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❧②t✐❝ r❡s✉❧ts t❤❛t ❛✐❞ ✐♥✈❡rs❡ ❞❡s✐❣♥ ✐♥ t❤✐s ✇❛②✳ ❋♦r ❡①❛♠♣❧❡✱ r❛t❤❡r t❤❛♥ s❡❛r❝❤✐♥❣
❢♦r ❛ ❞❡s✐❣♥ ✇❤✐❝❤ ❛❝❤✐❡✈❡s ❛ ♣❛rt✐❝✉❧❛r ♦❜❥❡❝t✐✈❡ ✈❛❧✉❡✱ ♦♥❡ ♠❛② ✐♥st❡❛❞ ❡♠♣❧♦② ✐♥✲
✈❡rs❡ ❞❡s✐❣♥ t♦♦❧s t♦ s❡❛r❝❤ ❢♦r ❛♥ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ✇✐t❤ s✉♣❡r✐♦r ♣❡r❢♦r♠❛♥❝❡ ♦✈❡r ❛❧❧
♦t❤❡r ♣♦ss✐❜❧❡ str✉❝t✉r❡s s❛t✐s❢②✐♥❣ s♦♠❡ ✜①❡❞ ❝♦♥str❛✐♥ts✳ ■♥ s❡❛r❝❤✐♥❣ ❢♦r t❤✐s ♦♣✲
t✐♠❛❧ ❞❡s✐❣♥✱ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ♣❤②s✐❝❛❧ ❜♦✉♥❞s ✐s ❝r✐t✐❝❛❧ ✐♥ ❝♦♠♣❛r✐♥❣ r❡❛❧✐③❡❞
♣❡r❢♦r♠❛♥❝❡ t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ ♦♣t✐♠✉♠✳ ❆❞❞✐t✐♦♥❛❧❧②✱ s❡❝♦♥❞❛r② ❛♥❛❧②t✐❝ r❡s✉❧ts
❛♥❞ ❢❡❛t✉r❡s ♦❢ ♦♣t✐♠❛❧ ❞❡s✐❣♥s ♠❛② ♦❢t❡♥ ❜❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t❤❡ ♣r♦❝❡ss ♦❢ ❞❡r✐✈✲
✐♥❣ ♣❤②s✐❝❛❧ ❜♦✉♥❞s✱ ❛s ✐♥ t❤❡ st✉❞② ♦❢ ♦♣t✐♠❛❧ ❛♥t❡♥♥❛s ♦♣❡r❛t✐♥❣ ✐♥ t❤❡ ♠✐❝r♦✇❛✈❡
r❡❣✐♠❡✳ ❚❤❡s❡ s❡❝♦♥❞❛r② r❡s✉❧ts ❛❞❞ ✉♥❞❡rst❛♥❞✐♥❣ t♦ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ♦♣t✐♠❛❧ ❞❡✲
s✐❣♥s ❛♥❞ ♠❛② ♣r♦✈✐❞❡ ✈❛❧✉❛❜❧❡ ✐♥♣✉t t♦ s♣❡❝✐❛❧✐③❡❞ ✐♥✈❡rs❡ ❞❡s✐❣♥ ❛❧❣♦r✐t❤♠s✱ ❡✳❣✳✱
st❛rt✐♥❣ ♣♦✐♥ts ♦r ❢❡❛t✉r❡ ❞❡✜♥✐t✐♦♥s✳



✷

❙❡✈❡r❛❧ ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ♣r❡✈✐♦✉s❧② ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ ❝❛❧❝✉❧❛t❡ ♣❤②s✐❝❛❧ ❜♦✉♥❞s
♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♥❛♥♦♣❤♦t♦♥✐❝ str✉❝t✉r❡s✱ t❤♦✉❣❤ ❡❛❝❤ ♦❢ t❤❡s❡ ♠❡t❤♦❞s ❤❛s
✉♥✐q✉❡ ❧✐♠✐t❛t✐♦♥s✳ ❖♥❡ ❛♣♣r♦❛❝❤ ✐s t♦ ❛♥❛❧②③❡ t❤❡ ❜r♦❛❞❜❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ s❝❛t✲
t❡r❡rs ✉s✐♥❣ ♣❛ss✐✈✐t②✲❜❛s❡❞ s✉♠ r✉❧❡s ❬✺✸❪✳ ❙✉♠ r✉❧❡s ♦❢ t❤✐s ❦✐♥❞ ❧❡❛❞ t♦ ✐♠♣♦rt❛♥t
❝♦♥❝❧✉s✐♦♥s r❡❣❛r❞✐♥❣ ♠❛♥② ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✭❡✳❣✳✱ ❝❧♦❛❦✐♥❣ ❬✹✷❪✮✱ t❤♦✉❣❤ t❤❡②
❢❛✐❧ t♦ ♦✛❡r ✐♥s✐❣❤t ✐♥t♦ ♣❡r❢♦r♠❛♥❝❡ ❜♦✉♥❞s ❛t s✐♥❣❧❡ ❢r❡q✉❡♥❝✐❡s✳ ❆tt❡♠♣ts t♦ ❝♦♠✲
❜✐♥❡ s✉♠ r✉❧❡s ✇✐t❤ ♦t❤❡r ♠❡t❤♦❞s ♦❢ ❝❛❧❝✉❧❛t✐♥❣ ❜♦✉♥❞s r❡❧② ♦♥ ❛ss✉♠✐♥❣ s✐♠♣❧❡
❢r❡q✉❡♥❝② ❞♦♠❛✐♥ r❡s♣♦♥s❡s✱ ❡✳❣✳✱ ▲♦r❡♥t③✐❛♥ ❧✐♥❡ s❤❛♣❡s ❬✺✶❪✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ❛♥❛❧✲
②s✐s ♠❛② ❜❡ r❡str✐❝t❡❞ t♦ ❝❛♥♦♥✐❝❛❧ str✉❝t✉r❡s✱ s✉❝❤ ❛s ❧❛②❡r❡❞ s♣❤❡r❡s ✭✏❝♦r❡✲s❤❡❧❧
str✉❝t✉r❡s✑✮✱ ✇❤❡r❡ t❤❡ ❧♦✇ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛❧❧♦✇s ❢♦r t✐❣❤t ❜r✉t❡ ❢♦r❝❡
♦♣t✐♠✐③❛t✐♦♥ ❬✺✵❪✳ ❉✐♣♦❧❛r ✐♥t❡r❛❝t✐♦♥ ❢♦r ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧ str✉❝t✉r❡s ✐s ❛♥❛❧②③❡❞
✐♥ ❬✹✼❪✱ s♣❤❡r✐❝❛❧ ♠♦❞❡ ❡①♣❛♥s✐♦♥s ✐♥ ❬✸✷❪✱ ❛♥❞ ❡✛❡❝ts ♦❢ ❧♦ss② ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐❛
✐♥ ❬✷✸❪✳

❇❛s❡❞ ♣r✐♠❛r✐❧② ♦♥ t❤❡ ♦♣t✐❝❛❧ t❤❡♦r❡♠✱ s❤❛♣❡ ✐♥❞❡♣❡♥❞❡♥t ❜♦✉♥❞s ❡①✐st ❬✸✼❪
❛ss✉♠✐♥❣ ✉♥✐❢♦r♠ ✜❡❧❞s ❛♥❞ ♥❡❣❧❡❝t✐♥❣ ❡✛❡❝ts ♦❢ ❡❧❡❝tr✐❝ s✐③❡ ❛♥❞ s❤❛♣❡✳ ❚❤❡s❡
❜♦✉♥❞s ❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ r❡❧❛t✐✈❡ ✈♦❧✉♠❡ ♦❢ ❛♥ ♦❜❥❡❝t ❛♥❞ ✐ts ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s✳
❙❤❛♣❡ ✐♥❞❡♣❡♥❞❡♥t ❜♦✉♥❞s ♦❢ t❤✐s ❦✐♥❞ ❛r❡ ♥❡❝❡ss❛r✐❧② ❧♦♦s❡ ❛♥❞✱ ✐♥ ❣❡♥❡r❛❧✱ ❝❛♥
♦♥❧② ❜❡ ❛♣♣r♦❛❝❤❡❞ ❜② ✐♥✈❡rs❡ ❞❡s✐❣♥ ♣r♦❝❡❞✉r❡s ✐♥ s♣❡❝✐❛❧ ❝❛s❡s✳ ■♥ t❤❡ ✐♥t❡r❡st ♦❢
❞r✐✈✐♥❣ ♦♣t✐♠❛❧ ❞❡s✐❣♥✱ t❤❡r❡ ✐s ❛ ♥❡❡❞ t♦ t✐❣❤t❡♥ t❤✐s ❝❧❛ss ♦❢ ❜♦✉♥❞s ❜② ♠❛❦✐♥❣
t❤❡♠ ❞❡♣❡♥❞❡♥t ♦♥ ❜♦t❤ ♠❛t❡r✐❛❧ ❛♥❞ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❛❧❧♦❝❛t❡❞ ❞❡s✐❣♥ r❡❣✐♦♥✳
❙❤❛♣❡ ❞❡♣❡♥❞❡♥t ❜♦✉♥❞s ❛❞❛♣t❡❞ ✐♥ t❤✐s ✇❛② ❢♦r ♠❛①✐♠✉♠ r❛❞✐❛t✐✈❡ ❤❡❛t tr❛♥s❢❡r
❛r❡ ❣✐✈❡♥ ✐♥ ❬✸✾✱ ✺✾❪✳ ❙❤❛♣❡ ❞❡♣❡♥❞❡♥t ❜♦✉♥❞s ❢♦r ♠❛①✐♠✉♠ ❛❜s♦r♣t✐♦♥ ❛r❡ ❣✐✈❡♥
✐♥ ❬✸✽❪ ❛♥❞ ❢♦r ♣❤♦t♦♥✐❝ ❞❡s✐❣♥ ✐♥ ❬✶❪✳

❯♥❧✐❦❡ ✐♥ ♣❤♦t♦♥✐❝s✱ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ s❤❛♣❡ ❞❡♣❡♥❞❡♥t ❜♦✉♥❞s ✐s ❢❛✐r❧② ♠❛✲
t✉r❡ ✐♥ t❤❡ ❛r❡❛ ♦❢ ❛♥t❡♥♥❛ t❤❡♦r②✱ ✇❤❡r❡ t❤❡ t❛s❦ ♦❢ ♦♣t✐♠✐③✐♥❣ ♠❛♥② ✐♠♣♦rt❛♥t
♣❤②s✐❝❛❧ ♣❛r❛♠❡t❡rs ♠❛② ❜❡ ❝❛st ❛s ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✐♥ ❛♥ ✉♥❦♥♦✇♥
❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥✳ ❖♥❝❡ t❤❡ ♦♣❡r❛t♦r ❢r❛♠❡✇♦r❦ r❡❧❛t✐♥❣ s♦✉r❝❡ ❝✉rr❡♥ts t♦ ✈❛r✐✲
♦✉s ♠❡tr✐❝s ✭❡✳❣✳✱ ❣❛✐♥✱ ◗✲❢❛❝t♦r✱ ❡✣❝✐❡♥❝②✮ ✐s ❡st❛❜❧✐s❤❡❞✱ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♥❡✇
❜♦✉♥❞s r❡❞✉❝❡s t♦ t❤❡ t❛s❦ ♦❢ ♠❛♥✐♣✉❧❛t✐♥❣ ❛♥❞ ❝♦♠❜✐♥✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s
♦❢ ❝❛♥♦♥✐❝❛❧ ❢♦r♠s✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♥✈❡① ✭♦r r❡❧❛①❡❞✮ ♥❛t✉r❡ ♦❢ s✉❝❤ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠s ❬✼❪✱ t❤❡✐r s♦❧✉t✐♦♥ ✐s ❞❡t❡r♠✐♥✐st✐❝✱ ♠❛♥② t✐♠❡s r❡❞✉❝✐♥❣ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢
❛ s✐♥❣❧❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠✳ ❊①♣r❡ss✐♥❣ ✉♥❦♥♦✇♥ ❝✉rr❡♥ts ✐♥ ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧
❜❛s✐s✱ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♠❛tr✐① ♦♣❡r❛t♦rs ❣♦✈❡r♥✐♥❣ q✉❛♥t✐t✐❡s ♦❢ ✐♥t❡r❡st ♠❛② ❜❡
r❡❛❞✐❧② ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ t♦♦❧s ❞❡✈❡❧♦♣❡❞ ❢♦r s♦❧✈✐♥❣ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ ♣r♦❜❧❡♠s
❬✶✺❪✱ ✐✳❡✳✱ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ♠♦♠❡♥ts ❬✷✵❪✳ Pr♦❜❧❡♠s ✐♥ ❛♥t❡♥♥❛ t❤❡♦r② s♦❧✈❡❞
✐♥ t❤✐s ✇❛② ✐♥❝❧✉❞❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ ❞✐r❡❝t✐✈❡ ❣❛✐♥ ❬✶✸✱ ✷✺✱ ✺✽❪✱ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ r❛✲
❞✐❛t✐♦♥ ❡✣❝✐❡♥❝② ❬✷✺✱ ✷✻✱ ✹✾❪✱ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ◗✲❢❛❝t♦r ✭❛♥❛❧♦❣♦✉s t♦ ♠❛①✐♠✐③✐♥❣
❜❛♥❞✇✐❞t❤✮ ❬✾✱ ✶✹❪✱ ❛♥❞ t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤❡s❡ ♣❛r❛♠❡t❡rs ❬✶✸✱ ✶✻❪✳

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ tr❛♥s❢❡r t❤✐s ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ t♦ t❤❡ ✜❡❧❞ ♦❢
♦♣t✐❝s✱ ✇❤❡r❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ♣❤②s✐❝s r❡♠❛✐♥ t❤❡ s❛♠❡ ❛s ✐♥ ❝❧❛s✲
s✐❝❛❧ ❛♥t❡♥♥❛ t❤❡♦r② ❜✉t t❤❡ ♠❡tr✐❝s ♦❢ ✐♥t❡r❡st s❤✐❢t ❢r♦♠ ❛♥t❡♥♥❛ ♣❛r❛♠❡t❡rs t♦
q✉❛♥t✐t✐❡s r❡❧❛t❡❞ t♦ s❝❛tt❡r✐♥❣✱ ❛❜s♦r♣t✐♦♥✱ ❡①t✐♥❝t✐♦♥✱ ❛♥❞ ❧♦❝❛❧ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t✳
❚♦ ❝❛rr② t❤✐s ♦✉t✱ ✇❡ ✜rst ❞❡✈❡❧♦♣ ❛ ❢r❛♠❡✇♦r❦ ✐♥ ✇❤✐❝❤ t♦ ❞✐s❝✉ss q✉❛♥t✐t✐❡s ♦❢
✐♥t❡r❡st ✭❡✳❣✳✱ s❝❛tt❡r❡❞ ♣♦✇❡r✱ ❧♦❝❛❧ ✜❡❧❞s✮ ✐♥ t❡r♠s ♦❢ ♦♣❡r❛t♦rs ❛❝t✐♥❣ ♦♥ ❝✉rr❡♥t
❞❡♥s✐t✐❡s ❝♦♥✜♥❡❞ t♦ ❛ r❡❣✐♦♥ ♦❢ ✐♥t❡r❡st✳ ❚❤✐s ❣❡♥❡r❛❧ ♠❡t❤♦❞♦❧♦❣② ✐s s❤❛r❡❞ ❜②



✸

♣r❡✈✐♦✉s ✇♦r❦ ❬✸✼❪✱ t❤♦✉❣❤ ❤❡r❡ ✇❡ ✉s❡ ♥♦t❛t✐♦♥ ❛♥❞ ♥♦♠❡♥❝❧❛t✉r❡ ❜❛s❡❞ ❤❡❛✈✐❧② ♦♥
t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s ✐♥ ❛♥t❡♥♥❛ t❤❡♦r② ❬✷✵❪ ✇❤✐❝❤ ❤❛s ❜❡❡♥
✉s❡❞ ❡①t❡♥s✐✈❡❧② ✉s❡❞ ❢♦r ❞❡✈❡❧♦♣✐♥❣ ❜♦✉♥❞s ✐♥ t❤❛t ❛r❡❛ ❬✶✺❪✳ ❲❡ t❤❡♥ ♣r♦❝❡❡❞
❜② ❢♦r♠✉❧❛t✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❣✐✈✐♥❣ r✐s❡ t♦ s❤❛♣❡✲s♣❡❝✐✜❝ ❜♦✉♥❞s ♦♥ ❛❜✲
s♦r♣t✐♦♥✱ s❝❛tt❡r✐♥❣✱ ❛♥❞ ❡①t✐♥❝t✐♦♥ ❝r♦ss s❡❝t✐♦♥s ❛s ✇❡❧❧ ❛s ❧♦❝❛❧ ✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t
✭P✉r❝❡❧❧✬s ❢❛❝t♦r✮ ❛♥❞ ❞✐r❡❝t✐✈❡ s❝❛tt❡r✐♥❣✳ ❲❡ ❢♦r♠✉❧❛t❡ ❡❛❝❤ ❜♦✉♥❞ ✉s✐♥❣ t✇♦ s❡ts
♦❢ ❝♦♥str❛✐♥ts ❣♦✈❡r♥✐♥❣ t❤❡ ❡♥❢♦r❝❡♠❡♥t ♦❢ ♠❛t❡r✐❛❧ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s✳ ■♥ ❛ ❢❡✇
❝❡rt❛✐♥ ❝❛s❡s✱ t❤❡ ❜♦✉♥❞s ❞❡r✐✈❡❞ ❤❡r❡ r❡♣❧✐❝❛t❡ ♣r❡✈✐♦✉s r❡s✉❧ts✱ ❤♦✇❡✈❡r ✇❡ ✐♥❝❧✉❞❡
t❤❡♠ ❤❡r❡ t♦ ❤✐❣❤❧✐❣❤t t❤❡ ❣❡♥❡r❛❧✐t② ❛♥❞ ✢❡①✐❜✐❧✐t② ♦❢ t❤❡ ❛♣♣r♦❛❝❤ t❛❦❡♥✳ ◆✉♠❡r✐✲
❝❛❧ ❡①❛♠♣❧❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❢♦r ❡❛❝❤ ❞❡r✐✈❡❞ ❜♦✉♥❞ ❛♥❞ s❡r✈❡ t♦ ❞❡♠♦♥str❛t❡ s❛❧✐❡♥t
❢❡❛t✉r❡s✳

✷ P❤②s✐❝❛❧ ❝♦♠♣♦♥❡♥ts ♦❢ ♣r♦❜❧❡♠s

❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ✜♥❞ ❜♦✉♥❞s ♦♥ ✈❛r✐♦✉s s❝❛tt❡r✐♥❣ ❛♥❞ ❛❜s♦r♣t✐♦♥
♠❡tr✐❝s ❜② ❢♦r♠✉❧❛t✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✇❤✐❝❤ ❛r❡ ❡✐t❤❡r ❝♦♥✈❡① ♦r ❝❛♥ ❜❡
r❡❧❛①❡❞ t♦ ❛ ❝♦♥✈❡① ❢♦r♠✳ ❇❡❝❛✉s❡ ♠❛♥② ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ❛♥❞ ❢❡❛t✉r❡s ❛r❡ s❤❛r❡❞
❜❡t✇❡❡♥ s❡✈❡r❛❧ ♣r♦❜❧❡♠s✱ ✇❡ ❜❡❣✐♥ ✇✐t❤ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡s ❛♥❞ ❝♦♥✲
str❛✐♥ts ✉s❡❞ t❤r♦✉❣❤♦✉t t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r✳ ◆♦t❡ t❤❛t t❤r♦✉❣❤♦✉t t❤❡ ❡♥t✐r❡t② ♦❢
t❤❡ ♣❛♣❡r✱ t✐♠❡ ❤❛r♠♦♥✐❝ st❡❛❞② st❛t❡ ✐s ❛ss✉♠❡❞ ❛♥❞ ❛❧❧ q✉❛♥t✐t✐❡s ❛r❡ ✐♠♣❧✐❝✐t❧②
❢✉♥❝t✐♦♥s ♦❢ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝② ω ✇✐t❤ exp(−iωt) ❞❡♣❡♥❞❡♥❝❡✳ ❚❤❡ ✇❛✈❡♥✉♠❜❡r k =
ω/c0 ✐s ❛❧✇❛②s t❤❛t ♦❢ ❢r❡❡ s♣❛❝❡✱ ✇✐t❤ c0 ❜❡✐♥❣ t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t ✐♥ ✈❛❝✉✉♠✳ ❍♦r✐✲
③♦♥t❛❧ ❛①❡s ✐♥ ✜❣✉r❡s s❤♦✇ ❢r❡❡✲s♣❛❝❡ ✇❛✈❡❧❡♥❣t❤ λ = 2π/k✱ ✇❤✐❝❤ ✐s ✐♥ ♠❛♥② ❝❛s❡s
♥♦r♠❛❧✐③❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❛❞✐✉s a ♦❢ t❤❡ s♠❛❧❧❡st s♣❤❡r❡ ❝✐r❝✉♠s❝r✐❜✐♥❣ t❤❡
s❝❛tt❡r❡r✳

✷✳✶ ❖❜❥❡❝t✐✈❡s

❚❤❡ ♣❤②s✐❝❛❧ q✉❛♥t✐t✐❡s ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤✐s ♣❛♣❡r ♠❛② ❜❡ r❡♣r❡s❡♥t❡❞ ✉s✐♥❣ ❧✐♥❡❛r

ζ1 =

∫

Ω

a∗(r) · J(r) dV ✭✷✳✶✮

♦r s❡sq✉✐❧✐♥❡❛r ✭q✉❛❞r❛t✐❝✮

ζ2 =

∫

Ω

∫

Ω

J∗(r1) ·A(r1, r2) · J(r2) dV2 dV1 ✭✷✳✷✮

❢♦r♠s ✐♥ ❛ ❝✉rr❡♥t ❞❡♥s✐t② ❞✐str✐❜✉t✐♦♥ J(r)✱ ✇✐t❤ ❛❧❧ ✐♥t❡❣r❛t✐♦♥s t❛❦❡♥ ♦✈❡r t❤❡
❝✉rr❡♥t✬s ❡♥t✐r❡ s♣❛t✐❛❧ s✉♣♣♦rt Ω ⊂ R

3✱ s❡❡ ❋✐❣✳ ✶✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡
❛ss✉♠❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❜❛s✐s {ψn(r)} ❢♦r t❤❡ ❝✉rr❡♥t ❞❡♥s✐t②✱ ❡✳❣✳✱

J(r) ≈
N
∑

n=1

Inψn(r), ✭✷✳✸✮

✐s ❝❤♦s❡♥ ✐♥ ✇❤✐❝❤ t❤❡s❡ ❢♦r♠s r❡❞✉❝❡ t♦ ❧✐♥❡❛r

ζ1 ≈ aHI ✭✷✳✹✮



✹

J i

Ei

Es

ǫ0

Ω

ǫ(r)
∂Ω

V

∂V

a)

J(r)

Es

ǫ0

Ω

∂Ω

V

∂V

b)

❋✐❣✉r❡ ✶✿ ❆♥ ✐♥❝✐❞❡♥t ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ✭r❡♣r❡s❡♥t❡❞ ❜② Ei✮ ❣❡♥❡r❛t✐♥❣ ❛ s❝❛t✲
t❡r❡❞ ✜❡❧❞ ✭r❡♣r❡s❡♥t❡❞ ❜② Es✮✳ ❚❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✭❛✮ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❛♥
❡q✉✐✈❛❧❡♥t ♣r♦❜❧❡♠ ✭❜✮✱ ✇❤❡r❡ t❤❡ ✜❡❧❞s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✭♣♦t❡♥t✐❛❧❧② ✐♥❤♦♠♦❣❡✲
♥❡♦✉s✮ ♠❛t❡r✐❛❧s ❛r❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ❝♦♥tr❛st ❝✉rr❡♥t ❞❡♥s✐t② J ✐♠♣r❡ss❡❞ ✐♥ ✈❛❝✉✉♠
❛♥❞ r❛❞✐❛t✐♥❣ t❤❡ s❛♠❡ s❝❛tt❡r❡❞ ✜❡❧❞ Es✳ ❙❡❡ ❆♣♣✳ ❆ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

♦r q✉❛❞r❛t✐❝
ζ2 ≈ IHAI ✭✷✳✺✮

❢♦r♠s ✐♥✈♦❧✈✐♥❣ ✈❡❝t♦rs ❛♥❞ ♠❛tr✐❝❡s✳ ❋♦r ❝❧❛r✐t② ✭❛♥❞ ❝♦♠♣❛t✐❜✐❧✐t② ✇✐t❤ ✜♥✐t❡
❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♠✐③❛t✐♦♥ t♦♦❧s✮ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ ✈❡❝t♦r✴♠❛tr✐① ❢♦r♠s ❡①❝❡♣t
✇❤❡♥ t❤❡✐r ❡q✉✐✈❛❧❡♥❝❡ t♦ t❤❡ ❢♦r♠s ✐♥ ✭✷✳✶✮ ❛♥❞ ✭✷✳✷✮ ②✐❡❧❞s ❛❞❞✐t✐♦♥❛❧ ✐♥s✐❣❤t✳

