arXiv:2203.08524v3 [cs.IT] 31 Aug 2022

Upper Bounds on the Mismatched Reliability
Function and Capacity Using a Genie Receiver

Anelia Somekh-Baruch
Faculty of Engineering
Bar—-Ilan University
Ramat-Gan, Israel

Abstract

We develop a novel framework for proving converse theorems for channel coding, which is based on the
analysis technique of multicast transmission with an additional auxiliary receiver, which serves as a genie to the
original receiver. The genie provides the original receiver a certain narrowed list of codewords to choose from that
includes the transmitted one. This technique is used to derive upper bounds on the mismatch capacity of discrete
memoryless channels as well as the reliability function with a mismatched decoding metric. Unlike previous works,
our bounding technique exploits also the inherent symmetric requirement from the codewords, leading to these new
upper bounds. Since the computations of most of the known bounds on the mismatch capacity are rather complicated,
we further present a method to obtain relaxed bounds that are easier to compute. As an example, we analyze the
obtained bounds in the binary-input channels case. We conclude by presenting simpler bounds on the reliability
function, and provide sufficient conditions for their tightness in certain ranges of rates.

I. INTRODUCTION

This paper addresses the problem of determining the fundamental limits of reliable communication
over a discrete memoryless channel W with a given decoding metric ¢. This setup is usually referred
to as mismatched decoding, since the decoding metric differs from the optimal maximum likelihood
(ML) metric that is matched to the communication channel. While the ML decoder minimizes the error
probability, in certain cases it is not applicable for various reasons such as channel estimation errors or for
practical decoder implementation considerations. The highest achievable rate with decoding metric ¢ is
referred to as the mismatch capacity. The problem of determining the fundamental bounds on channels with
mismatched decoding is also related to other information-theoretic setups such as zero-error transmission
over communication channels.

There have been quite a few works on achievable rates for channels with mismatched decoding from
the information theoretic view point. A partial list of works is [1]-[15], and for a survey on the subject
see [I16], and references therein.

Early results with a converse flavor were derived in [[17], where a necessary and sufficient condition
for the positivity of the mismatch capacity was determined, as well as a single-letter expression for the
mismatch capacity in the case of the binary input binary output channel.

Later works [18], [19] presented among other results, a tight multi-letter soft converse result, and
initiated multi-letter bounds, which involve a max-min form, where the maximum is taken over input
distributions, and a minimum is taken over a set of auxiliary channels that satisfy certain constraints (see
[19, Theorem 4] and [18, Theorems 4-5]).

The work [20] proved a max-min upper bound having a single-letter form. The bound of [20] was
obtained by constructing a graph in the output space of the channel and using graph-theoretic and large
deviations tools.

Tighter max-min single-letter upper bounds on the mismatch capacity were derived in [21] (see also
[22]), using a proof technique based on multicast transmission of only one common message over a
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broadcast channel. This technique relies on extending the single-user channel W with output Y to a channel
that has an additional output Z, with the property that the intersection event of correct g-decoding of the
Y -receiver and erroneous decoding of the auxiliary Z-receiver has zero probability for any codebook
of a certain composition P. This approach led to a strictly tighter bound with a significantly simpler
proof, which holds also for continuous alphabet channels. A tighter bound of a more involved form was
presented in [21]), that relied on considering a Z-receiver which is genie-aided and is informed of the
actual joint empirical distribution of the transmitted codeword and the Z-output sequence. Equivalence
classes of isomorphic channel-metric pairs (1, q) were further introduced in [21]], that enabled to derive
a sufficient condition for the tightness of the bound.

In a later work, [23], the class of broadcast channels was enlarged to include channels satisfying that
if the Z-receiver makes an error, then with high probability (approaching 1) so does the Y -receiver.
An improved bound was derived in [24], [25], which further enlarged the class of channels. The above
mentioned bounds are described in detail in this paper, but most of them are quite complicated to compute
in the sense that it is required to solve an optimization problem in order to determine whether a certain
channel belongs to the set or not. The tightest bound known to date which is easily computable in this
sense is the basic bound of [21]].

The study of the reliability function (error exponents) of channels with ML decoding has been quite
extensive (see, e.g., [26]—[29]). Clearly, the known upper bounds are applicable also to mismatched
decoding. Lower bounds on the exponents with mismatched decoding were derived in several works
such as [3]], [, [[14] (see also [16], and references therein). Recently, an upper bound on the reliability
function with mismatched decoding for zero-rate codes was derived in [30]. For a wide class of channel-
metric pairs, this bound was shown to be tight at R = 0". In [24], an upper bound was derived for all
rates up to the aforementioned bound of [24]] on the mismatch capacity.

In this paper, we refine our multicast approach to allow the genie-aided auxiliary Z-receiver of the
channel to serve as a genie for the original Y -receiver. We call this approach “transmission with a genie-
aided-genie”. The idea is very simple: the genie-aided auxiliary Z-receiver informs the original Y -receiver
of the list of all the codewords that share the same empirical statistics (joint type-class) with the channel
Z-output as that of the actual transmitted codeword. Doing so, it narrows down the list of competing
hypothesized codewords that the original mismatched decoder needs to choose from. We consider channels
satisfying the condition that if the list and yields a lower bound on the probability of error. This leads to
a basic upper bound on the mismatch capacity and the reliability function. We further present possibly
looser bounds which are easily computable.

This paper is organized as follows: In Section [IIl we present notation conventions. A formal statement of
the mismatched decoding setup appears in Section [IIl In Section [V-A] we present the transmission with
a Genie-Aided-Genie proof technique. Section [V-B] summarizes our main results. In Section [V] we study
the case of binary-input DMCs. In Section [VI| we compare our results to former results. Sections and
are dedicated to the proofs of the main theorems regarding reliability function and mismatch capacity
theorems, respectively. In Section [X] we establish some simpler bounds on the reliability function and
sufficient conditions for tightness. Section [X] discusses some concluding remarks. Proofs of additional
results and lemmas appear in the appendix.

II. NOTATION

Throughout this paper, scalar random variables (RVs) are denoted by capital letters, their sample values
are denoted by their respective lower case letters, and their alphabets are denoted by their respective
calligraphic letters; e.g. X, =, and &, respectively. A similar convention applies to random vectors of
dimension n and their sample values, which are denoted in boldface; e.g., . The set of all n-vectors with
components taking values in a certain finite alphabet are denoted by the same alphabet superscripted by
n, e.g., X". Logarithms are taken to the natural base e, unless stated otherwise.

For a given sequence € A™, where X is a finite alphabet, P, denotes the empirical distribution on X
extracted from x; in other words P, is the vector {P,(z),z € X}, where Py (z) is the relative frequency



of the symbol z in the vector x. The type-class of x is the set of ' € X™ such that ﬁw/ = fw, which
is denoted Tn(Py). Similarly, the joint empirical distribution of two sequences @, y, denoted Py, is the
vector {Ppy(z,y), (z,y) € X x Y}, where Py, (x,y) is the relative frequency of the pair of symbols
(z,y) in the vector (z,y); i.e. the number of indices i such that (z;,y;) = (z,y) normalized by n. The
conditional type-class of y given « is the set of ¢’s such that P, ; = P, ,, which is denoted T, (Pyz|T).
The set of all probability distributions on X is denoted by P(X), the set of conditional distributions from
X to Y is denoted P(Y|X), and the set of empirical distributions of order n on alphabet X" is denoted
Pn(X).

Information theoretic quantities, such as entropy, conditional entropy, and mutual information are
denoted following the usual conventions in the information theory literature, e.g., H(X), H(X|Y), [(X;Y)
and so on. To emphasize the dependence of a quantity on a certain underlying probability distribution, say
1, we at times use notations such as H (), H(pux)y), I(pxy), or H,(X), H,(Y|X), etc. For P € P(X),

and V,Q € P(Y|X) we denote the conditional divergence as D(V||Q|P) =", P(x)V (y|z)log ZEZ@
The expectation operator is denoted by [E(-), and to make the dependence on the underlying distribution
p explicit, it is denoted by E,,(-). The cardinality of a finite set .4 is denoted by |.A|. The indicator function
of an event & is denoted by 1.
For two measures P, () defined on the same measurable space ({2, F) the measure P is said to be
absolutely continuous w.r.t. () if for every £ € F such that Q(&) = 0 it also holds that P(£) = 0: this is

denoted P < Q.

III. A FORMAL STATEMENT OF THE PROBLEM

Consider transmission over a memoryless channel described by a conditional probability W (y|x), with
input z € X and output y € ) finite alphabets X and ); in particular, W (y|z) is a conditional probability
mass function. We define W"(y|x) = [[;_, W (yx|zx) for input/output sequences = (zy,...,z,) € X"
and y = (y1,...,yn) € Y". The corresponding RVs are denoted by X and Y.

An encoder maps a message m € {1,...,M,,} to a channel input sequence x,, € X', where the number
of messages is denoted by M,,. The message, represented by the random variable M, is assumed to take
values in {1,...,M,} equi-probably. This mapping induces an (n,M,,)-codebook C,, = {x1,..., Ty, }
with rate R, = %log M,,.

Upon observing the channel output y, the decoder produces an estimate of the transmitted message
m € {1,...,M,}. We consider the decoding rule

m = arg max q(xi,y), (1

where ¢(x;,y) is a certain additive decoding metric [27, Ch. 2] defined by a single-letter mapping q :
X x )Y — R such that

n

. y) = e v) = B [o(X, V)] 2 a(Pay), @
i=1

where for convenience we slightly abuse notation using g for both the per-letter metric ¢(z,y) and the
n-letter metric g(P,). Throughout the paper it is assumed that ties are broken uniformly between the
maximizers. e

Denoting the RV corresponding to the decoded message by M,(Y), we denote the average error
probability as P.(W,C,,q) = Pr[M,(Y) # M].

A rate R is said to be achievable with decoding metric ¢ if there exists a sequence of codebooks C,,
n = 1,2, ... such that %log IC.] > R and lim,,_,, P.(W,C,,q) = 0. The channel capacity w.r.t. metric
¢, denoted C, (W), is defined as the supremum of achievable rates, and is referred to as the mismatch
capacity.



Since the optimal decoding rule w.r.t. average error probability (of equiprobable messages) is ML,
which is additive for DMCs, Shannon’s channel capacity C'(WW) can be viewed in fact as the channel
capacity w.r.t. the metric ¢(z,y) = log W (y|z); that is,

C(W) = Cq(W)lg(y)=tog W (yl2)- 3)

A rate-exponent pair (R, F) is said to be achievable for channel W with decoding metric ¢ if there exists
a sequence of codebooks C,,, n = 1,2, ... such that for all n, %log |C.| > R and

liminf — = log P.(W,C,,q) > E. 4)
n—o00 n

Equivalently, we say that F is an achievable error exponent at rate R if (R, E) is an achievable rate-

exponent pair.

The reliability function of the channel with decoding metric ¢ is the supremum of achievable error
exponents as a function of the code rate, and is denoted by E?(R, W). The reliability function with ML
decoding metric is denoted E(R, W).

Define the highest achievable exponent with P constant composition codebooks of block length n as

1
1(R,P,W) 2 ——log P.(q, W, C,). 5
el P 1Y) CCT(P) Calzern 1 O (@ ) ©)
Using standard arguments that follow from the fact that the number of type-classes grows polynomially
with n, it can be shown that
EY(R, W) =liminf max el(R, P, W), (6)

n—00 PnEPn(X)

and for this reason, the main focus of this paper is on analyzing constant composition codes.

IV. MAIN RESULTS

In this section we present new upper bounds on the mismatch capacity and the reliability function of
the DMC when the decoder uses a mismatched decoding metric q. Before we present our new bounds,
we describe the main idea behind our proof technique.

A. The Multicast Transmission with a Genie-Aided-Genie Proof Technique

We refine our multicast transmission setup which was introduced in [21], that extends the single-user
channel Wy |x to a two-output (broadcast) channel Wy 7 x having an additional output Z over some finite
alphabet Z. An encoder uses a codebook C,, = {&; fVil of size M|, = ™ to transmit a message over the
channel.

As in [21, Theorem 2, Eq. (41)], we add a type-genie that informs the Z-receiver of the actual joint
empirical distribution P, of the input and output signals (x, z). The refinement of the proof technique
in this paper, is in that the Z-receiver, which observes z, serves as a genie to the Y -receiver by providing
it with the list

L(z, Pp.) 2 Co N Ty (Pyyz|2)
é {w1<zapmz>7"'7w|£(z7ﬁmz)‘<z7pmz)} (7)

of all the codewords, which lie in E(ﬁm‘z\z) (the conditional type-class given the received signal z). The
Y -receiver compares the metrics of all the codewords in the list and outputs

m = argmax ¢(T;,y), 8)
i €L (2, Prz)

where ties are broken uniformly between the maximizers. This setup is depicted in Fig. [1l
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Fig. 1. Transmission over a two-output (broadcast) channel with mismatched decoding and a Genie-Aided-Genie.

