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A fully spin-adapted approach to many-electron density matrices is developed in the context of 

the unitary group approach to many-electron systems. An explicit expression for the single

electron spin-density operator, as a polynomial of degree two in the orbital U (n) generators, is 

derived for the case of spin-independent systems. Extensions to spin-dependent systems are 

also considered, leading to the appearance of total-spin transition densities, whose general 

properties are investigated. A corresponding formalism for the two-electron density matrix, 

which is capable of further generalization, is also developed. The results of this paper, together 

with recent developments on the matrix elements of the U (2n) generators in the electronic 

Gel'fand basis, afford a versatile method for the direct calculation of one- and two-body 

density matrices in the unitary group approach framework. 

I. INTRODUCTION 

Reduced density matrices and their application have a 

long history and were introduced, in the Hartree-Fock 

framework, by Dirac. I Subsequent work of LOwdin2 and 

McWeeny3,4 demonstrated the wide power of such tech

niques, particularly for evaluating one- and two-electron ex

pectation values and for the determination of effective spin 

Hamiltonians as required in ESR and NMR spectroscopy. 

Since then there have appeared many applications and ex

tensions which are discussed in several books and review 

articles.4--7 We only mention here the numerous applications 

of density matrices to the definition of bond order matrices, 

various bond indices, and overlap populations,4,5,8-12 as well 

as their recent exploitation in theories ofhigh-Tc supercon

ductivity.13 

It has been recognized for some time that molecular 

charge densities, in conjunction with x-ray-diffraction ex

periments, afford a powerful tool for the analysis of chemical 

bonding. Unfortunately, however, the valence electrons (in 

the bonding region) usually contribute only a small fraction 

to the overall charge density, so that it is first necessary to 

subtract out the dominant contribution from the core (lead

ing to difference density maps). The latter is frequency mod

eled by spherically averaged atomic densities, although oth

er possibilities, leading to different distributions, can occur, 

and hence great care needs to be exercised in their interpreta

tion. An alternative approach, which enables one to experi

mentally observe the valence electrons directly, is afforded 

by polarized neutron-diffraction experiments, in which po

larized neutrons are scattered by unpaired spins in a crystal

line lattice. These experiments yield magnetic structure fac

tors which represent Fourier components of magnetization 

density, in complete analogy to Fourier components of the 

a) Killam Research Fellow 1987-89. 

electron density that are afforded by x-ray-diffraction struc

ture factors. Assuming that in the ground state considered 

the orbital contribution to the magnetization is negligible, 

these magnetic structure factors provide a description of the 

spin density of the system. In this way valuable information 

on chemical bonding effect may be inferred, particularly for 

transition-metal compounds with unpaired d electrons. This 

technique has been developed and extensively exploited by 

Figgis and co-workers. I 4--16 The experiments and the inter

pretation of such neutron-diffraction data are, however, dif

ficult and theoretical information on the distribution of un

paired spins, as afforded by the one- and two-electron spin 

densities, can be of crucial importance and help. We quote 

from the pioneering paper by Figgis, Reynolds, and Wil

liams I4
(b) in which spin density and bonding in the CoCI2-

• 4 

Ion were first explored: "the overlap spin-density component 

in the diffuse region is strongly correlated with possible spin

polarization effects, and within the accuracy of the experi

ment it is not possible to be clear about its origin without aid 

from theoretical chemistry." 

Indeed, theoretical calculations have already proved a 

valuable adjunct for the interpretation of neutron-diffrac-
. d 17 hon ata but, to date, most calculations have been per-

formed at the Hartree-Fock level. This leaves unexplained 

certain discrepancies with experiments, which are not re

moved when limited forms of configuration-interaction (CI) 

or multiconfiguration self-consistent-field (MCSCF) calcu

lations are used: 18 This is particularly the case for transition

metal compounds exhibiting a large degree of covalency. 16 

We note that although the CI methodology was employed to 

study the energetics, particularly in connection with optical 

spectra, in the transition-metal complexes, it was not em

ployed in computation of charge or spin densities, 18 which is 

rather demanding. The formalism developed in this paper 

can certainly facilitate such an undertaking. 

In order to develop methods for efficiently obtaining 

4142 J. Chem. Phys. 93 (6),15 September 1990 0021-9606/90/184142-12$03.00 © 1990 American Institute of Physics 

 Reuse of AIP Publishing content is subject to the terms: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  130.102.82.2 On: Tue, 18 Oct

2016 06:47:08



Gould, Paldus, and Chandler: Reduced density matrices 4143 

molecular charge and spin densities in CI calculations, we 

investigate this problem within the framework of the unitary 

group approach (UGA), which currently affords a powerful 

and versatile method for large-scale CI calculations on mole

cules. The UGA, which arose from previous work of Mo

shinsky19 on the nuclear shell model, exploits the fact that 

the spin-independent (electronic) molecular Hamiltonian is 

expressible as a bilinear form in the orbital U (n) generators. 

This enables the exploitation of U (n) representation theory 

for the efficient spin adaptation and for calculation of Ham

iltonian matrix elements (MEs) that are required in CI cal

culations. The initial development of UGA due to Pal

dus20,21 and Shavitt22 was followed by numerous important 

innovations and extensions, which are described in several 

reviewarticles23-27 and books. 28-30 The UGA formalism en

abled numerous computational implementations, particu

larly in conjunction with direct CI,31 ranging from the inte

gral-driven,32.33 100p-driven,34 shape,35 or internal 

interaction block-driven36 to ME-driven37 approaches 

based on harmonic level excitation diagrams. 38 

Thus, as indicated above, the UGA affords a convenient 

method for the calculation of CI wave functions and hence 

provides an ideal framework in which to develop a spin- and 

charge-density matrix formalism. This is particularly the 

case since, as will be shortly seen, the general k-electron den

sity matrix may be expressed naturally in terms of the U (2n) 

generators. In the present and following papers we thus aim 

to develop a fully spin-adapted UGA to k-electron density 

matrices, with particular emphasis on the evaluation of one

and two-electron charge and spin densities. 

In this paper we present a spin-adapted approach to one

electron density matrices. In particular, we show that, for 

spin-independent systems, the one-electron density matrix is 

determined completely by two density operators, namely the 

charge and (normalized) spin-density operators. We give an 

explicit expression for these operators in terms of the U(n) 

matrix A of Ref. 39 (which is given by a polynomial of degree 

two in the orbital U(n) matrixE = [E J]). We then consid

er extensions to two-body density matrices which, for spin

independent systems, are shown to be completely deter

mined by six density operators, which in turn are expressible 

in terms of the one-body charge and spin-density operators. 

The MEs of the entries Aj of the U(n) matrix A in the elec

tronic Gel'fand basis have been recently determined40 and 

afford an efficient direct evaluation of one- and two-electron 

charge and spin densities in the UGA framework. 

