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UPWARD STRUCTURAL MOBILITY, EXCHANGE MOBILITY, AND

SUBGROUP CONSISTENT MOBILITY MEASUREMENT:

U.S.–GERMAN MOBILITY RANKINGS REVISITED*

by Christian Schluter

University of Southampton

and

Dirk Van de gaer*
SHERPPA, Ghent University and CORE, Université Catholique de Louvain

We formalize the concept of upward structural mobility and use the framework of subgroup consistent
mobility measurement to derive a relative and an absolute measure of mobility that is increasing in
upward structural mobility and compatible with the notion of exchange mobility. In our empirical
illustration, we contribute substantively to the ongoing debate about mobility rankings between the
U.S. and Germany by demonstrating that the U.S. typically does exhibit more upward structural
mobility than Germany.

1. Introduction

Exchange and structural mobility are old and recurrent concerns in econom-
ics and sociology. Informally, exchange mobility is said to increase if the correla-
tion between incomes in two successive periods decreases while keeping the
marginal income distributions constant. By contrast, structural mobility compares
situations that have different marginal distributions in the two periods. It amounts
to factual mobility “caused by differential change in the stratum distribution”
(Yasuda, 1964, p. 16) or—in an intergenerational context—by “the amount of
mobility generated by the fact that the distribution among social strata experi-
enced by the sons differs from the corresponding experience of their fathers”
(Boudon, 1973, p. 17). The formal literature has focused on exchange mobility,
whereas the concept of upward structural mobility has received only little
attention.

However, students’ verbal responses in questionnaire studies generally agree
that structural mobility matters in both the measurement and evaluation of mobil-
ity (Bernasconi and Dardanoni, 2005). Moreover, to the best of our knowledge,
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upward structural mobility has never been analyzed in the axiomatic literature. We
provide a formal definition of the concept such that more upward (downward)
structural mobility increases (decreases) the index and show that it can be recon-
ciled with exchange mobility. It should be remembered, however, as stressed in
Fields (2007), that mobility is a multifaceted concept and other notions of struc-
tural mobility, such as undirected ones, are conceivable.

We conduct our analysis within the framework of replication invariant, sub-
group consistent mobility measurement. This class has a strong intuitive appeal as
the following motivating example illustrates. Suppose we manage to identify a
group in the population with a low income mobility (e.g. in an intergenerational
context children from blue collar workers). If we manage to increase this group’s
upward mobility while keeping the mobility of other groups constant, then sub-
group consistency ensures that total mobility in society has increased.1 Subgroup
consistency has long been accepted in inequality and poverty analyses as an
important property; it is only recently that researchers have considered and for-
mulated subgroup consistent mobility measures. Moreover, Schluter and Trede
(2003) have highlighted the importance of transparent aggregation of income
changes, and subgroup consistency ensures such transparency. We derive axiom-
atically simple replication invariant subgroup consistent relative and absolute
mobility indices that are increasing in exchange mobility and increasing (decreas-
ing) in more upward (downward) structural mobility.

We demonstrate the usefulness of our framework by revisiting the ongoing
debate about income mobility comparisons between the U.S. and Germany (see,
e.g., Burkhauser and Poupore, 1997; Burkhauser et al., 1997; Maasoumi and
Trede, 2001; Gottschalk and Spolaore, 2002; Schluter and Trede, 2003). The point
of departure of this debate is the observation that when using standard mobility
measures Germany is ranked, contrary to received wisdom, more mobile than the
U.S. We contribute substantively to this debate by (i) showing that the standard
mobility measures are inconsistent with our notions of upward structural and
exchange mobility, and (ii) demonstrating that the U.S. typically does exhibit more
upward structural mobility than Germany.

The outline of this paper is as follows. In the next section we introduce the
framework and core axioms, and axiomatize the two notions of mobility. In
Section 3 we derive a class of mobility measures which are increasing in upward
structural mobility and exchange mobility. Section 4 presents our empirical illus-
tration about mobility rankings between the U.S. and Germany. All proofs are
gathered in the Appendix.