❍❡r❡ ✇❡ ❜r✐❡✢② ❞❡s❝r✐❜❡ t❤❡ ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ✈❡❝t♦r ❛♥❞ ♠❛tr✐① ♦♣❡r❛t♦rs ❞❡s❝r✐❜✐♥❣ q✉❛♥t✐t✐❡s ✉s❡❞ ✐♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜✲
❧❡♠s t❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✳ ❚❤❡ ❡①❛❝t ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡s❡ ♦♣❡r❛t♦rs ❛r❡ ♥♦t ❣✐✈❡♥
❤❡r❡ ❜✉t ❛r❡ r❡❛❞✐❧② ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❬✶✺✱ ✶✾✱ ✷✵❪✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐s❝✉ss✐♦♥
❛ss✉♠❡s t❤❛t t❤❡ ♠❛tr✐① ♦r ✈❡❝t♦r ❢♦r♠s ♦❢ ❛❧❧ ♦♣❡r❛t♦rs str✐❝t❧② ❢♦❧❧♦✇ t❤❡ ❛♥❛❧②t✐❝
❢❡❛t✉r❡s ✭❡✳❣✳✱ ❞❡✜♥✐t❡♥❡ss✮ ♦❢ t❤❡✐r ❝♦♥t✐♥✉♦✉s ❝♦✉♥t❡r♣❛rts✳

✷✳✶✳✶ ❘❛❞✐❛t❡❞ ♣♦✇❡r✱ ❛❜s♦r❜❡❞ ♣♦✇❡r✱ ❛♥❞ r❡❛❝t❛♥❝❡

❚❤❡ t♦t❛❧ ❝②❝❧❡✲♠❡❛♥ ♣♦✇❡r r❛❞✐❛t❡❞ Pr ❛♥❞ ❛❜s♦r❜❡❞ Pa ❜② ❛♥ ❛r❜✐tr❛r② ❝✉rr❡♥t I
♠❛② ❜❡ ❝❛st ❛s q✉❛❞r❛t✐❝ ❢♦r♠s ❬✶✺❪

Pr =
1

2
IHR0I, ✭✷✳✻✮

❛♥❞

Pa =
1

2
IHRρI, ✭✷✳✼✮

r❡s♣❡❝t✐✈❡❧②✳ ◆♦t✐❝❡ t❤❛t r✐❣♦r♦✉s❧② t❤❡ ♣♦✇❡r Pr r❡❢❡rs t♦ ❛ ❝②❝❧❡✲♠❡❛♥ s❝❛tt❡r❡❞
♣♦✇❡r s✐♥❝❡ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② I r❡♣r❡s❡♥ts ❛♥ ❡q✉✐✈❛❧❡♥t ❝♦♥tr❛st s♦✉r❝❡ s✐t✉❛t❡❞
✐♥ ✈❛❝✉✉♠✱ s❡❡ ❋✐❣✳ ✶ ❛♥❞ ❆♣♣✳ ❆ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳ ❆s ❝✉rr❡♥ts s❤♦✉❧❞ ♥♦t r❛❞✐❛t❡



✺

♥❡❣❛t✐✈❡ ♣♦✇❡r ✇❡ ❤❛✈❡ Pr ≥ 0 ❢♦r ❛❧❧ ❝✉rr❡♥ts ❛♥❞ ❡q✉✐✈❛❧❡♥t❧② R0 � 0✳ ❙✐♠✐❧❛r❧②
❢♦r ❝✉rr❡♥ts ✐♥ ❧♦ss② ♠❡❞✐❛ ✇❡ ❤❛✈❡ Pa ≥ 0 ❛♥❞ t❤✉s Rρ � 0✳ ❇♦t❤ ♦♣❡r❛t♦rs ❛r❡
r❡❛❧ s②♠♠❡tr✐❝✱ ❛♥❞ t❤❡✐r s✉♠ Pr+Pa r❡♣r❡s❡♥ts t❤❡ t♦t❛❧ ❝②❝❧❡ ♠❡❛♥ r❡❛❧ ♣♦✇❡r Pt

r❡❧❡❛s❡❞ ❜② t❤❡ ❝✉rr❡♥t I✱ ✐✳❡✳✱

Pt = Pr + Pa =
1

2
IH (R0 +Rρ) I =

1

2
IHRI. ✭✷✳✽✮

❊♠♣❧♦②✐♥❣ s♣❤❡r✐❝❛❧ ✇❛✈❡ ❞❡❝♦♠♣♦s✐t✐♦♥✱ t❤❡ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ r❛❞✐❛✲
t✐♦♥ ♦♣❡r❛t♦r R0 ♠❛② ❜❡ ❝♦♥str✉❝t❡❞ ❬✺✺❪ ❛s

R0 = SHS, ✭✷✳✾✮

✇❤❡r❡ t❤❡ ✐♥♥❡r ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♠❛tr✐① S ❞❡♣❡♥❞s ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ s♣❤❡r✐❝❛❧
❤❛r♠♦♥✐❝s ✉s❡❞✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ♥❡❝❡ss❛r② s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s✱ ❛♥❞ t❤✉s t❤❡ r❛♥❦
♦❢ R0✱ ♠❛② ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ✉s✐♥❣ t❤❡ ❡❧❡❝tr✐❝❛❧ s✐③❡ ♦❢ t❤❡ ❝✉rr❡♥t s✉♣♣♦rt ✉♥❞❡r
❝♦♥s✐❞❡r❛t✐♦♥✳ ■♥ ❣❡♥❡r❛❧✱ ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧❡r s✉♣♣♦rt r❡❣✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ ❧♦✇❡r
r❛♥❦✳

❚❤❡ r❡❛❝t❛♥❝❡ ♦❢ ❛ ❝✉rr❡♥t✱ ♦r ❡q✉✐✈❛❧❡♥t❧② t❤❡ ❝②❝❧❡ ♠❡❛♥ ❞✐✛❡r❡♥❝❡ ✐♥ st♦r❡❞
♠❛❣♥❡t✐❝ ❛♥❞ ❡❧❡❝tr✐❝ ❡♥❡r❣✐❡s✱ Wm ❛♥❞ We✱ ♠❛② ❜❡ ❝❛❧❝✉❧❛t❡❞ ✈✐❛ t❤❡ q✉❛❞r❛t✐❝
❢♦r♠ ❬✷✶❪

2ω (Wm −We) =
1

2
IHXI. ✭✷✳✶✵✮

❚❤❡ r❡❛❝t❛♥❝❡ ♠❛tr✐① X ✐s r❡❛❧ s②♠♠❡tr✐❝ ❛♥❞✱ ✐♥ ♠♦st ❝❛s❡s✱ ✐♥❞❡✜♥✐t❡✳ ▲✐❦❡ t❤❡
♦♣❡r❛t♦r R✱ t❤❡ ♠❛tr✐① X ♠❛② ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t✇♦ ❝♦♠♣♦♥❡♥ts✱ ♦♥❡ ♠❛t❡r✐❛❧
❞❡♣❡♥❞❡♥t ❛♥❞ ♦♥❡ ♠❛t❡r✐❛❧ ✐♥❞❡♣❡♥❞❡♥t✱ s❡❡ ❙❡❝✳ ✷✳✸✳ ❚♦❣❡t❤❡r✱ t❤❡ ♠❛tr✐❝❡s R

❛♥❞ X ❝♦♥st✐t✉t❡ t❤❡ ✐♠♣❡❞❛♥❝❡ ♠❛tr✐① Z = R− iX✱ s❡❡ ❙❡❝✳ ✷✳✷ ❛♥❞ ❆♣♣✳ ❆✳

✷✳✶✳✷ ❘❛❞✐❛t✐♦♥ ✐♥t❡♥s✐t②

❚❤❡ s❝❛tt❡r❡❞ ✜❡❧❞ ❝♦♠♣♦♥❡♥t ê ·Es(r) ♣r♦❞✉❝❡❞ ❜② t❤❡ ❝✉rr❡♥t I ✐♥ t❤❡ r̂ = r/|r|
❞✐r❡❝t✐♦♥ ❛t ❞✐st❛♥❝❡ r → ∞ ✇✐t❤ ♣♦❧❛r✐③❛t✐♦♥ ê ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❧✐♥❡❛r ❢♦r♠

lim
r→∞

ê · Es(r)√
η0

re−ikr = FHI ✭✷✳✶✶✮

s✉❝❤ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛rt✐❛❧ r❛❞✐❛t✐♦♥ ✐♥t❡♥s✐t② ✐s ❬✷❪

U(r̂, ê) =
1

2
|FHI|2 = 1

2
IHFFHI. ✭✷✳✶✷✮

❋r♦♠ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ✇❡ ♦❜s❡r✈❡ t❤❡ r❛♥❦✲✶ ♥❛t✉r❡ ♦❢ t❤❡ ♦♣❡r❛t♦r FFH✱ ❛
❢❡❛t✉r❡ t❤❛t ✇✐❧❧ ❡♥❛❜❧❡ ❝❡rt❛✐♥ ♣r♦❜❧❡♠s t♦ ❜❡ s♦❧✈❡❞ ✐♥ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡✣❝✐❡♥t
♠❛♥♥❡r✳ ◆♦t❡ t❤❛t t❤❡ ♦♣❡r❛t♦r FFH ❞❡♣❡♥❞s ❞✐r❡❝t❧② ♦♥ t❤❡ ♦❜s❡r✈❛t✐♦♥ ❞✐r❡❝t✐♦♥
❛♥❞ ♣♦❧❛r✐③❛t✐♦♥✳ ▲✐❦❡ t❤❡ t♦t❛❧ ❛❜s♦r❜❡❞ ❛♥❞ r❛❞✐❛t❡❞ ♣♦✇❡r ♦♣❡r❛t♦rs✱ t❤❡ ♦♣❡r❛t♦r
FFH ✐s ♣♦s✐t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡ ❛♥❞ ❍❡r♠✐t✐❛♥ s②♠♠❡tr✐❝✳



✻

✷✳✶✳✸ ❘❛❞✐❛t✐♦♥ ❡♥❤❛♥❝❡♠❡♥t ❛♥❞ P✉r❝❡❧❧✬s ❢❛❝t♦r

❚❤❡ ❝②❝❧❡ ♠❡❛♥ ♣♦✇❡r r❛❞✐❛t❡❞ ❜② ❛♥ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ ♠♦♠❡♥t p ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛
s❝❛tt❡r❡r ✐s ❬✷✹❪

Pr = −ω

2
Im{p∗ ·Es(rp)}+ Pr,p − Pa, ✭✷✳✶✸✮

✇❤❡r❡ Es (rp) ✐s ❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② t❤❡ s❝❛tt❡r❡r ❛t t❤❡ ♣♦✐♥t ♦❢ t❤❡
❞✐♣♦❧❡✱ Pa ✐s t❤❡ ❝②❝❧❡ ♠❡❛♥ ♣♦✇❡r ❧♦st ✇✐t❤✐♥ t❤❡ s❝❛tt❡r❡r ✭✷✳✼✮ ❛♥❞

Pr,p =
c0k

4

12πǫ0
|p|2 ✭✷✳✶✹✮

✐s t❤❡ ❝②❝❧❡ ♠❡❛♥ ♣♦✇❡r r❛❞✐❛t❡❞ ❜② t❤❡ ❞✐♣♦❧❡ ✐♥ ❢r❡❡ s♣❛❝❡✱ ✇✐t❤ ǫ0 ❜❡✐♥❣ ♣❡r♠✐t✲
t✐✈✐t② ♦❢ ✈❛❝✉✉♠ ✭t❤❡ ❛ss✉♠❡❞ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠✮✳

❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ❡❧❡❝tr✐❝ ❢❛r ✜❡❧❞ ✐♥ ✭✷✳✶✶✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r ❢♦r♠ ❝❛♥ ❜❡
❞❡✜♥❡❞

− ω

2
Im{p∗ ·Es(r0)} =

1

2
Re{IHN}, ✭✷✳✶✺✮

❢r♦♠ ✇❤✐❝❤ ❛ P✉r❝❡❧❧✬s ❢❛❝t♦r ❬✹✹❪ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s

F =
Pr

Pr,p

= 1 +
Re{IHN} − IHRρI

2Pr,p

✭✷✳✶✻✮

✇❤✐❝❤ ❛ss✉♠❡s t❤❛t t❤❡ ❜❛❝❦ r❡❛❝t✐♦♥ ♦❢ t❤❡ ❞✐♣♦❧❡ t♦ t❤❡ s❝❛tt❡r❡r ♠❛② ❜❡ ♥❡✲
❣❧❡❝t❡❞ ❬✷✾✱ ✸✵❪✳ ❚❤✐s P✉r❝❡❧❧✬s r❛t✐♦ ❝❤❛r❛❝t❡r✐③❡s r❛❞✐❛t✐♦♥ ❡♥❤❛♥❝❡♠❡♥t ♣r♦✈✐❞❡❞
❜② t❤❡ s❝❛tt❡r❡r✱ ❛ ♠❡tr✐❝ ♦❢ ♣r✐♠❛r② ✐♠♣♦rt❛♥❝❡ ✐♥ ♠❛♥② ❛r❡❛s ♦❢ ❛♣♣❧✐❡❞ ♦♣t✐❝s✳

◆♦t❡ t❤❛t ✉♥❧✐❦❡ ✐♥ ✭✷✳✶✻✮✱ P✉r❝❡❧❧✬s ❢❛❝t♦r ♠✐❣❤t ❛❧s♦ ❜❡ ❞❡✜♥❡❞ ✇✐t❤♦✉t t❤❡
s✉❜tr❛❝t✐♦♥ ♦❢ t❤❡ ❧♦ss t❡r♠ ❬✸✵❪✳ ❆❧t❤♦✉❣❤ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ t❤✐s
♠✐❣❤t ❜❡ t❤❡ ♦♥❧② ♦♣t✐♦♥✱ ❡✈❛❧✉❛t✐♥❣ ❜♦✉♥❞s ♦♥ P✉r❝❡❧❧✬s ❢❛❝t♦r ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢
r❡❛❧✐st✐❝ s❝❛tt❡r❡rs ✇✐t❤♦✉t s✉❜tr❛❝t✐♥❣ ❧♦ss❡s ❧❡❛❞s t♦ ❜♦✉♥❞s t❤❛t ❛r❡ t♦♦ ♦♣t✐♠✐st✐❝✱
❛s t❤❡ P✉r❝❡❧❧✬s ❢❛❝t♦r ♠❛② ❜❡ ✐♥❝r❡❛s❡❞ t❤r♦✉❣❤ ❛❜s♦r♣t✐♦♥ r❛t❤❡r t❤❛♥ r❛❞✐❛t✐♦♥✳

✷✳✷ ❘❡❛❧ ❛♥❞ r❡❛❝t✐✈❡ ♣♦✇❡r ❝♦♥str❛✐♥ts

❆♥ ✐♥❝✐❞❡♥t ❡❧❡❝tr✐❝ ✜❡❧❞ Einc(r) ♠❛② ❜❡ ♣r♦❥❡❝t❡❞ ♦♥t♦ t❤❡ ❝❤♦s❡♥ ❜❛s✐s ✐♥ ✭✷✳✸✮ ✈✐❛

Ei(r) → V : Vm =

∫

Ω

ψm(r) ·Ei(r) dV. ✭✷✳✶✼✮

❙✉❝❤ ❛♥ ❡①❝✐t❛t✐♦♥ V ✉♥✐q✉❡❧② ✐♥❞✉❝❡s ❛ ❝✉rr❡♥t ❞✐str✐❜✉t✐♦♥ I ♦❜❡②✐♥❣

ZI = (R− iX)I = V, ✭✷✳✶✽✮

✇❤❡r❡ Z ✐s t❤❡ ✐♠♣❡❞❛♥❝❡ ♠❛tr✐① r❡♣r❡s❡♥t✐♥❣ t❤❡ ✉♥❞❡r❧②✐♥❣ ✐♥t❡❣r❛❧ ♦♣❡r❛t♦r ♠❛♣✲
♣✐♥❣ ❝✉rr❡♥ts t♦ ✜❡❧❞s ❬✷✵❪✱ s❡❡ ❆♣♣✳ ❆ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳ ❋♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ❢♦r♠✉✲
❧❛t✐♥❣ ❣❡♥❡r❛❧ ❜♦✉♥❞s ♦♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❝✉rr❡♥ts ❡①✐st✐♥❣ ✇✐t❤ ❛ ❣✐✈❡♥ s✉♣♣♦rt✱ ✇❡
r❡❧❛① t❤✐s ❡①♣r❡ss✐♦♥ t❤r♦✉❣❤ t❡st✐♥❣ ✇✐t❤ t❤❡ ❝✉rr❡♥t ✐ts❡❧❢✱ ✐✳❡✳✱

IHZI = IH(R− iX)I = IHV, ✭✷✳✶✾✮



✼

✇❤✐❝❤ ✐s ❛♥ ❛❧❣❡❜r❛✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♣♦✇❡r ❝♦♥s❡r✈❛t✐♦♥ ❬✷✹✱ ➓✻✳✾❪✱ s❡❡ ❆♣♣✳ ❆ ❢♦r
♠♦r❡ ❞❡t❛✐❧s✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❡①❝✐t❛t✐♦♥ ✜❡❧❞ V ✐s ❣✐✈❡♥✱ t✇♦ ♣♦✇❡r ❝♦♥str❛✐♥ts ❛r❡
✐♥tr♦❞✉❝❡❞ ❢r♦♠ ✭✷✳✶✾✮ ❛s

IHRI− Re{IHV} = 0, ✭✷✳✷✵✮

IHXI+ Im{IHV} = 0, ✭✷✳✷✶✮

r❡♣r❡s❡♥t✐♥❣ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ r❡❛❧ ✭❝②❝❧✐❝ ♠❡❛♥✮ ❛♥❞ r❡❛❝t✐✈❡ ♣♦✇❡r✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ❡①♣r❡ss✐♦♥ ✐♥ ✭✷✳✷✵✮ ♠❛② ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❢♦r♠ ♦❢ t❤❡ ♦♣t✐❝❛❧ t❤❡♦r❡♠ r❡❧❛t✐♥❣
t❤❡ t♦t❛❧ ❡①t✐♥❝t❡❞ ♣♦✇❡r t♦ t❤❛t r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞ ❬✷✹✱ ➓✶✵✳✶✶❪✳ ❋♦r
♣❧❛♥❡ ✇❛✈❡ ✐♥❝✐❞❡♥❝❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ t♦ t❤❡ ♦♣t✐❝❛❧ t❤❡♦r❡♠ ♠❛② ❜❡ ❢✉rt❤❡r ✉s❡❞ t♦
r❡❧❛t❡ t❤❡ ❡①t✐♥❝t❡❞ ♣♦✇❡r t♦ ❛ ❢♦r✇❛r❞ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡✳

❆s ❞✐s❝✉ss❡❞ ✐♥ ❣r❡❛t❡r ❞❡t❛✐❧ ✐♥ ✷✳✹✱ ✉s❡ ♦❢ t❤❡ ❝♦♥str❛✐♥t ✐♥ ✭✷✳✷✵✮ ✇✐t❤✐♥ ❛♥ ♦♣✲
t✐♠✐③❛t✐♦♥ ♦✈❡r t❤❡ ❝✉rr❡♥t I ❛♠♦✉♥ts t♦ ❡♥❢♦r❝✐♥❣ ❜♦t❤ ❧♦ss ❛♥❞ r❛❞✐❛t✐♦♥ ♣r♦♣❡rt✐❡s
♦❢ ❛♥ ♦❜❥❡❝t ✇❤❡♥ ✐❧❧✉♠✐♥❛t❡❞ ❜② t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞ V✳ ❋♦r t❤✐s r❡❛s♦♥ ✇❡ ❞❡♥♦t❡ t❤❡
✉s❡ ♦❢ t❤✐s ❝♦♥str❛✐♥t ❛s ✉s✐♥❣ ✏♣r❡s❝r✐❜❡❞ ❧♦ss❡s✑ ✭✐♥❞✐❝❛t❡❞ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r
❜② t❤❡ s✉❜s❝r✐♣t R✮✳ ❙✐♠✐❧❛r❧②✱ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ❝♦♥str❛✐♥t ✐♥ ✭✷✳✷✶✮ ❡♥❢♦r❝❡s ♠❛t❡r✐❛❧
r❡❛❝t❛♥❝❡ ♣r♦♣❡rt✐❡s✱ s♦ t♦❣❡t❤❡r t❤❡ ✉s❡ ♦❢ ✭✷✳✷✵✮ ❛♥❞ ✭✷✳✷✶✮ ✐s ❞❡♥♦t❡❞ ❛s ✉s✐♥❣
✏♣r❡s❝r✐❜❡❞ ♠❛t❡r✐❛❧s✑ ✭✐♥❞✐❝❛t❡❞ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r ❜② t❤❡ s✉❜s❝r✐♣t Z✮✳

✷✳✸ ▼❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❛♥❞ ❝♦♥tr❛st ❝✉rr❡♥t

❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r ✇❡ ❝♦♥s✐❞❡r ✐s♦tr♦♣✐❝✶✱ ♥♦♥✲♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧s ✇✐t❤ t❤❡ ❝♦♥✲
st✐t✉t✐✈❡ r❡❧❛t✐♦♥

D = ǫE = ǫ0(1 + χ)E, ✭✷✳✷✷✮

✇❤❡r❡ ǫ ✐s t❤❡ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥t ♣❡r♠✐tt✐✈✐t② ❛♥❞ χ ✐s t❤❡ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥t
s✉s❝❡♣t✐❜✐❧✐t②✳ ■♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ E✱ t❤❡ ❝♦♥tr❛st ✭♣♦❧❛r✐③❛t✐♦♥✮
❝✉rr❡♥t ❞❡♥s✐t② J ♠❛② ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ ❝♦♠♣❧❡① r❡s✐st✐✈✐t② ρ ❛s

J = −iωǫ0χE = ρ−1E, ✭✷✳✷✸✮

✇❤❡r❡ ρ ❤❛s r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts

ρ = ρr + iρi =
Imχ

ωǫ0|χ|2
+ i

Reχ

ωǫ0|χ|2
=

η0 Imχ

k|χ|2 + i
η0 Reχ

k|χ|2 . ✭✷✳✷✹✮

❚❤❡ r❡❛❧ ♣❛rt ♦❢ r❡s✐st✐✈✐t② ρr ✐s r❡❧❛t❡❞ t♦ ❛ ♠❛t❡r✐❛❧ ✜❣✉r❡ ♦❢ ♠❡r✐t ζ = |χ|2/ Imχ
✐♥tr♦❞✉❝❡❞ ✐♥ ❬✸✼✱ ✸✽❪ ❛s ρr/a = η0/(ζka)✳ ❚❤✐s ❧❛st ❡q✉❛❧✐t② ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❙❡❝✳ ✸✳✶
t♦ ❞✐r❡❝t❧② ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❤✐s ♣❛♣❡r ✇✐t❤ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞
✐♥ ❬✸✽❪✳

❯♥❞❡r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥ ✭✷✳✸✮✱ t❤❡ ❝♦♠♣❧❡① r❡s✐st✐✈✐t② ❣♦✈❡r♥s t❤❡ ♥❛t✉r❡ ♦❢
❝❡rt❛✐♥ ♣❤②s✐❝❛❧ q✉❛♥t✐t✐❡s ❛♥❞ t❤❡✐r ❛ss♦❝✐❛t❡❞ ♦♣❡r❛t♦rs✳ ■♥ ❣❡♥❡r❛❧ t❤❡ r❛❞✐❛t✐♦♥

✶◆♦t✐❝❡ t❤❛t ❛❞❞✐t✐♦♥ ♦❢ ❛♥✐s♦tr♦♣② ❛♥❞ ❧♦ss❧❡ss ❞✐❡❧❡❝tr✐❝ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐❛ ✐♥tr♦❞✉❝❡s ♥♦

❞✐✣❝✉❧t✐❡s✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ t❤❡ s✉s❝❡♣t✐❜✐❧✐t② ❜❡❝♦♠❡s ❛ s❡❝♦♥❞✲r❛♥❦ t❡♥s♦r χ ❛♥❞ ✐ts ✐♥✈❡rs✐♦♥

♠✉st ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♠❛tr✐① ✐♥✈❡rs❡✳
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Ω

∂Ω

Ωǫ

ǫ (r)ǫ0

ǫ0

ǫ0

Ei

Es

a)

Ω

∂Ω

Ωǫ

ǫ0 J (r)

b)

