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For numerous applications of quantum theory it is desirable to be able to apply arbitrary unitary
operations on a given quantum system. However, in particular situations only a subset of unitary operations
is easily accessible. This raises the question of what additional unitary gates should be added to a given gate
set in order to attain physical universality, i.e., to be able to perform arbitrary unitary transformation on the
relevant Hilbert space. In this work, we study this problem for three paradigmatic cases of naturally
occurring restricted gate sets: (A) particle-number preserving bosonic linear optics, (B) particle-number
preserving fermionic linear optics, and (C) general (not necessarily particle-number preserving) fermionic
linear optics. Using tools from group theory and control theory, we classify, in each of these scenarios, what
sets of gates are generated, if an additional gate is added to the set of allowed transformations. This allows
us to solve the universality problem completely for arbitrary number of particles and for arbitrary
dimensions of the single-particle Hilbert space.
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In many applications of quantum mechanics it is
important to have full control over a quantum system used
to perform a desired task or a quantum protocol. This
amounts to being able to implement arbitrary unitary
operation on the system in question. Perhaps the most
well-known example is the circuit model of quantum
computing, where the ability to implement arbitrary unitary
gates on a system of many distinguishable particles (say,
qubits) is a necessary ingredient for performing universal
quantum computation [1,2]. From the experimental per-
spective, it is typically very easy to implement single-qubit
gates. This collection of gates, however, does not lead to
universal quantum computation and to this aim has to be
supplemented by an entangling gate [3]. Similar situations
appear in other physical contexts. Typically, the set of
easily accessible unitary gates acting on a given quantum
system does not ensure full controllability.
This work studies the extension problem for gate sets

appearing naturally in systems consisting of nondistin-
guishable particles: passive linear optics for (A) bosonic
and (B) fermionic systems with fixed number of particles,
as well as (C) active linear optics acting on fermionic
systems with fixed number of modes subject to the parity
superselection rule [4]. Specifically, for the aforementioned
scenarios, we study what unitary transformations on the
relevant Hilbert space can be implemented if the restricted
class of gates K is supplemented by additional unitary
transformations—see Fig. 1. We investigate two variants of
this problem. (i) The gate set K is supplemented with
unitaries of the form exp ð−itXÞ generated by the

Hamiltonian X; (ii) the gate set K is supplemented by a
single unitary transformation V.
Linear optical transformations are relevant in many

contexts. Passive bosonic linear optics describes single-
particle evolutions of a system of N identical bosons in d
modes. Such transformations are natural for quantumoptics,
when quantum states of light pass through an optical
network formed from beam splitters and phase shifters
[5]. Linear optics underpins the Knill-Laflamme-Milburn
(KLM) scheme of quantum computing with photons [6,7]
and the boson sampling strategy for demonstrating quantum
supremacy with linear optical networks [8]. Moreover, this
class of transformations is used to manipulate cold bosonic
particles in optical traps [9,10]. Similarly, passive fermionic
linear optics describes single-particle evolutions of a system

(a) (b)

FIG. 1. A schematic presentation of the problems studied.
(a) Given a family of gates K (white) and a one-parameter family
of unitaries expð−itXÞ (black loop), what class of gates (grey) can
be generated in the full unitary group UðHÞ (dark grey)?
(b) Given a family of gates K (white) and a single gate V (black
dot), what class of gates (grey) can be generated in the full unitary
group UðHÞ (dark grey)?
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ofN identical fermions in dmodes [11,12], which can, e.g.,
be realized in quantum-Hall-effect systems exhibiting edge
channels [13]. Passive fermionic linear optics together with
particle-number measurements yields a classically simula-
ble model of quantum computation [12]. Moreover, this
class of transformations has been recently used to study
correlation [14] and nonlocality [15] properties in fermionic
systems. Finally, active fermionic linear optics describes
free-fermion transformations that are not necessarily par-
ticle-number preserving. These fermionic transformations
are the basic ingredient of a classically simulable model of
quantum computation [4,11,12]. This computational model
has been even explored in the presence of noise [16–18], and
can be connected, via the Jordan-Wigner transformation, to
the model of computation based on Matchgates [19–22].
In this work, we completely solve problems (i) and (ii) for