2. Notation and Axioms

Let y n
1∈ ++� be transformed through some dynamic process into y n

2 ∈ ++� ;
the vector (y1, y2) belongs to D n

n= =
∞

++∪ �1
2 . In this paper we examine subgroup

consistent mobility measures. To this end index the group by g, and, for notational

1Total mobility increases irrespective of how the change affects the relative positions of the
remaining population. Foster and Sen (1997, pp. 156–63) discuss the pros and cons of this argument in
the context of inequality measurement.
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simplicity, consider only two groups of individuals with g ∈ {1, 2}. Let P = {N1,
N2} be a partition of the set N = {1, . . . , n} in two non-overlapping subsets and let
P denote the set of all such possible partitions of N. For each group g of size Ng,
the income vectors are partitioned correspondingly into ( y yg g

1 2, ).
A replication invariant subgroup consistent (RISC) mobility index is a non-

constant function M D: → �, continuous in its arguments, whose value indicates
the amount of mobility in moving from a distribution y1 to y2, and which satisfies
the following axioms:

RISC.1 [Anonymity]: M(y1, y2) is symmetric: M y y M y y1 2 1 2, ,( ) = ′ ′( ) whenever the
vectors ′y1 and ′y2 are obtained after applying the same permutation on y1 and y2.

RISC.2 [Replication Invariance]: M y y M y y1 2 1 2, ,( ) = ′ ′( ) , whenever the vectors ′y1

and ′y2 are obtained after applying the same replication on y1 and y2.

RISC.3 [Subgroup Consistency]: For all P M y y y y∈ ( ) >P : , , ,1
1

1
2

2
1

2
2

M y y y y( , , , )1
1

1
2

2
1

2
2′ ′ ′ ′ whenever M y y M y y1

1
2
1

1
1

2
1, ( , )( ) > ′ ′ and M y y M y y1

2
2
2

1
2

2
2, ( , )( ) = ′ ′ .

Anonymity is generally accepted as a property for mobility measures. Repli-
cation invariance is also very common. The third requirement is subgroup consis-
tency which has been considered in the literature on mobility measurement before
(see, e.g., Fields and Ok, 1999; D’Agostino and Dardanoni, 2009).

We now formalize our two core mobility properties. Our first mobility axiom
concerns exchange mobility. Exchange mobility is a property of the joint distribu-
tion of incomes in both periods while the marginal distributions in both periods are
kept fixed. It requires that if there is a positive association between the incomes in
two periods for two pairs of incomes (y1i, y2i) and (y1j, y2j), then swapping y2i

and y2j or swapping y1i and y1j increases mobility since it decreases the positive
association between the income vectors of both periods. Formally, given a vector
x x x x xi j n

n= ( ) ∈ ++1, . . . , , . . . , , . . . , � , define x x x x xij j i nσ( ) = ( )1, . . . , , . . . , , . . . , ∈ ++�n .
The Exchange Mobility (EM) axiom states:

EM: For all i, j ∈ N and all y y y yij ij
n

1 2 1 2, , , :σ σ( ) ( ) ∈ ++�
y y y y M y y M y yi j i j ij1 1 2 2 1 2 1 20−( ) −( ) > ⇒ ( )( ) > ( ), ,σ and M(y1(sij), y2) > M(y1, y2).

While the interpretation of EM2 is clear and EM is often discussed in the
literature (see, e.g., Atkinson, 1981; Markandya, 1982; Dardanoni, 1993) its impli-
cations for a mobility index of the general form M(y1, y2) are not. By imposing
more structure on the mobility index using the RISC axioms we uncover the
implications of EM for RISC mobility measures in Section 3.

Our next set of axioms concerns the notion of structural mobility. We
formalize the core concept of upward structural mobility first before con-
sidering additional notions of structural mobility. Upward structural mobility
is concerned with changes in the marginal distributions. It consists of two

2Both swaps in the EM axiom decrease the joint probability distribution at (y1i, y2i) and (y1j, y2j) and
increase it at (y1i, y2j) and (y1j, y2i). Thus, since the condition on the swaps is that (y1i - y1j) (y2i - y2j) > 0,
probability mass is pushed away from the diagonal. This is the equivalent, in the discrete case, of the
mobility increasing transformation as introduced by Atkinson (1981).
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components. Given a vector x x x xi n
n= ( ) ∈ ++1, . . . , , . . . , � , consider any ε ∈ ++�

such that x x x xi
i n

n+ ( )
++= +( ) ∈ε ε1, . . . , , . . . � . Clearly the distribution x+e(i) first order

stochastically dominates the distribution x. (i) Assume that starting from y1 a
second period income distribution y i