We also consider extensions to spin-dependent systems 

and demonstrate that the full one- and two-electron spin

density matrices are completely determined by certain total 

spin transition density operators. which are explicitly con

structed in terms of the U (2n) generators. together with the 

(scalar) densities discussed above. From the viewpoint of 

computer implementation. it is worth noting that the U (2n) 

ME formalism developed in Refs. 39-41 affords a conven

ient method for the direct evaluation of these spin transition 

densities in the electronic spin-orbital basis. 

The paper is set up as follows. We begin in Sec. II with 

the unitary group formulation of the one-electron density 

matrix. In Sec. III we investigate the reduction of this den-

sity matrix for spin-independent systems and obtain an ex

plicit expression, in terms of the orbital U (n) generators, for 

the normalized spin-density operator. In Secs. IV and V we 

consider extensions of the two-body density matrix and con

clude with a brief discussion and suggestions for future re

search in Sec. VI. Throughout, repeated use is made of the 

characteristic identity methods of Green42 and Gould,43-45 

which are shown to playa natural role in discussing density 

operators. 

II. ONE-PARTICLE DENSITY MATRICES 

We shall consider density matrices arising from wave 

functions constructed from 2n spin orbitals "'il' (x). 1 <;i<;n, 

J1 = ± 112, where x = (r,t) denotes the combined spatial 

and spin coordinates. We assume that the spin orbitals 

"'il' (x) factor into the orbital and spin parts, 

"'il' (x) = ,pi (r)xl' (t), 

where the molecular orbitals ,pi (r) are orthogonal and XI' 

denote the elementary spin column vectors 

so that XI' (t) = Dl's' In the second quantized formulation. 

we introduce corresponding fermion creation and annihila

tion operators. xt and XiI" respectively. satisfying the fa

miliar anticommutation relations 

{xt,xj,,} = DijDl'l" {xt.X]v} = {Xil"Xj,,} = O. 

The space of N-particle states r N' to which the N-electron 

wave functions belong. is then given by all Nth-order prod

ucts of fermion creation operators X t acting on the physical 

vacuum state 10). 

Following the UGA.20-
23 the particle number conserv

ing operators 

E 'il_xt X 
jl' - iJ.l jv 

(1) 

form the generators of the spin-orbital Lie group U(2n). 

The space r N of N-particle states then gives riseto an irre

ducible representation ofU(2n) with highest weight44 

<iN.O) = (1,1, ... ,1,0, .... 0). 

with l's in the first N positions, called the antisymmetric Nth 

rank tensor representation. The spin-averaged operators 

+ 1/2 

Ei = '" Eiv 
J £., JV 

(2) 
l'= -1/2 

form the generators of the orbital subgroup U (n) of U (2n), 

while the operators 

11 

E l' - '" Eil' 
l'- L ;v 

i= I 

(3) 

form the generators of the spin subgroup U (2). The genera

tors (2) and (3) collectively constitute the generators of the 

subgroup U(n) XU(2) (outer direct product) of U(2n), 

referred to herein as the spin-orbit (SO) subgroup. 

}n terms of the U (2) generators (3) Athe number opera

tor N and the total-spin vector operator S may be expressed 

as21 
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S + = E 1~2112' S = E 1/2112 

AS I (E 112 E ~ 1/2) N
A 

E 1/2 E ~ 112 (4) 
z ='2 112 - ~1/2' = 112 + ~1I2' 

~her.!:, as usual, S ± = Sx ± iSy • We note that the operators 

S ± ,Sz constitute the generators of the subgroup SU(2). 

In this formulation of the many-electron problem, the 

general single-particle reduced density operator is given by4 

112 n 

PI(X;X') = I I f/lf';.(x)tPjv(x')Ej", (5) 
'",v= ~ 112 i,j= I 

which may be alternatively expressed as a 2 X 2 matrix with 

entries 

PI (r;r')~ = PI«r,/l);(Y',v» 

n 

= I ¢f(r)¢j(r')Ej". (6) 
iJ= I 

Throughout we shall refer to the matrix (6) as the single

electron density matrix. We emphasize that in this approach 

the entries (6) of the density matrix are regarded as opera

tors. The spin-density matrixPI (r) arising from a given mo

lecular wave function 'I' is then given by the corresponding 

2 X 2 matrix of expectation values 

( 6') 

It is of interest to investigate the behavior of the density 

operator (5) under convolution product. We have 

J A ( ') A ( , ")d' PI x;x PI X ,x X 

n + 1/2 

I I tP~ (X)tPla (x") 
iJ,k,/= I ,",v,p,a= ~ 1/2 

X f tPjv(x')tPtp(x')dx' EJ:E7:· 

Using the orthonormality of spin orbitals 

we obtain 

f A ( ')A ( , ")d' PI x;x PI x;x X 

n + 1/2 

= I I tP~(x)tPla(x")(E2)t, 
i,/= I ,",a = ~ 112 

where E2 is the (2n) X (2n) matrix with entries 

(E2)i," = Eil' Eka 
Jl' ka JV 

(7) 

(summation over repeated indices is assumed). However, 

on the representation ofU(2n) with highest weight (iN,O), 

which is pertinent to the N-electron problem, the U (2n) 

matrix [E j~~] satisfies the quadratic identity42 (cf. the Ap

pendix) 

E(E-2n-I+N)=O, (8) 

so that 

(E2)j~ = (2n + 1 - N)Et~. (8') 

Substituting into Eq. (7), we thus obtain 

J PI (X;X')PI (x';x" )dx' = (2n + 1 - N)p, (x;x"), 

which may be expressed in the matrix form 

+112 f I PI(r;r')~PI(r';r")~ dr' = (2n + 1- N)jJI(r;r")~. 
a= ~ 112 

(9) 

It follows, in particular, that the normalized density opera

tor 

1'1 (X;x') == (2n + 1 - N) ~ I PI (x;x') 

is idempotent, i.e., 

J A ( ') A ( , ")d' A ( " ) YI X;X YI X ,x X = YI X;X . 

( 10) 

We emphasize that the idempotency of the density oper

ator 1'1' Eq. (10), should not be confused with the well

known2
•
3 idempotency of the molecular density matrix aris

ing from a closed-shell Hartree-Fock wave function. 

Equation (9) is an operator equation and is a direct conse

quence of the reduced identities of Eq. (8). Such reduced 

identities, first encountered by Green42 (see also the Appen

dix), afford a natural tool for investigating density opera

tors, as previously noted, and will be applied extensively 

throughout the paper. 

Taking the trace of the density matrix (6) we obtain3
,4 

the familiar charge-density operator 

n 

= I ¢f(r)¢j (r')Ej, (11) 
iJ= I 

which is expressible solely in terms ofthe orbital U(n) gen

erators E1, Eq. (2), and hence is obviously spin indepen

dent. In terms of the usual Pauli spin matrices 

- i) (1 
0' O'z = ° 

the one-electron density matrix may be rewritten as 

PI(r;r')~~ = !p~ (r;r')B:, + R'a;, 

where 

n 

R(r;r') = I ¢f(r)¢j(r')rj, 
iJ= I 

and 

( rx),i= _1(Ei,l12 +Ei,~1/2) 
'2 j, ~ 1/2 j,I12' 

(12) 

(l3a) 

( ry),i= _li(Ei,l12 _Ei.~1/2) (I3b) 
'2 j, ~ 112 j,I12' 

(r )i =1(Ei,l12 _Ei,~I12) z, 2 ,,112 ,,~ 112 . 