the scenarios A–C. We characterize the unitary transforma-
tions that are implementable (maybe approximately) by
linear optical gates supplemented with any additional
Hamiltonian or a gate. Our characterization is given in terms
of explicit algebraic conditions on the Hamiltonian X or the
gate V that can be tested operationally. The resulting
behavior is surprisingly rich and structurally depends on
the number of modes and the number of particles. In
particular, contrary to what intuition might suggest, it is
not true that every nontrivial extra gate or Hamiltonian
provides universality in scenarios A–C. The solution of
problems (i) and (ii) gives the clear understanding of what
resources are necessary to have full physical controllability in
the contexts listed above. Moreover, our results can be
viewed as a step towards a solution of the general problem
of classification of invertible quantum circuits posed recently
by Aaronson and coworkers [23,24]. On the technical level
we use techniques of the theory of Lie groups and Lie
algebras, which have recently proved useful in studies on
controllability of quantum systems [25–28] and on univer-
sality of gate sets [29–31].
Our general results have application to concrete physical

examples. First, we consider the problem of extension to
universality of passive bosonic linear optics for d ¼ 2
modes via cross-Kerr interaction [32], which is of relevance
in quantum metrology with random bosonic states [33]. We
also show that, quite surprisingly, there exist simple non-
linear Hamiltonians that do not lead to universality when
added to passive fermionic or bosonic linear optics. Finally,
it turns out that a simple quartic (in Majorana operators)
Hamiltonian promotes active fermionic linear optics to
universality in the positive-parity subspace.
Setting.—Let us start with formally defining the exten-

sion problem for (i) an additional Hamiltonian and (ii) an
additional gate. In general we say that a unitary gate U can
be generated by unitaries from a set S if it can be
approximated with arbitrary precision (in operator norm)
by a sequence of products of gates from S. We denote by
hK;Xi the set of unitaries that can be generated form the

restricted gate set K and unitaries of the form exp ð−itXÞ,
where t is an arbitrary real number. Likewise, slightly
abusing the notation, we denote by hK;Vi the set of
unitaries that can be generated by elements from K and
an extra gate V. The aim of this work is to characterize sets
hK;Xi and hK;Vi for different linear optical groups K
(acting on the appropriate Hilbert spacesH). If the resulting
gate set hK;Xi (or hK;Vi) forms the full unitary group
UðHÞ, we say that the Hamiltonian X (or the gate V)
promotes the restricted collection of gates K to universality
in H. Since unitaries U and eiαU are physically indistin-
guishable, we assume, without loss of generality, that gates
of the form expðiθÞ1 are contained inK. In what follows by
TðHÞ we denote the unitaries proportional to 1 on H. We
remark that the notion of physical universality in H
introduced above does not imply computational universal-
ity in a sense of complexity theory [2].
We denote the Hilbert space of N bosons in d modes by

Hb. We haveHb ¼ SymNðCdÞ; i.e., in this case the bosonic
Hilbert space can be identified with the totally symmetric
subspace of the Hilbert space of N distinguishable qudits,
ðCdÞ⊗N . In this language the group of passive linear optical
bosonic transformations, denoted by LOb, can defined as
the group of unitaries of the form U⊗N , with U ∈ UðdÞ,
restricted to the bosonic subspace Hb.
The Hilbert space of N (spinless) fermionic particles in d

modes (d ≥ N) is Hf ¼∧N ðCdÞ, i.e., the totally antisym-
metric subspace of ðCdÞ⊗N . Similarly to the bosonic case,
the group of passive fermionic linear optics LOf is defined
as the group of unitaries U⊗N , with U ∈ UðdÞ, restricted to
the fermionic subspace Hf.
In the case of the fermionic system without the restricted

number of particles, the relevant Hilbert space is the direct
sum of the differentN-particle fermionic Hilbert spaces, i.e.,
the Fock space HFock ¼⊕d