2
+ ( )ε is reached instead of y2. The process that

changes y1 into y i
2
+ ( )ε has more upward structural mobility than the process chang-

ing y1 into y2 since, starting from the same initial distribution of incomes (or social
strata), a better distribution of income (with more desirable social strata) is
reached. (ii) Assume now that a second period income distribution y2 is reached
from a first period income distribution y i

1
+ ( )ε instead of from y1. Here, the process

that changes y i
1
+ ( )ε into y2 has less upward structural mobility than the process that

changes y1 into y2 since the same second period income (or social strata) distribu-
tion is reached starting from a better distribution of income (or one with more
attractive social strata). Formally this is captured by the Upward Structural
Mobility (USM) axiom which combines the following properties:

USM.1: For all i ∈ N and all y y M y y M y yn i
1 2 1 2 1 2, : , ,∈ ( ) > ( )++

+ ( )� ε .

USM.2: For all i ∈ N and all y y M y y M y yn i
1 2 1 2 1 2, : , ,∈ ( ) > ( )++

+ ( )� ε .

USM.1 requires the index to be increasing in its last n arguments, while
USM.2 requires it to be decreasing in its first n arguments. We note that it follows
from USM.2 that the measurement of upward structural mobility contradicts the
Pareto principle, interpreted to require that an ordering of income vectors is
increasing in incomes of both periods. Any social welfare approach to the mea-
surement of mobility3 that respects this Pareto principle will never be able to
capture the notion of upward structural mobility.

We now consider further structural mobility axioms that change the margin-
als by changing the degree of inequality in the marginals (or the diversity of the
social strata distributions) without affecting the covariance of the incomes in two
periods. Given a vector x x x x xi j n

n= ( ) ∈ ++1, . . . , , . . . , , . . . � , consider δ ∈ ++� such
that x x x x xij

i i j n
nδ δ δ( )
++= − +( ) ∈, . . . , , . . . , , . . . � , which is identical to x, except for

a transfer d that took place from i to j. In order to ensure that the covariance
between two distributions is not affected by a transfer from i to j in a marginal
distribution, we have to impose that the marginal distribution that is not changed
belongs to R ijn

++( ), which, given i, j ∈ N, is defined as {x x xn
i j∈ =++� : }.

The next axiom is a weak version of Cowell’s (1985) Monotonicity in Distance
axiom.4 The latter states that if second (first) period incomes are further apart than
first (second) period incomes, then pushing them even further apart increases
mobility. In our context, to make the principle independent of exchange mobility,
we impose the restriction that covariances remain unaffected by the considered
transfers. Our weak version of the Monotonicity in Distance axiom thus translates
into the following Distance Increasing Structural Mobility axiom (DISM):

DISM.1: For all i, j ∈ N with y yj i2 2≥ > ∈ ++δ � , all y R ijn
1∈ ( )++ and all

y M y y M y yn ij
2 1 2 1 2∈ ( ) > ( )++

( )� : , ,δ .

3This approach has been quite popular (see, e.g., Atkinson, 1981; Markandya, 1982; Chakravarty
et al., 1985).

4We are grateful to a referee for pointing us to Cowell’s (1985) framework.
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DISM.2: For all i, j ∈ N with y yj i1 1≥ > ∈ ++δ � , all y R ijn
2 ∈ ( )++ and all

y M y y M y yn ij
1 1 2 1 2∈ ( ) > ( )++

( )� : , ,δ .

According to the DISM axiom, increasing the inequality in both marginals,
while keeping the covariance constant, increases structural mobility. This is illus-
trated in the top left and bottom panel of Figure 1, where for two observations that
have the same income in one period, their incomes in the other period are further
apart in the situation with the white dots than in the situation with the black dots.
Hence, the move from the black dots to the white dots is distance increasing and
so mobility increasing.

Alternatively, one might argue that structural mobility should depend on the
extent to which the dynamic process moves toward a more equal distribution. This
gives rise to the following Inequality Decreasing Structural Mobility axiom
(IDSM):

IDSM.1: For all i, j ∈ N with y yj i2 2≥ > ∈ ++δ � , all y R ijn
1∈ ( )++ and all

y M y y M y yn ij
2 1 2 1 2∈ ( ) > ( )++

( )� : , , δ .

IDSM.2: For all i, j ∈ N with y yj i1 1≥ > ∈ ++δ � , all y R ijn
2 ∈ ( )++ and all

y M y y M y yn ij
1 1 2 1 2∈ ( ) > ( )++

( )� : , ,δ .