Alternatively, we note that the one-body density matrix 

can be expressed in a convenient tensor form: This gives rise 

to a scalar density, which is given by the number density 

operator of Eq. (11), together with a vector density which, 

in terms of the SU (2) coupling coefficients, is defined by 

where the summation over /l and v is implied. Note that 

these components are explicitly given by 
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PI (r,r') I = PI (r,r') 1~21/2' 

PI(r,r')_1 = -PI(r,r')';2
1/2

, 

PI (r,r')o = - 2
112

R z • 

We remark that this latter operator, defined by the z compo

nent ofEq. (13), determines the usual (single-electron) spin 

density of the molecule.3.4 This tensor form for reduced den

sity matrices is useful, particularly for discussing two- and 

higher-electron density operators, which will be considered 

in Sec. IV and V. However, for one-body densities, it isjust as 

convenient to work with the matrix formulation ofEq. (12), 

which we adopt throughout most of the paper. 

It should be noted that the entries of the density matrix 

(6) are given in terms of the V(2n) generators, Eq. (1), 

which do not conserve the total spin quantum number S. 

Consequently, in actual applications, we need a resolution of 

the density matrix into components which effect well-de

fined shifts on the total spin S. This is particularly the case 

when dealing with density matrices arising from wave func

tions with well-defined total spin (i.e., describing a spin-in

dependent system). In the following section we present a 

solution to this problem using the spin-shift formalism of 

Refs. 44 and 45. 

III. SPIN DENSITIES AND TOTAL-SPIN TRANSITION 

DENSITIES 

In this section we consider the partitioning of the single

electron density matrix into components according to their 

shifts on the total-spin quantum number S. This leads to the 

appearance of total-spin transition densities, which increase 

or decrease the total-spin quantum number S, as well as a 

density-matrix component which commutes with the total 

spin S. Only this latter density matrix is required when deal

ing with wave functions possessing a well-defined total spin 

and is expected to yield the dominant contribution to the 

density matrix even for wave functions characterizing spin

dependent systems. In this latter case, however, the total

spin transition densities will contain useful information on 

transition probabilities between states with different total 

spins. 

We first discuss the problem of constructing states with 

well-defined total spin S, which has been extensively studied 

in the past (cf., e.g., Refs. 46-49). In the VGA this problem 

is automatically taken into account by considering a basis for 

the space r N of N electron states which is symmetry adapt

ed to the SO subgroup V(n) X V(2). The resulting SO basis 

states may be written as 

(14) 

where [P] designates an ABC (Refs. 20 and 21) or 

Gel'fand_Paldus22-30.41.44.45 (G P) tableau, labeling the orbi

tal part of the state, and Ms is the azimuthal spin quantum 

number. The states ISMs) constitute the usual basis for the 

irreducible representations (irreps) of SV(2) and are also 
A 

eigenstates of the number operator N with eigenvalue N 

[and hence are also V (2) states]. The total spin of the states 

(14) is given by S = b /2, where 

p= [abc], N=2a+b, a+b+c=n, 

are the Paldus labels of the orbital group V (n) (correspond

ing to the top row of the pattern [P]) that determine the 

irrep of V (n) concerned. 20.2 I ,44 

The VGA was originally designed20.21 for spin-indepen

dent problems, in which case the electronic Hamiltonian is 

expressible solely in terms of the orbital V(n) generators. 

For such problems it suffices to obtain the MEs ofthe V (n) 

generators [Eq. (2)] (and of their products) in the orbital 

part of the SO basis, Eq. (14), with a fixed value of Sand Ms. 

However, even when dealing with spin-dependent Hamilto

nians, the SO basis, Eq. (14), represents an excellent starting 

point, since spin-dependent effects are usually small com

pared to the spin-independent Coulomb interactions. Conse

quently, in such a case, the MEs of the V (2n) generators are 

required in the SO basis, Eq. (14). This latter problem, 

which has been addressed by Gould and Chandler41 .45 and 

more recently by Gould and PaId us, 39 is also essential for the 

evaluation of the single-electron density matrix, Eq. (6'), in 

the SO basis, Eq. (14), to which we now tum. 

Following Gould and Chandler41 .45 (see also Ref. 39), 

we note that the V(2n) generators transform, under com

mutation with the V (n) X V (2) generators, Eqs. (2) and 

(3), as the representation AdU(n) ®Adu (2p where Adu(k) 

denotes the adjoint representation of V(k).45.50 It follows 

that the V (2n) generators, Eq. (1), may be resolved into 

spin-shift components41
.4

5 

EJ:; = E( - )J:, + E(O)J:, + E( + )J:;, (15) 

where E( ± ) increases (respectively decreases) the total 

spin S of the SO states, Eq. (14), by one unit, while E(O) 

leavesSunchanged. TakingtheV(2) traceofEq. (15) and 

equating spin-shift components, we immediately obtain that 

Ej = 'LEJ:, = 'LE(O)J:" (16a) 
P P 

(16b) 

This shift component resolution ofEq. (15) induces the 

following partitioning of the single-electron density matrix, 

Eq. (6): 

PI(r,r')~ =pj-)(r,r')~ +p\O)(r,r')~ +p\+)(r;r')~, (17) 

where 

n 

p\e)(r;r')~ = 'L ¢Jr(r)¢Jj(r')E(E)J:" E = 0, ±. (18) 
iJ= I 

In view ofEq. (16) we obtain 

tr [p\O) (r,r')] = tr [PI (r;r')] = p~ (r,r'), 

tr[pj ± ) (r,r')] = 0, (19) 

where p~ (r,r') is the charge-density operator, Eq. (11). We 

may thus write, in view ofEq. (12), 

PA(O)(r:r')P = I &::pAC (r:r') + R(O).uv 
I , v '2 vI, JL' 

PAl ± ) (r:r')P = R( ± )·uV 
1 'v It' 

(20a) 

(20b) 

where R(e) is given by Eq. (13) with E J:, replaced by the 

corresponding shift componentE(E)J:, (E = 0, ± ). A corre

sponding spin-shift resolution of the vector density of Eq. 

(12') also applies. 
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4146 Gould, Paldus, and Chandler: Reduced density matrices 

Of particular interest is the zero-shift component, Eq. 

(20a), which determines the full density matrix for wave 

functions with well-defined total spin S. Following Ref. 39, 

the zero-shift components of the V (2n) generators are given 

by [Eq. (22) of Ref. 39] 

E(O)J: =!~E; - [2S(S+ 1)] -IA;Jj;~ (S#O), (21) 

where Jj;~ denote the SV(2) generators [Eq. (20a) of Ref. 