N¼0∧N Cd. HFock is spanned by
the Fock states jn1;…; ndi, with nk ∈ f0; 1g. In this space
we have fermionic creation and annihilation operators, f†k,
fk satisfying the canonical anticommutation relations and
one can define the standard number operators n̂k ¼ f†kfk. It
is also convenient to introduce Majorana fermion operators
m2k−1 ¼ fk þ f†k, m2k ¼ iðfk − f†kÞ, for k ¼ 1;…; d.
Majorana operators satisfy the anticommutation relations
fmi;mjg ¼ 2δij1. In many situations fermionic systems
obey the so-called parity superselection rule [4,27,34],
which states that any physically accessible operations must

commute with the total parity operatorQ ¼ ð−1Þ
P

d
k¼1

n̂k. In
this work, we restrict our attention to the positive-parity
subspace Hþ

Fock, i.e., the subspace spanned by Fock states
with an even number of particles. Results completely
analogous to the ones presented here can be obtained also
for the negative-parity subspace. Active fermionic linear
optics acting in HFock consists of unitaries of the form
expðP2d

l;k¼1 hklmkmlÞ, where hkl is a real antisymmetric
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2d × 2dmatrix. Since we are interested only in the positive-
parity subspace Hþ

Fock, we formally define the group
of active fermionic linear transformations as the group
consisting of unitaries ½expðiϕÞ1� expðP2d

l;k¼1 hklmkmlÞ,
restricted to Hþ

Fock.
The groups introduced above are compact Lie subgroups

of the unitary group UðHÞ, where H is the Hilbert space
describing the relevant physical system. For a given Lie
group K ⊂ UðHÞ, it is convenient to work with the corre-
sponding Lie algebra consisting of Hamiltonians that gen-
erate (via exponentiation) the unitaries belonging to K. The
Lie algebras of the groups studied in this paper turn out to be
(up to the trivial generators proportional to identity) simple
Lie algebras [35] represented irreducibly on the relevant
Hilbert spaces. This observation is crucial for obtaining our
central results given in theorems 1–4. In particular, this
allows us to use the classification results by Dynkin [36]
concerning the maximal Lie subalgebras of simple Lie
algebras (see also [26] for an illustration of these results
in a physical context, and [37] for a detailed mathematical
exposition).
For the sake of clarity of the presentation, we moved

technical proofs to Supplemental Material [38] and focused
on the discussion of the physical meaning of our results.
Application.—Before stating our results in full generality,

let us present first an exemplary application of our findings. In
Ref. [33], the authors were interested in extending bosonic
linear optics to universality in Hb by adding an additional
gate. This problem was motivated by the need to construct a
physically accessible universal gate set in Hb, which can be
used to generate, via construction based on random circuits
[45], approximate bosonic t-designs. The example below
proves that a single gate based on the cross-Kerr nonlinearity
suffices to promote bosonic linear optics to universality inHb.
It should be mentioned that Kerr-like transformation have
been previously used to obtain universal quantum computa-
tion in continuous-variable systems [46].
Example 1. Consider a bosonic system with d ¼ 2

modes and N > 1 particles, and a gate generated by the
cross-Kerr interaction (acting on Hb for a fixed time t),
Vt ¼ exp ð−itn̂an̂bÞ, where n̂a;b are the occupation-number
operators corresponding to modes a and b. Let hLOb; Vti
be the group of transformations generated by passive
bosonic linear optics and Vt. Then, hLOb; Vti ¼ UðHbÞ
if and only if e2it½lðN−lÞ−kðN−kÞ� ≠ 1, for at least one pair
ðk; lÞ, where k; l ¼ 0;…; N. In particular, the gate Vðπ=3Þ
promotes passive bosonic linear optics to universality inHb
for d ¼ 2 modes.
The above result follows directly from theorem 1 stated

below (see Supplemental Material [38] for the explicit
computation).
Main results.—We start with the presentation of results

concerning passive bosonic linear optics.
Theorem 1 [Extensions of passive bosonic linear optics

with an additional gate] Let V∉LOb be a gate acting on the

Hilbert space Hb of N > 1 bosons in d modes. Let
hLOb; Vi be the group of transformations generated by
passive bosonic linear optics and V in Hb. For d ¼ 2 we
define

