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Abstract
Quantum mechanical operators can be assoclated with functlons of
P»>q through the Weyl or Wigner transform. In this paper we develop
alternative assoclatlons through the use of unitary transformatlions,
and study the relatlion between unltary transformations and canonlcal

transformations of the p,q labels.
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1. Introduction
One standard way of expresslng quantum mechanics in a form similar to
classlcal mechanlcs ls through the use of Wigner's m::nnhozuv which
assoclates a c-number functlon p(p,q) with the denslity operator % of a
dynamical system. This type of association was first suggested (in a
different context) by WeylZ) for a general dynamical operator. According
to thls lIdea we assoclate with a quantum mechanlical operator »Am.mv a c-
number function A(p,q). The p's and q's are real parameters which In the
classical limit become the classical momenta and coordinates, respectlive-
ly. However, when-h is not small, the p,q space Az.vaom for short) in-
troduced through thls assoclation has a different mnnconcnmwv from the
classical phase space. It is Invarlant only under linear Inhomogeneous
transformations rather than the full set of canonlical transformations.
This Invarlance property ls the consequence of the rather unexpected
mathematical fact that Wigner's function corresponding to a physlcally
realizable state can only be a delta functlon Lf the slngularity of the
delta functlon lies on a straight line in the W space. This in turn
arlses because the Weyl agsociatlon gives a special role to operators that
are linear comblnatlons of the $ and q operators. However, quantum
mechanics In general does not prefer these operator comblnations since the
whole theory ls Invariant under unitary transforms which can, for example,
turn m Into m+mm~. Similarly, classical mechanlcs, being Invarlant under
general canonlical transformations, does not prefer stralght lines in the
phase space. Thus, thls particular structure of the W space must arise
purely from the way we have chosen to assoclate operators with functlons
of p and q, l.e. using Weyl's assoclation to construct Ppwe In this

paper we wlll show that It Is possible to develop alternative assoclatlons

whlch single out different classes of operators and show more clearly the
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(For the previous assoclation 1 os proportlional to w.v Ag(a,b) s

the c-number functlon assoclated with the operator A through the basls
B(a,b). [For details see nmm.mv._

If we have two different bases wﬂm.vv. w.ﬁm..v.v there need not be a
unltary transformation § such that (80~! = &' since, for example ] may be
Hermitian, and 8' not. However, we may conslder all such bases which are
related to a particular basls through unitary transformations. In the
next section we speclfy the problem more precisely conslidering as an exam—
ple the class of bases which arise from »Av'pv through a one parameter set
of unltary transformations.

3. Unitary transformation and the generation of new bases

In this section we discuss the propertles of »Av.aV under unitary
transformations. A similar analysis could be done for the erv.aV of
eq. (7) with similar results. We will conslder only those unltary ope-
rators that can be generated by a successlon of Infiniteslmal unitary
operators. Thus we deal with unlitary operators which can be written In
the form

O(t) = exp 1t 2/4 , (€))
where t Is a real parameter (usually not time). More general transforms
such as reflections can also be dealt with, but we restrict the present
consideratlions to this class. The baslc questlons we ralse, and answer
are the following: (a) if we subject »Av.nv to the unitary transformatlion
mﬁnv. will It be useful to assoclate with this transformatlon a transfor-
mation of the labels p,q as well; (b) If so, what shall be a gulding prin-
ciple In the choice of thls transformatlon of the parameters p,q?

Consider the transformed basis

B(a,b,tz) = G(t) Ba,b) U 1(e) , (10)

where we have used a and b lnstead of p and ¢ slnce as we shall see the a
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and b are not the usual classical momenta and coordinates. The new basis
we label tZ to distinguish it from the old basis which would correspond
to t=0. We can now set up a new assoclation through
A, (a,b) = Tr(B(a,b,t2)R) 11)
with the corresponding inverse relation. There is an alternative way of
writing the new basis. We define two new operators
ey = Uey p 02wy, (12)
and Bey = U(o) § 01y (13)
The new basis can now be written
A3

wAm-vuan = Mmﬂ

.\.nwc d3v exp ::.?lmxn: + <.Q.1.m,hnv: . (14)
The new basis differs from the old basis only in that a(t) and mﬁnv are
the preferred operators rather than P and 4. For every relation in the
old basis we have a corresponding one in the new basis. For example, the
composition rule, eq. (6), remains the same only with a and b replacing p
and q. To this extent the unitary transformation has had no effect.
However, the new labels a and b cannot in general be identified with
p and q since they do not reduce to the classical momenta and coordinates
in the classical limit. The question then arises as to how a and b can be
related to p and q since what we want in the end are labels that resemble
in some sense classical momenta and coordinates. (This then is our first
guiding principle.) To answer this we let a and b be functions of t and
consider how A, (a(t), b(t)) varies with t. Differentiating eq. (11)

with respect to t we have

d 3 A A da
TS Ag,(a(t),b(t)) = Fv Tr (A(a,b,tz)R) + 3 " Va Atz(a,b)
b
+ at * <—u >HNAN-GV
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and b. Other choices for the transformation of a and b are possible.(we
can label our basis vectors any way we like) but we believe our present
one is a convenient one.