The first part follows immediately from the motivation above. The second
part captures the fact that in moving from the more unequal y ij

1
δ ( ) rather than y1

0

Y2

Y1ji yy 11 =

jy2

iy2

δ−iy2

δ+jy2

DISM.1

0

Y2

Y1ji yy 11 =

jy2

iy2

δ−iy2

δ+jy2

IDSM.1

0

Y2

Y1jy1

ji yy 22 =

iy1δ−iy1 δ+jy1

DISM.2=IDSM.2

Figure 1. Further Structural Mobility Axioms
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to the same y2 we have a larger movement to an equally socially desirable y2. The
top right and bottom panel of Figure 1 illustrates these properties; the move from
the black dots to the white dots makes the process more inequality decreasing and
so mobility increasing.

Both the DISM and IDSM axioms seem reasonable, but, as a comparison of
the top left and right panels in Figure 1 illustrates, have opposite implications for
increasing inequality in the second period income distribution. As a result, they are
incompatible and no measure can satisfy both at the same time.

The implications of these axioms for a general mobility index of the form
M(y1, y2) are not clear. In the next section we impose more structure on the
mobility index using the RISC axioms.

3. Results

Applying insights similar to Foster and Shorrocks (1991) we obtain the fol-
lowing representation result.

Lemma 1: Replication Invariant Subgroup Consistent (RISC) Mobility Measures.
For each n � 1 and every y y n

1 2
2,( ) ∈ ++� a replication invariant subgroup con-

sistent mobility measure can be written as

F
n

y yi i
i

n1
1 2

1

φ , ,( )⎛
⎝⎜

⎞
⎠⎟=

∑(1)

where F :φ � �++( )→2 is continuous and increasing and φ : � �++ →
2 is continuous.

Particular subgroup consistent mobility measures have been proposed by
Fields and Ok (1996, 1999), namely:

M
n

y y M
n

y
y

MFO i i
i

n

FO
i

ii

n

FO1 2 3

1 1 1
2 1

1

2

11

= − = ⎛
⎝⎜

⎞
⎠⎟

=
= =
∑ ∑α

α

, log and
nn

y
y

i

ii

n

log ,2

11

⎛
⎝⎜

⎞
⎠⎟=

∑

where α ∈ ++� ,

M
n

y y
M

n
y

FO
i i

i

n

FO4 4

1
1 1

0 1
12

1
1

1

1

2=
( )
−

−
( )
−

≤ ≠ =
− −

=
∑

σ σ

σ σ
σfor and log ii

ii

n

y11

1⎛
⎝⎜

⎞
⎠⎟

=
=
∑ for σ ,

where σ ∈ ++� . D’Agostino and Dardanoni (2009) propose

M
n

y y M
n

g y g yD i i
i

n

D i i
i

n

1 2

1 1
1 2

2

1
1 2

2

1

= −( ) = ( ) − ( )( )
= =
∑ ∑and ,

where g(.) is a continuous and increasing function.5

5Mitra and Ok (1998) characterize the measure MFO1
for values of a � 1. The range or the value

of a is not important for what follows, however. The same is true for the value of s in MFO4
, or the

exact shape of the function g(.) in MD2
.
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Corollary 1: MFO1
, MFO2

, MFO3
, MFO4

, MD1
and MD2

are RISC measures of
mobility. Their properties in terms of our core axioms (EM and USM) and the
other structural mobility axioms (DISM and IDSM) are collected in Table 1.

The measures proposed by D’Agostino and Dardanoni satisfy EM and MD1

also satisfies DISM, but only MFO3
satisfies USM. It is worrying that none of these

measures satisfies simultaneously EM and USM.6

The following corollary shows the restrictions that are imposed by EM, USM,
DISM, and IDSM on replication invariant subgroup consistent mobility
measures.

Corollary 2: RISC Mobility Measures satisfying EM, USM, DISM, or IDSM.
A replication invariant subgroup consistent mobility measure can be written in

the form(1) of Lemma 1. Moreover, it satisfies
(a) EM if and only if for all y y y y y y y yi i j j

n
i j i j1 2 1 2 1 1 2 2 0, , , :∈ −( ) −( ) >++�

⇒ ( )+ ( ) < ( ) + ( )φ φ φ φy y y y y y y yi i j j i j j i1 2 1 2 1 2 1 2, , , , .
(b) USM if and only if the function f is decreasing in its first argument and

increasing in its second argument.
(c) DISM.1 if and only if for all a b c, , ,δ ∈ ++� with d < b < c : f(a, b

- d) - f(a, b) > f(a, c) - f(a, c + d).
(d) DISM.2 if and only if for all a b c, , ,δ ∈ ++� with d < b < c : f(b - d, a)

- f(b, a) > f(c, a) - f(c + d, a).
(e) IDSM.1 if and only if for all a b c, , ,δ ∈ ++� with d < b < c : f(a,

b - d) - f(a, b) < f(a, c) - f(a, c + d).
(f) IDSM.2 if and only if for all a b c, , ,δ ∈ ++� with d < b < c : f(b - d,

a) - f(b, a) > f(c, a) - f(c + d, a).