Lb ¼ jΨbihΨbj; jΨbi ¼
XN

k¼0

ð−1ÞkjDkijDN−ki ∈ Hb ⊗ Hb;

ð1Þ
where jDki denote the two-mode Dicke states with k
particles being in the first mode. We have the following
possibilities: (a) If d > 2, then hLOb; Vi ¼ UðHbÞ. (b) If
d ¼ 2, N ≠ 6 and ½V ⊗ V;Lb� ¼ 0, then

hLOb; Vi ¼ Gb ¼ fU ∈ UðHbÞj½U ⊗ U;Lb� ¼ 0g:
(c) If d ¼ 2 and ½V ⊗ V;Lb� ≠ 0, then hLOb; Vi ¼ UðHbÞ.
In the above theorem we have situations with N ¼ 1

particles as for them LOb ¼ UðHbÞ. We see that for d ≠ 2
any additional gate promotes LOb to universality in the
bosonic space Hb. For d ¼ 2 the resulting gate set
hLOb; Vi depends only on the commutator ½V ⊗ V;Lb�.
If it is nonzero, then V again extends LOb to universality;
while if it vanishes (and N ≠ 6) V extends LOb to the
“middle group” Gb. Up to a global phase the group Gb
consists of unitaries that preserve the bilinear form defined
by Bðjψi; jϕiÞ ¼ hΨbjðjψi ⊗ jϕiÞ. Here, by preservation
we mean that BbðUjψi; UjϕiÞ ¼ Bbðjψi; jϕiÞ, for all
vectors jϕi,jψi. If the number of particles N is even then
jΨbi is a symmetric tensor and defines the real inner
product. In this case we have Gb ¼ hTðHbÞ; SOðHbÞi,
where SOðHbÞ is the special orthogonal group on Hb.
When the number of particles N is odd, the vector jΨbi is
antisymmetric and defines the symplectic structure (i.e.,
nondegenerate and antisymmetric form) onHb. In this case
we have Gb ¼ hTðHbÞ;USpðHbÞi, where USpðHbÞ is the
unitary symplectic group. The two differ considerably as
USpðHÞ acts transitively on the set of pure states on H
[27,47,48]. On the other hand, SOðHÞ acts transitively only
on real pure states. Thus, for an odd number of particles,
adding any additional gate gives either the full unitary
controllability or the pure-state controllability. In the case
of d ¼ 2modes and N ¼ 6 particles if ½V ⊗ V;Lb� ¼ 0 the
situation complicates due to the presence of an additional
group (related to the exotic group G2) in between LOb and
Gb. We leave the description of this exceptional case as an
interesting open problem.
From theorem 1 one can infer the following result

concerning the additional Hamiltonian X acting on Hb
[intuitively, one can obtain it by setting V ¼ expðitXÞ in
theorem 1 and differentiating over t].
Theorem 2 [Extensions of passive bosonic linear optics

via an additional Hamiltonian] Let X∉LieðLObÞ be a
Hamiltonian acting on Hilbert space of N bosons in d
modes Hb. Let hLOb; Xi be the group of transformations
generated by passive bosonic linear optical optics and
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X in Hb. We have the following possibilities. (a) If d > 2,
then hLOb; Xi ¼ UðHbÞ. (b) If d ¼ 2, N ≠ 6, and
½X ⊗ 1þ 1 ⊗ X;Lb� ¼ 0, then

