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1. Introduction

Let U denote the open unit disc arff}; denote the class of functions which are
complex-valued, harmonic, univalent, sense-preservirig mormalized byf(0) =
f-(0) =1 = 0. Eachf € Sy can be expressed gs= h + g, whereh andg are
analytic inU. We callh the analytic part and the co-analytic part of. A necessary
and sufficient condition fof to be locally univalent and sense-preserving/irs that

| ()] > |¢'(2)|inU (see B]). Thus forf = h +g € Sy, we may write

(1.1) h(z) =z + Z apz”, g(z) = Zbkzk (0<b <1).
k=2 k=1

Note thatSy reduces t@, the class of normalized analytic univalent functions if the
co-analytic part off = h + g is identically zero.

Fora; e C (j=1,2,...,¢)andp; € C —{0,—-1,-2,...} (j =1,2,...,s),
the generalized hypergeometric function is defined by

qu(al,...,aq;ﬂl,...,ﬁs;z):Z

k=0
(g <s+1;q,s € Ng={0,1,2,...}),

where(a),, is the Pochhammer symbol defined by

I'(a+mn)

=T

=ala+1)---(a+n—1)

forn e N={1,2,...} and 1 whem = 0. Corresponding to the function

(o, ...,aq; 01, .., Bsi2) = zgFs(an, ... g Bry - .., Bs; 2).
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The Dziok-Srivastava operatof][ H, s(a1, ..., aq; B, ..., Bs) is defined by
Hq,s(alu e 7aq; 617 e 755)]0(2) = h(ab . aq; 517 e 7ﬁ5; Z) * f(Z)

k
Z (a1)p—1 - (ag)r—1 agz

where “%” stands for convolution.
To make the notation simple, we write

Hq,S[O‘I]f(Z) = Hq,S(ala o0 By Bs) f(2).

We define the Dziok-Srivastava operator of the harmonic funcfioa h + g

given by (L.1) as
(1.2) H,s[on]f = Hys[ou]h + Hy s[on]g.

Let S}, (a1, 5) denote the family of harmonic functions of the forin) such that

D (arg HyJorlf) > B, 0<B<1, || —r<1.

(1.3) o

Forg = s+ 1, as = fi,...,a, = Bs, Sy(1,5) = SH(B) [6] is the class of
orientation-preserving harmonic univalent functighehich are starlike of ordet

inU, thatis, 2 (arg f(re) > 3.

Also, S7;(n+ 1, 8) = Ru(n, B) [7], is the class of harmonic univalent functions

with %(arg D™ f(z)) > 3, whereD is the Ruscheweyh derivative (Sé3)[

We also letVz(ay, B) = S§ (a1, 8) N Vy, whereVy [5], the class of harmonic

functionsf of the form (L.1) and there exists so thatmod 2,

(1.4) arg(ag) + (K —1)p =, arg(bg) + (k—1)p =0 k> 2.

(B1)k=1- (Bs)e—1 (k= 1)V
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Jahangiri and Silvermali] gave the sufficient and necessary conditions for func-
tions of the form (.1) to be inVy(3), where0 < g < 1.

Note forg = s+ 1, ay =1, ag = f1,...,04 = 5 and the co-analytic part of
f = h + g being zero, the clasgg(«;, ) reduces to the class studied 0[.

In this paper, we will give a sufficient condition fgir = h + g given by (L.1)
to be inS}; (aq, B) and it is shown that this condition is also necessary for functions

in Vz(ay, B). Distortion theorems, extreme points, integral operators and neighbor- _ _ _
. . Univalent Harmonic Functions
hoods of such functions are considered.
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2. Main Results

In our first theorem, we introduce a sufficient coefficient bound for harmonic func-

tions in Sy, (v, B).

Theorem 2.1.Let f = h + g be given by {.1). If

=~ 1 k—p k+0 1403
@D Y gy (gl gl ) e < 1= T e

wherea; = 1,0 < g < 1 andT'(ay, k) =

k—1

(B1)k—1-(Bs)

,thenf € Sy (a1, B).

Proof. To prove thatf € S}, (aq, 3), we only need to show that i?(1) holds, then
the required conditionl(3) is satisfied. ForX.3), we can write

0 _ Re d 2UHyslai]h(2))" — 2(Hysloa]g(2))
%(arg Hq,s[al]f(z)) =R { Hq7s[a1]h n Hq’s[al]g }

A(z)

:ReB(z)'

Using the fact thaRew > gifand only if |1 — 8 + w| > |1 + § — w|, it suffices to
show that

(2.2) [A(2) + (1 = 6)B(2)| = [A(2) — (1 + B)B(2)| = 0.
Substituting forA(z) and B(z) in (2.1) yields
(2.3) [A(z) + (1 =B)B(2)| = [A(z) — (1 + F)B(2)|
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k: —
> (2= Al = 3 S e Rl

k=2 (k—1)!
S T Rl - Bl
k=1 '
~k—1-0 P N~ k+1+7 i
‘EQTFTETFW“MMMM —ggjzjﬁrrmhmwmﬂ
k —
> 2(1 = f)lz| {1 B2 —/3)(15— TPl
B kzl TR T )|bk|}
21— Bzl 1 - 1*%
1 k—p k+ﬁ
. [Z (k1) (1 ol + 1 |bk|) <a1,k>] }
The last expression is non-negative Bylf and sof € S5, (a1, ). =

Now, we obtain the necessary and sufficient conditionsffer i + g given by
(1.4).