Since by definition the true codeword belongs to this narrowed down list, the error probability in
mismatched decoding of the Y receiver cannot exceed that of the original single-user setup.

The narrowing of the codebook to the list enables to lower bound the average pairwise error probability
within the list since within the list, the joint pairwise empirical distribution of codewords is more con-
strained compared to the entire codebook (in particular, the joint empirical distribution of each codeword
with z is identical) this is beneficial for the bound. The actual size of the list does not play a major role
in the proof, except for exceeding 1; i.e., containing at least one additional message except the transmitted
one.

We show that for rates which exceed our upper bound on the mismatch capacity, C, (W), the average
error probability is bounded away from zero. As for rates below C,(W), we upper bound the exponent
of the average error probability.

Note that we use the terminology of multicast transmission over a broadcast channel similar to [21]],
and we also refer to it as a two-output channel in certain cases where this terminology is more suitable. We
emphasize that this should not be confused with the ordinary broadcast channel over which two separate
messages are transmitted, and each is intended to a different receiver.

A summary of the main differences between the proof technique of this work and previous ones can
be found in Section

B. An Overview of the Main Results

In this section we present the new upper bounds on the achievable error exponent using decoding metric
¢, and the mismatch capacity C,(W). Throughout this paper, we adopt the shorthand notation that 1V
without subscript signifies the original single-user channel Wy |x. Whenever we refer to other marginal
distributions; i.e., Wy |xz, Wy xy or Wy z x, the subscript is mentioned explicitly.

1) The Main Upper Bound on C,(W'): Consider the set of two-output (broadcast) channels:

W,(Px) = {PYZ|X : min Eq(X,Y) > Eq(X, Y)} ©)
uvixzy Vxzy=Pxyz
UxXxz='UxXz
X—(U,2)-X
(X,U0)~(X,2)~Y



where U is an auxiliary RV] with alphabet size [¢/| < |X|?|Z|, and the condition Vigxz = Voxss
signifies that for all (u, 1, %2, 2), Vigxz (W, 21,22, 2) = Vg x4 (u, 12,21, 2).

Note that the RVs (U, X, XY, Z) have the following intuitive explanation originating from the proofs:
X- a typical channel input symbol, (Y, Z) - typical channel output symbols, X - a worst-case competing
codeword symbol, and U - a time-sharing RV.

Next, let

C,(W) £ max min I(X;Z), (10)
Px  Pyzx€Wq(Px), Py x=W
where throughout this paper, we adopt the convention that the minimum and maximum over an empty
set equal co and —oo, respectively.
Our basic bound on C, (W) of the following theorem is proved in Section [VIII

Theorem 1. For any W, additive metric ¢ € RU {—o0}, and finite alphabet Z,
Co(W) < Cy(W). (11)

The bound C,(W) is tighter compared to previously known bounds, see Section [V for a comparison
to previous works. Note that C, (W) is quite difficult to compute, since in order to determine whether a
two-output channel Py-z x belongs to the set W, (Px) or not, one needs to solve the minimization problem
in (I2). A similar problem arises with the computation of many of the previous bounds (e.g., those of
[23]], [24]). For this reason, in the next section we present a few looser bounds that are easier to compute.

It is worth mentioning though, that denoting

AYPxzu, Pyixz) =

Z Pyz(u, 2) Pxjuz(z|u, 2) Pxjuz(zlu, 2) Pyixz(ylz, 2)[a(Z,y) — q(z, y)], (12)
T,2,U,T,Y
the bound C,(W) in (I0) can also be expressed as
C,(W) = max min I(X;2) (13)
Px  Pyzix:minpy, , A(Pxzu,Py|x 2)20,
= max min I1(X; Z). (14)
(Px, Pyixz) Pyzix: A(Pxzu,Py|xz)>0,

In this form of the bound, for every given (Px, Py|xz), it is easy to determine whether the channel Py 7 x
satisfies AY(Px zu, Py|xz) = 0 or not, nevertheless, one still needs to optimize over the pair (Px, Py|xz).
2) Possibly Looser Easier to Compute Bounds on C,(W): We next present several sets of two-output
channels, W:¥™(Px), and W:¥™(Px ), Wy(Px), WE*(Px), which are subsets of W, (Px).
Consider the following set of symmetric distributions:

Psym(‘)(z X Z) é {P)N(ZX S P(XQ X Z) : V(I,i’/, Z)7 P)ZZX(%7 Z,LIZ‘) = PXZX('I’Zu%)}a (15)

and define
W;ym(PX) £ {PYZX : min EQ()}ay) > Eq(X, Y), } (16)
Sxzy: Vxvz=Pxvz
Vﬁzxepsym(XQXZ)
X—(X,Z2)-Y

'By inspecting (@) it is evident that without loss of generality one can take U such that Z is a deterministic function of U (perhaps with
larger alphabet for U), because one can replace any U by U’ = (U, Z). Therefore, one can add the constraint H(Z|U) = 0 to the set of
the minimization in (@) without changing the resulting bound (I0).

*In fact, the sets, as well as W, (P) are also functions of the alphabet cardinality | Z|, but for the sake of simplicity we omit this dependence
from our notation.



Wsym(PX) {PYZX min EQ()?aY) > Eq(X, Y)} (17)
Vixzy: Vxyz=Pxyz
- V% 7 x EPsym (X2 X Z)
X—(X,2)-Y,V(z,z), V}?‘X’Z(x\x,z)ZPX‘Z(Mz)

Further, define the third set of two-output channels

A z,V- z€Z ~
Wy(Px) = Przix: PZXV))((E«}G?ZX’ > Vi |2) Py xz(ylz, 2)[q(7,y) — q(x,y)] > 0 (18)
z,T,Yy
V(Z ny‘z) ZGZ
=1 Frzx: il Evyvy 0(X,Y) 2 Evyy L q(X,Y) (19)

where as mentioned in Section I, < denotes absolute continuity.
Now, denote w.l.o.g. X = {1,...,|X|}, and consider the collection of symmetric |X| x |X| matrices
{DY(Py|x,z=-)}, indexed by z € Z, whose (i, j)-th entries are given by:

{DY(Py|x,z=2)}ij = Z (Pyixz(li, 2)la(.y) — a(i, 9)] + Prixz(yli, 2)[a(i, ) — a(G. v)]) (20)
= [Prixz(yli, 2) = Prixz(ylj. 2)] - [a(G.y) — a(i. y)]- 21

Denoting that a matrix D is positive semi-definite (p.s.d.) by D > 0, we define the last set of two-output
channels:

WPSd PX {Pyzp{ Vz € Z D4 (PY|XZ 2 > 0} (22)
Let

Cev™(W) £ max min I(X; Z) (23)

Px Py 7 xeWs?™ (Px), Py|x=W
5jym(W) £ max min I(X;2) (24)

Px Py x€W;¥™(Px), Py x=W
C,(W) £ max _min I(X;2). (25)

PX Py 71 x€Wy(Px), Py|x=W

CPYW) £ max min I(X; 7). (26)

Px Py 71 xeWy® 4(Px): Py | x=W

The possibly looser bounds compared to C, (1) are presented in the following proposition, which is
proved in Appendix

Proposition 1. For any P € P(X),

WEA(P) C W, (P) S W,(P), 27)
W™ (Px) © WiP™(P) © Wy(P) (28)
and therefore
Cy(W) < Cy(W) < CP* (W), (29)
Cy(W) < Cm(W) < G (). (30)

As mentioned before, the bound C?**(1V) has a significant advantage over C, (1), since it is easier to
compute in the sense that determining whether a two-output channel Py 7 x belongs to the set Wg’Sd(PX)
requires a simple calculation. In particular, one needs to verify that Vz € Z, DY(Py|x,z=.) = 0 by
checking that the determinants of the 2/*! — 1 minors of each of these |Z| matrices are all non-negative



[31]. This is in contrast to the calculation of C\,(W) and similarly several other previous bounds (e.g.,
those of [23]], [24]), which require to solve a certain minimization problem, such as the minimization in
@), in order to determine whether a two-output channel belongs to the set W, (Px) (see Section [VI).

Furthermore, the bound C:¥™ (W) is also easier to compute numerically compared to C, (W) and
previous bounds, since the constraints in the definition of the set W;¥(P) limit the range and the
number of degrees of freedom of the solution of the optimization problem. In Section [Vl we analyze the
various bounds for the binary-input channel case (|X| = 2, || < 00).

3) Upper Bounds on the Reliability Function with Decoding Metric ¢: In this section we present our
main bound £ (R, W) on the reliability function with mismatched decoding, £9(R, W), and similar to
the mismatch capacity, we present looser bounds that are easier to compute.

For P € P(X) define

q 4 ;
E! (R, P,W) .. D(Pyx||W|P) (31)

Due to (6), our main result concerning the reliability function is presented in terms of upper bounds on
el (R, P,W).

Theorem 2. Let |Z| < oo, then for all n, and any P € P, (X)
el (R, P,W) < EL(R — €na, P,W) + €y, (32)

where €,, = O(*%), and €, = O(%2),

The main idea of the proof of Theorem [2] was presented in Section [V-Al the full proof can be found
in Section as well as the exact quantities €, ,, and €, ;. Note that the proof of Tlleorem can be
shortened to yield the same result as with the exception that £, is replace by EL™.

Now, define further

E%(R,P,W) 2 _min D(Py x| W|P) (33)
Py z\x €Wq(P): I(X;2)<R
ELPR, PW) £ min D(Pyx||W|P) (34)
Py 7 x WP (P): I(X;Z)<R
ELV™(R,P,W) £ _min D(Pyx||W|P) (35)
Py 7 xeW'™(P): I(X;Z)<R
B4 (R, P,W) & min D(Pyx||[W|P). (36)

Py 7 x EWV™(P): I(X;2)<R

Further, let EZ (R, W), EL (R, W), ELP*Y(R, W), E4*¥"™(R, W), E%*"(R, W) denote the maximum over
P € P(X) of the above quantities (31)-(36), respectively. The following theorem states the additional
bounds.

Theorem 3. The following inequalities hold for all (R, P,\W)
T ,psd
Egp(R7 P7 W) < Egp(Ru P7 W) < Egpi (R7 P7 W) (37)
ES (R, P,W) < EZ™(R, P,W) < E%"(R, P, V). (38)

The inequalities of (37)-(3B8) follow from @7)-(28).
The following corollary follows from (6), and Theorems [2] and [31

Corollary 1. For any |Z| < oo,
EY(R,W) < E(R,W) < E%(R,W) < ESP*(R, W) (39)

3This is mentioned in Eq. (99) which can replace the stronger result (I0Q), which requires a lightly more involved proof.



EY(R,W) < E%(R,W) < ELV™(R,W) < EL"™(R,W). (40)

The following corollary, which is easily verified, states that C,(W) is a rate above which the average
error probability in ¢ decoding cannot vanish exponentially fast.

Corollary 2. For all R > C((W), E% (R, P,W) = 0.

4) Upper Bound on the Reliability Function for Type-Dependent Metrics: Our next corollary extends
the results of Theorems 2| and [3| to the case of type-dependent metrics, similar to the extension in [21]]. The
class of type-dependent metrics generalizes additive metrics in the following manner. It is assumed that
the decoding metric ¢(x,y) depends on x,y solely via their joint empirical distribution; i.e., ¢(x,y) =
q(P%y), so ¢ can be viewed as a mapping from the empirical distributions to the reals ¢ : P, (X' x)) — R.
More generally, in order not to restrict attention to a specific block-length n, we assume that it maps the
simplex to a real number; i.e.,

q: P(X xY) >R (41)

We refer to this class of metrics as type-dependent (formerly referred to as a-decoders by Csiszar and
Korner [3]). In the case of type-dependent metrics, becomes:

m = arg max q(ﬁwiy). (42)
‘ }

The equivalent of the set of two-output channels ijm(PX) in (I6) for type-dependent metrics is given
by

W;’ym(PX) £ {PYZX : S mg) ez q(Vzy) 2 Q(ny)}, (43)
X)‘(/)Z?))/(ZYX:ZJ%(XYziV)?\XZ 7

yielding Eg;ym(R, P, W) as defined in (36).
The result pertaining to type-dependent metrics is the following.