❋✐❣✉r❡ ✷✿ ●❡♦♠❡tr② ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♠❛①✐♠✉♠ ❛❜s♦r♣t✐♦♥✱ s❝❛tt❡r✐♥❣✱ ❛♥❞
❡①t✐♥❝t✐♦♥ ♦❢ ♦❜st❛❝❧❡s ❝♦♥✜♥❡❞ t♦ t❤❡ r❡❣✐♦♥ Ω ❛♥❞ ❤❛✈✐♥❣ ♣❡r♠✐tt✐✈✐t② ǫ✳ ❛✮ ❚❤❡
✐♥❝✐❞❡♥t Ei ❛♥❞ Es s❝❛tt❡r❡❞ ✜❡❧❞s ♣r♦♣❛❣❛t❡ ✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♣❡r♠✐tt✐✈✐t② ǫ0 ❛♥❞
t❤❡ ♦❜st❛❝❧❡ ❤❛s ♣❡r♠✐tt✐✈✐t② ǫ ✐♥ t❤❡ ❛r❜✐tr❛r② s✉❜r❡❣✐♦♥ Ωǫ ⊆ Ω✳ ❜✮ ❘❡♣r❡s❡♥t❛t✐♦♥
✉s✐♥❣ ❝♦♥tr❛st ❝✉rr❡♥t ❞❡♥s✐t② ✭✷✳✷✸✮ J ✇✐t❤ s✉♣♣♦rt supp(J) ⊆ Ωǫ✳

♦♣❡r❛t♦r R0 ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ r❡s✐st✐✈✐t②✱ ✇❤✐❧❡ t❤❡ ❧♦ss ♦♣❡r❛t♦r ❞❡♣❡♥❞s ♦♥
✐ts r❡❛❧ ❝♦♠♣♦♥❡♥t ρr✱ ✐✳❡✳✱

R = R0 +Rρ. ✭✷✳✷✺✮

❚❤❡ s✐t✉❛t✐♦♥ ✐s ❛♥❛❧♦❣♦✉s ❢♦r t❤❡ r❡❛❝t❛♥❝❡ ♦♣❡r❛t♦r

X = X0 +Xρ. ✭✷✳✷✻✮

❋♦r ❤♦♠♦❣❡♥❡♦✉s ❜♦❞✐❡s✱ t❤❡ ♠❛tr✐❝❡s Rρ ❛♥❞ Xρ s❝❛❧❡ ❧✐♥❡❛r❧② ✇✐t❤ t❤❡ r❡❛❧ ❛♥❞
✐♠❛❣✐♥❛r② ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ r❡s✐st✐✈✐t②✱ r❡s♣❡❝t✐✈❡❧②✳

✷✳✹ ❋♦r♠✉❧❛t✐♥❣ ❜♦✉♥❞s ✉s✐♥❣ ♦♣t✐♠❛❧ ❝✉rr❡♥ts

■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r✱ ✇❡ ❢♦r♠✉❧❛t❡ ❜♦✉♥❞s ♠❛①✐♠✐③✐♥❣ ❛❜s♦r♣t✐♦♥✱ s❝❛t✲
t❡r✐♥❣✱ ❛♥❞ ❡①t✐♥❝t✐♦♥ ❝r♦ss s❡❝t✐♦♥s✱ ❞✐r❡❝t❡❞ s❝❛tt❡r✐♥❣✱ ❛♥❞ P✉r❝❡❧❧✬s ❢❛❝t♦r ❢♦r
❛♥ ♦❜st❛❝❧❡ ✇✐t❤ r❡s✐st✐✈✐t② ρ = ρr + iρi ❝♦♥✜♥❡❞ t♦ ❛ r❡❣✐♦♥ Ω✱ ❡①❝✐t❡❞ ❜② ❛ ♣r❡✲
s❝r✐❜❡❞ ✐♥❝✐❞❡♥t ✜❡❧❞✳ ❚♦ ❞♦ t❤✐s✱ ✇❡ ❝♦♥str✉❝t ❛♥❞ ♠❛①✐♠✐③❡ r❡❧❡✈❛♥t q✉❛♥t✐t✐❡s
♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ ❝✉rr❡♥t ❞❡♥s✐t② ❞✐str✐❜✉t✐♦♥s J s✉♣♣♦rt❡❞ ✐♥ Ω✱ s✉❜❥❡❝t t♦ ❝❡rt❛✐♥
❝♦♥str❛✐♥ts ❛♥❞ ✜①❡❞ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs✳ ❚❤❡s❡ ❝♦♥str❛✐♥ts ✭s❡❡ ✭✷✳✷✵✮ ❛♥❞ ✭✷✳✷✶✮✮
❡♥❢♦r❝❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♣❛rt✐❝✉❧❛r q✉❛♥t✐t✐❡s ✭❡✳❣✳✱ r❡❛❧ ♣♦✇❡r✮ ❜✉t ❞♦ ♥♦t ♠❛♥❞❛t❡
t❤❛t t❤❡ ♦♣t✐♠✐③❡❞ ❝✉rr❡♥t ❜❡ ❞✐r❡❝t❧② ❡①❝✐t❛❜❧❡ ❜② ❛ ❣✐✈❡♥ ✐♥❝✐❞❡♥t ✜❡❧❞✳ ■♥ t❤✐s
✇❛②✱ t❤❡ ❢♦r♠✉❧❛t❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ②✐❡❧❞ ❜♦✉♥❞s ❢♦r ❛❧❧ ♣♦ss✐❜❧❡ str✉❝t✉r❡s
Ωǫ ⊆ Ω s✉♣♣♦rt❡❞ ✇✐t❤✐♥ t❤❡ r❡❣✐♦♥ Ω ❝♦♥s✐st✐♥❣ ♦❢ ❡✐t❤❡r t❤❡ str✉❝t✉r❡ ♠❡❞✐✉♠
✭♣❡r♠✐tt✐✈✐t② ǫ✮ ♦r t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ✭❜❛❝❦❣r♦✉♥❞ ♣❡r♠✐tt✐✈✐t② ǫ0✮✱ ❛s s❤♦✇♥
✐♥ ❋✐❣✳ ✷✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❡①❝❧✉s✐♦♥ ♦❢ ❛ ❣✐✈❡♥ s✉❜r❡❣✐♦♥ ✐s r❡❛❧✐③❡❞ ✐♥ t❤✐s ♣❛r❛❞✐❣♠
❜② s❡tt✐♥❣ t❤❡ ❝♦♥tr❛st ❝✉rr❡♥t ❞❡♥s✐t② ❡q✉❛❧ ③❡r♦ ✐♥ t❤❛t s✉❜r❡❣✐♦♥✳ ❇❡❝❛✉s❡ t❤❡
♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞ ✐s ❛❧❧♦✇❡❞ t♦ s❡t ❝✉rr❡♥ts ✇✐t❤✐♥ ❛♥② s✉❝❤ s✉❜r❡❣✐♦♥ ✐♥ Ω t♦
③❡r♦✱ ❛❧❧ ♣♦ss✐❜❧❡ ❡①❝❧✉s✐♦♥s ❛r❡ ❛✉t♦♠❛t✐❝❛❧❧② ❝♦♥s✐❞❡r❡❞✳ ❚❤✐s ❝♦♥❝❡♣t ♦❢ s❡❛r❝❤✐♥❣



✾

❢♦r ♦♣t✐♠❛❧ ❝✉rr❡♥ts ❤❛s ❡①t❡♥s✐✈❡❧② ❜❡❡♥ ✉s❡❞ ✐♥ t❤❡ st✉❞② ♦❢ ❜♦✉♥❞s ♦♥ ❛♥t❡♥♥❛
♣❡r❢♦r♠❛♥❝❡ ❬✶✺❪✳

❆s st❛t❡❞ ♣r❡✈✐♦✉s❧②✱ ✇❡ ♠❛② ✐♥t❡r♣r❡t t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ r❡❛❧ ♣♦✇❡r ❝♦♥s❡r✲
✈❛t✐♦♥ ❜♦✉♥❞ ✐♥ ✭✷✳✷✵✮ ❛s ❡♥❢♦r❝✐♥❣ ♦♥❧② t❤❡ ♣r❡s❝r✐♣t✐♦♥ ♦❢ ♠❛t❡r✐❛❧ ❧♦ss❡s ρr✳ ❚❤❡
✐♠❛❣✐♥❛r② ✭r❡❛❝t✐✈❡✮ ♣❛rt ♦❢ t❤❡ r❡s✐st✐✈✐t② ρi ❞♦❡s ♥♦t ❡♥t❡r ✐♥t♦ t❤✐s ❝♦♥str❛✐♥t ❛♥❞
♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❝❤♦s❡♥ ❢r❡❡❧②✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ ✉♥❞❡r ♦♥❧② t❤❡ ❝♦♥str❛✐♥t
♦❢ ✭✷✳✷✵✮✱ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ r❡❛❝t✐✈❡ ♣♦✇❡r ✐♥ ✭✷✳✷✶✮ ♠❛② ❛❧✇❛②s ❜❡ s❛t✐s✜❡❞ ❜② ❛
s✉✐t❛❜❧❡ ❛ ♣♦st❡r✐♦r✐ ❝❤♦✐❝❡ ♦❢ ❜✉❧❦ r❡❛❝t✐✈✐t② ρi✳ ❲❤❡♥ ❜♦t❤ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ r❡❛❧
♣♦✇❡r ✭✷✳✷✵✮ ❛♥❞ ♦❢ r❡❛❝t✐✈❡ ♣♦✇❡r ✭✷✳✷✶✮ ❛r❡ ✉s❡❞✱ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤
t✇♦ ❝♦♥str❛✐♥ts ✐s ❢♦r♠❡❞ ✇❤✐❝❤ ✐s ❛❧✇❛②s ♠♦r❡ r❡str✐❝t✐✈❡ t❤❡♥ t❤❡ ❢♦r♠❡r✱ s✐♥❝❡
♥♦✇ t❤❡ r❡❛❝t❛♥❝❡ ♣❛rt ♦❢ r❡s✐st✐✈✐t② ρi ✐s ♣r❡s❝r✐❜❡❞ ♣r✐♦r t♦ t❤❡ ♦♣t✐♠✐③❛t✐♦♥✳

❆♣♣❧✐❝❛t✐♦♥ ♦❢ ❜♦t❤ ❝♦♥str❛✐♥ts ✐♥ ✭✷✳✷✵✮ ❛♥❞ ✭✷✳✷✶✮ ❡✛❡❝t✐✈❡❧② ❛❧❧♦✇s ❢♦r t❤❡
❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❜♦✉♥❞s ♦♥ str✉❝t✉r❡s s②♥t❤❡s✐③❡❞ ❢r♦♠ ❢✉❧❧② ❦♥♦✇♥ ❛♥❞ ❝❤❛r❛❝t❡r✲
✐③❡❞ ♠❛t❡r✐❛❧s ✭s✉❝❤ ❛s ❣♦❧❞✮✳ ❚❤♦✉❣❤ ❧♦♦s❡r✱ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♦♥❧② t❤❡ r❡❛❧ ♣♦✇❡r
❜♦✉♥❞ ✭✷✳✷✵✮✱ ❛❧❧♦✇s ❢♦r t❤❡ ❡①❛♠✐♥❛t✐♦♥ ♦❢ ❤②♣♦t❤❡t✐❝❛❧ ❢✉t✉r❡ ♠❛t❡r✐❛❧s ✇❤✐❝❤
♠❛② ❤❛✈❡ ✜①❡❞ ❧♦ss❡s ❜✉t t✉♥❛❜❧❡ ❜✉❧❦ r❡❛❝t✐✈✐t②✳

✸ ▼❛①✐♠✐③❛t✐♦♥ ♦❢ ❝r♦ss s❡❝t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ st✉❞② ✉♣♣❡r ❜♦✉♥❞s ♦♥ t❤❡ ❛❜s♦r♣t✐♦♥✱ s❝❛tt❡r✐♥❣✱ ❛♥❞ ❡①t✐♥❝t✐♦♥
❝r♦ss s❡❝t✐♦♥s✱ ❞❡♥♦t❡❞ ❛s σa✱ σs✱ ❛♥❞ σt✱ r❡s♣❡❝t✐✈❡❧②✱ ❛❝❤✐❡✈❛❜❧❡ ❜② ❛♥ ❛r❜✐tr❛r②
♦❜❥❡❝t ❝♦♥str✉❝t❡❞ ♦❢ ♠❛t❡r✐❛❧ ✇✐t❤ r❡s✐st✐✈✐t② ρ ❝♦♥✜♥❡❞ t♦ t❤❡ s✉♣♣♦rt Ω✳ ■♥
❛❧❧ ❝❛s❡s✱ ❛ ✜①❡❞ ✐♥❝✐❞❡♥t ✜❡❧❞ V ✐s ❛ss✉♠❡❞ ✇❤✐❝❤✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❝r♦ss s❡❝t✐♦♥s✱
❝♦rr❡s♣♦♥❞s t♦ ❛ ♣❧❛♥❡ ✇❛✈❡ ❬✻✱ ✸✶❪✳ ❚✇♦ ❢♦r♠s ♦❢ ❝♦♥str❛✐♥ts ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❲❡
❜❡❣✐♥ ✇✐t❤ t❤❡ s✐♠♣❧❡r ♦❢ t❤❡ t✇♦✱ ✇❤❡r❡ ♦♥❧② t❤❡ r❡❛❧ ♣❛rt ρr ♦❢ t❤❡ r❡s✐st✐✈✐t② ✐s
♣r❡s❝r✐❜❡❞ ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❝♦♥str❛✐♥t ✭✷✳✷✵✮✮✳ ❲❡ t❤❡♥ ❡①t❡♥❞ t❤❡ ♣r♦❜❧❡♠ t♦
✐♥❝❧✉❞❡ ❜♦t❤ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ r❡s✐st✐✈✐t② ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦
❜♦t❤ ✭✷✳✷✵✮ ❛♥❞ ✭✷✳✷✶✮✮✱ s❡❡ ❚❛❜✳ ✸✳✶ ❢♦r ❝♦rr❡s♣♦♥❞✐♥❣ s❡❝t✐♦♥ ♥✉♠❜❡rs ❢♦r ❡❛❝❤
♣r♦❜❧❡♠✳

✸✳✶ Pr❡s❝r✐❜❡❞ ❧♦ss❡s

✸✳✶✳✶ ❆❜s♦r♣t✐♦♥

▼❛①✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❛❜s♦r❜❡❞ ♣♦✇❡r ✭✷✳✼✮ ✇✐t❤ ♣r❡s❝r✐❜❡❞ ❧♦ss❡s ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡
❝✉rr❡♥t ❞❡♥s✐t✐❡s ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

maximize Pa

subject to Pa + Pr = Pt,
✭✸✳✶✮

✇❤✐❝❤ ❝❛♥✱ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❙❡❝✳ ✷✳✶✳✶✱ ❜❡ ✇r✐tt❡♥ ❛s ❛ ♣r✐♠❛❧ ◗❈◗P

maximize IHRρI

subject to IH(Rρ +R0)I− Re{IHV} = 0.
✭✸✳✷✮
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❈♦♥str❛✐♥ts ❘❡❧❛t✐✈❡
Pr♦❜❧❡♠ ◗✉❛♥t✐t② ✭✷✳✷✵✮ ✭✷✳✷✶✮ ❈♦♠♣❧❡①✐t② ❙❡❝t✐♦♥

♠❛①✐♠✉♠ ❛❜s♦r❜❡❞ ♣♦✇❡r Pa,R X ⋆⋆ ✸✳✶✳✶
Pa,Z X X ⋆ ⋆ ⋆ ✸✳✷✳✶

♠❛①✐♠✉♠ s❝❛tt❡r❡❞ ♣♦✇❡r Pr,R X ⋆⋆ ✸✳✶✳✷
Pr,Z X X ⋆ ⋆ ⋆ ✸✳✷✳✷

♠❛①✐♠✉♠ ❡①t✐♥❝t❡❞ ♣♦✇❡r Pt,R X ⋆ ✸✳✶✳✸
Pt,Z X X ⋆⋆ ✸✳✷✳✸

♠❛①✐♠✉♠ r❛❞✐❛t✐♦♥ ✐♥t❡♥s✐t② UR X ⋆ ✹✳✶
UZ X X ⋆⋆ ✹✳✷

♠❛①✐♠✉♠ P✉r❝❡❧❧✬s ❢❛❝t♦r FR X ⋆⋆ ✺✳✶
FZ X X ⋆ ⋆ ⋆ ✺✳✷

❚❛❜❧❡ ✶✿ ❖♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s s♦❧✈❡❞ ✐♥ t❤❡ ♣❛♣❡r✳

❚❤✐s ◗❈◗P ✐s ♥♦t ❝♦♥✈❡① ❬✼❪ ❜✉t ❝❛♥ ❜❡ ❛♥❛❧②③❡❞ ✉s✐♥❣ t❤❡ t❡❝❤♥✐q✉❡s ✐♥ ❆♣♣✳ ❇✳
P❛rt✐❝✉❧❛r❧②✱ t❤❡ ♠❛①✐♠✉♠ ❛❜s♦r❜❡❞ ♣♦✇❡r ✐s ❞❡t❡r♠✐♥❡❞ ❢r♦♠ s♦❧✉t✐♦♥ t♦ ❛ ❞✉❛❧
♣r♦❜❧❡♠

Pa,R = min
ν>1

ν2

8
VH
(

(ν − 1)Rρ + νR0

)−1
V, ✭✸✳✸✮

✇❤❡r❡ t❤❡ ❝♦♥❞✐t✐♦♥ ν > 1 ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❧♦✇✲r❛♥❦ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❛tr✐①R0✱
s❡❡ ❆♣♣✳ ❇ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳ ❚❤✐s ❞✉❛❧ ♣r♦❜❧❡♠ ❝❛♥ ❞✐r❡❝t❧② ❜❡ s♦❧✈❡❞ ✉s✐♥❣ ❛ ❧✐♥❡
s❡❛r❝❤ ❛❧❣♦r✐t❤♠ s✉❝❤ ❛s t❤❡ ◆❡✇t♦♥ ♦r ❜✐s❡❝t✐♦♥ ❛❧❣♦r✐t❤♠s ❬✼❪✳ ▲✐❦❡ ♠❛♥② ♦❢ t❤❡
♦t❤❡r ♣r♦❜❧❡♠s ❞❡t❛✐❧❡❞ ✐♥ ❧❛t❡r s❡❝t✐♦♥s✱ s♦❧✉t✐♦♥ t♦ ✭✸✳✸✮ ❝❛♥ ❛❞✈❛♥t❛❣❡♦✉s❧② ❜❡
❢♦r♠✉❧❛t❡❞ ✐♥ ❛ ❜❛s✐s Q ✇❤✐❝❤ s✐♠✉❧t❛♥❡♦✉s❧② ❞✐❛❣♦♥❛❧✐③❡ t❤❡ ♦♣❡r❛t♦rs Rρ ❛♥❞ R0✳
❱❡❝t♦rs ♦❢ t❤✐s ❜❛s✐s ✭❝♦❧✉♠♥s In ♦❢ ♠❛tr✐①Q✮ ❛r❡ ❝❛❧❧❡❞ r❛❞✐❛t✐♦♥ ♠♦❞❡s✱ s❡❡ ❆♣♣✳ ❈✱
❛♥❞ ❛r❡ t❤❡ s♦❧✉t✐♦♥ t♦ ❛ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ❬✶✷❪

R0In = ̺nRρIn. ✭✸✳✹✮

❚❤❡ r❛❞✐❛t✐♦♥ ♠❛tr✐① R0 ✐s ❦♥♦✇♥ t♦ ❜❡ ♦❢ ❧♦✇ r❛♥❦✱ ❛♥❞ ❝❛♥ ❛❞✈❛♥t❛❣❡♦✉s❧② ❜❡
❞❡❝♦♠♣♦s❡❞ ❛s R0 = SHS✱ s❡❡ ❬✺✺❪✳ ❚❤❡ ❧♦ss ♠❛tr✐① Rρ ✐s ❛ s♣❛rs❡ ❢✉❧❧ r❛♥❦ ♣♦s✲
✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① ❛♥❞ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✈✐❛ ❛ ❈❤♦❧❡s❦② ❞❡❝♦♠♣♦st✐♦♥ ❬✶✷❪
❛s Rρ = ΥHΥ✳ ❙✉❜st✐t✉t✐♥❣ ✐♥t♦ ✭✸✳✹✮ ❛♥❞ ✉s✐♥❣ ❛ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐✲
t✐♦♥ ✭❙❱❉✮ ❬✶✷❪ SΥ−1 = U1ΣUH

2 ✱ ✇❤❡r❡ ♠❛tr✐❝❡s U1,U2 ❛r❡ ✉♥✐t❛r② ❛♥❞ ♠❛tr✐① Σ

✐s ❞✐❛❣♦♥❛❧✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ̺n = Σ2
nn ❛♥❞ Q = Υ−1U2✳

❆ss✉♠✐♥❣ I = QĨ✱ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✸✳✸✮✱ ♥♦r♠❛❧✐③❡❞ t♦ ✐♥❝✐❞❡♥t ♣♦✇❡r
✢✉① S0✱ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

σa,R = min
ν>1

ν2

8S0

N
∑

n=1

∣

∣Ṽn

∣

∣

2

ν(1 + ̺n)− 1
= min

ν>1

ν2

4k2

N
∑

n=1

̺n|ãn|2
ν(1 + ̺n)− 1

, ✭✸✳✺✮

✇❤❡r❡ Ṽ = QHV✳ ❚❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ✐♥ ✭✸✳✺✮ ❛ss✉♠❡s t❤❛t t❤❡ ❡①❝✐t❛t✐♦♥ ✈❡❝t♦r
❤❛s ❜❡❡♥ ❝♦♠♣♦s❡❞ ♦❢ s♣❤❡r✐❝❛❧ ✇❛✈❡s ❛s V = SHa/(k

√
η0)✱ ✇❤❡r❡ a ❛r❡ ❞✐♠❡♥✲

s✐♦♥❧❡ss s♣❤❡r✐❝❛❧ ✇❛✈❡ ❡①♣❛♥s✐♦♥ ❝♦❡✣❝✐❡♥ts ♦❢ ❛♥ ✐♥❝✐❞❡♥t ♣❧❛♥❡ ✇❛✈❡ ✇✐t❤ ✉♥✐t



✶✶

❛♠♣❧✐t✉❞❡✱ s❡❡ ❆♣♣✳ ❈✳ ❆ ♣r♦❥❡❝t✐♦♥ ã = UH
1 a ❤❛s ❛❧s♦ ❜❡❡♥ ❞❡✜♥❡❞ t♦ ❡❛s❡ t❤❡

♥♦t❛t✐♦♥✳
❆s s❤♦✇♥ ✐♥ ❆♣♣✳ ❇✱ t❤❡ ❢♦r♠ ✐♥ ✭✸✳✺✮ ✭❛s ❝♦♠♣❛r❡❞ t♦ ✭✸✳✸✮✮ ❛❧❧♦✇s ❢♦r s✐♠♣❧❡

❛♥❛❧②t✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❛❣r❛♥❣❡
♠✉❧t✐♣❧✐❡r ν ❜❡✐♥❣ ✇❡❧❧ ♣r❡♣❛r❡❞ ❢♦r ❛ ♠✐♥✐♠✐③❛t✐♦♥ ✈✐❛ ◆❡✇t♦♥✬s ❛❧❣♦r✐t❤♠✳ ❋✉r✲
t❤❡r♠♦r❡✱ t❤❡ s✉♠♠❛t✐♦♥ ✐♥✈♦❧✈❡❞ ✐♥ ✭✸✳✺✮ ❝♦♥✈❡r❣❡s q✉✐❝❦❧② ✐♥ r❡❛❧✐st✐❝ s❝❡♥❛r✐♦s✱
s✐♥❝❡ ❢♦r s♠❛❧❧ ❡❧❡❝tr✐❝❛❧ s✐③❡s ✭ka ≤ 1✮✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ̺n ❞❡❝❛② r❛♣✐❞❧② ✐♥ n ❛♥❞
♦♥❧② ❛ ❢❡✇ t❡r♠s ❛r❡ ♥❡❡❞❡❞✱ s❡❡ ❆♣♣✳ ❈✳ ◆♦t✐❝❡ t❤❛t ❛ s✐♠✐❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ✇❛s
✐♠♣❧✐❝✐t❧② ✉s❡❞ ✐♥ ❬✸✽✱ ❊q✳ ✹✱ ✺❪ t♦ s♦❧✈❡ ❛ r❡❧❛t❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳

✸✳✶✳✷ ❙❝❛tt❡r✐♥❣

▼❛①✐♠✐③❛t✐♦♥ ♦❢ t❤❡ s❝❛tt❡r❡❞ ♣♦✇❡r ✐s ❞❡t❡r♠✐♥❡❞ ❜② ✐♥t❡r❝❤❛♥❣✐♥❣ Rρ ❛♥❞ R0

✐♥ ✭✸✳✷✮ ❛♥❞ ✭✸✳✸✮ ✇❤✐❝❤ ❣✐✈❡s

maximize IHR0I

subject to IH(Rρ +R0)I− Re{IHV} = 0
✭✸✳✻✮

✇✐t❤ t❤❡ ❞✉❛❧ ♣r♦❜❧❡♠

Pr,R = min
ν>ν1

ν2

8
VH
(

νRρ + (ν − 1)R0

)−1
V, ✭✸✳✼✮

✇❤❡r❡ ν1 = ̺1/(1 + ̺1) ✇✐t❤ ̺1 t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ✭✸✳✹✮ ❢♦r t❤❡ r❛❞✐❛t✐♦♥ ♠♦❞❡s✳
❖❜s❡r✈❡ t❤❛t t❤✐s ✈❛❧✉❡ ♦❢ ν1 ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♠❛①✐♠✉♠ r❛❞✐❛t✐♦♥ ❡✣❝✐❡♥❝② ❢♦r
❛♥t❡♥♥❛s r❡str✐❝t❡❞ t♦ t❤❡ r❡❣✐♦♥ Ω ❬✶✻❪✳

❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ❜♦✉♥❞ ♦♥ t❤❡ ❛❜s♦r♣t✐♦♥ ❝r♦ss s❡❝t✐♦♥ ✐♥ ✭✸✳✺✮✱ t❤❡ ❜♦✉♥❞ ♦♥
t❤❡ s❝❛tt❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ r❛❞✐❛t✐♦♥ ♠♦❞❡s ❛s

σs,R = min
ν>ν1

ν2

8S0

N
∑

n=1

∣

∣Ṽn

∣

∣

2

ν (1 + ̺n)− ̺n
= min

ν>ν1

ν2

4k2

N
∑

n=1

̺n|ãn|2
ν (1 + ̺n)− ̺n

. ✭✸✳✽✮

✸✳✶✳✸ ❊①t✐♥❝t✐♦♥

❚❤❡ ♠❛①✐♠✉♠ ❡①t✐♥❝t❡❞ ♣♦✇❡r ✐s ❞❡t❡r♠✐♥❡❞ ❢r♦♠ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❝②❝❧❡
♠❡❛♥ ♣♦✇❡r Pt✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♣♦✇❡r ❜❛❧❛♥❝❡ ✐♥ ✭✷✳✶✾✮ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❣r❡❛t❧②
r❡❞✉❝❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐♥t♦

maximize Re{VHI}
subject to IH(Rρ +R0)I− Re{IHV} = 0

✭✸✳✾✮

✇✐t❤ t❤❡ ❡①♣❧✐❝✐t s♦❧✉t✐♦♥

Pt,R =
1

2
VH(Rρ +R0)

−1V =
1

2
VHR−1V. ✭✸✳✶✵✮

❚❤✐s ❡①♣r❡ss✐♦♥ ✐s ❛❧s♦ r❡❝♦❣♥✐③❡❞ ❢r♦♠ ❜♦✉♥❞s ♦♥ t❤❡ ♠❛①✐♠✉♠ ❡✛❡❝t✐✈❡ ❛r❡❛ Ae

♦❢ ❛♥t❡♥♥❛s r❡str✐❝t❡❞ t♦ r❡❣✐♦♥ Ω ❬✶✸❪✳



✶✷

❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♠❡t❤♦❞♦❧♦❣② ❛s ❛♣♣❧✐❡❞ t♦ ❛❜s♦r♣t✐♦♥ ❛♥❞ s❝❛tt❡r✐♥❣✱ t❤❡
♠❛①✐♠✉♠ ❡①t✐♥❝t✐♦♥ ❝r♦ss s❡❝t✐♦♥ ✭✸✳✶✵✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ r❛❞✐❛t✐♦♥ ♠♦❞❡s
❛s

σt,R =
1

2S0

N
∑

n=1

∣

∣Ṽn

∣

∣

2

1 + ̺n
=

1

k2

N
∑

n=1

̺n|ãn|2
1 + ̺n

. ✭✸✳✶✶✮

✸✳✶✳✹ ❊❧❡❝tr✐❝❛❧❧② s♠❛❧❧ s❝❛tt❡r❡rs

❆❧t❤♦✉❣❤ t❤❡ ❜♦✉♥❞s ✐♥ ✭✸✳✺✮✱ ✭✸✳✽✮✱ ❛♥❞ ✭✸✳✶✶✮ ❛r❡ ❡❛s✐❧② ❞❡t❡r♠✐♥❡❞ ❢♦r ❛♥ ❛r❜✐✲
tr❛r② s❤❛♣❡❞ ❣❡♦♠❡tr②✱ t❤❡✐r ❡①♣❧✐❝✐t ❛♣♣r♦①✐♠❛t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ r❡s✐st✐✈✐t②
ρr✱ ✈♦❧✉♠❡ V ✱ ❛♥❞ ❢r❡❡✲s♣❛❝❡ ✇❛✈❡♥✉♠❜❡r k ❛r❡ ♦❢ ❣r❡❛t ✐♥t❡r❡st ❬✸✼❪✳ ❙✉❝❤ ❛♣♣r♦①✲
✐♠❛t✐♦♥ ✐s ♣♦ss✐❜❧❡ ✐♥ t❤❡ ❧✐♠✐t ♦❢ s♠❛❧❧ ❡❧❡❝tr✐❝ s✐③❡s ka = 2πa/λ ≪ 1✳ ■♥ t❤✐s ❝❛s❡
✐t ❝❛♥ ❜❡ ❛ss✉♠❡❞ t❤❛t t❤❡ s✉♠♠❛t✐♦♥s ✐♥ ✭✸✳✺✮✱ ✭✸✳✽✮ ❛♥❞ ✭✸✳✶✶✮ ❛r❡ ❞♦♠✐♥❛t❡❞ ❜②
t❤❡ ✜rst t❡r♠✳ ■❢ ♦♥❧② t❤✐s ❞♦♠✐♥❛♥t t❡r♠ ✭n = 1✮ ✐s ❦❡♣t✱ ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥
❡①✐sts ✐♥ ❛❧❧ t❤r❡❡ ❝❛s❡s ❛♥❞ r❡❛❞s

σa,R
ka≪1≈ ̺1|ã1|2

k2(1 + ̺1)2
=

η0V

ρr
Ä

1 + η0k2V

6πρr

ä2 ≤
®

η0V/ρr = σa,ρr

3π/(2k2) = σa,d

✭✸✳✶✷✮

σs,R
ka≪1≈ ̺21|ã1|2

k2(1 + ̺1)2
=

k2

6π

Ä

η0V

ρr

ä2

Ä

1 + η0k2V

6πρr

ä2 ≤











k2η20V
2/(6πρ2r )

η0V/(4ρr) = σs,ρr

6π/k2 = σs,d

✭✸✳✶✸✮

σt,R
ka≪1≈ ̺1|ã1|2

k2(1 + ̺1)
=

η0V

ρr
Ä

1 + η0k2V

6πρr

ä ≤
®

η0V/ρr

6π/k2
✭✸✳✶✹✮

✇❤❡r❡ t❤❡ ❞♦♠✐♥❛♥t r❛❞✐❛t✐♦♥ ♠♦❞❡ ̺1 ≈ η0k
2V/(6πρr) ❛♥❞ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡

♣❧❛♥❡ ✇❛✈❡ ♦♥ ❛ ❞✐♣♦❧❡ ♠♦❞❡ |ã1|2 = 6π ❢♦r ka ≪ 1 ❤❛✈❡ ❜❡❡♥ ✉s❡❞✱ s❡❡ ❆♣♣✳ ❈✳
❘❡❧❛t✐♦♥ ✭✸✳✶✷✮ s❤♦✇s t❤❛t t❤❡ ❛❜s♦r♣t✐♦♥ ❝r♦ss s❡❝t✐♦♥ ✐s✱ ✐♥ t❤❡ ❧✐♠✐t ♦❢ s♠❛❧❧

❡❧❡❝tr✐❝ s✐③❡✱ ❜♦✉♥❞❡❞ ❜② σa,ρr ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✸✼❪ ❛♥❞ ❜② t❤❡ ❞✐♣♦❧❡ ❜♦✉♥❞ σa,d ❬✺✻❪✳
❚❤❡ ♠❛t❡r✐❛❧✲♦♥❧② ❜♦✉♥❞ ✐s ✈❛❧✐❞ ❢♦r ❛❧❧ ❡❧❡❝tr✐❝❛❧ s✐③❡s ❬✸✼❪ ❛♥❞ ✐s ♦❜t❛✐♥❡❞ ❜② ♥❡✲
❣❧❡❝t✐♥❣ t❤❡ r❛❞✐❛t✐♦♥ t❡r♠ R0 ✐♥ ✭✸✳✸✮✳ ❚❤❡ ❞✐♣♦❧❡ ❜♦✉♥❞ ✐s r❡str✐❝t❡❞ t♦ ❞✐♣♦❧❡
✐♥t❡r❛❝t✐♦♥ ❛♥❞ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❞✐r❡❝t✐✈✐t②✱ D✱ ❛♥❞ ❣❛✐♥ G✱ ♦❢ ❛ ❧♦ss❧❡ss
❍❡rt③✐❛♥ ❞✐♣♦❧❡ D = G = 3/2 ❤❛✈✐♥❣ ❡✛❡❝t✐✈❡ ❛r❡❛ λ2G/(4π) = 3π/(2k2) ❬✺✷❪✳ ❚❤❡s❡
t✇♦ ❜♦✉♥❞s ✐♥t❡rs❡❝t ❛t k =

√

3πρr/(2η0V )✳ ❚❤❡ ❜♦✉♥❞ σa,R ❤❛s ❛ ♠❛①✐♠✉♠ ❢♦r
̺1 = 1 ❜✉t ❞❡❝r❡❛s❡s ♠♦♥♦t♦♥✐❝❛❧❧② ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ✇❛✈❡♥✉♠❜❡r k ❢♦r ❡❧❡❝tr✐❝❛❧❧②
s♠❛❧❧ ♦❜❥❡❝ts✳ ❚❤❡ s✐♥❣❧❡ t❡r♠ ✭❞✐♣♦❧❡✮ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♥♦t ✈❛❧✐❞ ❛s ρr → 0 s✐♥❝❡
t❤❡ ❞✐♣♦❧❡ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❛❜s♦r♣t✐♦♥ ✐s ♥❡❣❧✐❣✐❜❧❡ ❛♥❞ t❤❡r❡❢♦r❡ ✐t ✐s ♥❡❝❡ss❛r②
t♦ ✐♥❝❧✉❞❡ ❤✐❣❤❡r ♦r❞❡r t❡r♠s✳

❘❡s✉❧ts ❢♦r ❜♦✉♥❞s ♦♥ s❝❛tt❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥ ✭✸✳✶✸✮ s❤♦✇ t❤r❡❡ ❞✐st✐♥❝t r❡❣✐♦♥s ❛t
s♠❛❧❧ ❡❧❡❝tr✐❝❛❧ s✐③❡s ❛s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ t✇♦ ❢♦r t❤❡ ❛❜s♦r♣t✐♦♥ ❝r♦ss s❡❝t✐♦♥ ✭✸✳✶✷✮✳
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❚❤❡ s❝❛tt❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥ ✜rst ✐♥❝r❡❛s❡s ✇✐t❤ k2 r❡❛❝❤✐♥❣ ✐ts ♠❛①✐♠✉♠ σs,ρr ❢♦r
t❤❡ ✇❛✈❡♥✉♠❜❡r

ks =

 

6πρr
η0V

✭✸✳✶✺✮

❛❢t❡r ✇❤✐❝❤ ✐t ❞❡❝❡❛s❡s ✇✐t❤ k−2✳ ❙♠❛❧❧ s❡❧❢✲r❡s♦♥❛♥t ♦❜❥❡❝ts ❛r❡ ♦❢t❡♥ ♠✐♥✐♠✉♠
s❝❛tt❡r✐♥❣ ❬✷✽✱ ✹✶❪ ❛♥❞ ❤❡♥❝❡ σa = σs ✇❤✐❝❤ ✐♠♣❧✐❡s ̺1 = 1 ✇❤✐❝❤ ✐s r❡❝♦❣♥✐③❡❞
❛s ✭✸✳✶✺✮ ❛♥❞ ❢r♦♠ t❤❡ ♠❛①✐♠✉♠ ♦❢ ✭✸✳✶✸✮✳

❚❤❡ s♠❛❧❧ ❡❧❡❝tr✐❝ s✐③❡ ❧✐♠✐t ♦❢ t❤❡ ❜♦✉♥❞ ♦♥ t❤❡ ❡①t✐♥❝t✐♦♥ ❝r♦ss s❡❝t✐♦♥ ✭✸✳✶✹✮
✐s s✐♠✐❧❛r t♦ t❤❡ t✇♦ ♣r❡✈✐♦✉s ❝❛s❡s✳

✸✳✶✳✺ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s
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ρr/a = 10Ω

λ/(2πa) = (ka)−1

❋✐❣✉r❡ ✸✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❜♦✉♥❞s ♦♥ ❛❜s♦r♣t✐♦♥ ✭✸✳✺✮✱ s❝❛tt❡r✐♥❣ ✭✸✳✽✮✱
❛♥❞ ❡①t✐♥❝t✐♦♥ ✭✸✳✶✶✮ ❝r♦ss s❡❝t✐♦♥s ❢♦r ♦❜st❛❝❧❡s ✇✐t❤ r❡s✐st✐✈✐t✐❡s ✭✷✳✷✹✮ ρr/a ∈
{0.01, 0.1, 1, 10}Ω ❝✐r❝✉♠s❝r✐❜❡❞ ❜② ❛ s♣❤❡r❡ ✇✐t❤ r❛❞✐✉s a✳ ❚❤❡ ❜♦✉♥❞s ❛r❡ ❝♦♠✲
♣❛r❡❞ ✇✐t❤ t❤❡ ♠❛t❡r✐❛❧✲♦♥❧② σ∗,ρr ❛♥❞ ❞✐♣♦❧❡ σ∗,d ❜♦✉♥❞s ❢r♦♠ t❤❡ ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧
❛♣♣r♦①✐♠❛t✐♦♥s ✭✸✳✶✷✮ ❛♥❞ ✭✸✳✶✸✮✳

❇♦✉♥❞s ♦♥ ❛❜s♦r♣t✐♦♥✱ s❝❛tt❡r✐♥❣✱ ❛♥❞ ❡①t✐♥❝t✐♦♥ ❝r♦ss s❡❝t✐♦♥s ❛r❡ ❞❡♣✐❝t❡❞ ✐♥
❋✐❣✳ ✸ ❢♦r ♦❜st❛❝❧❡s s✉♣♣♦rt❡❞ ✐♥ ❛ s♣❤❡r✐❝❛❧ r❡❣✐♦♥ ✇✐t❤ r❛❞✐✉s a ❛♥❞ r❡s✐st✐✈✐t✐❡s
ρr/a ∈ {0.01, 0.1, 1, 10}Ω✳ ❚❤❡ ❜♦✉♥❞s ❛r❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❛♥ ❛♥❛❧②t✐❝❛❧ ♣r❡s❝r✐♣✲
t✐♦♥ ❢♦r r❛❞✐❛t✐♦♥ ♠♦❞❡s ♦❢ ❛ s♣❤❡r❡ ✭❈✳✶✮✱ ♥♦r♠❛❧✐③❡❞ ✇✐t❤ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❝r♦ss
s❡❝t✐♦♥ Across = πa2✱ ❛♥❞ s❤♦✇♥ ❢♦r ❡❧❡❝tr✐❝ s✐③❡s 10−3 ≤ ka ≤ 102✳ ❈♦♠♣❛r❡❞
✇✐t❤ t❤❡ s♠❛❧❧✲s✐③❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❢r♦♠ ❙❡❝✳ ✸✳✶✳✹ ✭❞❛s❤❡❞ ❛♥❞ ❞♦tt❡❞ ❧✐♥❡s✮ ✐t ✐s
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❋✐❣✉r❡ ✹✿ ❇♦✉♥❞s ♦♥ ❛❜s♦r♣t✐♦♥ ✭✸✳✺✮✱ s❝❛tt❡r✐♥❣ ✭✸✳✽✮✱ ❛♥❞ ❡①t✐♥❝t✐♦♥ ✭✸✳✶✶✮ ❝r♦ss
s❡❝t✐♦♥s ❢♦r s♣❤❡r✐❝❛❧ r❡❣✐♦♥s ❝♦♠♣❛r❡❞ ✇✐t❤ r❡❛❧✐③❡❞ ❝r♦ss s❡❝t✐♦♥s ♦❢ s♦❧✐❞ s♣❤❡r❡s
❛♥❞ s♣❤❡r✐❝❛❧ s❤❡❧❧s ❤♦♠♦❣❡♥❡♦✉s❧② ✜❧❧❡❞ ✇✐t❤ r❡s✐st✐✈✐t② ✭✷✳✷✹✮ ρr/a = 1Ω ❛♥❞
♦♣t✐♠✐③❡❞ r❡❛❝t❛♥❝❡ ρi ❛♥❞ s❤❡❧❧ t❤✐❝❦♥❡ss✳

♦❜s❡r✈❡❞ t❤❛t σa,R ❢♦❧❧♦✇s σa,ρr ❬✸✼❪ ✉♣ t♦ k = ks/2✱ ❝❢✳✱ ✭✸✳✶✺✮✱ ✇❤❡r❡ t❤❡ s♠❛❧❧ s✐③❡
❛♣♣r♦①✐♠❛t✐♦♥s ✭✸✳✶✷✮ ✐♥t❡rs❡❝t✳ ❚❤❡♥ t❤❡ ❜♦✉♥❞ ❢♦❧❧♦✇s t❤❡ ❞✐♣♦❧❡ ❛♣♣r♦①✐♠❛t✐♦♥
✉♥t✐❧ t❤❡ str✉❝t✉r❡ st❛rts t♦ s✉♣♣♦rt ❤✐❣❤❡r ♦r❞❡r ♠♦❞❡s✳ ❚❤❡ ♠❛①✐♠✉♠ ♦❢ σs,R ✐s
r❡❛❝❤❡❞ ❛t k = ks ❛♥❞ ✐s ✇❡❧❧ ❞❡s❝r✐❜❡❞ ❜② t❤❡ s♠❛❧❧ s✐③❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✭✸✳✶✸✮✳ ❚❤❡
❞✐♣♦❧❡ ❛♣♣r♦①✐♠❛t✐♦♥s ❛r❡ ♠♦st ✉s❡❢✉❧ ❢♦r ❧♦✇✲❧♦ss ❝❛s❡s ✇❤❡r❡ t❤❡② ❛♣♣r♦①✐♠❛t❡ t❤❡
❜♦✉♥❞s ♦✈❡r ❛ ❧❛r❣❡ r❛♥❣❡ ♦❢ ❢r❡q✉❡♥❝✐❡s✳ ❚❤❡ ❛♣♣r♦①✐♠❛t❡ ♦♥s❡t ♦❢ ❞✐✛❡r❡♥t r❛❞✐❛✲
t✐♦♥ ♠♦❞❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥ ̺n ≈ 1✱ ✇✐t❤ t❤❡ r❛❞✐❛t✐♦♥ ♠♦❞❡s ❢♦r
t❤❡ s♣❤❡r❡ ✐♥ ✭❈✳✶✮ ❞❡♣✐❝t❡❞ ❋✐❣✳ ✶✸✳ ❚❤❡ ✜rst ♠♦❞❡ r❡❛❝❤❡s ̺1 ≈ 1 ❛t ka ≈ ksa =
√

9ρr/(2η0a) ≈ {0.01, 0.03, 0.11, 0.35} ❛♥❞ ❞♦♠✐♥❛t❡s t❤❡ ❝r♦ss s❡❝t✐♦♥s ✉♥t✐❧ t❤❡

♦♥s❡t ♦❢ t❤❡ s❡❝♦♥❞ ♠♦❞❡ ✭̺2 ≈ 1✮ ❛t ka ≈ 4

√

18ρr/(η0a) ≈ {0.15, 0.26, 0.47, 0.83}✱
✇❤❡r❡ ❛ 4

√
ρr s❝❛❧✐♥❣ ✐♥ ρr ❢♦r t❤❡ s❡❝♦♥❞ ♠♦❞❡ ✐s ❛❧s♦ s❡❡♥✳

❚❤❡ ❜♦✉♥❞s ✐♥❝r❡❛s❡ ♠♦♥♦t♦♥✐❝❛❧❧② ✇✐t❤ ❞❡❝r❡❛s✐♥❣ r❡s✐st✐✈✐t② ρr ❛♥❞ ❛r❡ ✉♥✲
❜♦✉♥❞❡❞ ✐♥ t❤❡ ❧✐♠✐t ρr → 0✳ ❚❤✐s ✐♥❝r❡❛s❡ ✐s✱ ❤♦✇❡✈❡r✱ s❧♦✇ ❢♦r k > ks ❛♥❞ ♥❡❣❧✐❣✐❜❧❡
✐♥ t❤❡ ❧✐♠✐t ♦❢ ❡❧❡❝tr✐❝❛❧❧② ❧❛r❣❡ str✉❝t✉r❡s ✇❤❡r❡ σa,R ❛♣♣r♦❛❝❤❡s t❤❡ ❣❡♦♠❡tr✐❝❛❧
❝r♦ss s❡❝t✐♦♥ Across ❛♥❞ σs,R, σt,R ❛♣♣r♦❛❝❤ 4Across✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❜♦✉♥❞ σa,R ✐s
s✐♠✐❧❛r t♦ t❤❛t ❞❡r✐✈❡❞ ✐♥ ❬✸✽❪✳ ❚❤❡ r❡s✉❧ts s❤♦✇♥ ✐♥ ❋✐❣✳ ✸ ❢♦r σa,R ❝❛♥ t❤❡r❡❢♦r❡
❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤♦s❡ ✐♥ ❋✐❣✳ ✷ ❢r♦♠ ❬✸✽❪ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r❡❧❛t✐♦♥ ρr/a =
η0/(ζka)✳

❚✐❣❤t♥❡ss ♦❢ t❤❡ ❜♦✉♥❞s ✐s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❋✐❣✳ ✹✱ ✇❤❡r❡ t❤❡ r❡❛❧✐③❡❞ ❝r♦ss s❡❝t✐♦♥s
❢♦r s♦❧✐❞ s♣❤❡r❡s ❛♥❞ s♣❤❡r✐❝❛❧ s❤❡❧❧s ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❜♦✉♥❞s✳ ❚❤❡ ✐♠❛❣✐♥❛r②
♣❛rt ρi = Im{ρ} ❛♥❞ s❤❡❧❧ t❤✐❝❦♥❡ss ❛r❡ s✇❡♣t ♥✉♠❡r✐❝❛❧❧② ❢♦r ❡❛❝❤ ❡❧❡❝tr✐❝ s✐③❡ ❛♥❞
t❤❡ ♠❛①✐♠✉♠ r❡❛❧✐③❡❞ ❝r♦ss s❡❝t✐♦♥s ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✹✳ ❙♦❧✐❞ s♣❤❡r❡s r❡❛❝❤ t❤❡
❜♦✉♥❞s ❢♦r s♠❛❧❧ ❡❧❡❝tr✐❝ s✐③❡s ka ≤ 0.1 ❜✉t ❛r❡ s❧✐❣❤t❧② ❜❡❧♦✇ t❤❡ ❜♦✉♥❞s ❢♦r ❧❛r❣❡r
s✐③❡s✳ ❖♣t✐♠✐③❛t✐♦♥ ♦✈❡r t❤❡ ❧❛②❡r t❤✐❝❦♥❡ss ✐♥❝r❡❛s❡s t❤❡ ❝r♦ss s❡❝t✐♦♥s s❧✐❣❤t❧② ❜✉t
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ρr/a = 0.01Ω

σ
/(
π
a
2
)

2az

2ar

ρr/a = 0.1Ω

10−1 100 101 102
100

101

102

103

104

105
ρr/a = 1Ω

λ/(2πa) = (ka)−1

σ
/(
π
a
2
)

σa σs

ar = 1.0az

ar = 0.5az

ar = 0.3az

az = 0.5ar

az = 0.3ar

100 101 102 103

ρr/a = 10Ω

λ/(2πa) = (ka)−1

❋✐❣✉r❡ ✺✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❜♦✉♥❞s ♦♥ ❛❜s♦r♣t✐♦♥ ✭✸✳✺✮ ❛♥❞ s❝❛tt❡r✐♥❣ ✭✸✳✽✮ ❝r♦ss
s❡❝t✐♦♥s ❢♦r s♣❤❡r♦✐❞s ✇✐t❤ r❡s✐st✐✈✐t② ✭✷✳✷✹✮ ρr/a ∈ {0.01, 0.1, 1, 10}Ω ❛s ❢✉♥❝t✐♦♥ ♦❢
t❤❡ ❡❧❡❝tr✐❝❛❧ s✐③❡✳