So far in our discussion we have talked as if m.m and »A?nv. the
starting objects of the transformation, are somehow fundamental. We can
equally well take the opposite point of view. Namely that &, m and
»Aw.v.nmv for t fixed are fundamental and that the usual p, q, etc.
generated from them by the inverse transforms are less fundamental. The
point being, of course, that none are any more m::nmsmsnma than any
other.

For later convenience we define

8.(p,0) = Bla(p,q,t),b(p,q,0),t2] . (21)
As stressed previously i1f z 18 no more than quadratic in p and q, Ac(p,q)
will equal A(p,q). This 1s just the well-known invariance3) of the usual
Weyl association under linear inhomogeneous transformations (i1.e. this
class of z's generates linear inhomogeneous transformations). With all
other choices of z we generate new, perfectly good, associations which
endow the W space with different properties depending on t and z.

Due to the special properties of unitary and canonical tranformations
the new associations have many features in common with the original Weyl
association. For example

(R 8) = fa% a3 a,(p, )0, (p,q) (22)
vhere Ae(pya) = Tr(B (p,q) A(p,q)) (23)
and similarly for p¢(p,q). The composition rule, eq. (6), is unchanged

when expressed in terms of a(p,q,t) and b(p,q,t), i.e.

Tr(8(a,b,t2)A8) = Ac,(a,b) exp .wm (Tpe¥a = 00 )Bep(a,b) .« (24)

- 10 -
Now, however, we may want to replace a and b with p and q using
eqs. (18-20). This is, in general, quite complicated, but once z is
given it can in principle be done. The first two terms in eq. (24)

remain unchanged, i.e.

~+ mm (Bpo¥y - To8) =1 + mm H«n.«v - «w.«nv ’ (25

since constants and Poisson brackets are invariant under canonical trans-
formations. It thus follows that in the classical limit commutators still
reduce to Poisson brackets; the quantum corrections will, in general, be
different.

We now have a method for generating new associations at will.
A priori all these associations must be equally good since quantum mech-
anics is n=<mnwm=n.c:mmn unitary transformations. The special structure
in the W space, i.e. the preferential treatment of straight lines, arises
because we have arbitrarily picked one 2 out of this infinite set as
being special. We could equally well have picked a & which would have,
for example, favoured a particular set of parabolae. This case will be
discussed in the next section.

We are now in a position to see how unitary transformations generate
canonical transformation. Consider the function

A(p,a,%) = Tr(R(p,q)¥R 9-1) , (26)

where V is a unitary operator. It has been stressed3*7?) that >Av.n.¢v
is not related to the A(p,q) of eq. (1) by a canonical transformation on
the p and q's. When we make the unitary transformation on ». however, we
are free to simultaneously change our basis. If for our new basis we
take »nﬁv.aV of eq. (21) with exp A»nnxjvn¢. then the unitary transforma-

tion has just generated a canonical transformation, i.e.
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function, if the latter is singular on the two-parameter family of
parabolae

(a=90) + t(p-po)2 = 0 . (37)
This happens because the VHQmman association is invariant under linear
Mavoaommaocmnnm:mmonamn»o=mhznrmsmsovonwnonm mmnn w.

The spatial density is no longer obtained by simply integrating over

p but rather through

A \'N
p(q') = Tr &q'-§) aAm - Fq - mlv

2m

In this expression we used eq. (36) with t = 4(2mF); thus onﬁv.av is the
§ function factor while the Airy function factor is in turn the m::nnuom
assoclated with 8(q'-3). When compared to the normal Weyl association
formula,

p(a’) = 9292 6cq-qn)(88)" " as|(:882) U2 - pag)| 39
we see the following. In eq. (39) quantum effects arise through the
finite width of the function associated with P, the Airy function. 1In
eq. (38) this function is a delta function, and the quantum effects arise
due to the width in the function associated with the operator §(q'-3)
which 1s an Airy function. The spatial density is of course the same in
both cases.

5. Conclusion

We have shown that it 1s possible to generate alternative associa-
tions to the Weyl association through unitary transformations giving rise
to a whole equivalence class of Weyl's associations. These new associa-
tions are formally equally good since quantum mechanics does not, a

priori, distinguish between operators related by unitary transformations.

- 14 -

These associations, however, give rise to functions with different pro-
perties in the (p,q) space. The choice of association in a particular
problem is determined by convenience.

The existence of many different but equally good associations allows
us to see how unitary transforms generate canonical transformations. A
unitary transformation on an operator has only the effect of generating a
canonical transformation in the p,q space if simultaneously with the uni-
tary transformation we change the Weyl basis which gives rise to the P»q
space. The new basis is related to old bases by a unitary transformation
and a relabeling.

One of the most commonly encountered unitary transformations is the
time evolution of the density matrix. If we choose the operator z genera-
ting the unitary transformation of our basis to be the Hamiltonian opera-
tor and take t to be the time, we can make the function associated with
the density matrix evolve classically with time. The nonclassical part of
the propagation will then be in the functions associated with other oper-
ators; a somewhat unusual interaction picture.
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