39] 

E- " - E" N ~u v - v --Vv' 

2 
(21') 

and A is the polynomial of degree 2 in the V (n) matrix E 

given by [Eq. (18) of Ref. 39] 

A 

A = E(E + N /2 - n - 2), (22) 

where polynomials in the V(n) matrix E = [EJ] are de

fined recursively in the usual fashion42.44 

(Em+ I); = E~ (Em);, (EO); = 0; 
(assuming summation over repeated indices). It is impor

tant to note that in the case S = 0, the second term on the 

right-hand side of Eq. (21) does not contribute, which is 

consistent with the easily established result (see the Appen

dix) 

A; = 0 I<JJ<.n for S = o. (23) 

We thus obtain for the zero-shift component of the vec

tor R, Eq. (13), in view ofEq. (21), that 

R(O)(r;r') =p; (r;r')S, 

where S is the total molecular spin vector and 

p~ (r;r') = - 1 i l/Jr(r)l/Jj (r')A; (S #0). 
2S(S + 1) iJ~ I 

(24) 

Here, again, the operator (24) vanishes when S = O. Substi

tuting into Eq. (20a), we thus get for the zero-shift compo

nent ofthe density matrix, Eq. (6), the expression 

(25a) 

Alternatively, in terms of the SV(2) generators Jj;~, we may 

write 

A(O)(. ')"-1 AC(. ')S:u AS( ')E-" PI r,r" - 'lPI r,r U'" + PI r;r ,., (25b) 

where we have used the easily established result 
A 

S. " - Jj;" - E I' _ N 8':. 
u" - ,,- " 2 ,,' 

The density operator (24) has a natural interpretation 

in terms of molecular spin densities. The spin-density opera

tor is well known to be given by3.4 

Rz(r;r') =HpI(r;r')l~~ -PI(r;r') =l~n, 

which, in the case of spin-independent CI, reduces to the 

corresponding zero-shift component 

R;Ol(r;r') =p~(r;r')Sz' 

Therefore, the density operator p.; (r;r'), Eq' (24), deter

mines the normalized spin density of the molecule and is 

referred to henceforth as the normalized spin-density opera

tor. It is worth noting that, in tensor form, the zero-shift 

component of the vector density operator (12') is given by 

(25') 

where Va denotes the rank-one SV(2) tensor operator given 

by 

( 4') 

Thus, for wave functions with well-defined total spin S, 

the single-electron density matrix reduces to the zero-shift 

component, Eq. (25), which is determined solely by two 

density operators, namely the charge-density operator, Eq. 

(11), and the normalized spin-density operator, Eq. (24). 

The former determines the distribution of electronic charge 

in the molecule and the latter the distribution of unpaired 

spins:4 For a wave function'll, with well-defined total spin S 

and azimuthal spin Ms , the spin Ms is regarded as smeared 

over the molecule with a distribution determined by4 

P~ (r) = ('IIlp~ (r;r) I'll). 

In the case of spin-dependent problems we also need to 

consider the nonzero-shift components 

n 

p\±l(r;r')~ =R(±l·U; = I l/Jr(r)l/Jj(r')E( ± )J:, 
iJ~ I 

which we refer to herein as total-spin transition density ma

trices. These spin-shift components may be explicitly con

structed with the help of the following polynomial identity, 

satisfied by the V (n) matrix E = [E;] (see the Appendix 

and Green42 ): 

3 

II (E - Ei ) = 0, (26) 
i= I 

where, on an irrep ofV(n) with Paldus labels [abc], the Ei 

take constant values given by 

EI = 1 + c, E2 = n + 2 - a, E3 = O. (26') 

Vsing the above identities, we may construct projection op

erators44 

P [r] = II (E - Ek ), 

k ~r Er - Ek 

(27a) 

satisfying (assuming summation over repeated indices) 

3 

I P [r]; = 0;, P [r]"P [I]; = OrlP [I t. (27b) 
r= 1 

We then obtain, in view of Refs. 44 and 45, the following 

expressions for the spin-shift components of the V(2n) gen

erators: 

E( + )J,~ = P [1 hE7;,P [2];, 

E( - ) ii' = P [2] i E k" P [ 1 ] I 
}V k fl' J' 

(28) 

which follow from Eq. (27b) together with the easily estab

lished result (cf. Ref. 44) 

P [3] i Ek" - E i
" P [3]k - 0 k j"- kv j-' (29) 

An alternative construction for the above shift components, 

using the characteristic identity of the spin group V(2), was 

given in Ref. 39 [cf. Eqs. (8) and (9) of Ref. 39]. 

The MEs of the operators A; and of the nonzero shift 

components E( ± r;:., in the SO basis, Eq. (14), have been 

determined in Ref. 40, which affords a convenient method 
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for the calculation of charge and spin densities in the UGA 

framework: In fact, this reference provides explicit expres

sions for the spin density associated with an arbitrary SO 

state, Eq. (14). 

IV. TWO-BODY DENSITY OPERATORS 

In this section we consider extensions of our previous 

results to two-body density matrices. Following Paldus and 

JeziorskV' we introduce recursively defined symmetrized 

combinations of U (2n) generators as follows: 

E (i~p,) ... (iiJ'k)(ip) = E (i~p,)'" (iiJ'k) E if' _ {ji 8':: E (i,p,)'" (iiJ'.) 

(j,v,)···Ukv.)Uv) (j,v,)"'Ukvk»)V ), v, (jv)"'Ukvk) 

_ ... _ {ji 8':: E (i~p,)···(i'_lpk_I)(iiJ'k) 
1k vk (j,v,)"'(lk_IVk_I)(jv)' 

(30) 

so that, for example, 

E (ip)(ku) - E ill E ku _ {jk{ju E ill 
(jv)(/p) - jv lp j vip' 

The operators (30) constitute a convenient basis for the uni

versal enveloping algebra of U (2n) which, as shall be dis

cussed in Sec. V, is useful for investigating polynomial iden

tities satisfied by the group generators. Our interest in the 

operators (30) stems from the fact that they determine the 

general k-electron density matrix in accordance with 

n 

= ~ .I.~ (r ) ... .1.* (r ).1. (r' ) .. . .1.. (r' ) 
£.., '1'1, I '1'1. k '1'), I 'l'lk k 

i,.jr= 1 

(31 ) 

Taking the total trace ofthis tensor matrix, we obtain the k

electron charge-density operator 

n 

= ~ .I.*(r)···.I.~(r).I..(r')···.I..(r')Ei, ... i. 
~ '!'II 1 'f'lk k 'f'11 1 'f'h k 1.···Jk' 

i,.j,= 1 

(32) 

where 

are the orbital U(n) analogues of the U(2n) operators, Eq. 

(30) (cf. Ref. 51). 

