdU (F6)

λ :=
1

N

∑

µ∈irrep{SU(d)⊗k}

d2µ. (F7)

where irrep{SU(d)⊗k} is the set of all inequivalent irreducible representations (irreps) of SU(d)⊗k and dµ is the
dimension of the linear space corresponding to the irrep µ.

Our first step is to show that W is the Choi operator of a non-signaling channel. The operator W is positive
semidefinite because it is a convex mixture of positive semidefinite operators. Additionally, for any d-dimensional
unitary operator U , we have that Tr(|U〉〉〈〈U |) = d. Hence, from the normalization of the Haar measure, we have that
Tr(W ) = dk.

The last step to certify that W is indeed a non-signaling channel is then to guarantee that if j ∈ {1, . . . , k} stands
for a slot of our process, we have that

OjW =IjOj W ∀j ∈ {1, . . . , k} (F8)
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where HIj and HOj correspond to the input and output space associated to the slot j respectively. Since for any

|U〉〉〈〈U | ∈ L
(
HIj ⊗HOj

)
we have

TrOj

(
|U〉〉〈〈U |

)
= TrOj

((
1⊗ U

)
|1〉〉〈〈1|

(
1⊗ U†

))
(F9)

= TrOj

((
1⊗ U†U

)
|1〉〉〈〈1|

)
(F10)

= TrOj

(
|1〉〉〈〈1|

)
(F11)

= 1Ij , (F12)

it holds that

OjW =

∫

Haar
Oj

(
|U〉〉〈〈U |⊗k

)
dU (F13)

=

∫

Haar
Oi

(
|U〉〉〈〈U |I1O1

⊗ |U〉〉〈〈U |I2O2
⊗ . . . |U〉〉〈〈U |IkOk

)
dU (F14)

=IiOi W. (F15)

The last step of the proof is then to certify that for pi = 1
N , we indeed have

pi|Ui〉〉〈〈Ui|⊗k ≤ λW. (F16)

for any set of unitary operators {U}Ni=1. First, we observe that due to the left and right invariance of the Haar
measure, for any unitary operator V ∈ SU(d), the operator W can be written as

W :=

∫

Haar

|U〉〉〈〈U |⊗kdU (F17)

=

∫

Haar

[(
1⊗ U

)
|1〉〉〈〈1|

(
1⊗ U†

)]⊗k
dU (F18)

=

∫

Haar

[(
1⊗ (UV U†)U

)
|1〉〉〈〈1|

(
1⊗ U†(UV U†)

)]⊗k
dU (F19)

=

∫

Haar

[(
1⊗ U

)
|V 〉〉〈〈V |

(
1⊗ U†

)]⊗k
dU. (F20)

Additionally, the set
{

1⊗k ⊗ U⊗k
}
U∈SU(d)

is a compact Lie group. Moreover, the dimensions of the linear spaces

associated with the irreducible representation of
{

1⊗k ⊗ U⊗k
}
U∈SU(d)

coincide with the dimension of the irreducible

representations of
{
U⊗k

}
U∈SU(d)

. Since min(dµ,mµ) ≤ dµ, Lemma 2 ensures that

1

N
|Ui〉〉〈〈Ui|⊗k ≤

1

N


 ∑

µ∈irrep{SU(d)⊗k}

d2µ



∫

Haar

[(
1⊗ U

)
|Ui〉〉〈〈Ui|

(
1⊗ U†

)]⊗k
dU (F21)

=
1

N


 ∑

µ∈irrep{SU(d)⊗k}

d2µ



∫

Haar

[(
1⊗ U

)
|1〉〉〈〈1|

(
1⊗ U†

)]⊗k
dU (F22)

= λW. (F23)

Hence, λ := 1
N

(∑
µ∈irrep{SU(d)⊗k} d

2
µ

)
is indeed an upper bound for the maximum probability of discriminating any

set of N d-dimensional unitary channels with k copies with general strategies.
We finish the proof by recognizing that, as proven in Ref.60 [p. 57, Eq. (57)], we have the following identity:

∑

µ∈irrep{SU(d)⊗k}

d2µ =

(
k + d2 − 1

k

)
. (F24)
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43J. Bavaresco, M. Araújo, Č. Brukner, and M. T. Quintino,
“Semi-device-independent certification of indefinite causal or-
der,” Quantum 3, 176 (2019), arXiv:1903.10526 [quant-ph].