❞♦❡s ♥♦t r❡❛❝❤ t❤❡ ❜♦✉♥❞s✳
❇♦✉♥❞s ♦♥ ❛❜s♦r♣t✐♦♥ ❛♥❞ s❝❛tt❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥s ❢♦r ♦❜st❛❝❧❡s ❝✐r❝✉♠s❝r✐❜❡❞

❜② s♣❤❡r♦✐❞❛❧ r❡❣✐♦♥s ✇✐t❤ s❡♠✐ ❛①❡s ar ❛♥❞ az ❛♥❞ ❛♥ ✐♥❝✐❞❡♥t ♣❧❛♥❡ ✇❛✈❡ ❢r♦♠ t❤❡
ẑ✲❞✐r❡❝t✐♦♥ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✺✳ ❚❤❡ ♦✈❡r❛❧❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❜♦✉♥❞s ❢♦r ❝✐r❝✉♠✲
s❝r✐❜✐♥❣ s♣❤❡r❡s ✐♥ ❋✐❣✳ ✸ ❛♥❞ s♣❤❡r♦✐❞s ❛r❡ s✐♠✐❧❛r✳ ❆ ❞❡❝r❡❛s❡ ❢♦r ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧
s♣❤❡r♦✐❞ ❛s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ s♣❤❡r❡ ar = az ✐s ❡①♣❧❛✐♥❡❞ ❜② t❤❡ r❡❞✉❝❡❞ ✈♦❧✉♠❡✱
s❡❡ ✭✸✳✶✷✮ ❛♥❞ ✭✸✳✶✸✮✳

✸✳✷ Pr❡s❝r✐❜❡❞ ♠❛t❡r✐❛❧s

❍❡r❡ ✇❡ ❛❞❛♣t t❤❡ ♣❤②s✐❝❛❧ ❜♦✉♥❞s ✐♥ ❙❡❝✳ ✸✳✶ t♦ ❛ str✐❝t❡r ❢♦r♠ ✇❤❡r❡ ❜♦t❤ r❡❛❧
❛♥❞ ✐♠❛❣✐♥❛r② ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ r❡s✐st✐✈✐t② ρ ❛r❡ ✜①❡❞✳

✸✳✷✳✶ ❆❜s♦r♣t✐♦♥

❆❞❞✐♥❣ t❤❡ r❡❛❝t❛♥❝❡ ❝♦♥❞✐t✐♦♥ ✭✷✳✷✶✮ t♦ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ✭✸✳✷✮ ❢♦r ♠❛①✲
✐♠✐③✐♥❣ t❤❡ ❛❜s♦r❜❡❞ ♣♦✇❡r✱ ✇❡ ♦❜t❛✐♥

maximize IHRρI

subject to IHRI− Re{IHV} = 0

IHXI− Im{IHV} = 0

✭✸✳✶✻✮



✶✻

❛♥❞ t❤❡ ❞✉❛❧ ♣r♦❜❧❡♠ ✭s❡❡ ❆♣♣✳ ❇✮

Pa,Z = min
(ν,µ)∈D

ν2 + µ2

8
VH
(

−Rρ + νR+ µX
)−1

V, ✭✸✳✶✼✮

✇❤❡r❡ D = {(ν, µ) : −Rρ + νR+ µX � 0}✳

✸✳✷✳✷ ❙❝❛tt❡r✐♥❣

❚❤❡ s❝❛tt❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥ ✐s s✐♠✐❧❛r❧② ♦❜t❛✐♥❡❞ ❜② ✐♥t❡r❝❤❛♥❣✐♥❣ R0 ❛♥❞ Rρ ❣✐✈✐♥❣
t❤❡ ♣r✐♠❛❧ ♣r♦❜❧❡♠

maximize IHR0I

subject to IHRI− Re{IHV} = 0

IHXI− Im{IHV} = 0

✭✸✳✶✽✮

❛♥❞ t❤❡ ❞✉❛❧ ♣r♦❜❧❡♠

Pr,Z = min
(ν,µ)∈D

ν2 + µ2

8
VH
(

−R0 + νR+ µX
)−1

V, ✭✸✳✶✾✮

✇❤❡r❡ D = {(ν, µ) : −R0 + νR+ µX � 0}✳

✸✳✷✳✸ ❊①t✐♥❝t✐♦♥

❋♦r t❤❡ ❡①t✐♥❝t✐♦♥ ❝r♦ss s❡❝t✐♦♥✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ❜♦t❤ ❝♦♥str❛✐♥ts ✐s

maximize Re{IHV}
subject to IHRI− Re{IHV} = 0

IHXI− Im{IHV} = 0

✭✸✳✷✵✮

②✐❡❧❞✐♥❣ t❤❡ ❞✉❛❧ ❢✉♥❝t✐♦♥

Pt,Z = min
(ν,µ)∈D

=
(1 + ν)2 + µ2

8
VH(νR+ µX)−1V, ✭✸✳✷✶✮

✇❤❡r❡ D = {(ν, µ) : νR + µX � 0}✳ ❙✉❜st✐t✉t✐♥❣ µ = νµ1 ❛♥❞ ❝❛rr②✐♥❣ ♦✉t
t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦✈❡r ν ✭♥♦✇ ❡♥t✐r❡❧② ♦✉ts✐❞❡ ♦❢ t❤❡ ♠❛tr✐① ✐♥✈❡rs✐♦♥✮ ❣✐✈❡s ν =
±1/

√

1 + µ2
1✱ ✇❤✐❝❤ s✐♠♣❧✐✜❡s ✭✸✳✷✶✮ t♦

Pt,Z = min
+,−

min
µ1∈D1±

1±
√

1 + µ2
1

4
VH(R+ µ1X)−1V. ✭✸✳✷✷✮

❙✐♥❝❡ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✸✳✷✷✮ ♦♥❧② ✐♥✈♦❧✈❡s t✇♦ ♠❛tr✐❝❡s✱ ✐t ❝❛♥ st✐❧❧ ❜❡✱
❛♥❛❧♦❣♦✉s❧② t♦ ♣r♦❜❧❡♠s ✐♥ ❙❡❝✳ ✸✳✶✱ ❞✐❛❣♦♥❛❧✐③❡❞ ✉s✐♥❣ ❛ ❜❛s✐s Q ✇✐t❤ ❜❛s✐s ✈❡❝t♦rs
✭❝♦❧✉♠♥s In ♦❢ ♠❛tr✐① Q✮ ❣❡♥❡r❛t❡❞ ❜② ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠

XIn = λnRIn. ✭✸✳✷✸✮



✶✼

❚❤❡s❡ ❡✐❣❡♥♠♦❞❡s r❡s❡♠❜❧❡ ❝❤❛r❛❝t❡r✐st✐❝ ♠♦❞❡s ❬✷✶❪✱ t❤♦✉❣❤ ❤❡r❡✱ ✉♥❧✐❦❡ t❤❡ ❝❧❛ss✐✲
❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ❢♦r ❝❤❛r❛❝t❡r✐st✐❝ ♠♦❞❡s ♦♥ ♣❡r❢❡❝t❧② ❝♦♥❞✉❝t✐♥❣ ❜♦❞✐❡s✱ t❤❡ ♦♣❡r❛t♦r
R ❝♦♥t❛✐♥s t❡r♠s r❡❧❛t❡❞ t♦ ❜♦t❤ ❧♦ss ❛♥❞ r❛❞✐❛t✐♦♥ ❛♥❞ t❤✉s ❛❧t❡rs t❤❡ ♠♦❞❛❧ s❡t✬s
♦rt❤♦❣♦♥❛❧✐t② ♣r♦♣❡rt✐❡s ❬✷✷❪✳

◆♦r♠❛❧✐③✐♥❣ QHRQ t♦ ❜❡ ❛♥ ✐❞❡♥t✐t② ♠❛tr✐①✱ QHXQ ✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ♦❢
❡✐❣❡♥♥✉♠❜❡rs λn ❛♥❞ t❤❡ ❞✉❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✷✷✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

Pt,Z = min
+,−

min
µ1∈D1±

1±
√

1 + µ2
1

4

N
∑

n=1

|Ṽn|2
1 + µ1λn

✭✸✳✷✹✮

✇❤❡r❡ Ṽ = QHV ❛♥❞ t❤❡ + s✐❣♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞♦♠❛✐♥ D1+ ✇❤✐❧❡ t❤❡ − s✐❣♥
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞♦♠❛✐♥ D1−✳ ❚❤❡s❡ ❞♦♠❛✐♥s ❞❡♣❡♥❞ ♦♥ t❤❡ ❞❡✜♥✐t❡♥❡ss ♦❢ t❤❡
♠❛tr✐① X ❛♥❞ ❛r❡ ❞❡✜♥❡❞ ❛s






D1+ = [−(maxλn)
−1,−(minλn)

−1]✱ D1− = ∅✱ X ✐♥❞❡✜♥✐t❡
D1+ = [−(maxλn)

−1,∞]✱ D1− = [−∞,−(minλn)
−1] X � 0

D1+ = [−∞,−(minλn)
−1]✱ D1− = [−(maxλn)

−1,∞] X � 0
✭✸✳✷✺✮

■♥ ✭✸✳✷✹✮✱ t❤❡ ✐♥♥❡r ♠✐♥✐♠✐③❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ✜rst ❢♦r t❤❡ ♠✉❧t✐♣❧✐❡r µ1 ✐♥ t❤❡
❞♦♠❛✐♥ D1+ ❛♥❞ D1− s❡♣❛r❛t❡❧② ❛♥❞ ❢r♦♠ t❤♦s❡ t✇♦ r❡s✉❧ts✱ t❤❡ ♠✐♥✐♠✉♠ ✐s s❡❧❡❝t❡❞
❜② t❤❡ ♦✉t❡r ♠✐♥✐♠✐③❛t✐♦♥✳

✸✳✷✳✹ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s

❇♦✉♥❞s ♦♥ t❤❡ ❡①t✐♥❝t✐♦♥ ❝r♦ss s❡❝t✐♦♥ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✻ ❢♦r ♦❜st❛❝❧❡s ❝♦♠✲
♣♦s❡❞ ♦❢ ❣♦❧❞ ✭❆✉✮✱ s❡❡ ❆♣♣✳ ❉✱ ❛♥❞ ❝✐r❝✉♠s❝r✐❜❡❞ ❜② ❛ s♣❤❡r❡ ✇✐t❤ r❛❞✐✉s a ∈
{10, 20, 50, 100} nm✳ ❚❤❡ ❜♦✉♥❞s ✭✸✳✶✹✮✱ ✭✸✳✶✶✮✱ ❛♥❞ ✭✸✳✷✹✮ ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡
r❡❛❧✐③❡❞ ❡①t✐♥❝t✐♦♥ ❝r♦ss s❡❝t✐♦♥s ♦❢ s♦❧✐❞ ❣♦❧❞ s♣❤❡r❡s ❛♥❞ s♣❤❡r✐❝❛❧ ❣♦❧❞ s❤❡❧❧s ✇❤❡r❡
t❤❡ s❤❡❧❧ t❤✐❝❦♥❡ss ✐s ♦♣t✐♠✐③❡❞ t♦ ♠❛①✐♠✐③❡ t❤❡ ❡①t✐♥❝t✐♦♥ ❝r♦ss s❡❝t✐♦♥ σt✳ ❋♦r ❛❧❧
r❛❞✐✐ ✐t ✐s ❝❧❡❛r t❤❛t ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ r❡❛❝t❛♥❝❡ ❝♦♥str❛✐♥t ✭✷✳✷✶✮ ❤❛s ❛ ❧❛r❣❡ ❡✛❡❝t ❢♦r
❧♦♥❣❡r ✇❛✈❡❧❡♥❣t❤s ♦r✱ ♠♦r❡ ❛❝❝✉r❛t❡❧②✱ ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧ s✐③❡s ✭ka = 2πa/λ ≤ 1✮✳
❚❤❡ ❡✛❡❝t ❞✐♠✐♥✐s❤❡s ❛s t❤❡ ❡❧❡❝tr✐❝ s✐③❡ ✐♥❝r❡❛s❡s ❛♥❞ ✐s ♥❡❣❧✐❣✐❜❧❡ ❢♦r ka ≥ 1✱ ❝❢✳✱
❬✶✸❪✳

❙t❛rt✐♥❣ ✇✐t❤ r❛❞✐✉s a = 10 nm✱ ✐t ✐s ♦❜s❡r✈❡❞ t❤❛t σt,ρr ≈ σt,R✳ ■♥❝❧✉s✐♦♥ ♦❢
t❤❡ r❡❛❝t❛♥❝❡ ❝♦♥str❛✐♥t ✭✷✳✷✶✮ r❡❞✉❝❡s t❤❡ ❜♦✉♥❞ ♦♥ σt ❜② ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡
❢♦r ✇❛✈❡❧❡♥❣t❤s λ ≥ 1 μm✳ ❚❤❡ ❞✐✛❡r❡♥❝❡s ❛r❡ s♠❛❧❧❡r ❢♦r s❤♦rt❡r ✇❛✈❡❧❡♥❣t❤s
❛♥❞ ♠✐♥✉s❝✉❧❡ ❢♦r λ ≈ 0.2 μm ❛♥❞ λ ≈ 0.5 μm✳ ❚❤❡ ❧♦♥❣❡r ✇❛✈❡❧❡♥❣t❤ 0.5 μm
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞✐♣♦❧❡ ♣❧❛s♠♦♥✐❝ r❡s♦♥❛♥❝❡ ❬✻✱ ✸✻❪ ✇❤✐❝❤ ♦❝❝✉rs ❢♦r ❛ r❡❧❛t✐✈❡
♣❡r♠✐tt✐✈✐t② ✇✐t❤ ❛ r❡❛❧ ♣❛rt ❝❧♦s❡ t♦ −2 ✭❋rö❤❧✐❝❤ ❝♦♥❞✐t✐♦♥✮✱ s❡❡ ❋✐❣✳ ✻✱ ❜✉t t❤❡
❤✐❣❤ ❧♦ss❡s ✇❡❛❦❡♥ t❤✐s ❡✛❡❝t✳ ❚❤❡ ❡①t✐♥❝t✐♦♥ ❝r♦ss s❡❝t✐♦♥ ❢♦r ❤♦♠♦❣❡♥❡♦✉s s♣❤❡r❡s
✐s ❛❧s♦ ❝❧♦s❡ t♦ t❤❡ σt,Z ❜♦✉♥❞ ❢♦r λ ∈ [0.2, 0.5] μm ❜✉t ❢❛r ❢r♦♠ t❤❡ ❜♦✉♥❞ ❢♦r ❧♦♥❣❡r
✇❛✈❡❧❡♥❣t❤s✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐♠♣r♦✈❡s ❢♦r s♣❤❡r✐❝❛❧ s❤❡❧❧s ✇✐t❤ s❤❡❧❧ t❤✐❝❦♥❡ss
♦♣t✐♠✐③❡❞ ❢♦r ♠❛①✐♠✉♠ σt ✇❤✐❝❤ ❛r❡ s❡❡♥ t♦ ❢♦❧❧♦✇ t❤❡ σt,Z ❜♦✉♥❞ ❢♦r t❤❡ ❝♦♥s✐❞❡r❡❞
✇❛✈❡❧❡♥❣t❤s✳ ❚❤✐s ✐s ♣❛rt❧② ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❛❞❞❡❞ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ❢r♦♠ t❤❡ s❤❡❧❧
t❤✐❝❦♥❡ss ✇❤✐❝❤ ✐s ✉s❡❞ t♦ t✉♥❡ t❤❡ ♣❧❛s♠♦♥✐❝ r❡s♦♥❛♥❝❡ ❛t ❡❛❝❤ ✇❛✈❡❧❡♥❣t❤✳ ❚❤❡
❝♦♥❝❧✉s✐♦♥s ❛r❡ s✐♠✐❧❛r ❢♦r t❤❡ ❧❛r❣❡r r❛❞✐✐ ❜✉t σt,ρr ❛♥❞ σt,R st❛rts t♦ ❞✐✛❡r ❛♥❞ t❤❡
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❋✐❣✉r❡ ✻✿ ❇♦✉♥❞s ✭✸✳✶✶✮✱ ✭✸✳✶✹✮✱ ❛♥❞ ✭✸✳✷✹✮ ♦♥ t❤❡ ❡①t✐♥❝t✐♦♥ ❝r♦ss s❡❝t✐♦♥s ❢♦r
❣♦❧❞ ♦❜st❛❝❧❡s ❝♦♥✜♥❡❞ ✐♥ ❛ s♣❤❡r✐❝❛❧ r❡❣✐♦♥ ✇✐t❤ r❛❞✐✐ a ∈ {10, 20, 50, 100} nm✳
❚❤❡ ❜♦✉♥❞s ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❡①t✐♥❝t✐♦♥ ❝r♦ss s❡❝t✐♦♥ ❢♦r ❛ ❤♦♠♦❣❡♥❡♦✉s ❣♦❧❞
s♣❤❡r❡ ❛♥❞ ❛♥ ♦♣t✐♠✐③❡❞ ❣♦❧❞ s♣❤❡r✐❝❛❧ s❤❡❧❧✳

❞✐✛❡r❡♥❝❡ ✐s ❧❛r❣❡ ❢♦r a ≥ 50 nm✳ P❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ s♦❧✐❞ s♣❤❡r❡s ❛♥❞ s♣❤❡r✐❝❛❧
s❤❡❧❧s r❡❧❛t✐✈❡ t♦ t❤❡ ❜♦✉♥❞s ✇♦rs❡♥ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ r❛❞✐✉s✳

❉✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s ✭s✉❝❤ ❛s s✐❧✐❝♦♥✱ s✐❧✐❝❛✱ ♦r ❣❡r♠❛♥✐✉♠✮ ♦✛❡r ♠✉❝❤ ❧♦✇❡r ❧♦ss❡s
t❤❛♥ ❣♦❧❞ ❛♥❞ ❝♦✉❧❞ ❤❡♥❝❡ ♣r♦✈✐❞❡ ❧❛r❣❡r ❝r♦ss s❡❝t✐♦♥s ❛s s✉❣❣❡st❡❞ ❢r♦♠ t❤❡ ❜♦✉♥❞s
✐♥ ❋✐❣✳ ✸✳ ■♥ ❋✐❣✳ ✼✱ ❜♦✉♥❞s ✭✸✳✶✶✮ ❛♥❞ ✭✸✳✷✹✮ ♦♥ t❤❡ ❡①t✐♥❝t✐♦♥ ❝r♦ss s❡❝t✐♦♥ ❛r❡
❞❡♣✐❝t❡❞ ❢♦r ♦❜st❛❝❧❡s s✉♣♣♦rt❡❞ ✐♥ ❛ s♣❤❡r✐❝❛❧ r❡❣✐♦♥ ✇✐t❤ r❛❞✐✉s a ❛♥❞ ❝♦♠♣♦s❡❞
♦❢ ❛ ♠❛t❡r✐❛❧ ✇✐t❤ r❡❧❛t✐✈❡ ♣❡r♠✐tt✐✈✐t② ǫr = {10+ i10−3, 10+ i10−5, 20+ i10−3, 20+
i10−5}✳ ❍❡r❡✱ ✇❡ ♦❜s❡r✈❡ t❤❛t σt,Z ❢♦❧❧♦✇s σt,R ❢♦r ❡❧❡❝tr✐❝❛❧❧② ❧❛r❣❡r ka ≥ 1 ❝❛s❡s
❜✉t ❤❛s ❛ s❤❛r♣ ❞r♦♣ ❛r♦✉♥❞ ka = 1✳ ❊✛❡❝ts ♦❢ t❤❡ ❧♦ss❡s Im{ǫr} ❛r❡ ❛❧s♦ r❡❧❛t✐✈❡❧②
s♠❛❧❧ ❢♦r ka ≥ 1 ❛♥❞ ♥❡❣❧✐❣✐❜❧❡ ❢♦r ka < 1✳

❈♦♥t♦✉r ♣❧♦ts ❞❡♣✐❝t✐♥❣ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✭✸✳✷✹✮ ♦♥ t❤❡ ♥♦r♠❛❧✐③❡❞ ❡①t✐♥❝t✐♦♥
❝r♦ss s❡❝t✐♦♥ ❢♦r ♦❜st❛❝❧❡s s✉♣♣♦rt❡❞ ✇✐t❤✐♥ ❛ s♣❤❡r❡ ✇✐t❤ r❛❞✐✉s a ∈ [0.05, 0.2] μm
❛♥❞ ♠❛❞❡ ♦❢ ❣♦❧❞ ✭❆✉✮✱ s✐❧✈❡r ✭❆❣✮✱ ❛♥❞ ❛ ❧♦✇ ❧♦ss ❞✐❡❧❡❝tr✐❝ ✭ ǫr = 11 + i10−5✮ ❛r❡
s❤♦✇♥ ✐♥ ❋✐❣✳ ✽✳ ❚❤❡ r❡s✉❧ts s❤♦✇ ✇❤✐❝❤ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ s✐③❡ a ❛♥❞ ✇❛✈❡❧❡♥❣t❤ λ
s❤♦✉❧❞ ❜❡ ✉s❡❞ t♦ ♠❛①✐♠✐③❡ σt,Z/(πa

2)✳ ❋♦r ✈✐s✐❜❧❡ ❧✐❣❤t σt,Z/(πa
2) ✐s ❧✐♠✐t❡❞ ❜②

✷✵ ❢♦r ❆✉ ❛♥❞ s✐③❡s a ∈ [50, 100] nm ❛t t❤❡ ❧♦♥❣❡r ✇❛✈❡❧❡♥❣t❤ 750 nm ❛♥❞ ✺ ❢♦r
s❤♦rt❡r ✇❛✈❡❧❡♥❣t❤s 400 nm✳ ❙✐❧✈❡r ✭❆❣✮ ❝❛♥ ♣♦t❡♥t✐❛❧❧② ❤❛✈❡ ❤✐❣❤❡r ✈❛❧✉❡s ✇✐t❤
❜♦✉♥❞s ❛r♦✉♥❞ ✸✵ ❛♥❞ ✶✵ ❛t t❤❡ ❧♦♥❣❡r ❛♥❞ s❤♦rt❡r ✇❛✈❡❧❡♥❣t❤s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡
✈❛❧✉❡s ❛r❡ ❤✐❣❤❡r ❢♦r ✐♥❢r❛r❡❞ ✇❛✈❡❧❡♥❣t❤s ✇✐t❤ ✈❛❧✉❡s ❛❜♦✈❡ ✺✵ ❢♦r λ ≈ 4 μm ❛♥❞
a ≈ 0.2 μm✱ s❡❡ ❛❧s♦ ❋✐❣✳ ✻✳ ▲♦✇✲❧♦ss ❞✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s ✭❤❡r❡ ǫr = 11+ i10−5✮ ❤❛✈❡
✈❡r② ❞✐✛❡r❡♥t ✉♣♣❡r ❜♦✉♥❞s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ t✇♦ ♠❡t❛❧s✳ ■t ❤❛s ❛ ♥❡❣❧✐❣✐❜❧❡ ❝r♦ss
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❋✐❣✉r❡ ✼✿ ❯♣♣❡r ❜♦✉♥❞s ✭✸✳✶✶✮ ❛♥❞ ✭✸✳✷✹✮ ♦♥ t❤❡ ❡①t✐♥❝t✐♦♥ ❝r♦ss s❡❝t✐♦♥s ❢♦r
❞✐❡❧❡❝tr✐❝ ♦❜st❛❝❧❡s ❤❛✈✐♥❣ r❡❧❛t✐✈❡ ♣❡r♠✐tt✐✈✐t② Re{ǫr} ∈ {10, 20} ❛♥❞ Im{ǫr} ∈
{10−3, 10−5} s✉♣♣♦rt❡❞ ✐♥ ❛ s♣❤❡r✐❝❛❧ r❡❣✐♦♥ ✇✐t❤ r❛❞✐✉s a✳

s❡❝t✐♦♥ ❢♦r ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧ s✐③❡s ka < 1✱ ❝❢✳✱ ❋✐❣✳ ✼✱ ❛s ✐s s❡❡♥ ❢♦r a < 50 nm ❛♥❞
λ > 300 nm✳ ❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ♥♦r♠❛❧✐③❡❞ ❡①t✐♥❝t✐♦♥ ❝r♦ss s❡❝t✐♦♥ ❢♦r ✈✐s✐❜❧❡
❧✐❣❤t ❡①❝❡❡❞s ✹✵ ❢♦r ❛♥ ♦❜st❛❝❧❡ ✇✐t❤ r❛❞✐✉s 200 nm✳