In view of Eqs. (30) and (33), we have the following 

relation between k-electron density tensors and charge-den

sity operators: 

p~ + 1 (rl,· .. ,rk ,r;r; , ... ,r~ ,r') 

= p~ (rl, ... ,rk ;r; , ... ,r~ )p~ (r;r') 

- p,£ (rl, ... ,rk ;r',r; , ... ,r~ ){j(r;r; ) 

where 
n 

{j(r;r') = L tfJr(r)tfJi(r'). (36) 
i= 1 

Also by setting r = r' above and integrating, we obtain the 

additional relations (assuming again summation over re

peated indices) 

f Pk + 1 (rl, .. ·,rk ,r;r; , ... ,r;",)~:···~::dr 

- (N k)pA (r r 'r' r' )11""llk 
- - k I"'" k' 1 , ••• k vl"'v,,' 

f P'k + 1 (rl,· .. ,rk,r;r; , ... ,r~,r)dr 

= (N - k)p'k (r", .. ,rk;r; , ... ,r~). 

In particular, for the two-electron density matrix, which is 

our main concern here, Eqs. (31) and (34) simplify to 
n 

P2(r l,r2;r; ,r; )~; = L tfJr (r l )tfJt(r2)tfJj (r; )tfJl (r; ) 
iJ.k,l= 1 

-{j~PI(rl;r;)~{j(r2;r;). (37) 

The corresponding charge-density operator is then given by 

the total trace ofEq. (37), namely 

p~ (r l ,r2;r; ,r;) 

n 

= L tfJr (r l )tfJt (r2 )tfJj (r; )tfJl (r; )(E JE 7 - {jjE ~) 
iJ,k.l= 1 

= p~ (rl;r; )p~ (r2;r;) - p~ (rl;r; ){j(r2;r; ). (38) 

Following McWeeny and Mizuno,3 it is appropriate in 

this case to express the two-body density matrixp2' Eq. (37), 

in the convenient SU (2) tensor form. This leads to the num

ber density operator p~, Eq. (38), which is an SU (2) scalar, 

together with the two vector densities [cf. Eq. (12')] 
A 

VI (r"r2;r; ,r; ) a 

A 

= P2(r l ,r2;r; ,r; )~; q Jl;~( - V) 11a) ( - 1) 112+ v, 
(39a) 

V2(r l ,r2;r; ,r;)a 

=P2(r"r2;r; ,r; )~qJl;~( - V) 11a) ( - 1)112+ v (39b) 

( - 1.;;;a.;;;1) 

(summation over repeated indices is assumed here and be

low), as well as the three-tensor densities 

0(r l ,r2;r; ,r;)~) = P2(r"r2;r; ,r; laP (la;1/311m) 

where 

(l = 0,1,2; - l';;;m.;;;l) (40) 

xqu;~( -7')11/3)( _1)I+v+r (41) 

(- 1.;;;a,/3.;;;1). 
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4148 Gould, Paldus, and Chandler: Reduced density matrices 

A-

This gives rise, in all, to two scalar densitiespA~, Q ~o), three 
A- A- A-

vector densities V" V2, Q (I), as well as a rank-two tensor 

density Q (2): The total number of spin components is easily 

seen to be 16, in agreement with the number of entries of the 

density matrixp2' Eq. (37). 

Following the one-electron case, our aim is to determine 

the zero spin-shift component of the above tensor densities, 

which determine the full density matrix for spin-indepen-
A-

dent systems. In particular, for the scalar density Q ~o), we 

obtain, using SU(2) coupling coefficients, 52 the result 

QA ." (0) 3 - 1/2 [A ( ." )I'-V (r"r2,r, ,r2)0 = P2 r"r2,r, ,r2 VI'-

(42) 

To determine the zero-shift components of the vector densi-
A-

ties Vi> Eqs. (39), we follow Steven's method of operator 

equivalents, 53 according to which we may write, for the 

zero-shift components, 
A-

V}0)(r"r2,ri,r;)a = vi(r"r2;ri,r;)va, i= 1,2 (43) 

where Va denotes the SU(2) vector with components [cf. 

Eq. (4')] 

V, =S+' Vo= --!isz' V_I = -S_. (44) 

To determine the scalar density operators Vi (i = 1,2) on the 

right-hand side ofEq. (43) we multiply both sides by v! and 

sum on a to obtain 

Vi (r"r2;ri ,r;) = [2(S + I)S] - , 

t A- (0) ." 
XVa Vi (r"r2,r"r2 )a' (45) 

where we have used the result 

v!va=S_S+ +S+S_ +2S;=2S(S+I). 

Similarly, to obtain the zero-shift components of the 

tensor densities (40), we employ the method of operator 

equivalents53 and construct the zero-shift tensors 

T<,!.) = vavp(1a;If3l/m), 1 = 0,1,2; -1<m<:J (46) 

with Va as in Eq. (44). The above tensors are given explicitly 

by 

T~O)= -2'3-' /2S(S+I), 

T~) = Vrn , - l<m<l, 

together with 

Tf) = (T<':)2)t= (VI)2, 

(47a) 

(47b) 

Tj2) = _ (T<.:\)t = 2 -1/2(VOV, + VIVO)' (47c) 

Tf)=6-'12(v_,v,+v,v_, +2v~). 

We may therefore write, for the zero-shift components of the 

tensor densities (40), for the case 1 = 1,2, 

A- (0) ." (I) _ A (/) ." (/) 

Q (r"r2,r, ,r2) rn - q (r"r2,rl ,r2 ) Tin' (48) 

where the scalar densities g(1) are given by 

A(/) " -I t(I)A-Q ." (/) 1 q (r"r2;r, ,r2 ) = a l T In (r l ,r2,rl ,r2 ) rn , = 1,2 

(49) 

and the constants a l are given by 

a,=v!va =2S(S+I), (50a) 

a 2 = T!;2)T!;) = jS(S + 1 )(2S - 1 )(2S + 3). (50b) 

It follows that the zero-shift component of the two-body 

density matrix is determined solely by six density operators, 

namely the charge-density operator p~, Eq. (38), the scalar 
A-

density Q ~O), Eq. (42), and the density operators Vi and g(1) 

ofEqs. (45) and (49), respectively. These six density opera

tors, thus, determine the full density matrix for wave func

tions with well-defined total spin S (corresponding to a giv

en spin-independent system), and will be explicitly 

determined in terms of the one-body charge-and spin-den

sity operators in the following section. 

From the viewpoint of spin-dependent extensions, it is 

also necessary to construct the appropriate spin-transition 

densities: We note that such transition densities can only 

occur for the vector densities V" V2 and the tensor densities 

Q ('), Q (2). As in the one-electron case, we find it convenient 

to employ the projection operators constructed on the basis 

of characteristic identities:42 In the present case we consider 

the SU(2) tensor identities, which have been previously dis

cussed in Ref. 54 (where generalizations to arbitrary semi

simple Lie algebras were obtained). 

Following Ref. 54, corresponding to each non-negative 

integer or half-integer 1 we consider the matrix 

al =HlTl(S_ )®S+ +lTl(S+ )®S_ +21TI (Sz)®Sz], 

where 171 denotes the (21 + I)-dimensional irrep ofSU(2). 

