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UPPER SEMI CONTINUITY OF ATTRACTORS OF
DELAY DIFFERENTIAL EQUATIONS IN THE DELAY

P E T E R E. KLOEDEN

It is shown that if a retarded delay differential equation has a global attractor ATQ in
the space C([-T0, 0], Rd) for a given nonzero constant delay T0, then the equation has
an attractor AT in the space C ( [ - T , 0],Rd) for nearby constant delays T. Moreover
the attractors AT converge upper semi continuously to Ar0 in C([—ro,O],Rd) in the
sense that they are identified through corresponding segments of entire trajectories in
Rd with nonempty compact subsets /^(A-) of C([-To,O],Rd) which converge upper
semi continuously to A^ in C([-To,O],Rd).

1. INTRODUCTION

Consider a retarded delay differential equation

(1) ±(t)=f(x(t),x(t-T)), t>0,

in Rd with a constant delay r > 0 and assume that / € C£(Rd x Rd, Rd), where C\ is the
space of continuously differentiable functions from Rd x Rd to Rd which are bounded and
have bounded first derivatives. Then, for any given continuous function <j>: [—r, 0] -> Rd

as initial value, the delay differential equations (1) possesses a unique solution x(t, <j>)
which exists for all future time (see, for example, Driver [1] or Hale and Verduyn Lunel
[3])-

The solutions of initial value problems for the delay differential equations (1) can
be reformulated as a semi-dynamical system or semi-flow on the Banach space CT of
continuous functions <j>: [—T, 0] -> Rd equipped with the norm

a € [-T,0]}.

For any y e C([-T,oo),Rd) and fixed t ^ 0 define yt 6 CT by yt(s) := y(t + s) for
s 6 [-r, 0]. Then, the initial value problem for the delay differential equations (1) with

Received 30th December, 2005
Partly supported by the Ministerio de Educacidn y Ciencia project MTM2005-01412 as well by the
Programa de Movilidad del Profesorado universitario espanol y extranjero, grant SAB2004-0146 of the
above Ministerio.

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9727/06 SA2.00+0.00.

299

https://doi.org/10.1017/S0004972700038880 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700038880


300 RE. Kloeden [2]

solution x(t, <j>) € Rd for t ^ 0 generates a semi-flow $ ( : CT -¥ CT with <j> -r $t{4>) defined

by

(2)

Let

(3) M := sup{||/(x,y)|| | (*,») e Rd x Rd} < oo.

It is easy to see that $t(4>) is Lipschitz continuous with constant M for any initial function
<t> 6 CT and t ^ 0, which means the family {$t}i^o defines a semi-flow on the subspace

LipTi£, := JV € CT | |V(si) - V(s2)| ^ i k i - s2|, S!,s2 € [-r,0

of CT for any L ^ M. The operator $ t is compact for each t > 0 by the Arzela-Ascoli
theorem and the semi-flow will thus have an attractor if it has a closed and bounded
absorbing set.

Since different delays will be considered in the sequel, we shall denote by $[ the
semi-flow on CT corresponding to the r-delay differential equations (1), that is, with delay
r > 0. A nonempty compact subset AT of CT is called the global attractor of the semiflow
<£t of the delay differential equations (1) if it is invariant, that is, ^\T\AT) = AT for all
t ^ 0 and attracts all nonempty closed and bounded subsets B of CT, that is, for every
such set B and each e > 0 there exists TT)Bie ^ 0 such that

(4) H'T{*?\B),Ar)<e for t^TT<BrC,

where H* is the Hausdorff semi-distance between closed and bounded subsets of CT. A
global attractor is uniformly asymptotically stable [2] and can thus be characterised by
a Lyapunov function (see Theorem 2.2 later).

Let ST C C(R, Rd) denote the set of all entire bounded solutions of the T-delay
differential equations (1), that is, those which exist and are bounded for all t € R.
An entire solution is obviously Lipschitz continuous with Lipschitz constant M. The
corresponding entire trajectories of the semi-flow $j thus belong to LiprL for any L ^ M
(we henceforth choose and then hold fixed such an L) and are contained in the global
attractor AT of the semi-flow, if it exists. Indeed, by invariance, there exists an entire
bounded trajectory through every point of an attractor AT, which is thus the image in
LipT i of all of the entire bounded trajectories of the semi-flow $|T'. Consequently, AT
can be represented by or identified with a compact subset / ^ [AT) in the space C^ for
any other delay To ^ r, where

= {<£ € c*o I <t>(s) = xiT)(t + s), s£ [-rOl 0], for some x(r) e ST and t e R}
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2. T H E MAIN RESULT

The following theorem is the main result of this paper. The underlying assumption
that / € C\ is not a major restriction since the long term dynamics takes values in a
closed and bounded subset of the function space CT, with the corresponding functions
thus taking values in a closed and bounded, hence compact, subset of Rd x Rd.