Corollary 3. Let |Z| < oo, and let q(Pxy) be convex in Py|x for fixed Px, then for all n, and any
PeP,(X)

el(R,P,W) < ET™(R — ¢, ., P,W) + €04, (44)

where €, .= O(*E™) and ¢, 4 = O(loi"), and consequently

E1(R,W) < ELV™(R,W). (45)
The corollary is proved in Appendix

V. BINARY-INPUT CHANNELS

As mentioned above, in [17], a single-letter expression for the mismatch capacity in the case of the
binary input binary output channel was derived. The single-letter converse result reported in [32] for
binary-input DMCs (with 2 < || < oco) was disproved in [[15]. Specifically, a rate based on superposition
coding was shown to exceed the claimed mismatch capacity of [32]. B

The following lemma specifies simplified explicit expressions for Cv™ (W), Csv™(W), and CP*4(W)
for binary input DMCs, by explicitly solving the minimization problems in the definitions of W:¥™(Px),

W;ym(PX), and WP*¢(Px). Let

dy(Pyzix,2) = Y _[P(y]0,2) — P(y[1, 2)llg(1,y) — ¢(0,)]. (46)

Y
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Lemma 1. Let Wy x be a DMC with a binary input alphabet X = {0, 1}, and let |Z| < oo, thertl
(W) = max min I(X;2) 47)
X

PYZ\X: Vz: Pz(z)>0,
Epy) . x Py, d(XY)2EPy ) q(X)Y),

Py|x=W
= max min I(X; 7). (48)
Px  Pygzx:Vz, Pz(2)Px|z(012)Px|z(1]2)dq(Py zx,2) >0,
Consequently
Py 71x: Vz, Pz x(2|0) Pz x (2|1)dq (Py z)x,2)>0,
Py|x=
Further,
Cm(w) = Gy (w) (50)

and

CP*(1V) = max min I(X;2), (51)

q (W) Px Py g x: ¥z, dg(Py z)x,2)=0 ( )
Py|x=W

Lemma [Tl is proved in Appendix [Bl For given Py, it is easy to check whether the condition in the
minimization in (@7) is satisfied for a suggested channel Py x, as well as the conditions in (48)-(5I).
Further, it is evident that in the binary-input case C3¥™ (W) < CPs4(W).

Example 1): Consider the example X = {0,1}, Y = Z = {0, 1, 2} (also studied in [15], [24]):

097 0.03 0 0 0 0
Wyix = ( 01 01 08 ) (@) = ( 0 log(0.5) log(1.36) ) : (52)
It is easy to verify that the following two-output channel
(0.77 (Z’,y, Z) = (Oa 07 1)
0.6 (z,y,2)=(1,2,2)
= ) 02 (z,y,2) €{(0,0,0),(1,2,1)}
WrzixW210) = 01 (2,y,2) € {(1,0,0), (1,1, 1)} 3)
0.03 (Zlf,y,Z) = (Oa]-al)
L 0 otherwise

satisfies

02 08 0 ) (54)

Wi = Wy, Wax = ( 0.1 0.3 0.6

Assume w.l.o.g. that the maximizing Px is non-degenerate (as otherwise the mismatch capacity equals
zero). It is easy to verify that dy(Wyzx,2) > 0 for all z such that Wy x(2[0)Wyx(2]1) > 0, ie.,
z € {0,1}. Thus,

Co¥™(Wyx) < max I(Px X vaZ‘X) ~ 0.4081 |bits/channel use], (55)
X

where Py ~ (0.59, 0.41). For a comparison with previous results pertaining to this example and other
cases, see the next Section

“Since Py |xz(y|z,z) is not defined for (z,z) such that Pxz(z,z) = 0, the condition Pz(2)Px|z(0|2)Px|z(1|2)dq(Pyzx,2) > 0
should be understood as Pz(z)Px|z(0]z)Px|z(1]z) > 0 = dy(Pyzx,2) > 0.
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VI. A COMPARISON TO PREVIOUS RESULTS

We next discuss the relationship between our new results and some relevant previous converse results.
We begin by describing the major differences in the proof technique. Further, in Sections and we
describe the differences between the mismatch capacity and reliability function expressions, respectively.

1) Main Differences Compared to Proof Techniques of Previous Works: The Z-receiver of our previ-
ous works [21]], [23] was either genie-aided or not (depending on the specific theorem), but the major
difference is that it did not serve as a genie to the Y -receiver in these works. These works relied on
an argument that the broadcast channel Py 7 x is such that if the Y-receiver successfully decodes the
message, then so does the Z receiver (in the case of [23] this was relaxed to Z-receiver that is very likely
to succeed).

As for [20], [24], [25], these works did not consider multicast transmission nor genies, the technique
therein relied on a construction of a graph in the output space. Our bounding technique using a two-output
channel, in which the Z-receiver serves as a genie to the Y -receiver is significantly simpler and does not
involve the construction of a graph and graph-theoretic tools.

Another major difference in the proof technique between the current work and [24]], [25] is that in the
current work we exploit the symmetric requirement from the codewords: For the reliability function, we
analyze Pr(&;;|z;, z), the probability of the error event &;; that ¢(x;,Y) exceeds ¢(x;,Y") given that ¢
is transmitted and z received, and lower bound the average of 3[Pr(&;j|x;, z) + Pr(&;;]x;, 2)]; (see Eq.
(81))). For the mismatch capacity upper bound we state a condition such that for any pair of codewords
@y, ), in the list, the joint empirical distribution is such that either given (x,, z) the event &y is very
likely to occur or given (xy, z) the event &, is very likely to occur (see Lemma [6] Eqs. (122)-(123)).

The upper bound of [24], [25] implies that the symmetry and between the possible events (of each of
the messages being the transmitted one) was not exploited in the derivation.

2) Reliability Function: The general upper bounds which hold for ML decoding are applicable for
mismatched decoding as well, and in particular, the classical sphere-packing bound [27], which is given

by:

Ey,(R,PW) = min D(Pyx||W|P),
PY\X: I(PXpy‘X)SR
as it holds for all metrics ¢ including the ML metric.

Consider (37)-(38), yielding that EZ (R, P,W)|,—1,sw essentially upper bounds ef (R, P, W)| =105 w-
Taking Z =Y (instead of minimizing) in our bound (1), EZ (R, P, W)|,=10sw» and noting that Py x x
Liy=zy € Wy(Px) (since Px; = Pg, implies that Pxy = Pg, and thus E¢(X,Y) — Eq(X,Y) = 0)
yields B¢ (R, P,W)|g=0gw < Egp(R, P,W).

In [24], an upper bound on the mismatched reliability function was derived, which we denote (to avoid
confusion) as

(R,P, W) = min D(Py|X||Wy‘X|Px)

Ppy ki IP(X:Y)<R,

i . _ Eq(X,Y)>Eq(X.,Y
MNP v9i Pxp=Pgy, B Y)2E(XY)
X—(x,Y)-Y

q
sp

Note that we have (treating Y in the role of Z )

min E )?, Y) < min Ep . )?, Y 56
Px\xz' Pxz=Px 4, 4 )= Pgixzt Przx €P™(X2XZ) PXZXXPY‘XZq( ) 0
X—(X,2)-Y

where the r.h.s. is the minimization which appears in the definition of ijm(PX) (see ([16)) and thus
E&vm™(R,P,W) < f& (R, P,W). N

In addition to being at least as tight, the bound EZ*™(R, P,W) has the advantage that due to the
symmetry, solving the associated minimization problem on the r.h.s. of (36) involves fewer degrees of
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freedom to optimize over and narrower parameters range compared to the Lh.s. of (36). A similar comment
holds even more so when E%™™(R, P,W) is concerned, due to the constraint V(z, 2), Pgy ,(z|z,2) >
P)ﬂz(l"z) in .

3) Mismatch Capacity: As mentioned above, [20], a single-letter bound was derived by forming a
transformation of the channel into another translated channel from X" to ) such that ¢g-decoding error at
the latter implies ¢-decoding error at the original channel. The idea was to connect the two channels by
means of a graph in the output space )".

In [21], the multicast transmission proof technique was proposed, which yielded a few tighter bounds.
The main idea of the proof is that same message is transmitted simultaneously to two decoders over a
two-output (broadcast) channel Wy 7 x with two outputs Y and Z. The Z-decoder employs an additive
decoding metric p that can be optimized, and the two-output channel belongs to the set

T(q,p) =
{ Pyzix 1 ¥(2,y,2) : ple, 2) — gz, y) <max [p(2’, 2) — q(2',y)] }
Pyzx(y, z|x) =0 .

(57)

It is easily verified (see details in [21]), that any two-output channel in this class has the property that an
error occurs at the Z decoder, only if the Y -receiver makes an error. Thus, for any codebook C,,, we have

Pe(WY\XacrnCI) 2 PE(WZ\Xacnap) (58)
and the following bound holds for any stationary memoryless channel.

Cq(W) SH}I%X PYZ\XGF(I;};?PY\X:W[(X7 Z)7 )
It can be shown that the bound of [20] can be expressed as a special case for the suboptimal choice of
p=qand Z = ). Itis very easy to verify whether channel Py 7 x lies in the set of the minimization since
calculating the marginal Py|x involves a simple summation, and since I'(q, p) only dictates constraints
on necessary zero values for Py x. Furthermore, this max-min problem is easily solvable numerically
(see [21, Section IV-C]).

Another bound that was derived in [21] and is applicable to DMCs, enlarges the set of channels to one
that depends also on the input distribution Px. This bound was obtained by including a genie that helps
the Z-receiver by providing it with the actual value of the joint empirical distribution of the transmitted
codeword and the output sequence Z. In [23] the bound was improved to include a minimization over
the larger class of channels

{PYZX : min EQ()ZaY) > Eq(X, Y)}

Yxvz Vxvz=Pxvz,
V)}:Pva)?Z:PXZ
These channels satisfy the condition that if the Y'-decoder successfully decodes the message, then with
high probability (approaching 1 as the block length tends to infinity), also does the genie-aided Z-decoder.
A further improved bound was derived in [24]] where the set of channels is given by

Mmax(Q7 PX) é
{PYZX : min Eq(X,Y) > Eq(X, Y)}, (60)

Sxyvz Vxvz=Pxvyz,
<=Px,Vg,=Pxz
X—(X,2)-Y

which includes the additional constraint X — (X, Z) — Y. The resulting bound is denoted R(W, q).
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Note that
{Vigx € Paym(X? X Z): Vg =Vi,=Pxz} C{Vg,x: Vxz=Vg,=Pxz}. (61)
Therefore, from we obtain
Cm(W) < R(W, q). (62)

In the next lemma we show that there are many cases for which (61)) is obtained in strict inclusion (for
|X'| > 2). It is likely that there exist such cases where strict inclusion results in a strict inequality in (62).
This is reinforced by the fact that Cy(W) < C:v™(W) < C:¥™(W), and since the additional constraint
which appears in C;V™(W); ie., Py (v, 2|2) > ]3)2(| ,(x]z) may be active. But, even more importantly,
the above mentioned previous bounds except (I43) are rather complicated to compute, compared to the
bounds C2**(W) and C¥™(W).