Thematrixa l maythusberegardedasa (21 + I) X (21 + 1) 

matrix with entries 

[adiJ =!8iJ-,~(l+j)(l-j+ I)S+ 

+!8iJ+,~(l-j)(l+j+ I)S_ +j8ijSz, 

-1<iJ<I. 

Thus, for example, for 1 = 1 we obtain the 3 X 3 matrix 

S 

o 

Polynomials in the matrix a l may then be defined recursively 

according to (assuming summation over repeated indices) 

(a7'+ ')ij = (al)ik (a7')kj' 

Acting on the irrep 17, ofSU(2), the matrix a l may be 

expressed in the invariant form43 

al =HlTl®lTs(S2) -1TI (S2)®I-I®lT,(S2)], 

from which it follows that a l has eigenvalues 

al,m = H (m + s)(m + s + 1) - s(s + 1) -IU + 1)] 

=H2ms- (l-m)(l+m+ 1)]. (51) 

Thus, acting on the irrep 17" the matrix a l satisfies the poly

nomial identity 

I 

II (al - al,m) = O. 
m= -I 

The projection operators 

P [I,m] = II (a I - a I,k ) 

k ""'m a l.m - al,k 
(52) 

then project onto the [2(s + m) + 1 ]-dimensional irreduci-
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ble SU(2) submodules of the corresponding tensor product 

space. 

In the following, we find it convenient to regard the 

roots a/,m in a representation-independent way as operators 

belonging to a quadratic extension of the universal envelop

ing algebra of SU (2), whose eigenvalues, on the (2s + 1)

dimensional irrep 1Ts , are given by Eq. (51). It follows, from 

the arguments given in Refs. 42, 43, and 54, that if T(I) 

( - I<J<J) is an SU(2) tensor operator of rank I, then T(I) 

may be resolved into shift components 

T(I)[mL = TJI)P[l,m]ji' 

which increase the total spin quantum number S by m units 

( -1<,m<J). 

Utilizing the tensor projectors P[l,m], Eq. (52), we 

thus arrive at the following spin transition density matrices 

(notation as above) : 
A A 

Vi ± ) (r1,r2;r; ,ri)a = Vi (r l ,r2;r; ,ri )pP [1, ± I ]Pa' 

i = 1,2; - l<,a<,1 

A A 

Q (E) (r l ,r2;r; ,ri )!,;) = Q(rl ,r2;r; ,ri )!,;) P [2,€] m'm' 

-2<,m<,2 

where € = ± 1, ± 2. We note that the vector densities can 

only increase or decrease the total spin S by one unit, while 

the rank-two tensor densities may also increase or decrease S 

by two units, 

We have thus demonstrated that the full two-electron 

density matrix is completely determined by the six scalar 

densities, Eqs. (38), (42), (45), and (49), together with the 

ten spin transition density operators, Eq, (53). For wave 

functions with well-defined total spin S, these latter transi

tion densities do not contribute and the density matrix is 

fully determined by the scalar densities, as noted earlier. Fin

ally, it is clear that the spin transition density operators may 

be conveniently expressed using the off-diagonal operator 

equivalent method, which has been extensively investigat

ed55
-

59 in the hyperbolic operator formalism ofSchwinger60 

v. TWO-BODY DENSITY MATRIX: SPIN-INDEPENDENT 

CASE 

Here we consider the explicit determination of the sca

lar density operators, Eqs. (38), (42), (45), and (49), 

which determine the full two-body density matrix for wave 

functions with well-defined total spin S. We start by express

ing the SU(2) vector operator components Va' Eq. (44), in 

terms of the U(2) generators E~, Eq. (3), as follows: 

Va =E~qll* -v)11a)( _1)1/2+\ 

which may be inverted to give 

E~ = Va (lal!ll;!( - v»( _l)l/2+v, (54) 

where E~ denote the SU(2) generators, Eq. (21'), 
A 

E~ =E~ _ N ~. (55) 
2 

We next recall Eq. (25'), expressing the zero-shift com-

ponent of the one-body density vector PI' Eq. (12'), in terms 

of the spin-density operator p~ , Eq. (24), namely 

from which we obtain 

p~ (r;r') = [2S(S + 1)] ~ IV~p~O) (r;r') a' 

or, equivalently 

p~(r;r') = [2S(S+ 1)] ~IE~p~O)(r;r');. 

(56) 

(57a) 

(57b) 

Note that we can replace here p~O) by PI since from U(2) 

invariance we have that 

E"pA( ± )(rr')V = 0 
v I 'J..L • 

These equations enable us to immediately determine the sca

lar densities ofEq. (45). In view of Eqs. (37) and (12'), we 

may rewrite the vector density VI (r l ,r2;r; ,ri), Eq. (39a), as 

VI (r l ,r2;r; ,ri)a = PI (rl;r; )a p~ (r2;ri) 

- 8(r2;r; )PI (rl;ri la' 

whose zero-shift component, in view ofEq. (56), is given by 

V~O) (r l ,r2;r; ,ri ) a = [p~ (rl;r; )p~ (r2;ri ) 

- 8(r2;r; )p~ (rl;ri ) ] Va' 

By comparison with Eq. (43), we thus obtain for the scalar 

density VI' Eq. (45), the expression 

VI (r l,r2;r; ,ri ) 

= p~ (rl;r; )p~ (r2;ri ) - 8(r2;r; )p~ (rl;ri) 

= 2S(; 1 1) .~ </J7(rl )</Jt (r2)</Jj (r; )</J/(ri) 
+ 'J,k,! 

A' k s::kA' 
X (QjE / - ujQD. (58a) 

Similarly for the scalar density V2, we have 

v2(r l ,r2;r; ,ri) 

= pf (r\;r; )p; (r2;ri) - 8(r2;r; )p~ (r\;ri) 

= 2S(; 1 I) ,~</J7(r\)</Jt(r2)</Jj(ri)</J/(ri) 
+ 'J,k,! 

i k k i X (E j !!./ - 8j !!./). (58b) 

As to remaining scalar densities of Eqs. (42) and (49) a 

bit more work is required. We first note that the U (2n) oper

ators 

E (i,,)(ku) - E i" E ku _ 8k8u E i" 
(jv) (lr) - jv IT j v Ir 

ofEq. (30) are symmetric under interchange of the two co

lumns of indices. It follows that on the antisymmetric tensor 

irrep of U(2n), pertinent to the many-electron problem, 

these operators must satisfy the relations5
\ 

E (ift)(ku) + E (ku)(ift) - 0 
(jv) (lr) Uv) (IT) - • (59) 

For the orbital U(n) generators, such relations have been 

already discussed by Paldus and Jeziorski. 51 In particular, 

setting u = 7 in Eq. (59) and summing, we obtain the fol

lowing useful relations: 

E (kr)(ift) - E (i,,)(kr) - _ E «'jft,,»«k/'rr» = 8
j
kE'/'ft

v 
_ Ejift"E k/'. 