✹ ❉✐r❡❝t✐♦♥❛❧ s❝❛tt❡r✐♥❣

❍❡r❡ ✇❡ st✉❞② ❜♦✉♥❞s ♦♥ s❝❛tt❡r✐♥❣ ✐♥t♦ ❛ ♣❛rt✐❝✉❧❛r ❞✐r❡❝t✐♦♥ ❛♥❞ ♣♦❧❛r✐③❛t✐♦♥ ❜②
❛ s❝❛tt❡r❡r ✐❧❧✉♠✐♥❛t❡❞ ❜② ❛♥ ❛r❜✐tr❛r② ✐♥❝✐❞❡♥t ✇❛✈❡✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❧❡t t❤❡
❡①❝✐t❛t✐♦♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ✈❡❝t♦r V ❛♥❞ ❧❡t t❤❡ s❝❛tt❡r✐♥❣ ❜❡ ♠❡❛s✉r❡❞ ❜② t❤❡
r❛❞✐❛t✐♦♥ ✐♥t❡♥s✐t② U(r̂, ê) ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ r̂ ✇✐t❤ ♣♦❧❛r✐③❛t✐♦♥ ê✱ s❡❡ ❙❡❝✳ ✷✳✶✳✷✳ ❆♥
❡①❛♠♣❧❡ ♦❢ t❤✐s s❝❡♥❛r✐♦ ✇❤❡r❡ t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞ ✐s ❛ ♣❧❛♥❡ ✇❛✈❡ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✾✳
■♥ ❛ ❝♦♠♣❧❡t❡ ❛♥❛❧♦❣② t♦ ❙❡❝✳ ✸✳✶ ❛♥❞ ❙❡❝✳ ✸✳✷ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❢♦r♠✉❧❛t❡❞
❢♦r ✉♣♣❡r ❜♦✉♥❞s ♦♥ r❛❞✐❛t✐♦♥ ✐♥t❡♥s✐t② U(r̂, ê) ✉s✐♥❣ t❤❡ ♣♦✇❡r ❝♦♥str❛✐♥ts ✭✷✳✷✵✮
❛♥❞ ✭✷✳✷✶✮✳ ❚❤❡ ✜rst ❝♦♥str❛✐♥t ✇♦✉❧❞ ❜❡ ✉s❡❞ ✇❤❡♥ ♦♥❧② r❡❛❧ ♣❛rt ♦❢ ♠❛t❡r✐❛❧
r❡s✐st✐✈✐t② ✐s ♣r❡s❝r✐❜❡❞✱ ✇❤✐❧❡ ❜♦t❤ ❝♦♥str❛✐♥ts s❤♦✉❧❞ ❜❡ ✉s❡❞ t♦ ❡♥❢♦r❝❡ ❜♦t❤ r❡❛❧
❛♥❞ ✐♠❛❣✐♥❛r② ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❝♦♠♣❧❡① r❡s✐st✐✈✐t②✳ ▲✐❦❡ ❛❜s♦r♣t✐♦♥✱ s❝❛tt❡r✐♥❣✱
❛♥❞ ❡①t✐♥❝t✐♦♥ st✉❞✐❡❞ ✐♥ ❙❡❝✳ ✸✱ ✉♥❞❡r ❡✐t❤❡r s❡❧❡❝t✐♦♥ ♦❢ ❝♦♥str❛✐♥ts✱ t❤❡ ✉♣♣❡r
❜♦✉♥❞ ♦♥ r❛❞✐❛t✐♦♥ ✐♥t❡♥s✐t② U(r̂, ê) ♠❛② ❜❡ ✐♥t❡r♣r❡t❡❞ ✐♥ t❡r♠s ♦❢ ❛♥ ✉♣♣❡r ❜♦✉♥❞
♦♥ ❜✐st❛t✐❝ r❛❞❛r ❝r♦ss s❡❝t✐♦♥ ❬✷❪

σbis =
4πU(r̂, ê)

S0

, ✭✹✳✶✮

✇❤❡r❡ t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞ ✐s ❛ ♣❧❛♥❡ ✇❛✈❡ ✇✐t❤ ♣♦✇❡r ✢✉① S0✳
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❋✐❣✉r❡ ✽✿ ❯♣♣❡r ❜♦✉♥❞s ♦♥ t❤❡ ❡①t✐♥❝t✐♦♥ ❝r♦ss s❡❝t✐♦♥s σt,Z/(πa
2) ✉s✐♥❣ ✭✸✳✷✹✮

❢♦r ❆✉✱ ❆❣✱ ❛♥❞ ❧♦✇✲❧♦ss ❞✐❡❧❡❝tr✐❝ ✭ǫr = 11 + i10−5✮ ♦❜st❛❝❧❡s ❝✐r❝✉♠s❝r✐❜❡❞ ❜② ❛
s♣❤❡r❡ ✇✐t❤ r❛❞✐✉s a ∈ [0.02, 0.2] μm✳ ❈♦♥t♦✉r ❧✐♥❡s ✇✐t❤ st❡♣s 2.5 ❛r❡ ✉s❡❞ ❛♥❞
σt,Z/(πa

2) ∈ {10, 20, 30, 40} ❛r❡ ❡♠♣❤❛s✐③❡❞✳

✹✳✶ Pr❡s❝r✐❜❡❞ ❧♦ss❡s

■♥ t❤❡ ❝❛s❡ ♦❢ r❡s✐st✐✈✐t② ρi ❜❡✐♥❣ ❢r❡❡✱ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ r❛❞✐❛t✐♦♥ ✐♥t❡♥s✐t② ✐s ❞❡t❡r✲
♠✐♥❡❞ ❜② t❤❡ s♦❧✉t✐♦♥ t♦ ❛ ◗❈◗P

maximize IHFFHI

subject to IHRI− Re{IHV} = 0.
✭✹✳✷✮

❚❤❡ ❛ss♦❝✐❛t❡❞ ❞✉❛❧ ♣r♦❜❧❡♠ r❡❛❞s

UR = min
ν>ν1

ν2

8
VH(−FFH + νR)−1V, ✭✹✳✸✮

✇❤❡r❡ ν1 = FHR−1F✳ ❙✐♥❝❡ t❤❡ ♠❛tr✐① FFH ✐s ♦❢ r❛♥❦ ✶✱ ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥
t♦ ✭✹✳✸✮ ❡①✐sts✱ ✐✳❡✳✱ t❤❡ ❙❤❡r♠❛♥✕▼♦rr✐s♦♥✕❲♦♦❞❜✉r② ✐❞❡♥t✐t② ❬✶✷❪ ♠❛② ❜❡ ✉s❡❞
t♦ ❡✈❛❧✉❛t❡ t❤❡ ♠❛tr✐① ✐♥✈❡rs❡ ❛♥❛❧②t✐❝❛❧❧② ❛♥❞ t❤❡ s✐♠♣❧✐✜❡❞ s❝❛❧❛r ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠ ♠❛② ❜❡ s♦❧✈❡❞ ✐♥ ❝❧♦s❡❞ ❢♦r♠✳ ❚❤❡ r❡s✉❧t ♦❢ t❤✐s ♣r♦❝❡❞✉r❡ ✐s ❣✐✈❡♥ ❜②

UR =
1

8

(

β +
√
αγ
)2
, ✭✹✳✹✮

✇❤❡r❡
α = VHGV, β = |FHGV|, γ = FHGF, ❛♥❞ G = R−1. ✭✹✳✺✮

✹✳✷ Pr❡s❝r✐❜❡❞ ♠❛t❡r✐❛❧s

■❢ t❤❡ ❝♦♥str❛✐♥t ♦♥ r❡❛❝t✐✈❡ ♣♦✇❡r ❝♦♥s❡r✈❛t✐♦♥ ✭✷✳✷✶✮ ✐s ❛❞❞❡❞ t♦ t❤❡ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠ ✭✹✳✷✮✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♠❛①✐♠✐③✐♥❣ ❞✐r❡❝t✐♦♥❛❧ s❝❛tt❡r✐♥❣ ✇✐t❤ ♣r❡✲
s❝r✐❜❡❞ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❜❡❝♦♠❡s

maximize IHFFHI

subject to IHRI− Re{IHV} = 0

IHXI− Im{IHV} = 0

✭✹✳✻✮
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❋✐❣✉r❡ ✾✿ ❙❝❤❡♠❛t✐❝ ♦❢ ❛ ❞✐r❡❝t❡❞ s❝❛tt❡r✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❈✉rr❡♥ts ✇✐t❤✐♥
t❤❡ str✉❝t✉r❡ Ω ❛r❡ ♦♣t✐♠✐③❡❞✱ s✉❜❥❡❝t t♦ ♠❛t❡r✐❛❧✲r❡❧❛t❡❞ ♣♦✇❡r ❜❛❧❛♥❝❡ ❝♦♥str❛✐♥ts✱
t♦ ♠❛①✐♠✐③❡ t❤❡ s❝❛tt❡r❡❞ ✜❡❧❞s ✐♥ ❛ ♣❛rt✐❝✉❧❛r ♣♦❧❛r✐③❛t✐♦♥ ❛♥❞ ❞✐r❡❝t✐♦♥✳

✇✐t❤ t❤❡ ❛❝❝♦♠♣❛♥②✐♥❣ ❞✉❛❧ ♣r♦❜❧❡♠

UZ = min
(ν,µ)∈D

ν2 + µ2

8
VH

(

−FFH + νR+ µX
)−1

V, ✭✹✳✼✮

✇❤❡r❡ D = {(ν, µ) : −FFH+νR+µX ≻ 0}✳ ❆♥❛❧♦❣♦✉s❧② t♦ ❙❡❝✳ ✸✳✷✳✸✱ s✉❜st✐t✉t✐♦♥
♦❢ µ = νµ1 ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r ν✳ ❚❤✐s✱ t♦❣❡t❤❡r
✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❙❤❡r♠❛♥✕▼♦rr✐s♦♥✕❲♦♦❞❜✉r② ✐❞❡♥t✐t②✱ ②✐❡❧❞s t❤❡ s✐♠♣❧✐✜❡❞
♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

UZ = min
µ1∈D1

1 + µ2
1

8

(

β +
√
αγ
)2
, ✭✹✳✽✮

✇❤❡r❡ α✱ β✱ ❛♥❞ γ ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ ✭✹✳✺✮ ❡①❝❡♣t ❢♦r t❤❡ ❛❞❞❡❞ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡
▲❛❣r❛♥❣❡ ♣❛r❛♠❡t❡r µ1 ✈✐❛ t❤❡ ❛❧t❡r❡❞ ❢♦r♠ ♦❢ t❤❡ ♠❛tr✐① G = (R+ µ1X)−1✳ ❚❤❡
❞♦♠❛✐♥ D1 ✐s ❣✐✈❡♥ ❜② t❤❡ ✉♥✐♦♥ ♦❢ ❞♦♠❛✐♥s D1+ ❛♥❞ D1− ❢r♦♠ ✭✸✳✷✺✮✱ ✐✳❡✳✱

D1 =

®

[−(maxλn)
−1,−(minλn)

−1] X ✐♥❞❡✜♥✐t❡,

R \ [−(minλn)
−1,−(maxλn)

−1] X ❞❡✜♥✐t❡.
✭✹✳✾✮

❚❤❡ ✐♥✈❡rs❡ ✐♥G ♠❛② ❜❡ ❝♦♥✈❡♥✐❡♥t❧② ❢❛❝t♦r❡❞ ✉s✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝✲♠♦❞❡✲❧✐❦❡
❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✭✸✳✷✸✮ s✉❝❤ t❤❛t ❡❛❝❤ t❡r♠ ✐♥ ✭✹✳✺✮ ♠❛② ❜❡ ❝❛❧❝✉❧❛t❡❞ ❡✣❝✐❡♥t❧②
✉s✐♥❣

aHGb = aHQ (1+ µ1Λ)−1
QHb =

N
∑

n=1

ã∗nb̃n
1 + µ1λn

. ✭✹✳✶✵✮

✇❤❡r❡ {λn} ❛r❡ ❛❣❛✐♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝✲♠♦❞❡✲❧✐❦❡ ♣r♦❜❧❡♠ ✐♥
✭✸✳✷✸✮ ❛♥❞ t❤❡ t✐❧❞❡ ❞❡♥♦t❡s t❤❡ ♣r♦❥❡❝t✐♦♥ ã = QHa✳



✷✷

✹✳✸ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s

❆s ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r t❤❡ ❞✐r❡❝t✐✈❡ s❝❛tt❡r✐♥❣ ❜♦✉♥❞s ❢♦r t❤❡ r❡❝t❛♥❣✉❧❛r
♣r✐s♠ ✭s❧❛❜✮ ✐♥ ❋✐❣✳ ✾✳ ❚❤❡ ♦❜❥❡❝t✬s ❛s♣❡❝t r❛t✐♦ x : y : z ✐s 10 : 5 : 1✳ ■❧❧✉♠✐♥❛t✐♦♥
✐s ❛ ŷ✲♣♦❧❛r✐③❡❞ ♣❧❛♥❡ ✇❛✈❡ ✐♥❝✐❞❡♥t ❢r♦♠ t❤❡ ẑ ❞✐r❡❝t✐♦♥✳ ❖❜s❡r✈❛t✐♦♥ ❞✐r❡❝t✐♦♥s
❛r❡ r❡str✐❝t❡❞ t♦ t❤❡ xz ♣❧❛♥❡ ❛♥❞ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❛♥❣❧❡ θ✳ ❚✇♦ ♦❜s❡r✈❛t✐♦♥ ♣♦✲
❧❛r✐③❛t✐♦♥s ❛r❡ s❡❧❡❝t❡❞✿ ♣❛r❛❧❧❡❧ ✭‖✱ ❡❧❡❝tr✐❝ ✜❡❧❞ ŷ✲❞✐r❡❝t❡❞✮ ❛♥❞ ♣❡r♣❡♥❞✐❝✉❧❛r ✭⊥✱
❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ xz ♣❧❛♥❡✮✳

❋✐rst✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❜♦✉♥❞s ❢♦r ❞✐r❡❝t✐✈❡ s❝❛tt❡r✐♥❣ ✇✐t❤ ♣r❡s❝r✐❜❡❞ ❧♦ss❡s ❢♦r
s❧❛❜s ♦❢ t❤r❡❡ ❡❧❡❝tr✐❝❛❧ s✐③❡s ka = {0.01, 0.1, 1} ❛♥❞ t✇♦ r❡❛❧ r❡s✐st✐✈✐t✐❡s ρr/a =
{0.01, 1} Ω ✇✐t❤ ♦♥❧② t❤❡ r❡❛❧ ♣♦✇❡r ❝♦♥str❛✐♥t ❡♥❢♦r❝❡❞✳ ❘❡s✉❧ts ✐♥ ❋✐❣✳ ✶✵✱ ♣r❡✲
s❡♥t❡❞ ✐♥ t❡r♠s ♦❢ ❜✐st❛t✐❝ r❛❞❛r ❝r♦ss s❡❝t✐♦♥s✱ s❤♦✇ s✐♠✐❧❛r tr❡♥❞s ❛s ♦❜s❡r✈❡❞ ❢♦r
s❝❛tt❡r✐♥❣ ❝r♦ss s❡❝t✐♦♥s ✐♥ ❋✐❣✳ ✸✱ ✇✐t❤ ♥♦♥✲♠♦♥♦t♦♥✐❝ s❤✐❢t✐♥❣ ♦❢ t❤❡ ♦✈❡r❛❧❧ ♠❛①✲
✐♠❛❧ s❝❛tt❡r✐♥❣ r❡s♣♦♥s❡ ♦✈❡r ❛❧❧ ♦❜s❡r✈❛t✐♦♥ ❛♥❣❧❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❡❧❡❝tr✐❝❛❧ s✐③❡✳
❲❡ ♦❜s❡r✈❡ t❤❛t ❜♦t❤ ❡♥❞✜r❡ ✭θ = π/2✮ ❛♥❞ ❜r♦❛❞s✐❞❡ ✭θ = 0, 2π✮ ♠❛② s❡r✈❡ ❛s
t❤❡ ❞✐r❡❝t✐♦♥ ✇✐t❤ ❤✐❣❤❡st s❝❛tt❡r✐♥❣ ♣♦t❡♥t✐❛❧✱ t❤♦✉❣❤ ❢♦r s♠❛❧❧ ❡❧❡❝tr✐❝❛❧ s✐③❡s t❤❡
❛♥❣✉❧❛r ✈❛r✐❛t✐♦♥ ✐♥ ♠❛①✐♠❛❧ s❝❛tt❡r✐♥❣ ❞✐s❛♣♣❡❛rs ❛s t❤❡ ♦♣t✐♠❛❧ ❝✉rr❡♥t ❜❡❝♦♠❡s
❛ ✉♥✐❢♦r♠ ❞✐♣♦❧❡ ♠♦♠❡♥t✳

❯s✐♥❣ ✭✹✳✽✮✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❞✐r❡❝t✐✈❡ s❝❛tt❡r✐♥❣ ❜♦✉♥❞s ❢♦r t❤❡ s❛♠❡ s❧❛❜ ✇✐t❤
♣r❡s❝r✐❜❡❞ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❣♦❧❞✳ ❆❜s♦❧✉t❡ ✉♥✐ts ❛r❡ r❡q✉✐r❡❞
✐♥ t❤✐s ❝❛s❡✱ s♦ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ s❧❛❜ ✐s s❡t ❛t 40 nm ❛♥❞ t❤r❡❡ ✇❛✈❡❧❡♥❣t❤s
λ = {470, 550, 665} nm ✇✐t❤✐♥ t❤❡ ♦♣t✐❝❛❧ r❡❣✐♠❡ ❛r❡ ❡①❛♠✐♥❡❞✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐♥
✇❛✈❡❧❡♥❣t❤ ✐♥ t❤✐s ❝❛s❡ ✐s s♠❛❧❧✱ ♥♦♥❡t❤❡❧❡ss t❤❡ ❞✐s♣❡rs✐✈❡ ♣r♦♣❡rt✐❡s ♦❢ ❣♦❧❞ ❧❡❛❞
t♦ ✐♥t❡r❡st✐♥❣ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ♠❛①✐♠❛❧ s❝❛tt❡r✐♥❣ ♣r♦♣❡rt✐❡s✱ s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✶✳ ❲❡
♦❜s❡r✈❡ t❤❛t ♦✈❡r t❤✐s r❛♥❣❡✱ t❤❡ ♣❛r❛❧❧❡❧ ♣♦❧❛r✐③❛t✐♦♥ ✭‖✮ tr❛♥s✐t✐♦♥s ❢r♦♠ ❛ ♠❛①✐✲
♠✉♠ ✐♥ t❤❡ ❡♥❞✜r❡ ❞✐r❡❝t✐♦♥ ✭θ = 0✱ λ = 665 nm✮ t♦ ❛ ♠❛①✐♠✉♠ ✐♥ t❤❡ ❜r♦❛❞s✐❞❡
❞✐r❡❝t✐♦♥ ✭θ = π/2✱ λ = 470 nm✮✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✐♥ t❤❡ ♣❛r❛❧❧❡❧ ♣♦❧❛r✐③❛t✐♦♥ t❤❡ ❡✛❡❝t
♦❢ t❤❡ ❧♦ss ✈❡rs✉s ♠❛t❡r✐❛❧ ❝♦♥str❛✐♥ts ✐s ♠✐♥✐♠❛❧✱ ❛s ❛❧s♦ ♦❜s❡r✈❡❞ ✐♥ t❤❡ tr❡♥❞s ❢♦r
❡①t✐♥❝t✐♦♥ ❝r♦ss s❡❝t✐♦♥ ♦♥ ❧❛r❣❡ s♣❤❡r✐❝❛❧ s❝❛tt❡r❡rs ✐♥ t❤✐s r❛♥❣❡ ♦❢ ❢r❡q✉❡♥❝✐❡s✱ ❝❢✳✱
❋✐❣✳ ✻✳ ❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱ ❤♦✇❡✈❡r✱ ❢♦r t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ♣♦❧❛r✐③❛t✐♦♥✱ ✇❤❡r❡ t❤❡
✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ r❡❛❝t❛♥❝❡ ❝♦♥str❛✐♥t ✐♠♣❡❞❡s ❡♥❞✜r❡ s❝❛tt❡r✐♥❣ ❛t ❛❧❧ t❤r❡❡ ✇❛✈❡✲
❧❡♥❣t❤s✳

✺ P✉r❝❡❧❧✬s ❢❛❝t♦r

❯♣♣❡r ❜♦✉♥❞s ♦♥ ❡♥❤❛♥❝❡♠❡♥t ♦❢ r❛❞✐❛t✐♦♥ ❢r♦♠ ❛ ♣♦✐♥t ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ ✭P✉r❝❡❧❧✬s
❢❛❝t♦r✱ s❡❡ ❙❡❝✳ ✷✳✶✳✸✮ ❛r❡ st✉❞✐❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❢♦r t❤❡ ❝❛s❡ ♦❢ ♣r❡s❝r✐❜❡❞ ❧♦ss❡s ❛♥❞
❢♦r t❤❡ ❝❛s❡ ♦❢ ♣r❡s❝r✐❜❡❞ ♠❛t❡r✐❛❧s✳

✺✳✶ Pr❡s❝r✐❜❡❞ ❧♦ss❡s

❆ss✉♠✐♥❣ ❛ ✜①❡❞ ❡①❝✐t❛t✐♦♥ ✈❡❝t♦r V ✇❤✐❝❤ ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ✭✷✳✶✼✮ ♦❢ t❤❡ ❡❧❡❝tr✐❝
✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❞✐♣♦❧❡ p ✐♥ ❢r❡❡ s♣❛❝❡ ♦♥t♦ t❤❡ ❝✉rr❡♥t ❜❛s✐s ✭✷✳✸✮✱ ❛ ♠❛①✐♠✉♠
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(f)

ka = 1 ka = 0.1 ka = 0.01

ρr/a = 0.01Ω ρr/a = 0.1Ω ρr/a = 1Ω

σ

πa2

θ (◦)

❋✐❣✉r❡ ✶✵✿ ❯♣♣❡r ❜♦✉♥❞s ♦♥ ❞✐r❡❝t❡❞ s❝❛tt❡r✐♥❣✱ ♣❧♦tt❡❞ ✐♥ t❡r♠s ♦❢ ♥♦r♠❛❧✐③❡❞
❜✐st❛t✐❝ r❛❞❛r ❝r♦ss s❡❝t✐♦♥ σbis/(πa

2)✱ ❢♦r t❤❡ s❝❛tt❡r✐♥❣ ❣❡♦♠❡tr② ✐♥ ❋✐❣✳ ✾ ✇✐t❤
♣r❡s❝r✐❜❡❞ ❧♦ss❡s✳
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(f)

ρr ρr + iρi

λ = 665 nm λ = 550 nm λ = 470 nm

σ

πa2

θ (◦)

❋✐❣✉r❡ ✶✶✿ ❉✐r❡❝t❡❞ s❝❛tt❡r✐♥❣ ❜♦✉♥❞s ❢♦r ♣❛r❛❧❧❡❧ ✭t♦♣✮ ❛♥❞ ♣❡r♣❡♥❞✐❝✉❧❛r ✭❜♦tt♦♠✮
♣♦❧❛r✐③❛t✐♦♥s ❢♦r ❛ ❣♦❧❞ s❧❛❜ ❛t t❤r❡❡ ♦♣t✐❝❛❧ ✇❛✈❡❧❡♥❣t❤s✳



✷✺

P✉r❝❡❧❧✬s ❢❛❝t♦r ✭✷✳✶✻✮ ✇✐t❤ ♣r❡s❝r✐❜❡❞ ♠❛t❡r✐❛❧ ❧♦ss❡s ✐s ❣❡♥❡r❛t❡❞ ❜②

maximize − IHRρI+ Re{IHN}
subject to IHRI− Re{IHV} = 0

✭✺✳✶✮

✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✉❛❧ ♣r♦❜❧❡♠

FR = min
ν>ν1

1 +
1

8Pr,p

(N+ νV)H
(

Rρ + νR
)−1

(N+ νV) , ✭✺✳✷✮

✇❤❡r❡ ν1 = −1/(1+̺1) ✇✐t❤ ̺1 ❜❡✐♥❣ t❤❡ ❧❛r❣❡st r❛❞✐❛t✐♦♥ ♠♦❞❡ ❡✐❣❡♥✈❛❧✉❡ ❣❡♥❡r❛t❡❞
❜② ✭✸✳✹✮✳

❊♠♣❧♦②✐♥❣ ❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ♠❛tr✐❝❡s✱ t❤❡ ❞✉❛❧ ♣r♦❜❧❡♠ ❝❛♥ ❜❡✱
s✐♠✐❧❛r❧② t♦ ❙❡❝✳ ✸✳✶✳✶✱ ✇r✐tt❡♥ ❛s