hLOb; Xi ¼ Gb ¼ fU ∈ UðHbÞj½U ⊗ U;Lb� ¼ 0g: ð2Þ

(c) If d ¼ 2 and ½X ⊗ 1þ 1 ⊗ X;Lb� ≠ 0, then
hLOb; Xi ¼ UðHbÞ.
Combining the above result and the discussion below

theorem 1 we see that there might exist physical
Hamiltonians that add different controllability properties
to LOb, depending on the number of particles N. The
following example shows that this is indeed the case.
Example 2. Consider the Hamiltonian X3 ¼ n̂3a − n̂3b

acting on Hb for d ¼ 2 modes and N ≠ 6 particles.
Deepening on the value N we get different types of gate
sets after supplementing passive bosonic optics with X3.
(a) For even N, hLOb; X3i ¼ hTðHbÞ; SOðHbÞi. (b) For
odd N, hLOb; X3i ¼ hTðHbÞ;USpðHbÞi. In particular, for
odd N we have full controllability on the set of pure states
on Hb, whereas for even N this is not the case.
We nowmove to the discussion of fermionic linear optics

(both passive and active). In the main text we present the
results concertinaing the gate extension problem (ii). The
corresponding theorems for the Hamiltonian extension
problem are given in Supplemental Material [38] and their
relation with the results presented in the main text is
analogous to the connection between theorem 2 and
theorem 1.
Theorem 3 [Extensions of passive fermionic linear

optics with an additional gate] Let V∉LOf be a gate acting
on Hilbert space of N fermions in d modes Hf, where
N∉f0; 1; d − 1; dg. Let hLOf; Vi be the group of trans-
formations generated by passive fermionic linear optics and
V in Hf. For d ¼ 2N (half-filling) we define

Lf ¼ jΨfihΨfj;withjΨfi
¼ j1i ∧ j2i ∧ … ∧ j2Ni ∈ Hf ⊗ Hf ð3Þ

where ∧ denotes the standard wedge product. We have the
following possibilities: (a) If d ≠ 2N, then hLOf; Vi ¼
UðHfÞ. (b) If d ¼ 2N and V ¼ Wk, for k ∈ LOf and

W ¼ Q
d
i¼1ðfi þ f†i Þ, then hLOf; Vi ¼ LOf∪LOfW. (c) If

d ¼ 2N, V ≠ gW, for g ∈ LOf, and ½V ⊗ V;Lf� ¼ 0, then

hLOf; Vi ¼ Gf ¼ fU ∈ UðHfÞj½V ⊗ V;Lf� ¼ 0g:

(d) If d ¼ 2N and ½V ⊗ V;Lf� ≠ 0, then hLOf; Vi ¼
UðHfÞ.
The structure of the above result is similar to the case of

passive bosonic linear optics. In the formulation of
the theorem we have excluded the noninteresting cases
N ∈ f0; 1; d − 1; dg since for them LOf equals the full uni-
tary group on the respective Hilbert space. When d ≠ 2N

every gate promotes LOf to universality. However, in the
physically relevant case of half-filling [49], a more inter-
esting “onion” structure appears. In the case (b) addition of
an extra gate of the form kW, where k ∈ LOf and gate W
(describing particle-hole transformation in Hf) gives the
gate set LOf∪LOfW (it is crucial here that W commutes
with Lf and that conjugation by W leaves LOf invariant).
The further possibilities are described, similarly to the
bosonic case, by the commutation properties of V ⊗ V
with LOf. If d is not divisible by 4 we have
Gf ¼ hTðHfÞ; SOðHfÞi. On the other hand, for d divisible
by 4, Gf ¼ hTðHfÞ;USpðHfÞi. The corresponding bilin-
ear forms are defined by inner products with jΨfi. Using
theorem 3, one can efficiently obtain results on extensions
to universality, as the one given by the next example.
Example 3. For any nonquadratic Hamiltonian M con-

taining only two-mode terms, the generated group
hLOf;Mi is the entire unitary group UðHfÞ.
Hamiltonians that are not composed of two-mode terms

are also often studied. One typical family of these are the
so-called correlated hopping Hamiltonians, where the
hopping term between two sites is multiplied with number
operators belonging to other sites. For such Hamiltonians
universality is not guaranteed.
Example 4. Consider the correlated hopping