(jv) (lr) - (lr) (j") -

(60) 
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It is now interesting to note that if we set k = I in the 

above Eq. (60) and sum, we obtain the result 

E(E - 2n)it-' = EUf.')(kT) = (1- N)Eit-' 
jV (kr){Jv) jV' 

which may be rearranged to give 

E(E - 2n - 1 + N) = 0, 

which is just the U(2n) reduced identity, Eq. (8). Thus, the 

relations of Eq. (59) imply the U(2n) identities, Eq. (8), 

but also contain extra information which we utilize below. 

The reduced identities (cf. the Appendix) satisfied by the 

unitary group generators on a given k-column irrep may 

similarly be derived and will be investigated elsewhere. 

Our interest in the relation (60) stems from the fact that 

it implies the following result for the entries of the density 

matrix (37): 

= L ¢r(rl )¢t(r2)¢j(r; )¢/(r~ )E0~~~7~) 
iJ.k.l 

= 8(rl ;r; )PI (r2;r; )~ - PI (r2;r; )~p~ (rl;r;), (61a) 

P2(rl ,r2;r; ,r;)':; 

= L ¢nr l)¢t(r2)¢j(r; )¢/(r; )E~;il:~) 
iJ.k.1 

= 8(r2;r; )PI (rl;r;)~ - PI (rl;r; )~p~ (r2;r;). (61b) 

In particular, setting f.l = v into the above and summing we 

obtain 

= 8(rl;r; )p~ (r2;r;) - p~ (r2;r; )p~ (rl;r~) 

= - p~ (r2,rl;r; ,r; ) = - p~ (r l,r2;r; ,r; ), 

from which we can immediately deduce for the scalar den

sity ofEq. (42) 

'" ." (0) Q(rl ,r2,rl ,r2 )0 

= 3 - 112 [p~ (r2,rl;r; ,r;) + ~ p~ (r l,r2;r; ,r; ) ]. (62) 

As to the tensor densities ofEq. (40), we note that the 

components of Q (I) are easily seen to be given by 

'" ." (I) Q( rl,r2,rl ,r2 ) a 

= Hp2(rl ,r2;r; ,r;)':; - P2(rl ,r2;r; ,r~)':,.] 

Xqf.l;1( -v)lla)( _1)1I2+v, 

which, in view of Eqs. (12') and (61), may be expressed as 

'" Q(rl,r2;r; ,r; )~I) 

= - H c5(rl;r; )PI (r2;r;)a - c5(r2;r; )PI (rl;r;)a 

Itthen follows from Eqs. (48) and (56) that the correspond

ing density operator q( I), Eq. (49), is given by 

q( I) (rl1 r2;r; ,r; ) 

= H c5(r2;r; )p~ (rl;r; ) - c5(rl ;r; )p~ (r2;r;) 

+ p~ (r2;r; )p~ (rl;r; ) - p~ (rl;r; )p~ (r2;r; )], 

where we have used Eq. (47b). 

(63) 

It finally remains to evaluate the scalar density q(2), Eq. 

(49). We first note that in view ofEq. (37), the operators of 

Eq. (41) may be expressed as 

P2(rl ,r2;r; ,r; laP = PI (rl;r; )a PI (r2;r;)p - TaP 

( - 1 "a,,8,, 1), (64) 

where 

TaP = c5~PI (rl;r; )~c5(r2;r; )(1 f.l;!{ - v) 11a) ( - 1) 112 + v 

X q U;1( - 7) 11,8) ( - 1) 112+ r. 

We note the following property of this latter tensor (summa

tion over repeated indices is assumed as usual): 

Tapv:v1 

= c5~PI (rl;r; )~c5(r2;r;) <!,u;~( - v) 11a) 

X( -1)1I2+
v
v:QU;1( -7)11,8)( _1)112+rv1 

= c5~PI (rl;r~ )~E;E:c5(r2;r;), 

which may be rearranged to give 

TaP V: v1 = c5(r2;r; )PI (rl;r;)~ [S(S + 1) + E]~ 
= S(S + 1)c5(r2;r; ) [p~ (rl;r; ) + 2p~ (rl;r; ) ], (65) 

where we have employed the SU(2) identity39 

(E+S)(E-S-l) =0, 

together with Eq. (57b) and the Hermitian conjugate ofEq. 

(54). 

We may therefore write (summation over m is as

sumed) 

2 '" 
~ Tt(/)Q(r r 'r' r' )(/) 
~ m .' b i' 2 m 

1=0 

2 

=P2(rl ,r2;r;,r;)aP L (la;I,811m) 
1=0 

X (Imlla';I,8')v:.v1· 

= P2(rl ,r2;r; ,r~ ) aj3v: v1 

= PI (rl;r; )aV:PI (r2;r; )pv1- Taj3v:v1, 

where we have employed Eq. (40) together with Eq. (64). 

Application of Eqs. (57) and (65) then yields 

2 '" 
~ Tt(/)Q(r r 'r' r' )(/) 
~ m .,2, }, 2 m 

1=0 

= [2S(S + 1) ]2p~ (rl;r; )p~ (r2;r~) 

- S(S + 1)c5(r2;r; ) [p~ (rl;r;) + 2p~ (rl;r; ) ]. (66) 

On the other hand, for 1=0 we have from Eq. (47a) 

that 

Tt(O)Q"'(r r 'r' r' )(0) ° I' 2, I' 2 ° 
= - 2·3 - 1I2S(S + 1)Q(rl ,r2;r;,r; lao>, 

with Q aO) as in Eq. (62), and for 1= 1 we have from Eqs. 

(49) and (63) 
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T~2)Q(rl,r2;r; ,r~)~) = [2S(S + 1) fp~ (rl;r; )p~ (r2;r~) - S(S + 1 )8(r2;r; ) [p~ (rl;r~) + 2jJ~ (rl;r~)] 

+ 2· 3 - 112S(S + 1)Q(rl ,r2;r; ,r~ )f,0) - 2S(S + l)q(1) (r1,r2;r; ,r~), 

from which we obtain, in view of Eqs. (49) and (50), the scalar density q(2) 

(2S - 1 )(2S + 3)q(2) (r l ,r2;r; ,ri) 

= 6S(S + 1 )p~ (rl;r; )p~ (r2;ri) - ~8(r2;r; ) [p~ (rl,r~) + 2p~ (rl;r~)] + p~ (r2,rl ;r; ,r~) 

'" + ! p~ (r l ,r2;r; ,r~) - ~ [p~ (rl;r; )8(r2;r~ ) - p~ (r2;r; )8(rl;r; ) 

The six scalar densities, which completely determine the 

full two-body density matrix for spin-independent systems, 

are thus given explicitly by Eqs. (38), (58), (62), (63), and 

(67) in terms of the one-body charge- and spin-density oper

ators. In particular, we note that these latter operators deter

mine the full two-body density matrix, and in this sense we 

see that for spin-independent systems, the one-body density 

matrix determines also the two (and presumably higher) 

order density matrices. We draw particular attention to the 

density operator Qf,2), Eq. (40), whose zero-shift compo

nent, Eq. (48), may be written in the form 

Q'" (0) (r r 'r' r' ) (2) 
I' 2, I' 2 ° 

= (j)I12[3S; -S(S+ 1))q(2)(r.,r2;ri,ri). (68) 

