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Unknotting number and knot diagram

Yasutaka NAKANISHI

Abstract

This note is a continuation of [N1], where we have discussed the
unknotting number of knots with respect to knot diagrams. We
will show that for every minimum-crossing knot-diagram among
all unknotting-number-one two-bridge knot there exist crossings
whose exchange yields the trivial knot, if the third Tait conjecture
is true.

1 Introduction

The unknotting number u(k) is defined to be the minimum number of ex-
changes of over- and under- crossing required to convert k into the trivial
knot over all knot diagrams representing k. The unknotting number is
intuitive and attractive for knot theorists and there is no algorithm to
compute it for a given knot until now. Qur motivation is to find an ap-
proach. For a given knot, there are finite number of minimum crossing
knot diagrams. If the condition “all knot diagrams” is restricted to “all
minimum crossing knot diagrams”, then we cannot obtain the unknot-
ting numbers as in [N1] and [B}: The minimum crossing diagram of the
knot 10g as in Fig. 1 (a) (or 514 in the Conway notation [C]} is unique
up to homeomorphism of projected 2-sphere, where exchanges of two
crossings never yield the trivial knot, hewever the unknotting number of
103 is two. (There is another diagram of the knot 105 where exchanges
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of two erossings yield the trivial knot). The author is’ afraid that this
situation is not exceptional. He has raised a question: Let K be a
minimum crossing knot diagram of a knot k. Can we convert K into K’
with u(k’} < u(k) by exchange of a croising? If the answer is affirmative
for all knots, we can give an algorithm. For the diagram as in Fig. 1
(a), we can convert the knot 10g into 6z with u{62) = 1 by exchange of
the croissing marked by the asterisk.

(a) (b) (c)
Fig. 1

In the above, it is necessary that K is a minimum crossing diagram:
Fig. 1 (b) and (c) illustrate two diagram of the famous Conway 11
crossing knot. The central diagram (b) has the minimum number of
crossings, and exchange of the crossing marked by the asterisk yields
the trivial knot. The right one (c) is not a minimum crossing diagram,
and there is no crossing whose exchange yields the trivial knot. In fact,
it is seen in [N2| that, for any unknotting-number-one knot, there exist
a diagram where is no crossing whose exchange yields the trivial knot.

In this note, we give an affirmative answer for the class of unknotting-
number-one two-bridge knots. Kanenobu and Murakami [KM] char-
acterized the unknotting-number-one two-bridge knots as knots repre--
sented in the Conway notation by

C(a‘l a1.62," ", 0n, :b?, —8n -, —ay, _al)-
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In section 2, we deform the diagram above into the alternating one
while keeping the crossing whose exchange yields the trivial knot. Since
a reduced alternating diagram must have the minimum number of cross-
ings, by Kauffman, Murasugi [M] and Thistlethwaite {Th|, we have the
following.

Theorem A. For a certain minimum crossing diagram of an unknotting-
number-one two-bridge knot, there exrist crossing whose exchange yields
the trivial knet.

By the third Tait conjecture, all knot diagrams with the minimum
crossings are transformed by a finite sequence of flypes. Here, a croissing
whose exchange yields the trivial knot survives after flyping. Hence, we
have the required result:

Theorem B. For every minimum crossing diagrem of any given
unknotting-number-one two-bridge knot, there exist crossings whose ez-
change yields the trivial knot, up to the third Tait conjecture {i.e. if his
conjecture turns to be true).

2. Deformation and Proof

Proposition 1{[KM]). The unknotting-number-one two-bridge knots
can be represented in the Conway notation by C(e,ay, a2, -, an, 12,
—an---,—ag, —ay).

By the proposition above, an unknotting-number-one two-bridge knot
can be illustrated as in Fig. 2. Here, a,ag,a4, - mean numbers of
right-half-twist and ay, a3, - - - mean numbers of left-half-twist. The Fig.
2 shows the case a = 3,61 = 2,a2 = 3, --. And a single exchange at
each crossing marked by an asterisk yields the trivial knot.

’, A — . W ,\)
%'\'&‘//\W/\/C/\VL’\’,\ el
n 2 —y —a2 —ay

a a1 a2

Fig. 2

In this section, we deform the diagram above into an alternating
diagram:.
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In the first step, we deform a diagram so that every pair of integers
ai,2i+1(l € i €< n — 1) has the same sign as in Fig. 3. We rotate by «
the central part of three strings from the second crossing corresponding
to @41 through the second last crossing corresponding to —a;; and the
number of crossings is decreased by two with preserving a two-bridge
form and the crossings marked by the asterisks.

"\
D
)
J
_H
3

Fig. 3

Since the number of crossings is finite, a diagram can be deformed
so that every pair of integers aj,aiy1(1 < i < n — 1) has the same sign
by a finite sequence of operations in the first step.

In the second step, we deform a diagram into an alternating diagram
with preserving the crossings marked by the asterisks. There are at most
two possibilities of non-alternating after the first step; the pair of a and
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ai, and either one of the pair of a,, and 32 or the pair of +2 and —a,,.

ool K

Fig. 4

For the former case, we push out the subarc from the last crossing cor-
responding to a through the first crossing corresponding to a; as in Fig.
4.

For the latter case, we push out the subarc from the last crossing
corresponding to a, through the first crossing corresponding to £2 (or
the subarc from the last crossing corresponding to +2 through the first
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crossing corresponding to -a,} as in Fig. 5.

;\/__XX—%—_—__\L;\

On -2

NC [N

Fig. 5

The diagram after the second step is an alternating diagram and it
is already reduced. By the following result by Kauffman, Murasugi [M]
and Thistlethwaite [Th), it is a minimum crossing diagram and it has at
least one crossing whose exchange yield the trivial knot.
Proposition 2 (The second Tait conjecture [M], [Th]). Two (con-

nected end proper) alternating diagrams of an alternating knot have the
same number of crossings.



Unknotting number and . .. 365

A flype is defined to be an operation on knot diagram as in Fig. 6.

' Here we remarked that the results of exchanges of the crossings marked

by the asterisks have the same knot type. So we can say a crossing
whose exchange yields the trivial knot survives after flyping.

Lo 2

Fig. 6

Following the third Tait conjecture [T}, all reduced alternating dia-
grams of the same knot type can be deformed into each other by a finite
sequence of flypes. Hence, there exist crossings whose exchange yields
the trivial knot on every minimum crossing diagram of an unknotting-
number-one two-bridge knot.
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