Lemma 2. For |X| > 2 the following inclusion is strict:
{V)N(ZX S Psym(X2 X Z) : VXZ = V)ZZ = sz} - {V)ZZX : VXZ = V)ZZ = PXZ}- (63)
Proof. Tt is sufficient to establish the result for |X'| = 3. Consider the following 3 x 3 symmetric matrix:

ai(z) az(z) as(z)
A(z) = | ax(z2) asa(z) as(z) |, (64)
az(z) as(z) ag(z)
where a;(z) € (0, 1). Next, consider the matrix B(z) which is obtained by subtracting or adding a positive

quantity which satisfies the condition A < min{as(z),as(2),a5(z),1 — as(z),1 —az(z),1 —as(z)} from
A(z)’s entries as follows:

ai(2) as(z) + A az(z) — A
B(z)=[ ax(z) = A a4(2) as(z) + A |, (65)
az(z) + A as(z) — A ag(z)
Note that the condition guarantees that 0 < B;,(z) < 1. A more general choice is also applicable

with the appropriate conditions on ki, ks # k3, k4 (which are not all necessarily positive) ensuring that
0 < K, j(z) <1 where:

aq (Z) + ]{71 CLQ(Z) + ]{32 ag(Z) - ]{71 — ]{32
K(Z) = CLQ(Z) + ]{73 CL4(Z) + ]{?4 CL5(Z) — ]{73 — ]{?4 .. (66)
ag(z) —/{51 —]{53 CL5(Z) —k’g—k’4 a6(z)+k1+k2—l—k‘3—l—k‘4

Clearly, the sums of corresponding columns and rows of A(z) and K'(z) are identical (e.g. > _; Ai ;(2) =
>, Kij(2)), but while A(z) is symmetric, K (z) is not (since ky # k3). Now, let Vi, ¢ € Py (X? ¥
Z) which satisfies Vxz = Vg, = Pxz be given, and think of A;;(z) as Vyg,_ (i, j[2) and define
)’Q}«‘ 4.1, j]2) = K ;(z) which is clearly non symmetric. Thus Pz x V)/ZX\ ,, belongs to the set on the
r.h.s. of (63) but does not belong to the set on the Lh.s. of (63, and the lemma follows. O
It is easy to realize that for |X'| = 2 the inclusion (61)) is not strict; i.e., (6I)) is obtained with equality.
Combining this with (30), we obtain

If |X| = 2, then R(W,q) = C¥™(W) = C3¥™(W) > Cy(W). (67)

Further, unlike our Lemma [I} the optimization problem over V., in (60) associated with binary input
channels was not solved explicitly in [24]], and therefore our expression (48)) is significantly simpler, and
easier to compute.
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Consequently, for the binary input ternary output Example 1) (see (52)) it was established numerically
in [24] that

R(W, q) < 0.4999, (68)
while we rigorously established (33)); i.e.,
Crm (W) < max I(Py x Wy x) = 0.4081. (69)
X

Note that it is not evident whether the bound 0.4081 may be improved by calculating C,(W) rather than
Csvm(W), or by another choice of channel instead of Wy 7 x.

VII. PROOF OF THEOREM

In this section we prove Theorem [2] based on the outline described in Section [V-Al

Let a DMC W = Wy x be given. Fix P, € P,(X), and let C,, = {E,-}?ﬂ”l be a P,-constant composition
codebook of rate 12 for the channel Wy x. Consider another channel from X" x )V to a finite set Z denoted
by Wy xy, which along with Wy x constitutes a two-output channel Wy z x. For technical reasons, we
assume that Wz xy takes on the following form:

1

V(Jf,y, Z>7 WZ|XY<Z|'I7y) = (1 - En) ’ W§|XY(Z|$7y) +én- @7 (70)

where €, = 1, and W xy(2]z,y) is some conditional distribution from X x ) to Z. Note that this
implies that

W (ylz)W (z]z,y) e
V(z,y,2), Wyixz(ylz, z) = > Wyx(ylr) - - (71)
| W) | Z
Denote
Winin é min W ), 72
(,y): W (y|z)>0 vix(yle) (72)
€
12|

Given the channel input X € 7,(P,), and the joint type-class of (X, Z), ]3X z = ﬁxz, we clearly have
that Z is distributed uniformly over 7, (P x| X); i.e.,

- . T p
Pr(Z = 2|X =z, Pxg = Pyy) = - nlaxl2)
7Pz x|)]

Recall the definition of L(z, ﬁwz), and x;(z, ﬁwz) in (7), and note that by definition, |£(z, ﬁX z)| > 1 for
any Pxz which is a possible joint empirical distribution of a channel input-output sequences pair x, z.
Further recall the assumption that the Y-decoder is informed of the list £(Z, Pxz) = {x:(Z, Pxz)} and
employs the decoding rule (8). N R N

It is easily verified that for any possible channel output z such that P, = Py, it holds that {zi(z, Pxz)}
are equiprobable given {Z = z, Pxz = Pxz}; that is,

(74)

1

P(X = m,-(z,ﬁXZ)|Z = Z,ﬁXZ = ﬁxz) = .
|L(z, Pxz)

(75)

To see this, note that by applying Bayes’ law twice we have
PI'(X = %i(z,ﬁxz), Z = z|ﬁXZ = ﬁxz)
= PI"(Z = Z|PXZ = sz) . PI‘(X = .’EZ'(Z,PXz)|Z = Z,PXZ = sz) (76)
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= PI"(X = wi(z,ﬁxzﬂﬁxz = ﬁxz) . PI'(Z = Z|X = wi(z,ﬁxz),ﬁxz = ﬁxz). (77)

Now, since the code is constant composition, the actual joint type-class J3X z does not depend on the
codeword X, and hence Pr(X = x;(z, Pxz)|Pxz = Pxz) = M%n, and further we have Pr(Z = z| X =

wi(zvp)(Z))PXZ = PXZ) = m, this ylelds

~ ~ ~ 1
PI"(X:CEi(Z,sz)|Z:Z,PXZ:PXz): = = = . (78)
‘E(PZ\X” M, - Pr(Z = 2|Pxz = Pxz)

Since the r.h.s. does not depend on i we obtain the desired result (Z3).
Next, let

€ £ Ey(z Pxz) £ {y : qlw;(z, Pxz).y) = a(@i(z, Pxz),y)}, (79)
and adopt the shorthand notation
wié$i(z,ﬁxz), ﬁéﬁ(z,ﬁxz). (80)

Since Pr(error|x;, z) = Pr(U;x&;;|x;, z), we have the following lower bound on the average error
probability in g-mismatched decoding at the Y -receiver given that Z = z and Pxz = Pxz,

{ m Yijec, j#i Pr(&ilei, 2) L] =2 81)
0 .

Pr(eTTOT|Z,ﬁxz = IBXZ) > L] =1

Evidently, we shall focus on the case where (z, Py) are such that |£| > 2 to obtain a meaningful lower
bound on the error probability. Note that

Pr(&;jlxi, z) = Z WQ|XZ(’U|5L'1'> z) (82)
y: q(z;,9)2q(zi,y)

1 . N 5
= (o DRPED > e P s Wrialfee) (83
n

Vi xzy EPn(X2XZxY):

V)?ZX:Pwizzj )
a(Vgy)2a(Vxy)

]- —TLQn(ﬁw,-zmeY\XZ)
= Tn DRFET J ’ &

where for an empirical distribution P, € P,(X? x Z) satisfying P;, = Pxz we define

O (P, 5, W £ i D(V, = || W, P, - 85
(Pyyx Y\XZ) V)}XYZGPn(X%gIXy)F‘IS(PXZ)}) ( Y|XZX|| Y\XZ| x7%) (85)
S(Pxz%) = {V)?XYZ eP(X?x ZxY): Vizg = Pxzx a(Vzy) 2 Q(VXY)}' (86)

Consider the function Q(Py , 5, Wy|xz) which extends €2, (Py, 5, Wy|xz) in a twofold manner: (a) it
is defined for Py, , € P(X? x Z) which need not necessarily be an empirical distribution of order n,
and (b) the minimization is over the simplex P(X? x Z x ))) rather than empirical distributions; that is,

Py 5 Wyixz) = min D(VY|XZ)?HWY\XZ|PXZ)Z)- (87)
VixyzE€S(Pxzx)
We present the following approximation lemma whose proof appears in Appendix

Lemma 3. For all Py, € P,(X* x Z),
U (Py g5 Wyixz) < UPy gz, Wyixz) + 6n, (88)

2 2
where 6, = 2 - X ‘HZW' log = 2L with w,,;, defined in (Z3).
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Thus,

1 ~
Pr(&le: 2) = G e e (89)

Further,

E e_ng(ﬁwiszwWY‘XZ)

@@L, j#i

— Z % . [e_ng(ﬁwizij/VY\XZ) _'_ 6—TLQ(ﬁmjzmi,Wy‘Xz)i| (90)
@i @ L, ji

Z Z % . e_nmin{Q(ﬁwizwj7WY\XZ)7Q(ﬁEjZEi7WY\XZ)}7 (91)
@@ L, jHi

where (QQ) follows by switching the roles of the summation indices and multiplying and dividing by
2, (9I) follows since for positive A, B, ,we have, A + B > max{A, B}, and since f(t) = e is a
monotonically decreasing function.

Now, in analogy to the definition of S(Ps ) in (86)), define the following set of conditional distributions
rather than joint distributions

Scond( XZX) = {VY|XZ)~( t Pyyg X VY|XZ)~( € S(PXZX')} . 92)

Next, observe that since Q(PXZX, Wy xz) = miny, D(VY|XZ)?||WYIXZ‘13XZ)~<)’

Y|X2X e XZX)

min {Q(P"’izwj’ Wy ix2) AP, za, WYIXZ)}
min i . D(VA W ﬁxz 7
Vy 1 x 2% €5 (Pr; 2w ): W ixzIWy|xzIPxz)

Iv(X;Y|X,2)=0 (93)

< min ~
- . 5 D(V5 W- Pxz
Y‘ngescond(ijzmi): ( Y\XZ” Y\XZ‘ )

Iv(X;Y|X,2)=0
- “min ~ D(Vy|xz||Wy|xz|Pxz) (94)
VY\XZ)?ESCOM(PMWJ‘ )Uscond(ijzwi):
Iy (X;Y|X,2)=0
< min D(Vy|xz||Wy|xz|Pxz), 95)
Escond( [Pm zx +Pw 22T D
Iv(X;Y|X,2)=0

Y\XZX

where (l@]) holds since D( Y\XZX||WY|XZ|P93]Z%) = D(VY‘XZHWY‘XZUBMZ) + IV()?;Y|X, Z), and

since Vi, Py, = Pxz, (©4) holds since min{minses, f(t), minses, f(t)} = minses,us, f(t), (O follows
since SC"”d(2 [Pgc 20; + ijzwl]) Seond( P, izw;) U Seond(p ;zw;) Which follows from the linearity of the
expectation; that is,

Scond(ﬁmizmj) U Scond(ﬁmjzmi) L

~ Voo By, AR Y) —a(X Y 2000 Eg (oK)~ (X, V)] 2 0}
(96)
2 {VY|XZX IE;[Pm =+ Po e XV x 1% [q(X,Y) — q(X,Y)] > 0} : 7

Gathering (81), (89), (©I), (03), and denoting k,, = 5, + w log(n + 1) + @ we obtain that
whenever |L(z, Pxz)| > 2,

Pr(error|z, Pxz = Pxz)
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> min exp{ —n[ min R D(Vy|Xz||Wy|Xz‘ﬁxz)+kn}}. 98)
Vixyz€S(

mieﬁ7mjeﬁ7j7£i %[ﬁmizwj‘FijzmiD:
Iv(X;Y|X 2Z)=0

Since %[ﬁmz% + ngjzmi] € Poym(X? x Z) (see (13)), it straightforwardly follows that

min - D(Vyixz||Wyixz| Pxz)
V)?XYZES(?V[Pmizwj +ijzwz']):
Iv(X;Y|X Z2)=0

< min _ R D(VY|XZ||WY|XZ\13XZ)7 99)
Vxvz: Vyz i xEWq' " (Px): Vx z=Px z
where W;ym(ﬁx) is defined in (16).
We next establish a stronger result with W, (Px) in lieu of W:¥™(Px ), but note that the proof can be
shortened if we wish to prove (32) with E, replaced by EZ™™.

Claim 1. For any x;,x; € L

min - D(Vyixzl|Wyixz| Pxz)
V)?XYZES(?V[Pwizmj +ijzmi}):
Iv(X;Y|X Z)=0

< min D(Vyjxz||Wyix 2| Pxz), (100)

Vxyz: Vyz1x€Wqe(Px): Vxz=Pxz

Claim [T] is proved in Appendix [El R
Hence, from and (100), we obtain that whenever |L(z, Pxz)| > 2,

~ ~ —n|min 5y _ 5 D(W Wi p +k}
Pr(error|z, Pxz = Pxz) > e { Vy 71x Wa(Px)s Vi =Py g D VY 1x2IWyixzlPxcz)

(101)

We next present a lemma which enables to assess the size of the list £(Z, Py z) defined in (7).