As noted previously by Mc Weeny, 3,4 this density operator 

determines the anisotropy of the spin distribution and plays 

an important role4 in connection with spin-spin coupling in 

the ESR spectra of transition-metal ions. Another operator 

of interest is the two-electron spin-density operator 

P2(r.,r2;ri ,r;) :j~ :j~ - P2(rI,r2;r; ,r;) = :j~ = :j~ 
'" '" = - 2 - .12 [ VI (r.,r2;r; ,r; )0 + V2(r.,r2;r; ,r; )0]' 

(69) 

whose zero-shift component is given by SzpL wherep~ is the 

normalized two-electron spin density operator 

p~ (r.,r2;r; ,r;) = VI (r.,r2;r; ,r~) + v2 (r.,r2;r; ,r~) 

(70) 

Other two-electron operators of physical interest are dis

cussed in Refs. 2-7. 

VI. CONCLUSIONS 

A fully spin-adapted approach to one- and two-electron 

density matrices has been presented in the framework of the 

UGA. In particular, the one-electron density matrix, arising 

from a wave function with well-defined total spin S, was 

shown to be completely determined by the charge and nor

malized spin-density operators for which we obtained an ex

plicit expression in terms of the orbital U (n) generators. We 

draw particular attention to Eq. (24), which determines the 

normalized molecular spin density in tenris of the entries.6.; 

ofthe U (n) matrix .6. defined in Eq. (22). 

Extensions to two-body density matrices were also ob-

(67) 

tained, and it was shown that, in the case of spin-indepen

dent systems, the two-electron density matrix is completely 

determined by the six scalar densities of Eqs. (38), (58), 

(62), (63), and (67). These scalar densities were derived in 

terms of the one-electron charge-and spin-density operators, 

which in turn are expressible in terms of the orbital U (n) 

generators in accordance with Eqs. ( 11 ) and (24). It follows 

that the U (n) matrix .6., Eq. (22), plays a fundamental role 

in the determination of the spin density of a molecule and 

hence also of two- (and higher-order) electron densities. 

The matrix elements of the operators .6.;, in the SO basis 

( 14), have been explicitly evaluated in Ref. 40 as a simple 

segment level product. This then provides a convenient 

method for the evaluation of one- and two-electron density 

operators in the UGA framework. 

In the case of spin-dependent systems, it is also neces

sary to consider the one- and two-electron total-spin transi

tion density operators. These transition density operators 

are given explicitly in terms of the U (2n) generators by Eqs. 

(18) and (53). Since the MEs of the U(2n) generators have 

been derived in Refs. 39-41, as a simple segment level prod

uct, this enables the complete determination of the one- and 

two-electron spin transition densities, as required for spin

dependent systems, within the UGA framework. 
Let us finally mention that the above introduced 

charge-, spino, and transition-density operators possess a 

great deal of additional interesting structural properties and 

form a spin-density algebra when the convolution product is 

introduced. Moreover, it can be shown that the projection 

operators, Eq. (27a), give rise to a new set of idempotent and 

orthogonal density operators, which provide a resolution of 

the identity and represent a particularly suitable basis for 

this algebra. We have investigated this algebra for one-elec

tron density operators and will present these results else

where. We also intend to extend these investigations to two

(and higher) electron spin-density operators, in order to 

achieve a fully spin-adapted approach to a k-electron density 

matrix in the UGA framework. In this regard we note that 

the graphical methods of spin algebras6
• may provide a con

venient tool for treating this problem. In particular, it is of 

interest to determine the k-electron density matrix, for wave 

functions with well-defined total spin S, in terms of the one

body charge- and spin-density operators, as required when 

dealing with spin-independent systems. As noted earlier, 

this problem has already been solved for the one- and two

electron case in Secs. III and V. Finally, it would be also of 

interest to investigate the role of the off-diagonal operator 
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equivalent method55
-

58 for the determination of total spin 

transition densities. 

APPENDIX: REDUCED IDENTITIES 

We recall from Refs. 42 and 44, that acting on the irrep 

1T;. ofU(n) with highest weight 

A = (A1, ... ,An), 

the U (n) matrix E = [E;] may be written in the invariant 

form 

E= -![1T®1T;'(/2) -1T(/2)®1-1®1T;'(/2)], 

where 1T denotes the contragredient vector representation44 

of U (n) [with highest weight (0, - 1)] and 12 denotes the 

second-order Casimir invariant 

12 =E;E~, 

whose eigenvalue on the irrep 1T;. is given by42.44 

n 

(/2);' = L Ar(Ar + n + 1 - 2r). (AI) 
r~ I 

We have the Clebsch-Gordan decomposition44 

1T®1T;. = EEl ' 1T;'_E' 
r= 1 r 

(A2) 

where Er denotes the elementary weight 

Er = (0, ... ,0,1,0, ... ,0), 

with 1 in the rth position, and the sum in Eq. (A2) is over all 

r such that A - E r is dominant: We reca1l42,44 that a weight J.1 

is called dominant if the components J.1i of J.1 satisfy 

(A3) 

It follows that on each irrep 1T;. _ E,' occurring in the decom

position (A2), E takes the constant value 

Ar + n - r = - H (/2);' - E, - (12);, - (/2) ], 

with (/2);' as in Eq. (AI) and (/2) = (/2) _ E,,' Therefore, 

on the irrep 1T;., the U(n) matrix E satisfies the minimum 

polynomial identity 

n 

II' (E - Ar - n + r) = 0, 
r= 1 

where the product is over all rsuch that A - Er is dominant, 

i.e., satisfies the conditions of Eq. (A3). These polynomial 

identities have been previously discussed in Refs. 27,42, and 

44. 

The minimum polynomial identities, corresponding to 

some highest weights A = (A1, ... ,An) of interest, are listed 

below (see also Ref. 42): 

(iN,O):E(E + N - n - 1) = 0, 

(2a ,0):E(E - n - 2 + a) = 0, 

(2a ,i b ,0):E(E - n - 2 + a) (E - 1 - c) = 0, 

c = n - a-b. 

We remark that this latter identity corresponds to the char

acteristic identity of Eq. (26), while the first identity corre

sponds to the identity (8), satisfied by the U (2n) matrix 

E = [E tv] on the antisymmetric Nth-rank tensor represen

tation. Finally, the second identity given above corresponds 

to the zero-spin case S = 0, and yields the identity of Eq. 

(23).1t is particularly interesting, in this latter case, that the 

matrix !1 of Eq. (22), which determines the single-electron 

spin-density operator, is simply the left-hand side of the 

above reduced identity. This suggests generalizations of such 

density operators in the framework of reduced identities. 
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