If the cross derivative of the function f exists, the condition in part (a) of the
Corollary is equivalent to requiring this cross derivative to be negative.7 Condition
(b) is self evident. If the function f is twice differentiable the other conditions
reduce to the following: (c) requires that the second derivative with respect to the

6Cowell’s (1985) measure of distributional change, defined as
1

1
11

1

2

2

1

1α α μ μ

α α

−( )
⎛
⎝⎜

⎞
⎠⎟
⎛
⎝⎜

⎞
⎠⎟ −⎡

⎣⎢
⎤
⎦⎥

−

=∑ y yi i
i

n

always satisfies EM and DISM, while it satisfies USM if its sensitivity parameter a is smaller than 0.
This is an interesting measure but it is not subgroup consistent and is therefore not included in Table 1.

7In the context of evaluating exchange mobility by an additively separable dynastic social welfare
function, this property was already established by Atkinson (1981) and Markandya (1982).

TABLE 1

Some Existing RISC Measures and their Properties

Measure satisfies axiom? MFO1
MFO2

MFO3
MFO4

MD1
MD2

EM Noa No No No Yes Yes
USM No No Yes No No No
DISM Noa No No No Yes No
IDSM No No Yes No No No

Note: aExcept when a = 2, when the index is equal to MD1
.
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second argument is positive; (d) and (f) that the second derivative with respect to
the first argument is negative; and (e) that the second derivative with respect to the
second argument is negative.

A specific functional form for a mobility measure satisfying EM and USM
can be obtained by imposing two additional standard axioms for relative mobility
measurement:

RSI [Ratio-scale Invariance]: For all y y x x n
1 2 1 2, , , ∈ ++� and for all

λ λ λ λ λ λ1 2 1 2 1 2 1 1 2 2 1 1 2 2, : , , , ,∈ ( ) = ( )⇔ ( ) = ( )++� M y y M x x M y y M x x .

SI [Scale Invariance]: For all y y n
1 2, ∈ ++� and for all λ λ λ∈ ( ) =++� : ,M y y1 2

M y y1 2,( ).

We characterize a new relative mobility measure in Theorem 1.

Theorem 1. A new index of relative mobility.
A replication invariant, subgroup consistent mobility index satisfies EM, USM,

RSI, and SI if and only if for each n � 1 and every y y n
1 2

2,( ) ∈ ++� it can be written as

F
n

y
y

i

i

r

i

n1 2

11

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟=

∑ ,(2)

where F :φ � �++( )→2 is continuous and increasing and r ∈ ++� . In addition, the
measure satisfies DISM if and only if r > 1 and IDSM if and only if r < 1.

The class of mobility measures in Theorem 1 is new. A particular subclass,
only indexed by r, follows by letting F be the identity map,

M r
n

y
y

i

i

r

i

n

( ) = ⎛
⎝⎜

⎞
⎠⎟=

∑1 2

11

.(3)

The parameter r has the interpretation of a sensitivity parameter. This becomes

plain if Mr is rewritten as 1 2

1

1
2

1
1n

y
y

y
y

i

i

r
i

i
i

n ⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

−

=∑ , where
y
y

i

i

r
2

1

1
⎛
⎝⎜

⎞
⎠⎟

−

is the weight given

to the relative income change of each individual. For r = 1 all changes get the same
weight. If r < (>)1, the weight for small changes is larger (smaller) than for big
changes and the measure satisfies IDSM (DISM). Easy to interpret are the values

r = 1, for which all weights are equal and r = 2, for which the weights are
y
y

i

i

2

1

⎛
⎝⎜

⎞
⎠⎟ . In

our empirical illustration we consider several values of r below and above 1, and
examine how rankings change with r.