FR = min
ν>ν1

1 +
1

8Pr,p

∑

n

∣

∣Ñn + νṼn

∣

∣

2

1 + ν (1 + ̺n)
. ✭✺✳✸✮

❆ s✇❡❡♣ ♦❢ t❤❡ ✉♣♣❡r ❜♦✉♥❞ t♦ P✉r❝❡❧❧✬s ❢❛❝t♦r FR ♦✈❡r ❢r❡q✉❡♥❝② ✐s s❤♦✇♥ ✐♥
❋✐❣✳ ✶✷ ❢♦r ❛ ❣♦❧❞ s♣❤❡r✐❝❛❧ ❞✐♠❡r t♦❣❡t❤❡r ✇✐t❤ t❤❡ r❡❛❧✐③❡❞ P✉r❝❡❧❧✬s ❢❛❝t♦r F ❢♦r t❤❡
s❛♠❡ str✉❝t✉r❡✳ ❆ s♣❤❡r✐❝❛❧ ❣❡♦♠❡tr② ✐s ✉s❡❞ ❛s ❛ ♣r♦t♦t②♣❡ ♦❢ ❛ ❝♦r❡✲s❤❡❧❧ ♣❛rt✐❝❧❡
✇❤✐❝❤ ✐s ❝♦♠♠♦♥❧② ✉s❡❞ ❢♦r t❤❡ ♠❡t❛❧✲❡♥❤❛♥❝❡❞ ✢✉♦r❡s❝❡♥❝❡ ❬✶✶✱ ✸✺❪✳ ■♥ t❤❡s❡ ❝❛s❡s✱
❡✐t❤❡r t❤❡ ❝♦r❡ ♦r t❤❡ s❤❡❧❧ ❛r❡ ♠❛❞❡ ♦❢ ❛ ♣❧❛s♠♦♥✐❝ ♠❛t❡r✐❛❧ ✭❡✳❣✳✱ ❣♦❧❞✮✳ ❲✐t❤✐♥ t❤❡
♦♣t✐♠✐③❛t✐♦♥ ♣❛r❛❞✐❣♠ ✉s❡❞ ❤❡r❡✱ t❤❡ ❝♦♥tr❛st ❝✉rr❡♥t ❝❤♦♦s❡s t❤❡ ♣r❡❢❡rr❡❞ ♦♣t✐♦♥✳

❈♦♠♣❛r✐s♦♥ ♦❢ ❜♦t❤ ❧✐♥❡s ✐♥ ❋✐❣✳ ✶✷ s❤♦✇s t❤❛t ✐♥ t❤❡ r❡❛❧ s❝❡♥❛r✐♦✱ t❤❡ ❞✐♠❡r
str✉❝t✉r❡ ✐s ❡✛❡❝t✐✈❡❧② ❡①❝✐t❡❞ ♦♥❧② ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ ♣❧❛s♠♦♥✐❝ r❡s♦♥❛♥❝❡ ♦❢ t❤❡
❞✐♠❡r ❛♥❞ ❡✈❡♥ t❤❡r❡ t❤❡ r❡❛❧✐③❡❞ P✉r❝❡❧❧✬s ❢❛❝t♦r ✐s ♦♥❡ ♦r❞❡r ✐♥ ♠❛❣♥✐t✉❞❡ ❧♦✇❡r
t❤❛♥ ✉♣♣❡r ❜♦✉♥❞ FR✳ ❆✇❛② ❢r♦♠ t❤❡ ♣❧❛s♠♦♥✐❝ r❡s♦♥❛♥❝❡ ❛ s✐♠♣❧❡ s♣❤❡r✐❝❛❧ ❞✐♠❡r
✐s ❢❛r ❢r♦♠ ❛❝t✐♥❣ ❛s ❛♥ ♦♣t✐♠❛❧ str✉❝t✉r❡ ❢♦r r❛❞✐❛t✐♦♥ ❡♥❤❛♥❝❡♠❡♥t✱ ❛s ❡✈✐❞❡♥❝❡❞
❜② ❛ ❝♦♥s✐❞❡r❛❜❧❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ r❡❛❧✐③❡❞ P✉r❝❡❧❧✬s ❢❛❝t♦r ❛♥❞ ✐ts ✉♣♣❡r ❜♦✉♥❞✳

✺✳✷ Pr❡s❝r✐❜❡❞ ♠❛t❡r✐❛❧

❚❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❛ r❡❛❝t✐✈❡ ♣♦✇❡r ❝♦♥str❛✐♥t t♦ ✭✺✳✶✮ r❡s✉❧ts ✐♥ ❛ ♠❛①✐♠❛❧ P✉r❝❡❧❧✬s
❢❛❝t♦r ✉♥❞❡r ♣r❡s❝r✐❜❡❞ ♠❛t❡r✐❛❧ ❣✐✈❡♥ ❜② t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

maximize − IHRρI+ Re{IHN}
subject to IHRI− Re{IHV} = 0

IHXI− Im{IHV} = 0

✭✺✳✹✮

❛♥❞ ❞✉❛❧ ♣r♦❜❧❡♠

FZ = min
(ν,µ)∈D

1 +
1

8Pr,p

(

N+ (ν − iµ)V
)H(

Rρ + νR+ µX
)−1(

N+ (ν − iµ)V
)

, ✭✺✳✺✮

✇❤❡r❡ D = {(ν, µ) : Rρ+νR+µX ≻ 0}✳ ❚❤❡ s♦❧✉t✐♦♥ t♦ t❤✐s ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠
♠✉st ❜❡ ♣❡r❢♦r♠❡❞ ❜② ❣❡♥❡r❛❧ ♣✉r♣♦s❡ s♦❧✈❡rs✱ s❡❡ ❆♣♣✳ ❇✳
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❋✐❣✉r❡ ✶✷✿ ❋r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ ♦❢ P✉r❝❡❧❧✬s ❢❛❝t♦r ✭✷✳✶✻✮ ❛♥❞ ✐ts ✉♣♣❡r
❜♦✉♥❞s ✭✺✳✸✮✱ ✭✺✳✺✮ ❢♦r ❛ s♣❤❡r✐❝❛❧ ❞✐♠❡r ✇✐t❤ s♣❤❡r❡ r❛❞✐✉s r = 30 nm✱ s❡♣❛r❛✲
t✐♦♥ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ s♣❤❡r❡s d = 0.4r ❛♥❞ ❛♥ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ ♠♦♠❡♥t ❝❡♥t❡r❡❞
❜❡t✇❡❡♥ t❤❡ s♣❤❡r❡s ❛♥❞ ♦r✐❡♥t❡❞ ❛❧♦♥❣ t❤❡ ❛①✐s ♦❢ t❤❡ ❞✐♠❡r✳ ●♦❧❞ ❤❛s ❜❡❡♥ ✉s❡❞
❢♦r t❤❡ ❞✐♠❡r✱ s❡❡ ❆♣♣✳ ❉✳

❚❤❡ ❢r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ✉♣♣❡r ❜♦✉♥❞ FZ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✶✷✳ ❆s ❝♦♠✲
♣❛r❡❞ t♦ ✉♣♣❡r ❜♦✉♥❞ FR✱ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t ♦♥ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ r❡❛❝t✐✈❡
♣♦✇❡r ❝♦♥s✐❞❡r❛❜❧② t✐❣❤t❡♥s t❤❡ ❜♦✉♥❞ ❛t ❧♦♥❣ ✇❛✈❡❧❡♥❣t❤s ✭s♠❛❧❧ ❡❧❡❝tr✐❝❛❧ s✐③❡s✮✱
♣✉s❤✐♥❣ ✐t ❝❧♦s❡r t♦ t❤❡ r❡❛❧✐③❡❞ P✉r❝❡❧❧✬s ❢❛❝t♦r F ✳ ❚❤❡ ♥♦t✐❝❡❛❜❧❡ ❣❛♣ ❜❡t✇❡❡♥
t❤❡ r❡❛❧✐③❡❞ P✉r❝❡❧❧✬s ❢❛❝t♦r ❛♥❞ ✐ts ❜♦✉♥❞ ♥❡✈❡rt❤❡❧❡ss st✐❧❧ ❡①✐sts ❛✇❛② ❢r♦♠ t❤❡
♣❧❛s♠♦♥✐❝ r❡s♦♥❛♥❝❡✳ ❚❤✉s✱ ❛✇❛② ❢r♦♠ ♣❧❛s♠♦♥✐❝ r❡s♦♥❛♥❝❡ t❤❡ r❡❛❧✐③❡❞ str✉❝t✉r❡
✇♦✉❧❞ ❤❛✈❡ t♦ ❜❡ ♠♦❞✐✜❡❞ ✐♥ t♦♣♦❧♦❣② ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ r❡s♦♥❛♥❝❡ ❝♦✉♣❧✐♥❣ t♦ t❤❡
❡①❝✐t✐♥❣ ❞✐♣♦❧❡✳

✻ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ♣❛♣❡r ✇❡ ❤❛✈❡ ❧❛✐❞ ♦✉t ❛ ❣❡♥❡r❛❧ ♦♣t✐♠✐③❛t✐♦♥ ❢r❛♠❡✇♦r❦ ❢♦r ❞❡t❡r♠✐♥✐♥❣
❜♦✉♥❞s ♦♥ s❡✈❡r❛❧ ♠❡tr✐❝s r❡❧❛t❡❞ t♦ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ s❝❛tt❡r✐♥❣✱ ❛❜s♦r♣t✐♦♥✱ ❛♥❞
✜❡❧❞ ❡♥❤❛♥❝❡♠❡♥t✳ ■♥ ❛❧❧ ❝❛s❡s✱ ❜♦✉♥❞s ✇❡r❡ ❢♦r♠✉❧❛t❡❞ ✉s✐♥❣ ❝♦♥tr❛st ❝✉rr❡♥t
❞❡♥s✐t② r❡♣r❡s❡♥t✐♥❣ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❞♦♠❛✐♥ ❛♥❞ ♠❛tr✐① ♦♣❡r❛t♦rs ♠❛♣♣✐♥❣ ❝✉rr❡♥t
❞✐str✐❜✉t✐♦♥s ♦♥t♦ ♣❤②s✐❝❛❧ q✉❛♥t✐t✐❡s✳ ❚❡❝❤♥✐q✉❡s s✉❝❤ ❛s ♠♦❞❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥
❛♥❞ r❛♥❦✲✶ ✐♥✈❡rs❡ ✉♣❞❛t❡s ✇❡r❡ ❛♣♣❧✐❡❞ t♦ s✐♠♣❧✐❢② ❡❛❝❤ ♣r♦❜❧❡♠ ❜❛s❡❞ ♦♥ ✐ts
❞✐st✐♥❣✉✐s❤✐♥❣ ❢❡❛t✉r❡s✳ ❚❤r♦✉❣❤ t❤❛t ♣r♦❝❡ss✱ ♠❛♥② ♦❢ t❤❡ ♣r♦❜❧❡♠s st✉❞✐❡❞ ❤❡r❡
♠❛② ❜❡ s♦❧✈❡❞ ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡✣❝✐❡♥t ✇❛②s✳

❚❤❡ ❢r❛♠❡✇♦r❦ ❞✐s❝✉ss❡❞ ❤❡r❡ ✐s ♥♦t ❧✐♠✐t❡❞ t♦ t❤❡ ♣r♦❜❧❡♠s st✉❞✐❡❞ ✐♥ t❤✐s
♣❛♣❡r✳ ❋✉rt❤❡r ❜♦✉♥❞s ♦♥ ❜♦t❤ ♥❡❛r✲ ❛♥❞ ❢❛r✲✜❡❧❞ ♠❡tr✐❝s ♠❛② ❜❡ ❞❡r✐✈❡❞ ❣✐✈❡♥
t❤❡ ❛❜✐❧✐t② t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♥❡❝❡ss❛r② ♠❛tr✐① ♦♣❡r❛t♦rs✳ ❚❤♦✉❣❤ ✐♥ t❤✐s ♣❛♣❡r ❛❧❧
s❝❛tt❡r✐♥❣ ♦❜❥❡❝ts ✇❡r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❡①✐st ✐♥ ✈❛❝✉✉♠✱ ♥♦ s✉❜st❛♥t✐❛❧ ♠♦❞✐✜❝❛t✐♦♥
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✐s ♥❡❝❡ss❛r② ❢♦r t❤❡ ❝❛s❡ ♦❢ ♦❜❥❡❝ts s✉s♣❡♥❞❡❞ ✇✐t❤✐♥ ❛♥② ♦t❤❡r ❧♦ss❧❡ss ❞✐❡❧❡❝tr✐❝
❜❛❝❦❣r♦✉♥❞✳ ❙✐♠✐❧❛r❧②✱ ♠❛t❡r✐❛❧ ✐♥❤♦♠♦❣❡♥❡✐t② ❛♥❞ ❛♥✐s♦tr♦♣② ♠❛② ❜❡ ✐♥tr♦❞✉❝❡❞
✇✐t❤ ♠✐♥✐♠❛❧ t❡❝❤♥✐❝❛❧ ❝❤❛♥❣❡s✳

❚❤❡ ❜♦✉♥❞s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r r❡♣r❡s❡♥t t❤❡ ❛❜s♦❧✉t❡ ♦♣t✐♠❛❧ ❜❡❤❛✈✐♦r
❛❝❤✐❡✈❛❜❧❡ ❜② ♦❜❥❡❝ts ♦❢ ♣r❡s❝r✐❜❡❞ ♠❛t❡r✐❛❧ ❛♥❞ ❜♦✉♥❞✐♥❣ s✉♣♣♦rt✳ ■♥ ❛❞❞✐t✐♦♥ t♦
♣r♦✈✐❞✐♥❣ ✐♥s✐❣❤t ✐♥t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣❤②s✐❝❛❧ ❧✐♠✐t❛t✐♦♥s ♦❢ s♣❡❝✐✜❝ ❡❧❡❝tr♦♠❛❣✲
♥❡t✐❝ ♣r♦❝❡ss❡s✱ t❤❡s❡ ❜♦✉♥❞s ✇✐❧❧ s❡r✈❡ ❛s ❜❡♥❝❤♠❛r❦s ❢♦r ❢✉t✉r❡ t♦♣♦❧♦❣② ♦♣t✐♠✐③❛✲
t✐♦♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✳ ❚❤❡r❡✱ t❤❡ ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧ ❝✉rr❡♥t s♦❧✉t✐♦♥s ♠❛② ❛❧s♦ ✜♥❞
✉t✐❧✐t② ✐♥ ❛❝❝❡❧❡r❛t✐♥❣ ❛♥❞ ✐♥❢♦r♠✐♥❣ t❤❡ ❝❤♦s❡♥ t♦♣♦❧♦❣② ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥t

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❛❝❦♥♦✇❧❡❞❣❡ t❤❡ ✜♥❛♥❝✐❛❧ s✉♣♣♦rt ♦❢ t❤✐s ✇♦r❦ ❜② t❤❡ ❙✇❡❞✐s❤
❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧ ❛♥❞ ❜② t❤❡ ❈③❡❝❤ ❙❝✐❡♥❝❡ ❋♦✉♥❞❛t✐♦♥ ✉♥❞❡r ♣r♦❥❡❝t ◆♦✳ ✶✾✲✵✻✵✹✾❙✳

❆ P♦✇❡r ❜❛❧❛♥❝❡ ❝♦♥str❛✐♥t

❆ s❝❛tt❡r✐♥❣ ♣r♦❜❧❡♠ ✐s t②♣✐❝❛❧❧② ❢♦r♠✉❧❛t❡❞ ✉s✐♥❣ ❛♥ ✐♠♣r❡ss❡❞ s♦✉r❝❡ J i ✇❤✐❝❤ ❡①✲
❝✐t❡s ❛♥ ✐♥❝✐❞❡♥t ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ Ei,H i ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ❛ s❝❛tt❡r❡r✱ ❣❡♥❡r❛t✐♥❣
s❝❛tt❡r❡❞ ✜❡❧❞ Es,Hs✳ ❚❤❡ t♦t❛❧ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❞❡✜♥❡❞ ❛s E = Ei + Es

❛♥❞ H =H i +Hs✳
❆ ❝♦♠♣❧❡① ♣♦✇❡r ❜❛❧❛♥❝❡ ✐♥ t❤✐s s❝❡♥❛r✐♦ ✐s t②♣✐❝❛❧❧② ❢♦r♠✉❧❛t❡❞ ❛s ❬✷✹❪

−
∫

V

E · J∗
i dV =

∮

∂V

(E ×H∗) · dS − iω

∫

V

Ä

µ0 |H|2 − ǫ0 |E|2
ä

dV +

∫

V

1

ρ∗
|E|2 dV,

✭❆✳✶✮
s❡❡ ❋✐❣✳ ✶ ❢♦r ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r❡❣✐♦♥ V ❛♥❞ ✐ts ❜♦✉♥❞❛r② ∂V ✳

❯s✐♥❣ ❛ ✈♦❧✉♠❡ ❡q✉✐✈❛❧❡♥❝❡ ♣r✐♥❝✐♣❧❡ ❬✸❪✱ t❤❡ s❛♠❡ s❝❛tt❡r✐♥❣ ♣r♦❜❧❡♠ ❝❛♥ ❜❡
♠♦❞❡❧❡❞ ❜② ❛ ❝♦♥tr❛st ❝✉rr❡♥t ❞❡♥s✐t② J ✇❤✐❝❤ r❡♣❧❛❝❡s t❤❡ s❝❛tt❡r❡r ❛♥❞ ✐s t❤❡
s♦✉r❝❡ ♦❢ s❝❛tt❡r❡❞ ✜❡❧❞s✳ ■♥ t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❝♦♠♣❧❡① ♣♦✇❡r ❜❛❧❛♥❝❡ ✐s ♠♦r❡
♥❛t✉r❛❧❧② st❛t❡❞ ❛s

−
∫

V

E · (J + J i)
∗ dV =

∮

∂V

(E ×H∗) · dS − iω

∫

V

Ä

µ0 |H|2 − ǫ0 |E|2
ä

dV, ✭❆✳✷✮

✇❤❡r❡ s♦✉r❝❡s J + J i r❛❞✐❛t❡ ✐♥ ❢r❡❡ s♣❛❝❡✳
❈♦♠♣❛r✐♥❣ ✭❆✳✶✮ ❛♥❞ ✭❆✳✷✮ ✐❞❡♥t✐✜❡s t❤❡ t❡r♠

∫

V

E · J∗dV =

∫

V

1

ρ∗
|E|2 dV =

∫

V

ρ |J |2 dV ≈ IH (Rρ − iXρ) I ✭❆✳✸✮

✇✐t❤ ❛ ❝♦♠♣❧❡① ♣♦✇❡r ✢♦✇ ✇✐t❤✐♥ t❤❡ ♠❛t❡r✐❛❧ ♦❢ t❤❡ s❝❛tt❡r❡r✳ ❚❤❡ ❧❛st ❡q✉❛❧✐t②
r❡s✉❧ts ❢r♦♠ ❛ ❝✉rr❡♥t ❡①♣❛♥s✐♦♥ ✭✷✳✸✮ ❛♥❞ ❞❡✜♥✐t✐♦♥s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝✳ ✷✳✸ ❛♥❞
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❞❡✜♥❡s t❤❡ ♠❛tr✐①

(Rρ − iXρ)ij =

∫

V

ψ∗
i · ρψj dV. ✭❆✳✹✮

❲✐t❤✐♥ t❤❡ ✈♦❧✉♠❡ ❡q✉✐✈❛❧❡♥❝❡✱ t❤❡ s❝❛tt❡r❡❞ ✜❡❧❞ ✐s ✐ts❡❧❢ ❛ ✈❛❧✐❞ s♦❧✉t✐♦♥ t♦
▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ✐♥ ❢r❡❡ s♣❛❝❡ ❛♥❞ t❤❡r❡❢♦r❡ ❣❡♥❡r❛t❡s ❛ ❝♦♠♣❧❡① ♣♦✇❡r ❜❛❧❛♥❝❡
r❡❧❛t✐♦♥

−
∫

V

Es · J∗ dV =

∮

∂V

(Es ×H∗
s ) · dS − iω

∫

V

Ä

µ0 |Hs|2 − ǫ0 |Es|2
ä

dV, ✭❆✳✺✮

✇❤❡r❡

−
∫

V

Es · J∗ dV ≈ IH (R0 − iX0) I ✭❆✳✻✮

❞❡✜♥❡s ♠❛tr✐① R0 − iX0 ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝✳ ✷✳✷ ❛s ❛ ♣r♦❥❡❝t✐♦♥ ♦❢ s❝❛tt❡r❡❞ ✜❡❧❞
♦♣❡r❛t♦r

Es (J) = ikη0

∫

V

(

1+ k−2∇∇
)

· J (r′)
eik|r−r

′|

4π|r − r′| dV, ✭❆✳✼✮

♦♥t♦ ❛ ❝✉rr❡♥t ❜❛s✐s ✭✷✳✸✮

(R0 − iX0)ij =

∫

V

ψ∗
i ·Es(ψj) dV, ✭❆✳✽✮

s❡❡ ❬✷✵❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳
❆❞❞✐t✐♦♥ ♦❢ ✭❆✳✸✮ ❛♥❞ ✭❆✳✻✮ t♦❣❡t❤❡r ✇✐t❤ ❞❡✜♥✐t✐♦♥ ✭✷✳✶✼✮ ❣❡♥❡r❛t❡s t❤❡ ❝♦♠♣❧❡①

♣♦✇❡r ❝♦♥str❛✐♥t ✭✷✳✶✾✮✳

❇ ◗✉❛❞r❛t✐❝❛❧❧② ❝♦♥str❛✐♥❡❞ q✉❛❞r❛t✐❝ ♣r♦❣r❛♠s

❆ss✉♠❡ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❢♦r♠

maximize IHAI+ Re
{

IHa
}

+ a0

subject to IHBI+ Re
{

IHb
}

+ b0 = 0

IHCI+ Re
{

IHc
}

+ c0 = 0

✭❇✳✶✮

✇❤❡r❡ A = AH,B = BH,C = CH ∈ C
[N×N ]✱ a0, b0, c0 ∈ R ❛♥❞ a,b, c, I ∈ C

[N×1]✳
❚❤❡ ❞✉❛❧ ❢✉♥❝t✐♦♥ ❬✼✱ ✹✺❪ ❢♦r t❤✐s ♣r♦❜❧❡♠ ✐s

g (ν, µ) = −1

4
(a− νb− µc)HH−1(a− νb− µc) + a0 − νb0 − µc0, ✭❇✳✷✮

✇❤❡r❡ t❤❡ ❍❡ss✐❛♥ ♠❛tr✐① ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ ✭str✐❝t❧② s♣❡❛❦✐♥❣✱ t✇✐❝❡ t❤❡ ❍❡ss✐❛♥
♠❛tr✐①✮

H = A− νB− µC ✭❇✳✸✮



✷✾

✐s ❛ss✉♠❡❞ t♦ ❜❡ ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡✱ ✐✳❡✳✱ H ≺ 0✱ ❛♥❞ ✇❤❡r❡ ν, µ ∈ R ❛r❡ ▲❛❣r❛♥❣❡
♠✉❧t✐♣❧✐❡rs✳ ❚❤❡ st❛t✐♦♥❛r② ♣♦✐♥t ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ ✐s ❢♦✉♥❞ ❛t

Iopt = −1

2
H−1(a− νb− µc). ✭❇✳✹✮

❚❤❡ ❞✉❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠ ✭❇✳✶✮ ✐s r❡❛❧✐③❡❞ ❜② ♠✐♥✐♠✐③✐♥❣ t❤❡ ❝♦♥✈❡①
❞✉❛❧ ❢✉♥❝t✐♦♥ g (ν, µ)✳ ❙✐♥❝❡ t❤❡ ♣r✐♠❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭❇✳✶✮ ✐s ❣❡♥❡r❛❧❧② ♥♦t
❝♦♥✈❡① ❬✼❪✱ t❤❡ s♦❧✉t✐♦♥ t♦ ❛ ❞✉❛❧ ♣r♦❜❧❡♠ ✐♥ ❣❡♥❡r❛❧ ♦♥❧② ❣✐✈❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞ t♦
t❤❡ ♣r✐♠❛❧ ♣r♦❜❧❡♠✳ ❍♦✇❡✈❡r✱ t❤❡ ❝❛s❡ ✇✐t❤ ❛ s✐♥❣❧❡ q✉❛❞r❛t✐❝ ❝♦♥str❛✐♥t ✭C = 0✮
✐♥ ✭❇✳✶✮ ✐s s♦❧✈❡❞ ❜② t❤❡ ❞✉❛❧ ❢♦r♠✉❧❛t✐♦♥ ✐❢ t❤❡ s♦❧✉t✐♦♥ ✐s ❢❡❛s✐❜❧❡ ❬✼❪✳ ❙tr♦♥❣ ❞✉❛❧✐t②
❛❧s♦ ❤♦❧❞s ❢♦r t✇♦ q✉❛❞r❛t✐❝ ❝♦♥str❛✐♥s ✉♥❞❡r ♠✐❧❞ ❝♦♥❞✐t✐♦♥s ♦♥ B ❛♥❞ C ❬✹❪✳ ■♥
❛❧❧ ❝❛s❡s tr❡❛t❡❞ ✐♥ t❤✐s ♣❛♣❡r✱ t❤❡r❡ s❡❡♠s t♦ ❜❡ ✭✐♥❞✉❝t✐✈❡ ♦❜s❡r✈❛t✐♦♥ ❜❛s❡❞ ♦♥
♠❛♥② ♥✉♠❡r✐❝❛❧ tr✐❛❧s✮ ♥♦ ❞✉❛❧ ❣❛♣ ❬✼❪ ❛♥❞ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❞✉❛❧ ♣r♦❜❧❡♠ ❡q✉❛❧s
t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r✐♠❛❧ ♣r♦❜❧❡♠✳