Lemma 4. Let a codebook C, = {T;}\"y be given, let X denote the random codeword (distributed
uniforly over C,), and let Z denote the output of the channel W7 x when fed by X. For any T > 0,

Pr (|£(Z, Pxz)| > 6nT‘fBXZ = ﬁxz) >1— (n+1)*=-t ¢RI (Pxz)=] (102)

Lemma M is proved in Appendix [E R
Note that Lemma [, implies that for any Py, €, > 0, and ¢, > 0, such that

~

X||Z| -1 ~
R>I(Pxz)+ €, + % log(n + 1) + €,, (103)

it holds that

Pr (|£(Z, ﬁXZ)| < e |Pxgy = ﬁxz) < e e, (104)

Consequently, if J3X 7 1s a possible joint empirical distribution of a codeword and a channel output Z
such that (I03) holds, we have for €, > 1/n that

Pr(err0r|ﬁxz) > Pr(error, L(Z, ﬁxz) > ehen IBXZ = f’XZ) (105)
> (1 — e_"g") -Pr(err0r|18XZ = }A’XZ, L(Z, IBXZ) > ) (106)
> (1 — e_"g”) . min Pr(error\ﬁxz = ﬁxz, Z=2z) (107)

2€Tn(Pg): |L|>enen

~ —n[min Po): —p D(vy w; P +h
(1 —6_n6n) - e [ Vy z|x €Wa(Px): Vx z=Px 7 VyixzlWyxz|Pxz) n}, (108)

v
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where the last step follows from (10T)).
Now, let

U (Pxz, Wyixz) = min D(Vyixz|\Wy|xz|Pxz). (109)
Vxyz€Wq(Px): Vxz=Pxz

Since (I08) holds for every Py; € Po(X x Z) such that Py = P,, which is a possible empirical
distribution of X, Z, and which satisfies (I03)), and since

Pr(error) = Z Pr(ﬁxz = J3XZ) . Pr(error\ﬁxz = J3XZ)

Py 7€Pn(Xx Z): Px=Pn

1 p ) fy A~
> = oDFPyx|Wzx|Px) | _
T 2 _ (n + 1)z Pr(error|Pxz = Pxz),  (110)
Px 7€Pn(XXZ): Px=Py,
I(Pxz)<R—¢

denoting 6" = k,, — Llog(1 — e ) + % log(n + 1), we get

1
— —log Pr(error) <
n

R min D(Pyx||Wzx|Px) + ¥ (ﬁxm WY\XZ) + 6, (111)
Pxz€Pn(XXZ2): Px=Py,
I(Px z)<R—¢"

where ¢/ £ ¢, + % log(n+1)+¢,. The following lemma shows that the minimization over empirical

conditional distributions P, (X x Z) can be approximated by minimization over the simplex P(X x Z).

Lemma 5. For any P, € P,(X), and any Py x € Wy(F,), there exists Pxyz € Pu(X x Z) such that
Px = P,, Pzix x Pyixz € Wy(Py),

~ X Z ~
| Pn X Pzix — Pxz]| < %, and Py x(z|x) =0 = Py x(z|lr) = 0. (112)

Lemma 3] is proved in Appendix N

Next, let Py be the minimizer of (109). Note that [| Py ;—Px || < UEL implies | D( Py x| Wy z1x | Px)—
D(Pyx % P{;|Xz||WYZ\X‘PX)‘ < QWIOgn + |X”5HZ‘ log g'i[ £ §,,, where w,,;, is defined in
and further, |I(P%,) — I(P, X ﬁz‘x)\ < 2% logn = €.

This implies that for any P, € P,(X),

_ min D(ﬁZ|XHWZ\X|ﬁX) + W <ﬁXZa WY\XZ)
PxzEPn (XX Z): Px=Py,
I(Pxz)<R
< min D(Pyix||Wz x| Px) + ¥ (Pxz, Wy|xz) + 0, (113)

T Pxz€P(XxZ): Px=Py,
I(Pxz)<R—e€in

Thus, we obtained
1 _
——log Pr(error) < min D(Py 71 x||Wy z/x|Pn) + 05, + 0. (114)
n Py 71 x €EWq(Pn): I(PoX Pz x)<R—e1,n—€),
Now, since Wy xy can be optimized, with the exception that ([Z0) must hold, we can choose in (Z0)
W;\XY = PZ\XYa yleldlng ||WZ|XY — PZ\XY” S |EZ—"| Since we also have Pz‘Xy < Wz‘Xy, from

Pinsker’s inverse inequality (see e.g. [33, Lemma 4.1]), we get D(Pzxy||Wzxv|Pn X Pzx) < 2|EZ—”|,
and consequently

L . G
——logPr(error) < min D(Pyx||[Wyx|Pn) + 0n + 0 +2—. (115
n g Pr( ) Py 71 x EWq(Pn): I(Pnx Pz x)<R—e€1n—¢j] ( YIXH Y‘X| ) |Z| (1>
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Now, taking for example ¢, =€, = 2% &, = 1 and recalling that t, ;,;, = wmmﬁ we obtain
1
——log Pr(error) < min D(Pyx ||Wyx|P,) + €np, (116)
n Pyz‘XGWq(Pn)Z I(PnXPZ‘X)SR_En,a

where ¢,,p = 22l 1gg 1y 4 KVIZI 10 nIZL | o | IXPIZIVI o0 w2121 | IMIZIAUVIR o0, 4 1) 4 1)

Llog(l— %)+ 2n‘12‘ and €, , = 2% logn + ‘XHZ‘ Yog(n + 1).

VIII. PROOF OF THEOREM (1]

Let a DMC W = Wy x be given. As in the proof of Theorem 2l consider another channel from X x )
to a finite set Z denoted by Wy xy, which along with Wy x constitutes a two-output channel Wy z x.
Fix P, € P,(X), and let C, = {&;}}"" be a P,-constant composition codebook of rate R for the channel
Wy, x. Consider the genie-aided-genie setup depicted in Fig. [Il

First, we treat the case of ¢ = —oo: note that if there exists a pair of symbols (xg,yy) such that
q(zo,y0) = —oo and W (yo|re) > 0, then xy must be absent from C, for all n sufficiently large, as
otherwise the maximal error probability would not vanish as n tends to infinity. Hence assume w.l.o.g.

Vn, P,(z) =0 if Z W(y\x) > 0. (117)
v q(z,y)=

Recall the definition of the list £(z, Pxz) (see (@). We use the shorthand notation £ = L(z, Pyz),
and x; = x;(z, Pxz). Further recall the notation of AY(Pxzy, Py|xz) and W,(Px) defined in (I2), @),
respectively, (see also (13)), and let

Aq(WY\XZa Pn) =

{PXZ . PX = Pn> min Aq(PXZU,Wy‘Xz) 2 O} (118)
Py\xz
:{szi PX:Pn, PZ‘XXWyp(Zqu(Px)}. (119)
For any collection of codewords £’ C L such that |£'| > 2, let
' 1 ~
avg,L ~
PUYs (2,2,7) 2 e =1 Z 4ijzmi($727$)- (120)
1,JEL: jFi
Lemma 6. Ifﬁxz € A\(Wy\xz, P,)Pn(X x Z), then for any subset L' C L(z, ﬁxz) such that |L'| > 2,
> P (w2, 7), Wyle, 2) [g(F,y) — gz, 9)] > 0, (121)
T,%,2,Y

and consequently, for any pair of codewords x,, x; in L, either

z,Z,2,Y

or
Z ﬁwkzwz(%zvf) -W(ylz, 2) [q(z,y) — q(z,y)] = 0. (123)
z,%,2,Y

Proof. Recall the definition of Fﬁlzg in (207)), hence similar to ,

e |£, Do D Poay(w,2®) Wiylr,2) [a(@,y) — a(x,y)] (124)

zjeﬁ’ JFl T2,y
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= > PO (a2, 7) - Wyl 2) [0, ) — (. y)] (125)

T,T,2,Y
|L/| — -
= o1=1 2 Praxl@ D) Wlle2) 0@ y) = gla.y) (126)
T,%,2,Y
. L _ _
> nin. |£‘/|7‘1 Z Pyz(u, 2) Pxjuz(z|u, 2) Pxjuz(Z|u, 2) - W(ylz, 2) [¢(Z,y) — q(z,y)] (127)
UXZ- - —
Pxz=Pxz W T2 Y
>0, (128)
where we abbreviate W = Wy |x 7, (126) follows (208, follows by definition of P, (see (207)),
and the last step is by definition of A, (P,, Wy|xz). O

The next lemma shows that for at least half of the pairs of distinct codewords, the pairwise error
probability is bounded away from zero. It is based on [17, Lemma 3], which was used by Csiszar and
Narayan to establish a necessary and sufficient condition for the positivity of the mismatch capacity.

Lemma 7. Assume (LI7) holds. There exists v > 0, such that for all n sufficiently large, for any P, €
Po(X), any Pyz € A dWyixz, Po) NPu(X x Z) and any z € To.(Py) which satisfies |L(z, Pxz)| > 2,
any pair of codewords x;, xy, in L(z PXZ) such that z is a possible output of WZ|X when fed by x, or
x; satisfies either

Wiy (0(@e,Y) > q(@, Y)| X =20, Z = 2) > v, (129)
or

Wiixz (0(@e,Y) > (w1, Y)| X =@, Z = 2) > v. (130)

Proof. From Lemmal6l we know that for any pair of codewords x,, x; in L(z, ﬁX z) we have either (122
or (123). Assume w.l.o.g. that holds, then clearly,

WY ixz (q(xr,Y) > q(x0, Y ‘X =z, Z = z)

= W}T/L|XZ q(mk7Y> 2 q x, Y |: Z Pmlzmk x,z JJ) (y|*757 Z) [q(fv y) - q(x,y)] ‘X =x,Z =z
T,T,2,Y
(131)
2 Wy <ZS > 0|X ::I:g,Z:z>, (132)
=1

where {5;} are the following RVs satisfying E(S;|z, z) = 0,

Sier = q(xe:,Yi) — q(zr,,Y5)]
- E[Q(W,m Yz‘) - Q(ﬁk,i, Yi)‘Zi =2, X; = WZ] (133)

Note also that the distribution of .S; given (¢, z) depends only on (x;, xk,, 2;), and therefore, there is a
finite set, denoted P (of size not exceeding |Z||X|?) of conditional distributions that S; can have given
(x4, z). Hence, it follows from [17, Lemma 3] that if the ¢(-) values are bounded, there exists a constant
v > 0 such that for all n,

Wi xz (Z S, >0

ar:g,z> > v (134)
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It remains to treat infinite values of E (q(z, Y)|@,, z) and E (q(x,, Y)|2¢, z): Since we assume metric
values ¢ € RU{—o0}, the cases of interest for their values are limited to (¢, —o0), (—00, ¢), (—00, —00),
where c¢ represents a finite constant, respectively. The case (—oo, ¢) yields the inequality (134) trivially.

Since we assume that z is a possible output of Wg‘ « When fed by x, (or ), the cases (¢, —oo) and

(=00, —00); i.e., E (q(w¢, Y) |, 2) = —o0, imply that there exists a symbol z in @, and a pair (zo, yo)
such that W (yolzo) > 0 and q(z0,yo) = —o0, in contradiction to assumption (117).
U

Now, since the members of E(z,ﬁxz) are equiprobable given (z,ﬁxz) (see ([73)), we obtain from
Lemma [7] that if |£(z, Pxz)| > 2, there exists v > 0 such that

P(G’FTOT|f)XZ = ﬁXZ, Z = Z)
1 ~
> v {Pxz € A{(Wy|x,z, Pa) }- (135)
Next recall (I03)-(107), stating that for any Pxy, €, >0, and €, > 0 such that

Ry, > I(Pxz) + €, + Xz=1 |_ log(n + 1) + &, (136)

it holds that Pr <|£(Z, Pyy)| < enen

Pxy = ﬁxz) < e‘”g”, and also
Pr (error|PXZ = PXZ) (1 — e‘”E”) . _ min_ Pr(error|]3XZ = ﬁxz, Z=2z). (137)
z€Tn(Pz): |L(z,Px z)|>e™en

and thus, we get from (I33) and (I37) that if (I36) holds,
Pr(error|Pxz = Pyz) > (1 — ). %V 1{Pxs € A,(Wyxzo P)}- (138)
Next, take a vanishing sequence ¢, that satisfies lim,,_, n[c, — |X||Z|log(n + 1)] = oo; we have
Pr(D(PZ‘X||WZ‘X|Pn) > c,| X = x)
= > Wi (z|z) (139)
2: D(Py 1| Wz x| Pn)>en

< (n+1)¥I1Z=1 max oD (P x Wz x|Pn) (140)
Pzix: D(Pzx[|Wzx|Pn)>cn

< —nlen—L1%]1Z]log(n+1)] (141)

denote f, = ¢, — L|X[|Z|log(n + 1), and d,, = ¢, + X2 og(n + 1) +&,, we have

Pr(error) = Z Pr(ﬁxz = ﬁxz) . Pr(error@xz = IBXZ)
Py 2€Pn(XxZ): Px=P,
> Z Pr(ﬁxz = IBXZ) . Pr(err0r|ﬁxz = ﬁxz) (142)
Px 2€Aq(Wy | x, 7, Pn)Pr (X % Z):

Px=Pn, R>I(Pxz)+dn
D(Pzx |Wz x|Pn)<fn

> (1= ey (1= e . %u 1 {aﬁxz € K,(R, P,, WYZ‘X)} , (143)

where

D(Pzx Wz x|Pn)<fn,
(144)

K (R Pn>WYZ|X) {PXZ € P (X X Z) RnZI(ﬁxz)—i-dn,

Pxz€A(Wy|x,7,Pn)
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The following lemma concludes the proof of Theorem

Lemma 8. For any P, € P,(X) and Wyzx € Wy(F,) if R > I(P, x Wyx) + € then the set
ICq(R, P, Wy z1x) is non-empty, and consequently there exists v > 0 (which does not depend on P,), such

that for any C,, C T,(P,), such that |C,| > "%, we have P.(W,C,,q) > (1 —e ™). (1 —e™") - 1.