Some of the measures proposed in the literature, such as MFO1
and MD1

, are
not relative, but absolute measures of mobility. It is worth pointing out that the
present framework can be easily adjusted to characterize an absolute measure of
income mobility satisfying the RISC axioms EM and USM by replacing �++

n by
�n in all domain definitions, and after definition of i as an n-dimensional vector
of ones, by replacing RSI and SI by, respectively,
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TSI [Translation-scale Invariance]: For all y y x x n
1 2 1 2, , , ∈� and for all

κ κ κ ι κ ι κ ι κ ι1 2 1 2 1 2 1 1 2 2 1 1 2 2, : , , , ,∈ ( ) = ( )⇔ + +( ) = + +(� M y y M x x M y y M x x )) .

AI [Addition Invariance]: For all y y n
1 2, ∈� and for all κ ∈ ++� :

M y y M y y1 2 1 2+ +( ) = ( )κι κι, , .

The result is stated in the following theorem.

Theorem 2. A new index of absolute mobility.
A replication invariant, subgroup consistent mobility index satisfies EM, USM,

TSI, and AI if and only if for each n � 1 and every y y n
1 2

2,( ) ∈� it can be written as

F
n

c y yi i
i

n1
2 1

1

exp ,−( )[ ]⎛
⎝⎜

⎞
⎠⎟=

∑(4)

where F :φ � �++( )→2 is continuous and increasing and c ∈ ++� . The measure
always satisfies DISM.

A particular subclass, only indexed by c, follows by letting F be the identity
map,

m c
n

c y yi i
i

n

( ) = −( )[ ]
=
∑1

2 1
1

exp .(5)

Again c is a sensitivity parameter; larger values of c increase the effect of
large absolute income movements. The measure of absolute income mobility
always prefers an increase in dispersion in the marginal distributions of both
periods, and so satisfies DISM. However to compare the evolution of mobility
over time or between countries, relative mobility measures are more attractive,
which explains why in the empirical section our focus is on our relative mobility
measure (3).

For empirical work, and specifically the empirical illustration that follows, we
need to consider the issue of statistical inference for the mobility measure (3). The
weak law of large numbers implies that as n → •, M(r) → E((y2/y1)r) and the central
limit theorem implies that M(r) is asymptotically distributed as a normal variate
with mean m and variance s2: M(r) ~a N(m, s2). Comparing two independent joint
distributions, such as in the context of cross-country comparisons, the standard-
ized difference-of-means statistic is asymptotically distributed as a standard
normal variate. Similar arguments apply to the measure of absolute mobility m(c).

We therefore have the following:

Lemma 2: Statistical inference for the mobility measures M(r) and m(c).
(a) M r Na

M M( ) ( )∼ μ σ, 2 with mM = E((y2/y1)r) and n E y yM
rσ 2

2 1
2= ( )( ) −

E y y r
2 1

2
( )( )⎡⎣ ⎤⎦ . Both mM and σM

2 can be consistently estimated by their
sample analogues.

(b) m c Na
m m( ) ( )∼ μ σ, 2 with mm = E(exp[c(y2 - y1)]) and n mσ

2 =
E c y y E c y yexp exp2 2 1 2 1

2−( )[ ]( ) − −( )[ ]( )[ ] . Both mm and σm
2 can be con-

sistently estimated by their sample analogues.
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(c) Consider two independent joint income distributions and the associated
mobility measures M1(r) and M2(r) with M r Na

M M1 1 1
2( ) ( )∼ μ σ, ,, and

M r Na
M M2 2 2

2( ) ( )∼ μ σ, ,, . Under the null hypothesis that mM,1 = mM,2 we have
M r M r NM M

a
1 2 1

2
2

2 1 2
0 1( ) − ( )[ ] +[ ] ( )σ σ, , ,∼ .

(d) Consider two independent joint income distributions and the associated
mobility measures m1(c) and m2(c). To test the hypothesis that mm,1 = mm,2

apply (c) with M replaced by m.

4. Empirical Illustration: Income Mobility in the U.S. and
Germany Revisited

Our empirical application is placed in the context of the ongoing debate about
income mobility comparisons between the U.S. and Germany (see, e.g.,
Burkhauser and Poupore, 1997; Burkhauser et al., 1997; Maasoumi and Trede,
2001; Gottschalk and Spolaore, 2002; Schluter and Trede, 2003; Jenkins and Van
Kerm, 2006).