Theorem 2.2.Let f = h + g be given by {.4). Thenf € Vz(ay, §) if and only if

o0

1 k—p k+6 1+p
@a) > gy (gl gl ) e < 1= T
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(a)p—1(ag)k—1

(B)k—1(Bs)k—1 |

Proof. SinceVg(ay, 8) C Sy (aq, ), we only need to prove the “only if” part of

the theorem. To this end, for functiorfse V47 (aq, 3), we notice that the condition
Z(arg Hys[an]f(2)) > B is equivalent to

wherea; =1, 0 < g < landl'(aq,k) =

9 L 2(Hyslon]h(2)) — 2(Hyslonlg(2))
D (arg Hyalon () — 6 = Re{ e ﬁ} >0
That s,
(1= B2+ 3 =T (e, k) ag| — z 9 Ty, k)b
(2.5) Re =2 — > 0.
z+k§21“(a1, )|ak|zk—|—kzlf‘(oz1, k)|br|z*

The above condition must hold for all valueszoih U. Upon choosingy according
to (1.4), we must have

(1= 8) = (1 + Bl = 5 (Eilan] + (=55 10e]) e, By
(2.6) — > 0.
L+ |by] + ’;2 (lax] + |bk]) T'(cur, k)rk—1

If condition (2.4) does not hold then the numerator in) is negative forr suf-
ficiently close to 1. Hence there exisf = r in (0,1) for which the quotient of
(2.6) is negative. This contradicts the fact thjatc V(«q, 5) and so the proof is
complete. O

The following theorem gives the distortion bounds for functiond/jf(«, 5)
which yields a covering result for this class.
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Theorem 2.3.1f f € Viz(aq, §), then

1 1-— 1
FEN< DD+ g <2_g - ;gwl\) 2 =r<1
and
1 [1-8 1+8 B
P12 @b = g (525~ goghl) =<t

Proof. We will only prove the right hand inequality. The proof for the left hand
inequality is similar.
Let f € Vz(au, B). Taking the absolute value ¢f we obtain

FE] < (L b))+ (aw] + [0 < (L4 oa)r+ D (lar] + [be])r?.

k=2 k=2
That s,

1-0 > /2-7 24 )
OIS 04l + i S (Tl + Tl ) P2

1-7 _1+6
F(Oél,Q)(Q —5) 1-p

1 (1 - 1+6‘b1’> 2

§(1+’b1|)r+r(a1 ) -3 2-3
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Corollary 2.4. Let f be of the form{.1) so thatf € Vz (a1, 3). Then

ol < 2E(01,2) =1 — (T(en,2) — 1)8
@7) {w:lwl < 2= B)(a1,2)
2oy, 222—+1ﬂ—) ((Foflabf) — 1P |b1|} C f(U).

Next, we examine the extreme points I¢f(«4, 5) and determine extreme points
Of Vﬁ(ala ﬂ)

Theorem 2.5. Set

(1 -5k 1)
(k= B)(a, k)
For b, fixed, the extreme points fof; (a4, 3) are

(1—-pB) k-1

M= (kT (an k)

and =

(2.8) {z + Mez2® + bl_z} U {z + b1z + ,ukmzk} ,

wherek > 2 and|z| = 1 — |by].
Proof. Any function f € Vz(a1, ) may be expressed as
f(z)=2z+ Z |ag|e|2F + bz + Z |bye| €0k 2%,
k=2 k=2
where the coefficients satisfy the inequalifyl). Set

hi(2) = 2, g1(2) = biz, hy(2) = 2 + Ape 2"
gr = b1z 4+ ppe® 2k, for k=23,...
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Writing X, = %

we have

In particular, setting

fi(z) =2

Yk:M k=23, ...and

) /—Lk,
X1=1—iXk; lel—iYk,
=2 =2

= (Xphi(2) + Yige(2)).
k=1

+ b1z
(k> 2, ]z|+ |y| =1 —|b1]),

and  fi(2) = 2 + \ex2® + bz + ppyzk

we see that the extreme pointsigf(«, 3) are contained if fx(z)}.
To see thatf; is not an extreme point, note thAtmay be written as