THEOREM 2 . 1 . Suppose that the semi-Bow ^[To) has a global attractor A^ for
some TQ > 0. Tien t ie semi-Bow $[T' has an attractor A? (possibly only local) for all
r > 0 witi \T - r01 sufficiently small. Moreover, the AT converge to A^ upper semi
continuously in CTQ in the sense that

(1) H'TO(ITO(AT),AV))^0 as T^T0.

The upper semi continuous convergence (1) is obviously equivalent to the upper semi
continuous convergence of the compact 5 r to Sn in the Hausdorff semi metric based on
the metric

dumj{x, y) :=
; = - o o

on C(R, Rd), that is, corresponding to uniform convergence on compact subsets. (The
choice of the length To of the intervals here is suggestive, but not critical - it need only
be finite).

2.1. P R O O F OF THEOREM 2.1: Theorem 2.1 is essentially a consequence of the total
stability of the global attractor A^, in particular of the fact that the uniform asymptot-
ical stability of such attractor can be characterised by a Lipschitz continuous Lyapunov
function. The proof which follows is similar to those, in different contexts, in Kloeden
and Lorenz [4, Theorem 1.1] and in Kloeden and Siegmund [6, Theorem 1].

Yoshizawa [7] provides various necessary and sufficient conditions which characterise
the uniform asymptotical stability of a compact sets in terms of Lyapunov functions for
ordinary differential equations. The following theorem is a straightforward generalisation
of Yoshizawa in [7, Theorem 22.5] to retarded delay differential equations, see also [7,
Theorem 35.2] as well as [5]. D

THEOREM 2 . 2 . Suppose that the solution Bow Q^it) in CT0 ofrQ-delay differen-
tial equations (1) ias a global attractor Ar0 in C , , wiici is thus uniformly asymptotically
stable. Then there exists a function V : C^ —> [0, oo) satisfying

(1) \V(<i>)-V(TP)\^Lv\\<t>-TP\\T0 for all <f>, V € CT0

(2) Tiere exist strongly monotone increasing functions a, b : [0, oo) -> [0, oo)

witi a(0) = 6(0) = 0 and a(r) < b(r) for r > 0 suci tiat

a(distT0(<A>A*)) *k V(4) < bidist^faAn)), <t> e CT0.
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(3) There exists a positive real number c such that

Vp^i*)) < e-« V(4>), t 2 0, <t> € £,,.

Here distT0(<£, B) denotes the distance between a point <j> and a closed and bounded subset
B in ( V

Consider the solution x^T' (t, <p0) G Rd for t > — T of the r-delay differential equations
(1) with initial value <j>0 € CT. If r < T0, extend x^(t, <f>0) to t > - r 0 by defining
x(T)(t, 4>0) = </>o(-r) for - r 0 ^ t ^ - r . For <j>0 € CT and t ^ 0 define

5t
(ri7B)(^o)(-s) := *(T)(* - «, * . ) , 0 ^ s ^ r0)

so Se
(Tl711))(^o) € C^ for all* ^ 0 with 5iT>tB)(0o) = £?Wo), where

^7»/a ^ ._ f </»o(-s) for 0 ^ s ^ min{r,r0}
T ' \ </»o(-r) for T ;$ s ^ r0 if r < T0

for each ^ e CT. Note that StT'T0^ is not a semi-flow.

The following Lyapunov inequality, which will be proved in the appendix, is funda-
mental to the proof.

LEMMA 2 . 3 . Suppose that \T — TO| < min{r,r0}. There exists a constant K
independent of r and T0 such that

(2) V{S%?\<t>o)) < e— V(slT'T0\<t>0)) + LvK\r - ro|
2

for alls e [0, \T - ro\], t ^ 0 and all 4>0 € Lip^^.

From Lemma 2.3 we have

for n ^ 1, where A := |r - ro| > 0 with |r - ro| ^ min{r, r 0 } . Define

2LVK .
A

and
AT 0[/ ;(A)] := {«A e LiP7B)L

Then, as in the proof of [4, Theorem 1.1] it can be shown that the closed and bounded
set AT0 [JJ(A)] is positively invariant and absorbing for the sequence of mappings 5^T o ) ,
provided A is sufficiently small, in the sense that S^°\</>o) G A^ [»?(A)] for n ^ 1 and <j>0

e CT with E?((p0) € A,,, [T){A)] and that for any finite RQ > 0 there exists an N^^^ e N
such that
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for n ^ Â flo,T,A and all </>0 € CT with E?{<f>a) 6 H^-A^, #0], the closed and bounded ball
of radius ilo about the compact subset A^ in L i p ^ defined by

Note that

by property (2) of the Lyapunov function.