Hamiltonian

Y ¼
Xd=2−1

j¼1

ðn̂2j − n̂2jþ2Þ2ðf†2j−1f2jþ1 þ f†2jþ1f2j−1Þ

þ ðn̂2j−1 − n̂2jþ1Þ2ðf†2jf2jþ2 þ f†2jþ2f2jÞ; ð4Þ

acting on Hf for the case of half-filling (d ¼ 2N). Then,
we have the following situations: (a) for evenN, hLOf; Yi ¼
hTðHfÞ; SOðHfÞi; (b) for odd N, hLOf;Yi¼hTðHfÞ;
USpðHfÞi. For odd N the Hamiltonian Y together with
LOf ensures full controllability on the set of pure states on
Hf. However, for even N this is not the case. The above
statements are even true for each term appearing in sum
Eq. (4). The correlated hoppingHamiltonianY often appears
(in a relabeled form) in the literature on extended Hubbard
models [50].
Our last result concerns the extension problem for active

fermionic linear optics.
Theorem 4 [Extensions of active fermionic linear optics

via additional gate] Let hFLO; Vi be the group of trans-
formations generated by active linear optics and V acting in
positive-parity Fock subspaceHþ

Fock with d > 3modes. For
d ¼ 2k we define

LFLO ¼ 1

2dð2d−1Þ
Y

1≤i<j≤2d
ðI ⊗ I þmimj ⊗ mimjÞ: ð5Þ
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We have the following possibilities: (a) If d ≠ 2k,
then hFLO; Vi ¼ UðHþ

FockÞ (b) If d ¼ 2k, and
½V ⊗ V;LFLO� ¼ 0, then

hFLO; Vi ¼ GFLO ¼ fU ∈ UðHþ
FockÞj½U ⊗ U;LFLO� ¼ 0g:

(c) If d ¼ 2k and ½V ⊗ V;LFLO� ≠ 0, then hFLO; Vi ¼
UðHþ

FockÞ.
In the above result be have omitted cases d ≤ 3 as for

them FLO is itself the full unitary group on Hþ
Fock [17]. If

the number of modes is not even, then every gate promotes
FLO to universality in Hþ

Fock. If the number of modes is
even, then an additional gate either (c) promotes FLO to
universality or extends it to the group GFLO (b).
Furthermore, analogously to the case of passive fermionic
optics, if d is divisible by 4GFLO ¼ hTðHþ

FockÞ; SOðHþ
FockÞi

and if this is not the case GFLO ¼ hTðHþ
FockÞ;USpðHþ

FockÞi
(a detailed description of the corresponding orthogonal and
symplectic forms is given in Supplemental Material [38]).
Example 5. For arbitrary number of modes d > 3 the

interaction Hin ¼ m1m2m3m3 extends FLO to universality
inHþ

Fock, i.e., hFLO; Hini ¼ UðHþ
FockÞ. This result suggests

that time-independent HamiltonianHin together with linear
optics allows us to perform efficient quantum computation
(if the standard occupation-number measurements are
allowed) [51,52] .
Discussion.—In this Letter, we presented a comprehen-

sive treatment of the extension problems for various classes
of linear optical gates for bosons and fermions. The
resulting behavior is surprisingly rich and critically
depends on the number of modes and number of particles
present in the system. However, there are a number of
interesting problems we did not address here. First, it would
be interesting to analyze which extra gates or Hamiltonians
allow for the most efficient control [53] or the efficient
approximation of gates from the appropriate unitary group
[54]. Another important problem concerns the robustness
of the extra gate or Hamiltonian to the noise that inevitably
affects any quantum system. In future works we also plan to
use our results to study (computational) universality of
classically simulable models of computation supported on
fermionic systems [11] and Machgates [19–22].
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