Lemma [§] is proved in Appendix [, and this concludes the proof of Theorem [1l

IX. SIMPLER BOUNDS ON THE RELIABILITY FUNCTION AND SUFFICIENT CONDITIONS FOR
TIGHTNESS

We next show how looser yet simpler bounds on the reliability function using the method of [21] can
be derived, and these bounds provide sufficient conditions for tightness for certain ranges of rates.

As mentioned at the beginning of Section any two-output channel which belongs to I'(q, p) has
the property that an error occurs at the Z decoder, only if the Y -receiver makes an error, and thus for
any codebook C,, (58) holds which implies the bound (59) on C, (V).

For exactly the same reason, the following bound on the reliability function can be deduced.

Theorem 4. For all Z, additive metrics q, p, and a stationary memoryless channel W
EYR,W) < min E(R, Py|x). (145)

" Pyzx€l(g,p): Py|x=W
Additionally, as mentioned above, in [21] equivalence classes of isomorphic channel-metric pairs (W, q)
that share the same mismatch capacity for additive metrics were introduced. The following definition of
[21]] is repeated here for completeness.

Definition 1. A channel-metric pair (Py x, p) is superior to the channel-metric pair (Py|x,q) if there
exists a joint conditional distribution Py z/x € ['(q, p), whose marginal conditional distributions are Py x
and Py x. The superiority relation is denoted by (Py|x,q) — (Pyx,p). If both (Py|x,q) — (Pzx,p)
and (P x,p) = (Py|x,q), denote (Py|x,q) <> (Pyx,p), and the pairs are called isomorphic.

It was proved that if one of the pairs in the class is matched, then the mismatch capacity of the
entire class is fully characterized and equal to that of the matched pair. The following theorem follows
straightforwardly for exactly the same reason of superiority/equivalence.

Theorem 5. If (W,q) — (Pzx, p) then

EYR,W) < E*(R, Pyx), (146)
and consequently, if (W, q) <> (Pyx,p) then

EYR,W) = E*(R, Py x). (147)
If there exists a matchfd channel-metric pair (EZ| x,qur) where gy = log ﬁz‘ x IS the maximum
likelihood metric w.r.t. Py x such that (W, q) <> (Pzx,quL) then

EY(R,W) = E(R, Pyx). (148)

Note that the theorem implies that for the range of rates such that E(R, ﬁz‘ x) is known; e.g., at R = 0%
or above the critical rate where the tangential straight line bound meets the sphere packing bound, the
EY(R,W) is known as well.

Theorem 4 can be extended to yield tighter bounds for larger classes of channels that depend also on
the codebook composition P using a similar approach. For example, using the set (see [21]])

I'(¢q,p, P) =

xyzx Vx=Vg=P,
nyz<<P><Pyz‘X,
p(Vxz)<p(Vg )

{PYZX: , min [a(Vzy) — a(Vxy)] > 0}. (149)
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X. CONCLUDING REMARKS

The new technique presented in the paper yields the tightest bounds known to date on the mismatch
capacity and the reliability function with mismatched decoding for R > 0. One of the main contributions
of our work is the derivation of bounds that are easier to compute compared to previous bounds, either
by reducing the number of degrees of freedom of the parameters that are optimized in the calculation of
the bounds (such as in C;¥™(W)), or by providing a looser bound that is considerably easier to compute,
CPs4(W) in addition to our previous bound (F9) of [21]].

It would be interesting to see whether there are cases for which C, (W) can be strictly tighter than
C:vm(W) or not; another interesting question is what are the exact relations between the bounds C, (W),
Csvm (W), Csvm™(W) and CP*(W). A partial answer to this question was given by analyzing the binary
input channels.

Similar questions apply also to the bounds on the reliability function.

APPENDIX
A. Proof of Proposition ]|

Proof of C\y(W) < Csv™(W) :
Clearly, the marginal Pg, . distribution of Pg. ., where X — (U,Z) = X and Pxzy = Pgyy; is
symmetric, and thus satisfies Py, € Psym(X? X Z).

Secondly, note that any distribution Pg ., where X — (U,Z) — X and Pxzy = Pg,,, satisfies for
any (z,2) € X x Z:

PXX|Z x SL’| ZPU|Z U| PX\UZ(JJ‘U, z)}2

> Pyiz(ulz) Py z(|u, 2) (150)

= [Pyjz(]2)]”. (151)

where ([50) follows from Jensen’s inequality. Hence, Pg y,(z|z, 2) = Px|z(z|z).
Thus the claim C, (W) < C:v™(W) follows since

min Pxz(7,2) Pg x5 (T|7, 2) Pyix 2 (y|7, 2)[q(Z, y) — q(7,y)]
Pgix 7zt Pxzx €Psym(X¥?x2) x;y XXz |
v(xvz)vP)}‘){Z("E"'Evz)ZPX\Z(ZB‘Z) ’77
< Ignln Z PXZ('Ta Z7U)PX|UZ(§E‘U7 Z)PY\XZ(?J|$7 Z)[Q('ffu y) _q<x7y)] (152)
U|X Z —
u7x7x7z7y

Proof of C (W) < Cy(W):
We show that W,(Px) € W,(Px). Fix Px, and let Py ; x € W,(Px) be given, which implies that for
all (2, Vx|z) such that z € Z, and VX‘Z such that Py x Vyz < Pgzx,

S V(@l2)V (@2) Prixz(ylz, 2)la(@ y) — alz,y)] = 0. (153)

z,T,y

Next fix Ppxz. Along with Py 7 (the marginal of Px x Py z|x) this also induces Pxzy = Pxz X Pyjxz.
From (I53)) it follows that for all (2, u) € Z xU such that either Py |y—y z=. < Px|z=: or Pyz(u,z) =0,
it must hold that

Pyz(u,2)- Y Pxuz(elu, 2) Pxz(Elu, 2) Pyixz(yle, 2)a(Z, y) — q(w,y)] > 0. (154)

"E7"E7y
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Since for any Py x it holds that for all (2, u) € Z xU either Pyy—y z=. < Px|z=- or Pyz(u,z) =0,
summing over (u, z) we obtain

> Puzlu, 2)Pxjuz(alu, 2) Pxjoz(Flu, 2) Py x2(ylz, 2)[g(F, y) — q(x,y)] > 0, (155)
T,2,U,T,Y

and this yields that Py x € W,(Px), because the above holds for any Py xz.
Proof of C,(W) < CP*/(W):
Observe that

> V(al2)V(@|2) Prixz(ylz, 2)la(@. y) — q(z,y)]

:c:cy

-3 Z V(@|2)V(@2) (Prixz(yle, 2)la(F v) — a(e.9)] + Prixz(l7. 2)la(z.y) — a(F,)]) (156)

= —ZZV (x]2)V (7] 2)D(Py|x 222 )u.5- (157)

Hence, we get for any 2z € Z,
DY(Py|x,z=-) = 0 =
VWxiz: Pz x Vxiz < Pxz, Z V(x|2)V(z|2)Pyxz(yl|z, 2)[q(,y) — q(z,y)] >0, (158)

x7x7y

because the requirement ) > -V (x|2)V (2|2)DY(Py|x z=2)zz > 0 for any (V(1]2), ..., V(|X]|z)) which
is a probability vector (that has non-negative entries) is looser than the same requirement for any real
vector V. € R, which is nothing but the definition of a p.s.d. matrix.

B. Proof of Lemma [Il
Consider a binary input DMC, whose transition probability distribution is given by
{W(y|x)}$€X,y€y7 X = {07 1}7 ‘y| < Q. (159)

Let Z be a finite set, and consider the bound C:¥™ (W) in 23), where W;¥™(Px) is defined in (I7),
and can be expressed as

Wivm(p P min Ey. X,Y)—q(X,Y)]>05 (160
(Px) = { YZ|X TSE .o N Ve oy Pyixz 14 ) —aq( )] > } (160)
V(Z‘Z) Xx\z(xx‘) X‘z(ﬂz)

We next solve the minimization problem of (160) explicitly. We have from symmetry of V'

EVXZXPY‘XZ[ (X,Y) —q(X,Y)]
— Z Py(2)Vy g2, 7|2) P(ylz, 2)[a(F, y) — q(z,y)] (161)
= > Pre)Vig (. 712) Y Plylr, 2)la(@.y) — gl y)] (162)
z,(2,2)€{0,1}2,3#4x Y
1 -
=3 > Py(2)Vyz 72, 2]2)dy(Py z1x, 2) (163)

z,(z,%)€{0, l}2 T#z

Z dy(Pyz)x, 2), (164)
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where d,(Py z|x, z) is defined in (46), and a(z) = Viz12(0,1|2) = Vi 5,(1,0[2). Note that the constraint
Vz x12(0,0[2) = P)%‘Z(O| z) combined with VXX‘Z(O 0[2) + Vz x2(0,1|2) = Pxz(0]2) becomes a(z) <
Px17(0|2)Px|z(1|z). Therefore, the minimizing a(z) equals

sym 0 dy(Pyzix,2) >0
ym() = a ’ . 165
Gop (2) { Priz(02)Pxiz(112) dy(Przix. 2) < 0 (165
This yields
i Ey. X,Y)—q(X,Y
szxepsym(/\{ni%) Vxz=Pxz, VXZXPY‘XZ[q( ) Q( )]
V(@.2), Vi x|z (@:2)2 P2 4 (al2)
—ZPZ oyt (2)dy(Pyz|x, 2) (166)

= > Pu(2)Pxz(012) Pxz(112)dg(Py 2 x, 2)- (167)

z: dg(Py z)x,2)<0
Now, this quantity is non-negative iff for all z
dy(Pyz|x, %) < 0= P;(2)Px|z(0]2)Px|z(1|z) = 0. (168)
Note that the condition (I68]) can also be rewritten as:
Vz, Pz(2)Px|z(0|2)Pxz(1]|2)dq(Py zx,2) > 0, (169)
which yields 48)), and since

Px2(0|2) Px|z(1]2)dg( Py 2 x, 2)
1

= 5 Z Px|Z([L’|Z)Px|Z(f|2)dq(Pyz‘X, Z) (170)
(,%)€{0,1}2
= ) Pxjz(a]2)Pxz(3l ZPY\XZ ylz, 2)[q(Z,y) — q(,y)] (171)
(z,7)€{0,1}2
= ZPX|Z $| )PYIZ y\ ZPXY\Z T y| ( ) (172)
Ty

we get the equivalent expression (47).

To obtain (49), assume w.l.o.g. that the maximizing Px is non-degenerate; i.e., Px(0) € (0,1), as
otherwise C, (W) = 0. In this case, the coupling between Py and the set of the minimization is removed
since Pz(Z)Px‘Z(O‘Z)P)qz(l|Z)dq(Pyz|X,Z) > 0 is equivalent to Pz|X(Z‘O)Pz|X(Z|1)dq(Pyz|X,Z) > 0,
and thus

max min I(X;2)

Px Py g\ x:Vz, Pz(2)Px|z(0|2) Px|z(1|2)dq(Py zx,2)>0,

= max min I(X;2) (173)
Px Py gz x:Vz, Pz x(2]0) Pz x (2]1)dq(Py z|x,2)>0,

Py‘X:W

< min max [ (X; 7) (174)

Py zx:Vz, Py x(2|0) Pz x (2]1)dq(Py z|x,2) 20, Px
PY\X w

= min C(Pzx), 175

Py z1x: Vz, Pz x(2]0) Pz x (2|1)dq(Py z|x ,2) 20, ( ZIX) ( )

where (I74)) follows since max,e 4 mingegs f(a,b) < mingeg maxqe 4 f(a, b), and the last step follows from
Shannon’s capacity formula.