To show positive invariance it suffices to consider a single iterate S% (<j>o) for

<j>o e CT with E^{(j>o) € AvfyCA)]. Then

+LVKA2

since F(5^TO)(0O)) ^ T?(A). Hence SiT>7o)(^) e

To show the absorbing property first note that there exists a 7 > 0 such that

1 + e-07 = 2e-C7/2 and 1 + e"cA < 2e~cA/2

for all 0 < A < 7. Suppose that

A = \T - TO\ < A* := min{r,T0,7}

and consider S ^ ^ o ) for <j>o £ LipTiL with E?{4>0) $ A7 B[T?(A)] . Then

+ ^ (1 - e"^) 7?(A)

since V (s£T'To)(<£o)) > ^(A). Repeating this argument,

V (5^To)(^o)) < e-^'2 V

as long as S^T°\<t>o), 5iT'To)(0o), • • •, Sfr^Jto) i AT0 ̂ (A) ] . Now
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so

Finally, define ./VJIO,T,A *° D e the smallest integer n for which

j r?(A) < e-c(

This proves that A^ [»7(A)] is an absorbing set for the

Hence the semi-flow $JT)(0O) will be contained in a corresponding positive invariant,
closed and bounded subset BT of CT for all t ^ NJ^^AA. Since the operators $ j T ) are
compact for t > 0, the semi-flow $ M has an attractor (possibly only local) AT in BT.

By invariance, for any (j>0 £ AT and T > 0, there is&x^o e AT such that $ ^ ' (V>o) = 4>a-
Taking

T = nA> max{r, T0,

it follows that

which means that
dist,, (S^tyo), Aro) < a'1 (T,(A))

for any Vo € Ar. Since S^^(rp0) corresponds in L i p ^ to part of an entire solution of
the r-delay differential equations through fa = "^(^o) € AT, this implies that

) , AT0) < a-'faA)) - • 0 as A -+ 0,

which completes the proof of Theorem 2.1. D

3. APPENDIX: PROOF OF LEMMA 2.3

Consider the semi-flow representation $»7**(StT'TO'(0o)) solution of the ro-delay dif-
ferential equations starting at S^ (4>o), where $o € LipTi. Then

e""
MT

+ LVK\T-T0\
2.

Here we have used the exponential decay of the Lyapunov function along the semi-flow
$ ( T ° ) and the Lipschitz property of the Lyapunov function on C^. In the last line we have
used the following lemma,

https://doi.org/10.1017/S0004972700038880 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700038880


[7] Upper semi-continuity of attractors 305

LEMMA 3 . 1 . Suppose that \T — ro\ ^ min{T, r0}. There exists a constant K
independent ofr and T0 such that

(3) Isft^Wo) - ^ ( S ^ f o ) ) ^ *S K\r - ro|
2

for all s € [0, \T - r o | ] , t ^ 0 and ail <f>0 € Lip T t .

PROOF: Let x(t) be the solution of the r-delay differential equations and y(t) be
the solution of the To-delay differential equations for an initial value which is the same on
the interval [-min{T,ro},0] , so in particular x(0 = y(0). Subtracting interval versions
of the differential equations gives

x(t)-y(t)= / (f(x(s),x(s-r))-f(y(s),y(s-T0)))ds
Jo ^ '

and hence

\x(t) - y(t)\ < Lf £(\x(s) - y(s)\ + \x(s - r) - y(s - ro)\) ds,

where Lf is the Lipschitz constant of the vector field function / .

Assume that T0 ^ r (otherwise interchange the roles of x and y in what follows).
Then

\x(t) - y(t)\ ^ Lf I \x(s) - y(s)\ ds + Lf I \x(s - T) - y(s - r0) ds,
Jo Jo

rt rt

^Lf \x{s) - y(s)\ ds + Lf / | i ( s - r0) - y(s - TO)\ ds
Jo Jo

+Lf I \x(s - T) - x{s - T0)I ds,
Jo

rt rt rt
^ Lf I \x(s) — y(s)\ds +Lf I Ods + Lfl \x(s — r) — x(s — TO)\ ds,

Jo Jo Jo

^ LSM\T - T0|
2 + Lf f \x(s) - y(s)\ds

Jo

for 0 ̂  t ^ \T - TO|.

Here we have used the facts that x(s — To) = y{s — To) for 0 ̂  s ̂  To and

\x(s - T) - X{S - T0)| ^ L\T - T0|

for all s ̂  0 and initial values </>0 £ LipTt. The latter follows from the inequality

| Z ( S - T ) - Z ( S - T O ) | = / | /(i(s),x(s-T))|ds^M|T-ToKL|T-TO|

Ja-ro ' '

for all s ̂  r and by the L-Lipschitz property of <j>0 for 0 < s ^ r (we omit the details).

An application of the Gronwall inequality and the reinterpretation of the solutions

as elements of the space C-^ yield the asserted inequality (3). D
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