❚❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ✭❇✳✷✮ ♠✉st t②♣✐❝❛❧❧② ❜❡ ❞♦♥❡ ✈✐❛ ❣❡♥❡r❛❧ ♣✉r♣♦s❡ ❝♦♥✈❡①
♦♣t✐♠✐③❛t✐♦♥ t♦♦❧s✳ ❉✉❡ t♦ ✐ts s✐♠♣❧✐❝✐t② ❛♥❞ ❢❛st ❝♦♥✈❡r❣❡♥❝❡✱ ◆❡✇t♦♥✬s ♠❡t❤♦❞
✐s ♦❢t❡♥ t❤❡ ✜rst ❝❤♦✐❝❡ ❬✹✸❪✳ ❆♥♦t❤❡r ❥✉st✐✜❝❛t✐♦♥ ❢♦r t❤❡ ✉s❡ ♦❢ ◆❡✇t♦♥✬s ♠❡t❤♦❞
✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✐♠♣❧❡ ❢♦r♠✉❧❛s ❢♦r t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡
❞✉❛❧ ❢✉♥❝t✐♦♥ g (ν, µ) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs✳ ❚❤❡s❡ ❞❡r✐✈❛t✐✈❡s
❛r❡ ❣✐✈❡♥ ❜②

∂g (ν, µ)

∂ν
= −Re

¶

(BIopt + b)H Iopt

©

− b0 ✭❇✳✺✮

∂g (ν, µ)

∂µ
= −Re

¶

(CIopt + c)H Iopt

©

− c0 ✭❇✳✻✮

∂2g (ν, µ)

∂ν2
= −2

Å

BIopt +
b

2

ãH

H−1

Å

BIopt +
b

2

ã

✭❇✳✼✮

∂2g (ν, µ)

∂µ2
= −2

(

CIopt +
c

2

)H

H−1
(

CIopt +
c

2

)

✭❇✳✽✮

∂2g (ν, µ)

∂ν∂µ
= −2Re

®

Å

BIopt +
b

2

ãH

H−1
(

CIopt +
c

2

)

´

✭❇✳✾✮

❇✳✶ ❙✐♥❣❧❡ q✉❛❞r❛t✐❝ ❝♦♥str❛✐♥t

■❢C, c, c0 = 0 ✐♥ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭❇✳✶✮✱ ❝♦♥s✐❞❡r❛❜❧❡ s✐♠♣❧✐✜❝❛t✐♦♥s ♠❛② ❜❡
♠❛❞❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ss✉♠❡ t❤❛t ❛ ♠❛tr✐① Q ❡①✐sts t❤❛t s✐♠✉❧t❛♥❡♦✉s❧② ❞✐❛❣♦♥❛❧✐③❡s
t❤❡ ♠❛tr✐❝❡s A,B✳ ❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭❇✳✶✮ ❝❛♥ t❤❡♥ ❜❡ r❡❝❛st ✐♥t♦ ❛♥
❛❧t❡r♥❛t✐✈❡ ✭✏Q✑✮ ❜❛s✐s ❛s

maximize ĨHÃĨ+ Re
{

ĨHã
}

+ a0

subject to ĨHB̃Ĩ+ Re
{

ĨHb̃
}

+ b0 = 0
✭❇✳✶✵✮

✇❤❡r❡ I = QĨ, ã = QHa, b̃ = QHb ❛♥❞ ✇❤❡r❡ t❤❡ ♠❛tr✐❝❡s Ã = QHAQ, B̃ = QHBQ

❛r❡ r❡❛❧ ❛♥❞ ❞✐❛❣♦♥❛❧✳ ❚❤✐s ❧❡❛❞s t♦ ❛♥ ❛♥❛❧②t✐❝❛❧ ✐♥✈❡rs✐♦♥ ♦❢ t❤❡ ❍❡ss✐❛♥ ♠❛tr✐①

H̃−1
nn =

(

Ãnn − νB̃nn

)−1
, ✭❇✳✶✶✮
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✇❤✐❝❤ ✐♥ ♠❛♥② ❝❛s❡s ❛❧❧♦✇s ❢♦r ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠ ✭❇✳✶✵✮ t❤❛t ✐s
❣✐✈❡♥ ❜② t❤❡ r♦♦t ♦❢ ✭❇✳✺✮✳

❋♦r t✇♦ ✐♠♣♦rt❛♥t ❝❛s❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ♣❛♣❡r✱ ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ t♦ ✭❇✳✶✵✮
❝❛♥ ❜❡ ❢♦✉♥❞✳ ❚❤❡ ✜rst ❝❛s❡ ♦❝❝✉rs ✇❤❡♥ A = 0 ❛♥❞ t❤❡ ♠❛tr✐① B ✐s ♦❢ ❢✉❧❧ r❛♥❦ ❛♥❞
♥♦t ✐♥❞❡✜♥✐t❡✳ ❚❤❡ Q✲❜❛s✐s ✐s ✐♥ t❤❛t ❝❛s❡ ❢♦r♠❡❞ ❜② ❛♥ ❡✐❣❡♥✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥
BQ = QD ❛♥❞ t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r ✇❤✐❝❤ ♠✐♥✐♠✐③❡s t❤❡ ❞✉❛❧ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥
❜②

ν2
opt =

∑

n |ãn|
2 B̃−1

nn
∑

n

Ä

∣

∣b̃n
∣

∣

2
B̃−1

nn

ä

− 4b0
✭❇✳✶✷✮

✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t ν2
opt > 0✳ ❚❤❡ ♣♦s✐t✐✈❡ r♦♦t ♦❢ ✭❇✳✶✷✮ ✐s ❝❤♦s❡♥ ✇❤❡♥ B̃nn >

0✱ ✇❤✐❧❡ t❤❡ ♥❡❣❛t✐✈❡ r♦♦t ♦❢ ✭❇✳✶✷✮ ✐s ❝❤♦s❡♥ ✇❤❡♥ B̃nn < 0✳
❚❤❡ s❡❝♦♥❞ ❝❛s❡ ✐s r❡❛❧✐③❡❞ ✇❤❡♥ t❤❡ ♠❛tr✐① A = αLH

1 L1 ✐s ❛ r❛♥❦✲✶ ❍❡r♠✐t✐❛♥
♠❛tr✐①✱ t❤❡ ♠❛tr✐① B = βLH

2 L2 ✐s ❍❡r♠✐t✐❛♥ ❛♥❞ ♦❢ ❢✉❧❧ r❛♥❦✱ t❤❡ ✈❡❝t♦r a = 0
❛♥❞ b0 = 0✳ ❚❤❡ Q✲❜❛s✐s ✐s ♠♦st ❡❛s✐❧② ♦❜t❛✐♥❡❞ ✈✐❛ Q = L−1

2 U1✱ ✇❤❡r❡ U1 ✐s ❛
✉♥✐t❛r② ♠❛tr✐① ❝♦♠✐♥❣ ❢r♦♠ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ L−H

2 LH
1 = U1ΣUH

2 ✳
❙✐♥❝❡ t❤❡ ♠❛tr✐① A ✐s r❛♥❦✲✶✱ ♦♥❧② ♦♥❡ ❡❧❡♠❡♥t ♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ♠❛tr✐① Ã ✐s ♥♦♥✲③❡r♦✳
❉❡♥♦t✐♥❣ ✐ts ✐♥❞❡① ❛s i = 1✱ t❤❡ s♦❧✉t✐♦♥ t♦ t❤✐s s♣❡❝✐❛❧ ❝❛s❡ r❡❛❞s

νopt =
Ã11

B̃11

Ñ

1±
(

B̃11
∣

∣b̃1
∣

∣

2

∑

n

∣

∣b̃n
∣

∣

2

B̃nn

)− 1

2

é

, ✭❇✳✶✸✮

✇❤❡r❡ t❤❡ ❝♦rr❡❝t s✐❣♥ ✐♥ ✭❇✳✶✸✮ ✐s ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡♥❡ss ♦❢
t❤❡ ❍❡ss✐❛♥ ♠❛tr✐① ✭❇✳✸✮✳

❈ ❘❛❞✐❛t✐♦♥ ♠♦❞❡s

❘❛❞✐❛t✐♦♥ ♠♦❞❡s ❛r❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✭✸✳✹✮✳ ❆❧t❤♦✉❣❤ r❛✲
❞✐❛t✐♦♥ ♠♦❞❡s ❛r❡ ❡❛s✐❧② ❞❡t❡r♠✐♥❡❞ ♥✉♠❡r✐❝❛❧❧② ❢♦r ❛r❜✐tr❛r② s❤❛♣❡s ✉s✐♥❣ t❤❡ S

♠❛tr✐① ❬✺✺❪✱ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥s ❛r❡ ✈❛❧✉❛❜❧❡✳ ❚❤❡ r❛❞✐❛t✐♦♥ ♠♦❞❡s ❢♦r ❛ s♦❧✐❞ s♣❤❡r❡
✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s r❡s✐st✐✈✐t② ρr ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❛♥❛❧②t✐❝❛❧❧②

̺n =
k2η0
ρr

∫ a

0

|u(1)
υ (kr)|2 dV =

k2η0a
3

2ρr

Å

(R
(1)
1,l )

2 − R
(1)
1,l−1 R

(1)
1,l+1 +

2

ka
R

(1)
1,l R

(1)
2,l δτ,2

ã

≈ (ka)2l
(

(2l + 1)!!
)2

η0a

ρr

®

(ka)2/(2l) τ = 1

(l + 1) τ = 2
❛s ka → 0, ✭❈✳✶✮

✇❤❡r❡ u
(1)
υ ❞❡♥♦t❡ r❡❣✉❧❛r s♣❤❡r✐❝❛❧ ✇❛✈❡s ❬✶✽✱ ✸✶❪✱ R

(1)
τ,l = R

(1)
τ,l (ka) r❛❞✐❛❧ ❢✉♥❝✲

t✐♦♥s ❬✶✽✱ ✺✺❪✱ ❛♥❞ υ = (τ, s,m, l) ❛ ♠✉❧t✐✲✐♥❞❡① ✇✐t❤ s, l ∈ {1, 2}✱ m ∈ {0, . . . , l}✱
❛♥❞ l ∈ {1, . . . } ♦r❞❡r❡❞ ❛s n = 2(l2 + l − 1 + (−1)sm+ τ ✳ ❆♠♣❧✐t✉❞❡s ♦❢ r❛❞✐❛t✐♦♥
♠♦❞❡s ❢♦r ❛ ❤♦♠♦❣❡♥❡♦✉s s♣❤❡r❡ ✇✐t❤ r❛❞✐✉s a ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✶✸✳ ❚❤❡ r❛❞✐❛t✐♦♥
♠♦❞❡s ❛r❡ ❞♦♠✐♥❛t❡❞ ❜② t❤❡ t❤r❡❡ tr❛♥s✈❡rs❡ ♠❛❣♥❡t✐❝ ✭❚▼✮ ✭τ = 2✮ ❞✐♣♦❧❡ ♠♦❞❡s
✭l = 1✮ ❢♦r ❡❧❡❝tr✐❝❛❧❧② s♠❛❧❧ s♣❤❡r❡s ❢♦❧❧♦✇❡❞ ❜② t❤❡ t❤r❡❡ tr❛♥s✈❡rs❡ ❡❧❡❝tr✐❝ ✭❚❊✮
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10−1 100 101 102

10−8

10−6

10−4

10−2

100

l = 1

l = 23456

λ/(2πa) = (ka)−1

̺
ρ
r
k
/η

0

TM

TE
ρr

2a

❋✐❣✉r❡ ✶✸✿ ◆♦r♠❛❧✐③❡❞ r❛❞✐❛t✐♦♥ ♠♦❞❡s✱ ̺n✱ ❢♦r ❛ ❤♦♠♦❣❡♥❡♦✉s s♣❤❡r✐❝❛❧ r❡❣✐♦♥
✇✐t❤ r❛❞✐✉s a✱ r❡s✐st✐✈✐t② ρr✱ ❛♥❞ ❢r❡❡✲s♣❛❝❡ ✇❛✈❡♥✉♠❜❡r k✳ ▼♦❞❡s ❛r❡ ♦r❞❡r❡❞ ❛s
n = 2(l2 + l − 1 + (−1)sm + τ ✱ ✇✐t❤ ♦r❞❡rs l = {1, 2, . . .} ❛♥❞ ❚❊ ✭τ = 1✮ ❛♥❞ ❚▼
✭τ = 2✮ ✐♥ s♦❧✐❞ ❛♥❞ ❞❛s❤❡❞ ❝✉r✈❡s✱ r❡s♣❡❝t✐✈❡❧②✳

✭τ = 1✮ ❞✐♣♦❧❡ ❛♥❞ ✜✈❡ ❚▼ q✉❛❞r✉♣♦❧❡ ✭l = 2✮ ♠♦❞❡s✳ ❚❤❡② ✐♥❝r❡❛s❡ ♠♦♥♦t♦♥✐❝❛❧❧②
✇✐t❤ t❤❡ ❡❧❡❝tr✐❝❛❧ s✐③❡ ka✳ ❚❤❡ s✉♠ ♦❢ r❛❞✐❛t✐♦♥ ♠♦❞❡s ❢♦r ❛ ❤♦♠♦❣❡♥❡♦✉s ♦❜❥❡❝t
✇✐t❤ ✈♦❧✉♠❡ V ❛♥❞ r❡s✐st✐✈✐t② ρr ❛r❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ tr❛❝❡ ♦❢ ♠❛tr✐① R0 t♦
∑

̺n = k2η0V/(2πρr)✳
❘❛❞✐❛t✐♦♥ ♠♦❞❡s ❝❛♥ ❛❧s♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ❛♥❛❧②t✐❝❛❧❧② ✐♥ t❤❡ ❧✐♠✐t ♦❢ ❡❧❡❝tr✐❝❛❧❧②

s♠❛❧❧ ♦❜❥❡❝ts✳ ■♥ t❤✐s ❧✐♠✐t✱ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡s ✭τ = 2 ❛♥❞ l = 1✮ ❞♦♠✐♥❛t❡ r❛❞✐❛t✐♦♥
❛♥❞ t❤❡ ❘❛②❧❡✐❣❤ q✉♦t✐❡♥t r❡❧❛t❡❞ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✭✸✳✹✮ s✐♠♣❧✐✜❡s t♦

IHR0I

IHRρI
=

|SI|2
IHRρI

≈
k2η0

∑

υ

∣

∣

∣

∫

u(1)
υ ·J dV

∣

∣

∣

2

∫

ρr|J |2 dV
≈

k2η0
∑

υ

∣

∣

∣

∫

ê · J dV
∣

∣

∣

2

6π

∫

ρr|J |2 dV
, ✭❈✳✷✮

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ❧♦✇✲❢r❡q✉❡♥❝② ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ r❡❣✉❧❛r s♣❤❡r✐❝❛❧ ✇❛✈❡s u
(1)
υ ≈

ê/
√
6π ❢♦r ❡❧❡❝tr✐❝ ❞✐♣♦❧❡s ✐♥ t❤❡ ê ∈ {x̂, ŷ, ẑ}✲❞✐r❡❝t✐♦♥s✳
❋♦r ✐♥❤♦♠♦❣❡♥❡♦✉s ♦❜❥❡❝ts ✇✐t❤ r❡s✐st✐✈✐t② ρr(r)✱ ✇❡ ✉s❡ ✈❛r✐❛t✐♦♥❛❧ ❝❛❧❝✉❧✉s ❛♥❞

s❡t J = J0 + δJ1 ❛♥❞ ❡✈❛❧✉❛t❡ ❢♦r s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s δJ1 ✇✐t❤ δ → 0 ❣✐✈✐♥❣

∣

∣

∣

∫

(ê · J0 + δê · J1) dV
∣

∣

∣

2

∫

ρr(|J0|2 + 2δJ1 · J0 + δ2|J1|2) dV
≈

∣

∣

∣

∫

ê · J0 dV
∣

∣

∣

2

+ 2δ

∫

ê · J1 dV

∫

ê · J0 dV
∫

ρr|J0|2 dV + 2δ

∫

ρrJ1 · J0 dV
.

✭❈✳✸✮

❚❤❡ ❢✉♥❝t✐♦♥❛❧ ✐s st❛t✐♦♥❛r② ❢♦r ❛❧❧ ♣❡rt✉r❜❛t✐♦♥s J1 ✐❢
∫

Ω

ê · J1 dV = 0 ❛♥❞

∫

Ω

ρrJ1 · J0 dV = 0 ✭❈✳✹✮
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2ar

❋✐❣✉r❡ ✶✹✿ ❘❛❞✐❛t✐♦♥ ♠♦❞❡s ̺n ❢♦r s♣❤❡r♦✐❞s ✇✐t❤ s❡♠✐✲❛①❡s az ❛♥❞ ar ❢♦r ka = 1
✇✐t❤ a = max{az, ar} ❛♥❞ r❡s✐st✐✈✐t② ρr ♥♦r♠❛❧✐③❡❞ ✇✐t❤ η0/(ρrk)✳

❢♦r ❛❧❧ J1 ✇❤✐❝❤ ✐♠♣❧② ❛ ❝✉rr❡♥t ❞❡♥s✐t② J0 ∼ ê/ρr✳ ❲✐t❤✐♥ t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡
✜rst t❤r❡❡ ❞♦♠✐♥❛♥t r❛❞✐❛t✐♦♥ ♠♦❞❡s ❤❛✈❡ ❡✐❣❡♥✈❛❧✉❡s

̺n =
k2η0
6π

∫

Ω

1

ρr(r)
dV =

k2η0V

6πρr
❢♦r n = 1, 2, 3 ✭❈✳✺✮

❢♦r ka ≪ 1 ❛♥❞ t❤❡ ❧❛st ❡q✉❛❧✐t② ✐s ❢♦r ❤♦♠♦❣❡♥❡♦✉s ♦❜❥❡❝ts ✇✐t❤ ✈♦❧✉♠❡ V ✳
❘❛❞✐❛t✐♦♥ ♠♦❞❡s ❢♦r ❛ s♣❤❡r✐❝❛❧ ❛♥❞ ♦❜❧❛t❡ ❛♥❞ ♣r♦❧❛t❡ s♣❤❡r♦✐❞❛❧ r❡❣✐♦♥s ✇✐t❤

s❡♠✐✲❛①❡s ar ❛♥❞ az ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✶✹✳ ❚❤❡ ✜rst t❤r❡❡ ♠♦❞❡s r❛❞✐❛t❡s ❛s ❡❧❡❝tr✐❝
❞✐♣♦❧❡s ❛♥❞ ❤❛✈❡ ❡✐❣❡♥✈❛❧✉❡s ❛♣♣r♦①✐♠❛t❡❧② ❣✐✈❡♥ ❜② t❤❡ ✈♦❧✉♠❡ V = 4πa2raz/3✳
❚❤✐s ❡①♣❧❛✐♥s t❤❡ ❞❡❝r❡❛s❡ ♦❢ t❤❡ ✜rst ♠♦❞❡s ❝♦♠♣❛r❡❞ t♦ t❤❡ s♣❤❡r❡ ❛♥❞ ♦r❞❡r✐♥❣
♦❢ t❤❡ ❝✉r✈❡s✳ ❊✐❣❡♥✈❛❧✉❡s ❢♦r t❤❡ s♣❤❡r❡ ❛♣♣❡❛r ✐♥ ❣r♦✉♣s ✇✐t❤ 2l + 1 ❡❧❡♠❡♥ts✱
✇❤❡r❡ l ❞❡♥♦t❡ t❤❡ ♦r❞❡r ♦❢ t❤❡ s♣❤❡r✐❝❛❧ ♠♦❞❡✱ s❡❡ ❛❧s♦ ✭❈✳✶✮ ❛♥❞ ❋✐❣✳ ✶✸✳ ❚❤❡
❡✐❣❡♥✈❛❧✉❡s ❞❡❝r❡❛s❡ r❛♣✐❞❧② ✇✐t❤ t❤❡ ♠♦❞❡ ✐♥❞❡① s✉❝❤ t❤❛t ❤✐❣❤❡r ♦r❞❡r ❜❡❝♦♠❡
♥❡❣❧✐❣✐❜❧❡ ❢♦r l ≫ ka ✇✐t❤ n = 2l(l + 2) ❛♥❞ t❤❡ ♦r❞❡r✱ l✱ ❝❛♥ ♦❢t❡♥ ❜❡ ❡st✐♠❛t❡❞
❢r♦♠ l = ⌈ka+ 7 3

√
ka+ 3⌉ ❬✺✹❪✳

❘❛❞✐❛t✐♦♥ ♠♦❞❡s t♦❣❡t❤❡r ✇✐t❤ ❛♥ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ✐♥❝✐❞❡♥t ♣❧❛♥❡ ✇❛✈❡ ✐♥ s♣❤❡r✲
✐❝❛❧ ✇❛✈❡s ❬✸✶❪

aυ = 4πil−τ+1ê ·Yυ(k̂), ✭❈✳✻✮

❛r❡ ✉s❡❞ ✐♥ ✭✸✳✺✮✱ ✭✸✳✽✮✱ ❛♥❞ ✭✸✳✶✶✮ t♦ ❡①♣r❡ss t❤❡ ❜♦✉♥❞s ♦♥ t❤❡ ❝r♦ss s❡❝t✐♦♥s ✐♥
❛ ❢♦r♠ t❤❛t ✐s s✉✐t❛❜❧❡ ❢♦r s♠❛❧❧ s✐③❡ ❛♣♣r♦①✐♠❛t✐♦♥s✳ ❍❡r❡✱ Yυ ❞❡♥♦t❡s s♣❤❡r✐❝❛❧
❤❛r♠♦♥✐❝s ❬✸✶❪ ❛♥❞ t❤❡ ❡①♣❧✐❝✐t ✈❛❧✉❡ |ê ·Yυ|2 = 3/(8π) ❢♦r t❤❡ ❞✐♣♦❧❡ t❡r♠s ✭l = 1✮

|a1|2 = 16π2
3

8π
= 6π ✭❈✳✼✮

✐s ✉s❡❞ ✐♥ ✭✸✳✶✷✮✱ ✭✸✳✶✸✮✱ ❛♥❞ ✭✸✳✶✹✮✳
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❉ ▼❛t❡r✐❛❧ ♠♦❞❡❧s

❆ ▼❆❚▲❆❇ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❬✺✼❪ ♦❢ ❛ ❉r✉❞❡✲▲♦r❡♥t③ ♠♦❞❡❧ ♦❢ ❣♦❧❞ ❛♥❞ s✐❧✈❡r ❬✹✽❪
✐s ✉s❡❞ ❢♦r t❤❡ ♣❡r♠✐tt✐✈✐t② ǫ ❛♥❞ r❡s✐st✐✈✐t② ρ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✳ ❚❤❡ ❢r❡q✉❡♥❝②
❞❡♣❡♥❞❡♥❝❡ ♦❢ ❜♦t❤ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ✐♥t❡r✈❛❧ λ ∈ [0.2, 12] μm ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✶✺
❛♥❞ ❋✐❣✳ ✶✻✳ ❚❤✐s ♣❡r♠✐tt✐✈✐t② ♠♦❞❡❧ ❛❧s♦ ❛❣r❡❡s ✇❡❧❧ ✇✐t❤ ♦❧❞❡r r❡❢❡r❡♥❝❡ ❞❛t❛
❢♦r ❣♦❧❞ ❢r♦♠ ❬✷✼❪✳ ❇✉❧❦ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ❛ss✉♠❡❞ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✳
❙✉r❢❛❝❡ ❡✛❡❝ts r❡s✉❧t✐♥❣ ✐♥ ❛ ♥♦♥✲❧♦❝❛❧ ♠❛t❡r✐❛❧ r❡s♣♦♥s❡ ❛r❡ ♥❡❣❧❡❝t❡❞✳
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