26

The bound (B0) follows similarly to (@8), but without the constraint Vg y ,(z, z[2) > PX‘ ,(x|z). The
optimal a(z) of (I64) in this case is given by

. 0 dy(Pyz)x,2) >0
” _ ' q J 176
Qopt (Z) { mln{PX\z(0|2), PX\Z(1|Z)} dq(PYZIsz) <0 ( :

yielding the condition

}:& 2)agy (2)dg(Py zx, 2)

= > min{ Py7(0, 2), Pxz(1,2)} - dy(Przix,2) > 0 (177)

z: dq(PYZ‘X7Z)<0

which is equivalent to (IL69), proving (30).
As for (31)), note that

_ 0 dg(Pyzx, 2)
Dq(Py‘)QZ:z) - ( dq(PYZ|X>Z) 0 ) (178)

hence in this case, D(Py|x z-.) = 0 is equivalent to d,(Pyzx,2) = 0, which yields (1)) so in this case
we have Cv™(W) < CP(W).

C. Proof of Lemma 3
Consider the argument of the minimization in (&7); i.e.,

D(VY\XZX'HWYIXZ‘PXZ)?) (179)

Vol 2,9
IXZX 125
— ZPXZX T,%,2 ZVy|XZX(y\x z,7) log Wy x 2l 2)

and recall the definition of S«"¢(P%,, ) in @2).
Clearly, if Py, is such that Q(Pg,, Wy|xz) = 0o, the inequality (88) holds trivially, thus assume
Q(Pg,x, Wy|xz) < oo, which implies that S®"¥(Pg, ) is non-empty, and that a minimizer satisfies

: (180)

Vyixzx(Ylz, 2, %) = 0 whenever W (y|z, z) = 0. Let V;|XZX € §“"(Pg, ) be such a distribution.
Wde next show that V;I vz can be approximated by an empirical distribution V YIX ZX(y|m, 2,T) €
Scon (P)?ZX)

To this end, we introduce two additional technical lemmas. The first lemma is obtained as a special case
of Krein-Milman Theorem. It asserts that any distribution in P(A) where A is finite, can be expressed
as a convex combination of no more than 24! empirical distributions in P;(.4), which are all 1/¢ close
to it in the L,-sense:

Lemma 9. Let { = (1, &, ..., &4)) € P(A) be a given distribution, let { > 1 be an integer, and consider
the following convex subset of P(A)

n@oé{VEMm:weAﬂjj<w> V?}. (181)

There exist K < 2l empirical distributions { PW}E | in TI(¢,0) NV'Py(A) such that any P € T1(€, () (and
in particular, £) can be expressed as:

K
P=> a;-PY (182)

for some {o;}, such that o; € [0,1] and Y1 o = 1.
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Proof. By Krein-Milman’s Theorem, I1(¢, ¢) is the closed convex hull of its extreme points. The extreme
points of TI(£, £) are empirical distributions of order £. There are no more than 24 empirical distributions
in I1(¢, ¢) N Py(A), because each entry V'(j) can only take 2 values. O

The next lemma is a straightforward consequence of Lemma

Lemma 10. Let A, B be finite sets, and ( an integer. For any Qa € Pi(A) and Vg4 € P(B|A), there
exist empirical distributions Pf{; cP(AxB),i=1,2 K, with K <|A|-2Bl, such that

K
Qa X Voa=Y_ 8PS (183)

=1
and

| AlIB
v, P/(; = Qa, ||Qa x VB|A_P£1JB|| < LAlI5) || |

Proof. For each a € A, we use Lemma [9] to express Vpja—, as a convex combination of empirical
distributions,

. and Vg 4(bla) = 0 = Py, (bla) = 0. (184)

Via—a(ba) Z%V;ﬁ:z (185)

iq=1

where K, < 28 and naturally, if VBja=a = 0, we take ng;x (bla) = 0 for all i,, and by definition we
have Vg“;‘):a € Py, (A), where (, = (- Q(a), and for all 4, ||Vpja=q — VBTA A< |B|

Now, let j = (i1, ...,74/) denote the index that takes K = 2'“4' K, values, denote further

PY)(a,b) = Q(a) - Vi) (bla), (186)
thus, we obtain (I83), where for j = (i1, ...,74/) we have 3; = o, and clearly (I84) holds. O
Next, we invoke Lemma- 0l with (n, X? x Z, Ps,y, Y, VY|XZX> in the roles of (ﬁ, A, Qa, B, PB‘A),
: (G ()
respectively, and we let Vy| i denote PBl "
By this construction we have for all j, ||Py,5 X V{j'XZX Py, 5 X VY]L;ZXH < W’ and by

affinity of ¢(-), we have that there must exist at least one index j, such that q(V(J; n)) - q(V)((JQ’")) >

(V~ ) —q(V¥y) >0, and hence VXJ)O(;Z € S(Pgyx)-

Recall again that the argument of the minimization is D(Vy| 725 Wyixz| Py, %), which is equal to
_H(VY\XZX) Ep, log Wy xz.

XZX Y\XZX

Hence, denoting A = |X|?|Z||Y|, and ¢, = [XEIZ]Y] |Z||y‘ from [27, Lemma 2.7], if follows that

|D(V3EJ\§(2XHWY|XZ|PXZX) D(Vyx 25 Wy xz| Pz x|

< -2 cnlogA—i-cnlog (187)

tTL min

where t,, in is defined (Z3) and this concludes the proof of (88).
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D. Proof of Corollary

The proof is similar to that of Theorem [2 so it is advisable to read the latter up to (98), before reading
this proof. For convenience, we introduce the following notation for a joint distribution V., Let

re(Vexzy) = a(Vey). (188)
Denote also
A& (Vs (XGY[XZ) =0}, (189)
We follow the steps of the proof of Theorem [2| up to where step (93)) follows since
S Prysa, + Payea]) N A
C (87 (Paiza,) N A) U (8 (Payza) N AY) (190)
is also valid for convex type-dependent metrics. To realize this, note that since ngjz = ﬁmiz,
(S“"(Pyaa;) MVA") U (S (Py ) NAY)
= {VY|XZ 1T <13mizmj X VY|XZ> > q(Vxy) or g <13mjzmi X VY|XZ> > Q(VXY)} (191)

1 ~ ~
= {VY|XZ '3 <7”q (Pmizmj X VY\XZ) + 7y (ijzmi X VY|XZ>> > Q(VXY)} (192)
1 ~ .
2 {VY|XZ 1 Tq (i[Pmizmj + Ppza;] X VYXZ) > Q(VXY)} ) (193)

where the last step follows from convexity of ¢(Pxy) in Py x for fixed Px.
Thus, we have (O8), i.e.,

Pr(error|z, ﬁXZ = IBXZ)

Z exp{ —n max min R D(Vyxz”Wyxz|ﬁxz)+kn>} (194)

wieﬁxjeﬁ,j;éi < V)}xyzes(%[ﬁwizmj +Pa:jzwi}):
Iy (X;Y|X Z)=0

> exp{ -n ( max F(PXZ)},Wyxz)—Fkn) }, (195)

Pyyzx: Pxz=Pg,=Pxz
where

F(Py, % Wyixz) & min D(Vyixzl|Wyxz|Px2z)- (196)

1 .
VixyzE€SGG[Px 73t Pg 2 x)):

Iv(X;Y|XZ)=0

Next, we use (I03)-(I07) and this gives for Py, which is a possible joint empirical distribution of a
codeword and a channel output Z such that (I03)) holds, for €, > 1/n

Pr(67“7’07’|ﬁxz) > (1 _ e—ngn) . 6_”[maxmi€£,mj€£: ] F(ﬁwiZEyWY\XZ)‘Fkn] (197)

—n{max F(PXZ)N(,Wy‘Xz)—l—kn

xzX Pxzx=Fxzx Pxz=Pxz

> (1 — e_"g") -€

And, similar to (I10)-(I11) this gives

(198)

1
— —log Pr(error) <
n
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R min ~ D(PZ\X||WZ|X|PX) + B ma:i(_ ~ F(PXZ_SZ’ Wy|Xz) + 6;;, (199)
Px 7€Pn(Xx2Z): Px=Py, Pyzx: PXZ)/(\_PXZX’
I(Pxz)<R—¢, Pxz=Pxz

where ¢ = ¢, + % log(n+1)+F¢,. It remains to show that the minimization over empirical conditional

distributions P, (X x Z) can be approximated by a minimization over the simplex P (X x Z), as asserted
in the following lemma whose proof appears in Appendix (Il

Lemma 11.
N min N D(ﬁZ|XHWZ\X|ﬁX)+ . max_ F(,UXZX*,WHXZ)
Px7EPn(XxZ): Px=Pp, Pxzx Pxzx=Hxzx>
I(ﬁXZ)SR uxz=Pxz
< ‘ D(Py x||Wy x|P F <, W, On n (200
= PyseP(XxZ): Px=Pa, (PoxllWzx1Px) LT S (xzz: Wyixz) + 0n + €1n, - (200)

I(Pxz)<R—e1n uxz=Pxz

where €, = 2% logn and §, = 2% logn + |X”3L)HZ‘ log SLZL where W, is defined in (Z3).

Thus, denoting a,, = On + €1.n + 0, we proved that

1
— —logPr(error) <
n

min D(PZ‘X||W2|X|P)()—|— max. min D(Vy‘Xz||Wy‘Xz|sz)+a,n,
Pxz€P(X%Z): Fxzx: Vixvz Vxzz=Hxz%
Px =Py, FxzX7Hszx0 (Ve )>q(Vxy),
I(Pxz)<R—¢!—e1n nxz=Pxz

Iy (X;Y|X Z2)=0
(201)

and since D(Vyz‘XHWyz‘)sz) = D(P2|X||Wz‘x|Px) + D(Vy|Xz||Wy|Xz|sz) and WZ|XY can be

optimized, we can choose in (Z0) Wg‘XY = Pyxy, yielding [|Wy xy — Pz xy| < fz—”| Since we also have
Pz xy < Wy xy, from Pinsker’s inverse inequality (as mentioned above, see e.g. [33, Lemma 4.1]), we

get D(Pz‘xy||Wz|Xy|Pn X PZ\X) S 2%, yleldlng

1 - €n
— —log Pr(error) < E&V™(R — €, — €1, Pr, W) 4 a5 + 2|6§|. (202)
n

which concludes the proof.

E. Proof of Claim [l

We prove (10Q) by establishing that if Vyy» is such that Vy 4 x € Wq(ﬁx) and Vy, = Py, then for
any z and x;, x; € L(z, Pxz), we have

E%[ﬁmlzm] (E,Z,-’E)“rﬁmjzwl (E,Z,ZE)]XVy‘XZ [q<X7 Y) - q(X7 Y)] Z 0 (203)

To this end we present a few deﬁnitions and two lemmas.
Recall the definition of P9~ (see (204) defined for any collection of codewords £’ C L such that

XzZX
£ > 2,
/ 1 ~
avg,L ~\ A .
P (x,2,7) = Wéjg;jﬂpwjzm(%z,x) (204)

We next define an additional distribution F?Z vx- Let T be a RV uniformly distributed over {1,...,n}
and define

!

1
Pry(t,2) £ n L=z (205)
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—r Y icr Yo, ()=}
Prir(alt) & =7y (206)

_E/ — _E/ _El —,C’ .
Pryxz(t,z,2,T) = PTz(t7Z)PX\T(x‘t)PX\T(x‘t)- (207)

. . ’ —L!
The following lemma detects a few relations between P;lg}? and Py, 5.

Lemma 12. For any collection of codewords L' C L such that |L'| > 2 and any z,x # T

L e

P, £’<x 2,T) = |£/| PXZX(:C 2, T). (208)

XZX

; . BE _ D _ avg,L'  _ pavg,L’
Further, for any given Py, ¢ letting Py 5,y = PXZX X Pyixgzzand P27 =P 0% X Pyiyys,
one has

avg,L’ avg, L’ . —=L' —r!
g(PEEE) — q(PRE) > 0 iff ¢(Pxy) — q(Pyxy) > 0 (209)

Proof. Recall that all members of £’ lie in 7T, (Px|z|z). Next, based on Plotkin’s counting idea (similar
to [28]]), we obtain that for all (x,7,2) € X? x Z such that z # 7,

L] = 1) - Pyos (,2,7)

XZX
= Y Prpa(,7.2) (210)
i, jAIEL!
= Z ijzmz x,Z,T) ZPm]sz x,Z,T) 211
JeL iel! jeL’

1 n
:gz > ﬂ{wj<t>=x,z<t>:mi<t>=a}] (212)

t=1 Ljel’iel’

1< [
== Lo | D Lww-n- ]l{wz-u):%}] (213)
t=1 LieL! ieL!
1 n
= Z Lizo=sy | D ﬂ{wj<t>:x}] ' [Z Jlm(t):%}] (214)
= Ljec! ieL
£ |£/| ZPTZ (t,2) X|T(1'|t) X\T(I|t) (215)

where (212) follows since de o Prjz,z(1,7,2) = 0 whenever v # 7, and (214) follows since the
indicator ]l{m (h=a) does not depend on i. This yields (208). To prove [209), for given Py\ 7% denote

avg,L’ avg,L’
PXXZY = PXZX X Py|XZX, and PXXZY PXZX X Py|XZX, and note that from (208)) it follows that
L]

_E’ _£/
c]—1 <Q(PX'Y) - q(PXY)) ) (216)
and thus (209) follows. 0

The following lemma shows that the random variable 7" (uniformly distributed over {1, ...,n}) can be
replaced by another random variable U of finite alphabet cardinality that does not increase with n.