44M. T. Quintino, Q. Dong, A. Shimbo, A. Soeda, and M. Murao,
“Reversing unknown quantum transformations: Universal quan-
tum circuit for inverting general unitary operations,” Phys. Rev.
Lett. 123, 210502 (2019), arXiv:1810.06944 [quant-ph].

http://dx.doi.org/10.1109/TIT.1974.1055254
http://dx.doi.org/10.1109/TIT.1974.1055254
http://dx.doi.org/ 10.1093/bioinformatics/bti079
http://dx.doi.org/ 10.1093/bioinformatics/bti079
http://dx.doi.org/10.1016/C2009-0-27609-4
http://dx.doi.org/10.1016/C2009-0-27609-4
http://dx.doi.org/10.1037/1082-989x.5.2.241
http://dx.doi.org/10.1037/1082-989x.5.2.241
http://dx.doi.org/10.48550/arXiv.1803.11414
http://dx.doi.org/10.48550/arXiv.1803.11414
http://arxiv.org/abs/1803.11414
http://dx.doi.org/ 10.1103/PhysRevA.104.022422
http://arxiv.org/abs/2103.08208
http://arxiv.org/abs/2103.08208
http://dx.doi.org/10.1103/PhysRevLett.96.010401
http://arxiv.org/abs/quant-ph/0509179
http://arxiv.org/abs/quant-ph/0509179
http://dx.doi.org/ 10.1103/RevModPhys.90.035005
http://arxiv.org/abs/1609.01609
http://dx.doi.org/10.1007/3-540-30266-2_4
http://dx.doi.org/10.1007/3-540-30266-2_4
http://dx.doi.org/ 10.1142/S0219749909004839
http://arxiv.org/abs/0804.2981
http://arxiv.org/abs/0804.2981
http://dx.doi.org/10.1103/PhysRevLett.93.180503
http://arxiv.org/abs/quant-ph/0405095
http://dx.doi.org/ 10.1103/RevModPhys.79.555
http://dx.doi.org/ 10.1103/RevModPhys.79.555
http://arxiv.org/abs/quant-ph/0610030
http://dx.doi.org/10.1103/PhysRevLett.101.060401
http://arxiv.org/abs/0712.1325
http://dx.doi.org/10.1098/rspa.1992.0167
http://dx.doi.org/10.1098/rspa.1992.0167
http://dx.doi.org/ 10.1145/276698.276712
http://dx.doi.org/ 10.1145/276698.276712
http://arxiv.org/abs/quant-ph/9711043
http://arxiv.org/abs/quant-ph/9711043
http://dx.doi.org/10.1109/SFCS.1994.365701
http://dx.doi.org/10.1109/SFCS.1994.365701
http://dx.doi.org/10.1088/1751-8113/40/33/016
http://arxiv.org/abs/quant-ph/0702245
http://dx.doi.org/ 10.1103/PhysRevLett.87.177901
http://arxiv.org/abs/quant-ph/0102064
http://arxiv.org/abs/quant-ph/0102064
http://dx.doi.org/ 10.1103/PhysRevLett.87.270404
http://arxiv.org/abs/quant-ph/0109040
http://dx.doi.org/ 10.1103/PhysRevLett.98.100503
http://arxiv.org/abs/quant-ph/0601150
http://dx.doi.org/ 10.1103/PhysRevLett.101.180501
http://dx.doi.org/ 10.1103/PhysRevLett.101.180501
http://arxiv.org/abs/0803.3237
http://dx.doi.org/10.1088/1367-2630/15/10/103019
http://dx.doi.org/10.1088/1367-2630/15/10/103019
http://arxiv.org/abs/1306.0719
http://dx.doi.org/ 10.1103/PhysRevA.81.032324
http://arxiv.org/abs/0903.0543
http://arxiv.org/abs/0903.0543
http://dx.doi.org/ 10.1103/PhysRevLett.122.170502
http://dx.doi.org/ 10.1103/PhysRevLett.122.170502
http://arxiv.org/abs/1809.04552
http://dx.doi.org/10.1103/PhysRevLett.127.200504
http://dx.doi.org/10.1103/PhysRevLett.127.200504
http://arxiv.org/abs/2011.08300
http://dx.doi.org/10.1103/PhysRevA.88.022318