Fi(2) = LA + 2= )2} + 5 (Ai(2) -

o1 — [ba])2*},

a convex linear combination of functions W («y, ). If both |z| # 0 and|y| #

0, we will show that it can also be expressed as a convex linear combination of

functions inVz (a4, 5). Without loss of generality, assume > |y|. Choose: > 0

small enough so that< % SetA=1+ecandB=1-

and

t1(2) = 2 + \MeAxz® + b1z + ppy B2k

%’ We then see that both

to(2) = 2 + Me(2 — A)z2® 4+ brz + my(2 — B) 2k
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are inV(ay, #) and note that

1a(2) = 5{02) + (=)},

The extremal coefficient bound shows that the functions of the fari) ére the
extreme points fol’z (a1, 5) and so the proof is complete. N

Forg =s+1,a; = B1,...,04 = Bs,01 = n+ 1, Theorems2.1to 2.5 give
Theorems 1, 2, 3 and 4 i

Now, we will examine the closure properties of the cl&%ga,, 3) under the
generalized Bernardi-Libera-Livingston integral operdigff) which is defined by

L(f(2)) = C;1 /0 tLf(t)dt, c>—1.

Theorem 2.6.Let f € Vz(ay, 3). ThenL.(f(z)) belongs to the clasg;(a, ).

Proof. From the representation éf.(f(z)), it follows that

c+1 [* _
L) = 2 [ hie) + g0
0

1 z o0 z [e’e]

- Ct / et <t+ Zaktk) dt+/ te—1 (Z bkt’f) dt
o 0 k=2 0 k=1

=2z+ ZAkzk + ZBkzk,

k=2 k=1

where
o+ 1a ot 1 b
SR ek
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Therefore,
O | (k—B)(c+1) (k+B)(c+1)
>t (e i e ) ot

k=2 ’
1 k—p k+
; (k—1)! (1_5‘%| T _ﬁ\bk\) T(a, k)

1+ 4
1-p
Sincef € Vg(aq, ), therefore by Theorem.2, L.(f(z)) € Vg(a1, 5).

IN

<1-

by.

The next theorem gives a sufficient coefficient bound for functiorts {a, 3).

Theorem 2.7. f € S} (o, B) if and only if
21— Bz +(E-1+ ZW]
(1—2)?
(£+P)7— (€ —1+28)7

H, s[a1)h(z) * {

— |2
+ Hq,S[al]g * {

Proof. From (L.3), f € S} (a1, 3) if and only if for z = ¢ in U, we have

O (ara(Hyufon] 1(re) = < [arg (Hyalon]h(re®) + Hy fanlg(re) )] = 6.

00
Therefore, we must have

1| 2(Hyslenh(2)) — 2(Hgslenlg(2))'
Re — — 0.
{ 1- ﬁ [ HQ,s[al]h<Z) + Hq,s[al]g(z) ﬁ] } -

e }7&0, €l=1, zeUl.
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Since

1 [Z(Hq,s[al]h(Z))’ — 2(Hyslenlg(2))
1-4 Hyslaalh(z) + Hyslan]g(2)

the above required condition is equivalent to

—ﬁ] =1 at z=0,

1| 2(Hgsloa]h(2)) — 2(Hgslaa]g(2))"
29) 1-5 [ Hyslon]h(z) + Hys[an]g(2)
€l=1, £# -1, 0<|z| < 1.

By a simple algebraic manipulation, inequality¥) yields

0 # (€ + V[z(Hylarlh(2)) — 2(Hyolalg(2))]
— (€~ 1+ 20)[H,Janlh(z) + Hyolanlg(2)]
+1)

= H, [ay]h(z) * [E Z; 5—11_4;25}
|+ 1)z (E-1+2P)z
- H‘I,S[al]g(z) * (1 . 2)2 + 1— 2 ‘
— H, Jolh(2) * [2(1 — ﬂ)z(—i—gfz;l +203)z }
 Hy g [P ’22‘ ,
which is the condition required by Theorény. m
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Finally, for f given by (L.1), thed-neighborhood off is the set
Ng(f) = {F =z+ ZAka + ZBkzk :
k=2 k=1

quak — A + bk, = Bi|) + |by = By| < 5}
k=2

(see ] [8]). In our case, let us define the generalizegkeighborhood of to be the
set

{F Zrliahk? k= B)lar — Axl + (k + B)|bx — Byl]

k=

(V]
~~

+(1+8)b - B < (1— 5)5}.
Theorem 2.8.Let f be given by {.1). If f satisfies the conditions

= k(k — B) — k(k+ )
(2.10) ; W’ak\r(@thr; W!bkfr(@l,k) <1-p8,0<p<1

1-7 147
6 < -3 (1 1_3 |b1|)
thenN(f) C S} (aq, B).
Proof. Let f satisfy ¢.10 and

and

k=2
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belong toN(f). We have

(1+6!Bl\+2 o ) ((k— 8)\Aul + (h+ BBy

< (14 BBy —bi|+(1+5) rwz LK) 1 3) A — a4+ (b + B)|Be — b

—1)!
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