G(PLoE) — q(Pe”) =

Lemma 13. There exists a random variable U whose alphabet size is [U| < |X|?|Z|, and a joint
distribution Pyxz € P(U x X x Z) such that for any (z,T, z),

ZPUZ(U’ Z)Px|Uz(ZL'|u,Z)PX‘U2(§|U,Z) PXZX(x i Z) (217)

u
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There also exists a joint distribution Pyxy; € P(U X X x Z) such that for any (x,z,z) (217) holds, Z
is a deterministic function of U, and [U| < |X*|Z| + 1.

Lemma [13] is proved in Appendix [Gl It remains to show that (203) holds for any Vxy such that
Wyzix € W, (PX) and Vy, = Pyxy. Let £ = {z;,z;}. Obviously, L C £, and thus we can invoke (209)
to obtain

9(X,Y) = (X, Y)]

El[Pm i 2T +Pm szXVY\XZ

= 3 P (e, 2,7) - Vyle. 2) la(@.y) — ala,y)] (218)
T, 7,2,y
L —L - -
= 2 ¥ Plasle.s 8- Viole ) o 9) ~ gl ) @19)
T,T,2,Y
i i} _
pmin E‘—‘ S™ Pos(u, 2)Pyoaalu, 2) Pyoz (. 2) - Viyle, 2) la(F ) — a(a,9)]  (220)
sz=l3xz| |_ UEEZY
>0, (221)

Where 218) follows by definition of P;”Zg )f 219) follows from (208), 220) follows by definition of

PXZ); and from Lemma [I3] and (221)) follows since Vy zx € W,(Px) and Vxz = Px. Thus, we have
shown that (203) holds and consequently also (10Q).

F. Proof of Lemma
From the law of total probability

Pr <|£(Z7 ﬁxz)\ < enT‘ﬁXZ = ﬁxz) (222)
1 & ~ ~ -
= = > Pr(IL(Z, Pxz)| < "X =@, Pxz = Pxz) (223)
=1
1 1
= — {z € (PZ|X|.’BZ) |I£| < e} ——=— (224)
M., ; |7 (Pyyx )]
1 1
= > L] (225)
M. 2€Tu(Py): |L]<en™ [Ta(Pz1x|Z:)]
1 ~ 1
< — e T(Py)] s ————— (226)
M, | T (Pzx|T5))|
<(n+ 1)\?(\\2\—1 . e—n[R—I(ﬁxz)—T] (227)
_ R 1(Pxz)—r— I log (1)) (228)

where follows since Z is uniform over 7;(182‘ x|®;) given T;, (226) holds by replacing the count
over codewords by a count over sequences z, and follows by a standard bound on the size of a
type-class.

G. Proof of Lemma

We prove that while 7" is a RV uniformly distributed over {1,...,n}, indeed the cardinality of the
alphabet of the random variable U can be limited without loss of generality by |X'|*-| Z]. This is done by an
application of the support Lemma (Caratheodory’s Theorem). Note that by Bayes” Law P, (z, 7, 2) =
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- P P z . C e .
>, Pr(t)—=2 X‘T(z‘lez ( Zlg‘T(z’x‘t) and thus there exists a distribution V;;x 7 such that the expectations (W.r.t.

U) of the following || < |X|*- |Z| functionals of Vy zy—y:

{ Voxw(z, xlu)Vzxw(z, Tlu)

, (229)
Vziu(2|u) }(z,m,z)ezmz

preserve those of Prxy; i.e.,

Z z, :L' ZVU VZX|U V4 JI|U)VZX‘U z LL’|U ZP PZX\T V4 JI|T —t)PZ)(|T(Z JI‘T— t)
VZ\U( |u P2|T(Z‘T = t)
(230)
because there are in fact |Z| - |X|? — 1 degrees of freedom in P, 5(z, 2, ), it suffices to preserve only

|X|*-|Z] — 1 of the functionals.
As for the last assertion of the lemma, note that preserving the expectation of one additional functional

Hy(Z|U =u) = =%, Vaxw(z z|u)log y_,, Vzxw(z, o'|u) yields
ZVU HH(Z|U = u) = ZPT Hp, (Z|T =1), (231)

since Hp(Z|T') = 0, Z is also deterministic function of U, where the alphabet cardinality increase is 1.

H. Proof of Lemma [
Let Pxy = P, x Py|x, recall the definition of A(Pxzy, Py|xz) in (12), and let
Quirf(Pxz, Pyixz) < };nin AY(Pxzu, Pyixz)- (232)
U|XZ

We use Lemma to express Pxz = P, X Pzx as a convex combination of empirical distributions,
with (X, Z, Pxz,n) in the roles of (A, B, P4, (), respectively, to obtain

Pxz =Y B;- Py (233)
where
o) ol 1 XNZ] _ (i) N
Vi, Py’ = Px = P,, ||Pxz — Pyy|| < m— and Pz x(z[z) = 0= Py (z[z) = 0. (234)

Denote by { | X Z} the minimizers corresponding to {PX Z} in (232), respectively; that is, those {P(l‘ X7}
which satisfy

Quisr(PYYy. Prixz) & AUPY), x PS4 Prixz). (235)

Let be the corresponding induced probabilities (by Bayes’ Law); i.e.,
p g p y bay

XXZU
P, 2) - PY,(E, 2)
Py (u, 2)

Let T be the RV whose distribution is [3y, ..., Bk], and signifies the value of 7i” in (236), we have
Pz 7T, 2,2,1) = 5 X)ZX(m x, z), and therefore

max Quirs(Pyy, Prixz) (237)
> Z ﬁiQdiff(P)(g)Za Pyixz) (238)

PO, B2 = Py (o, ) Pl =)

XXZU (236)
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= SR iy V)~V @9)

£ Aq(Pn X PZ|X X PUT\XZ7PY\XZ) (240)
éAq(PnXPmX XPU|XZ’PY‘XZ) (241)
> Quirs(Pn X Pyix, Py|xz) (242)
> 0, (243)

where @ follows since the average is upper bounded by the maximal value, in (241)) we define
U = (U,T), and (242) follows by definition gf Qaiff as the minimum over Py GIxX 7 of AP, x Pyx X
P[~]| «z Pyixz). The fact that the aﬂphabet of U is larger than that of ¢/ does not impair the derivation as
by Caratheodory’s Theorem, any U can be substituted with U of alphabet size not larger than |X'|?| Z] as
asserted in Lemma The last step (243)) follows since Py 7 x € W,(Px).

Finally, let i* be the maximizer of (237), thus P.’,) serves as the empirical distribution whose existence
is claimed in Lemma

L. Proof of Lemma

We continue the proof of Lemma [3 (in Appendix H) applied to Wy 7)x in the role of Py 7 x.

To conclude the proof of Lemma [8] we verify that P)((ZZ) € K¢(R, P,, Wyz|x) by checking that the 3
requirements in its definition (144) are met.

1) From @237)-(243) we have that PXZ € A\(Wy|xz, Pn).

2) From (234) we have D( Z|xHWZ\X‘P ) <2 (x1z0)? = O(1/n?), by the inverse

n2. mlnz T: WZ‘X(Z‘(E)>O WZ\X(Z‘x)

Pinsker’s inequality (see e.g. [33| Lemma 4.1]). Since f, = ¢, — £|X||Z] log(n +1), where ¢, > &
(for example ¢, = n~'/?), for n sufficiently large, we clearly have D( é‘ IWzx|P) < fa
3) By continuity of the mutual information, inequality (234)) also implies that |1 (P, x Wz x)—1I (P)(g A <
|X||Z] - log” (see [27, Lemma 2.7]). Since I(P, x Wz x) < R — ¢, this gives I(P)((Z)) <R—-€+
|X]|Z] - 10%". Since d,, = €, + % log(n + 1) + €,, where both ¢, ¢, are vanishing sequences,
for n sufficiently large we thus have (P)((ZZ)) < R —d,.
Hence, P)((?Z) € Ky(R, P,, Wy zx), and this concludes the proof of Lemma [8

J. Proof of Lemma [[1]
Let Py, denote the minimizer of the following function

i D(Pyx||Wy x| P F = W
szEP(Xn;IE%: Px =Py, ( Z|XH Z‘X| X> T Hyxz%: “r)I(lza)?f{:“)?zxv <'uXZX’ Y‘XZ>
I(Pxz)<R uxz=Pxz
£ D(Pyx|Wzx|Px) + max Fuy, 5, Wyixz). (244)

XzX MxzX=HZ zx0 Mx2=Px
Next, we use Lemma [0 to express P, as a convex combination of empirical distributions PXZ =
> ﬁiP)(g)Z, with (n X,P,, 2 P%\X) in the roles of (6, A, Qa, B, PB|A), respectively, and we let PZ|X

denote Pé |)A

By this construction we have for all 4, || P, x Py — Pu X P(Z‘ ol < |X1L|Z| Now, for each 4, denote by

@) of: max

P @) the maximizin F
& 'uX|XZ PxzxX PxzX=HXzx> “XZ:P)(;)Z

X|xz (x5, Wy|xz), and this gives

max . F(NXZ)}>WY|XZ)
Bxzxi Hxzx=P5zx xz=Pxy
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F(Y_ 8Py 5 Wrixz) (245)
Y\szeswnd( 2 BZ[P)(;)Z)Z+ )(;)ZXD. i

Iv(X:;Y|XZ)=0

where (245) follows since by definition, the marginal (X, Z) distribution of ) . 3P X ZX

> 6P (ZZ which is equal to PXZ, and thus ), BZP( + yields an F(-) value that cannot exceed the
maximal possible value. Step (246) is by definition of F( ). Now, by affinity of the expectation, there

must exist 99 such that the minimizing V;, 5 belongs to §°(3 [P)(;OZ)X + P)%OZ)X]), and hence

min D(Wyixz|[|Wy|x 7| Z 52P)((Z)Z)
Vyixzx €5 (3 s B’[Pic)zx"_P)(c)ZX])' ‘
Iy (X;Y|X Z)=0

is equal to

> min D(VY|XZ||WY|XZ‘ZBZ'P)(§)Z> (247)
Vy xz% €5 (3 [P;OZXJFP;;OZXD' i
Iv (XY X 2)=0
> min D(Vyixz| Wy xz| PYY) — 3, (248)
Vyxzx €5 (G IPL Y L +PR0 ):
Iy (X;Y|X Z)=0
= max ’ )F(,U/XZ)ZW WY\XZ) - gfh (249)
Bxzx Bxz3=H5 zx> Wxz=PxY

where follows since by definition ), ﬁ,-P)(g)Z = P%,, and since ||P%, — (ZO 7l < M, which
implies that for any Pyixz. |D(Pyixz|WyzxIPSY) — D(Pyixzl|Wyzx| P )] < Q‘X‘D}”Z' logn +
|X”ij 2] log ™ 1,m 0,,, where tnmin is defined in (73). The last step follows by deﬁmtlon of P( 0)

X|xz
.. (i) : _ B
as the maximizing Mg 1x 7 of: MAX, g =Pl Fuy, 5, Wyixz)-
Now,
D(P7 x|[[Wzx|Px) + max - Fluyy 5. Wyixz)
Hxzx' HPxzx—HFPxzx> “XZ:P)(;%)
> D(Py¢ | Wazix| Px) + max ol Wyixz) = (250)
Px 7% MxzR=Hgzx hxz=Pxy
> N min N D(P2|X’|Wz‘x‘PX) + . ma;;z B F(IU’XZ)Z" Wy|Xz) — €1,n, (251)
Px7EPn(XxZ): Px=Pp, Pxzx FxzX~HXzx>
I(Pxz)<R+e1n uxz=Pxz
where both (250) and @251) hold since || Py, — || < ‘X‘Z‘ , which implies |I(P%,) — I(P, x P(Z0 )| <

(

Q&n‘z‘ logn £ €1,,. The last step follows since P 2 )3 is an empirical distribution of order n, and since

I(P%z) < R.
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