http://arxiv.org/abs/0912.0195
http://dx.doi.org/ 10.1103/PhysRevLett.113.250402
http://dx.doi.org/ 10.1103/PhysRevLett.113.250402
http://arxiv.org/abs/1401.8127
http://dx.doi.org/ 10.22331/q-2021-04-26-441
http://arxiv.org/abs/2003.05682
http://dx.doi.org/10.1038/s41467-020-20456-x
http://arxiv.org/abs/2002.12157
http://dx.doi.org/ 10.1103/PhysRevA.80.022339
http://dx.doi.org/ 10.1103/PhysRevA.80.022339
http://arxiv.org/abs/0904.4483
http://dx.doi.org/ 10.1103/PhysRevA.77.062112
http://arxiv.org/abs/0802.3862
http://arxiv.org/abs/0802.3862
http://dx.doi.org/ 10.1080/09500340903349963
http://dx.doi.org/ 10.1080/09500340903349963
http://arxiv.org/abs/1003.1488
http://dx.doi.org/10.1088/1367-2630/17/10/102001
http://dx.doi.org/10.1088/1367-2630/17/10/102001
http://arxiv.org/abs/1506.03776
http://dx.doi.org/10.1145/1250790.1250873
http://dx.doi.org/10.1145/1250790.1250873
http://arxiv.org/abs/quant-ph/0611234
http://dx.doi.org/10.1103/PhysRevA.72.062323
http://arxiv.org/abs/quant-ph/0502106
http://arxiv.org/abs/quant-ph/0502106
http://dx.doi.org/10.1038/ncomms2076
http://arxiv.org/abs/1105.4464
http://dx.doi.org/10.1088/1367-2630/aaf352
http://arxiv.org/abs/1807.10557
http://dx.doi.org/ 10.1103/PhysRevA.92.052326
http://dx.doi.org/ 10.1103/PhysRevA.92.052326
http://arxiv.org/abs/1508.07840
http://dx.doi.org/10.1103/PhysRevLett.117.100502
http://dx.doi.org/10.1103/PhysRevLett.117.100502
http://arxiv.org/abs/1605.07372
http://dx.doi.org/10.1103/PhysRevA.86.040301
http://dx.doi.org/10.1103/PhysRevA.86.040301
http://arxiv.org/abs/1109.5154
http://dx.doi.org/10.1088/1367-2630/18/1/013008
http://dx.doi.org/10.1088/1367-2630/18/1/013008
http://arxiv.org/abs/1508.01704
http://dx.doi.org/10.22331/q-2019-08-19-176
http://arxiv.org/abs/1903.10526
http://dx.doi.org/ 10.1103/PhysRevLett.123.210502
http://dx.doi.org/ 10.1103/PhysRevLett.123.210502
http://arxiv.org/abs/1810.06944


24

45J. Wechs, H. Dourdent, A. A. Abbott, and C. Branciard, “Quan-
tum circuits with classical versus quantum control of causal or-
der,” PRX Quantum 2, 030335 (2021), arXiv:2101.08796 [quant-
ph].

46G. Chiribella, G. M. D’Ariano, P. Perinotti, and M. F.
Sacchi, “Covariant quantum measurements that maximize the
likelihood,” Phys. Rev. A 70, 062105 (2004), arXiv:quant-
ph/0403083.

47A. Hayashi, T. Hashimoto, and M. Horibe, “Extended quan-
tum color coding,” Phys. Rev. A 71, 012326 (2005), arXiv:quant-
ph/0409173.

48G. Chiribella, G. M. D’Ariano, P. Perinotti, and M. F. Sacchi,
“Maximum likelihood estimation for a group of physical transfor-
mations,” Int. J. Quantum Inf. 4, 453–472 (2006), arXiv:quant-
ph/0507007.

49A. W. Harrow, A. Hassidim, D. W. Leung, and J. Wa-
trous, “Adaptive versus nonadaptive strategies for quantum
channel discrimination,” Phys. Rev. A 81, 032339 (2010),
arXiv:0909.0256 [quant-ph].
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