Germany is a useful choice for comparison with the United States: the two
countries are the largest and third largest economies but some key institutions
differ. In contrast to the United States, the German labor market is characterized
by rigidity and relatively centralized wage bargaining. The German social welfare
system is much more generous. Hence, the received wisdom is that Germany
exhibits both lower income inequality and lower income mobility. Burkhauser and
Poupore (1997) and Burkhauser et al. (1997) have observed that when measuring
income mobility using Shorrocks (1978) indices Germany is typically ranked more
mobile than the U.S., contrary to this received wisdom. Gottschalk and Spolaore
(2002) and Schluter and Trede (2003) have advanced some explanation for this
surprising ranking. The application of our new measure makes a substantive
complementary empirical contribution to this debate since we are able to check
whether it mattters to use a distance increasing or inequality decreasing mobility
measure.8

We follow this empirical literature in the use of data sources, sample selection,
and income definitions. The data are from the “Equivalent Data Files”9 versions of
the U.S. Panel Study of Income Dynamics (PSID) and the German Socio-
Economic Panel (GSOEP). Both panels are similar in design, and the data pro-
vider has generated comparable income variables. In order to be fully comparable
to the literature cited above, we consider the same case as Schluter and Trede
(2003): the unit of analysis is the person, and the income concept is net (i.e.
post-tax post-benefit) income equivalized using the OECD scale (equal to the
square root of the household size) in 1996 prices. The period under scrutiny is the
years 1984 to 1992, when both countries went through a largely synchronized
business cycle, and we consider annual income mobility, i.e. years t and t + 1. For
comparability and statistical robustness, we follow the literature and trim each

8Moreover, in the light of the discussion in Schluter and Trede (2003) our measure is also
transparent about the “local” aspects of mobility, since our measure is subgroup consistent and thus
explicit about the aggregation rule for income changes.

9http://www.human.cornell.edu/che/PAM/Research/Centers-Programs/German-Panel/cnef.cfm.
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sample at the 1 percent and 99 percent quantiles. The resulting samples are in
excess of 10,000 persons. We are able to replicate the results of cited literature, in
particular table 1 of Schluter and Trede (2003): the class of Shorrocks (1978)
measures ranks Germany more mobile than the U.S.10

Before discussing our point mobility measures we present some descriptive
statistics for the period 1987 and 1988; these turn out to be representative for all
periods under investigation. In Figure 2, columns 1 and 2, we present contour
plots of kernel density estimates of the joint and conditional income distributions
(see Schluter (1998) for similar estimates).11 The U.S. densities are more dispersed
than the German counterparts. A particular (constant) feature of the conditional
densities is the greater upward mobility of low-income Germans. Column 3 of the
figure depicts the density estimate of relative incomes. This is of interest since the
mobility index M(r) transforms relative incomes by means of the function
g(x) = xr, which is concave if 0 < r < 1 and convex for r � 1. It is evident from the

10Precise details are not reproduced for reasons of brevity but are available on request from the
authors.

11Incomes have been normalized by period t median income for the sake of comparability, the
(common) bandwidths have been chosen subjectively, and the conditional density is obtained by simply
dividing the joint density estimate by an estimate of the marginal density.
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plots that the U.S. density has far more mass in both tails than the density for
Germany. Hence we expect that the M(r) index ranks the U.S. more mobile than
Germany for r � 1, but this ranking could be reversed for r sufficiently small to
compensate for the higher U.S. mean.

We proceed to apply our mobility measure (3) for increasing values of the
sensitivity parameter r ∈ {0.2, 0.4, 0.7, 1, 1.5, 2}. The results are reported in
Table 2. In particular, Panels A and B report the point measures as well as the
estimated standard errors. Panel C summarizes the results, reporting whether the

TABLE 2

Mobility Comparisons Between the U.S. (PSID) and Germany (GSOEP)

Period M(0.2) M(0.4) M(0.7) M(1) M(1.5) M(2)

Panel A: PSID
1984/85 1.009 1.027 1.072 1.151 1.460 2.703

(0.0007) (0.0015) (0.0035) (0.0088) (0.0570) (0.4268)
1985/86 1.008 1.024 1.065 1.132 1.351 1.889

(0.0007) (0.0014) (0.0030) (0.0058) (0.0194) (0.0758)
1986/87 1.008 1.023 1.062 1.126 1.330 1.811

(0.0006) (0.0014) (0.0029) (0.0055) (0.0173) (0.0611)
1987/88 1.014 1.035 1.083 1.157 1.400 2.202

(0.0006) (0.0013) (0.0030) (0.0070) (0.0440) (0.3444)
1988/89 1.010 1.028 1.069 1.136 1.339 1.804

(0.0006) (0.0013) (0.0028) (0.0054) (0.0167) (0.0595)
1989/90 1.002 1.012 1.040 1.090 1.250 1.628

(0.0006) (0.0013) (0.0026) (0.0049) (0.0175) (0.0859)
1990/91 1.003 1.014 1.049 1.116 1.389 2.355

(0.0007) (0.0014) (0.0034) (0.0078) (0.0386) (0.2217)
1991/92 1.002 1.013 1.045 1.104 1.311 1.861

(0.0007) (0.0014) (0.0030) (0.0060) (0.0213) (0.0886)

Panel B: GSOEP
1984/85 1.003 1.01 1.031 1.069 1.205 1.585

(0.0006) (0.0013) (0.0029) (0.0059) (0.0222) (0.0945)
1985/86 1.005 1.014 1.034 1.068 1.177 1.485

(0.0006) (0.0012) (0.0026) (0.0054) (0.0237) (0.1232)
1986/87 1.015 1.033 1.066 1.109 1.211 1.374

(0.0005) (0.0011) (0.0021) (0.0035) (0.0081) (0.0194)
1987/88 1.007 1.017 1.037 1.063 1.127 1.224

(0.0005) (0.0010) (0.0018) (0.0029) (0.0058) (0.0118)
1988/89 1.007 1.017 1.038 1.066 1.139 1.269

(0.0005) (0.0010) (0.0020) (0.0035) (0.0090) (0.0260)
1989/90 1.004 1.011 1.025 1.047 1.101 1.192

(0.0005) (0.0010) (0.0019) (0.0031) (0.0065) (0.0147)
1990/91 1.01 1.022 1.047 1.078 1.151 1.262

(0.0005) (0.0010) (0.0020) (0.0031) (0.0066) (0.0149)
1991/92 1.005 1.013 1.031 1.057 1.122 1.231

(0.0005) (0.0011) (0.0021) (0.0034) (0.0071) (0.0159)

Panel C: MPSID(r) > MGSOEP(r)
1984/85 TRUE TRUE TRUE TRUE TRUE TRUE
1985/86 TRUE TRUE TRUE TRUE TRUE TRUE
1986/87 FALSE FALSE FALSEns TRUE TRUE TRUE
1987/88 TRUE TRUE TRUE TRUE TRUE TRUE
1988/89 TRUE TRUE TRUE TRUE TRUE TRUE
1989/90 FALSE TRUEns TRUE TRUE TRUE TRUE
1990/91 FALSE FALSE TRUEns TRUE TRUE TRUE
1991/92 FALSE FALSEns TRUE TRUE TRUE TRUE

Notes: SE in parenthesis. In Panel 3 “ns” denotes not statistically significant at 5% level.
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U.S. is ranked more mobile than Germany, and indicates if the ranking is statis-
tically not significant.

As expected from the plot of the relative income densities the measure M(r)
ranks the U.S. more mobile than Germany for all values of r � 1 and all these
differences are statistically significant. For smaller values of r the U.S. is ranked
more mobile than Germany for many but not all years; prominent exceptions are
the periods 1986/87 and 1990/91 and, as expected, these exceptions become more
prominent for smaller values of r. We conclude that the U.S. typically exhibits
more upward structural mobility than Germany. Mobility rankings based on the
Shorrocks (1978) class do not capture structural mobility.

Next, we illustrate the usefulness of decompositions by population subgroups.
The mobility index for group g is given by

M r
n

y

y
g

g

i

i

r

i Ig

( ) =
⎛
⎝⎜

⎞
⎠⎟∈

∑1 2

1

,

,

,

where Ig denotes the set of individuals in group g which is of size ng. The overall
index is thus M r n n M rg

g

g
( ) = ( ) ( )∑ . The first decomposition exercise fixes a

country, and then compares Mg(r) across the various groups. In the second exer-
cises we compare Mg(r) for each g and r across countries.

We turn to our empirical implementation. We consider the period 1991/92, a
year in which the overall mobility ranking between the U.S. and Germany depends
on the value of r, and focus on a partition induced by household type in 1991:
group 1 consists of single person households with no children, group 2 of single
parents with children, group 3 of multi-person households without children, and
group 4 of parents with children. Table 3 reports the respective population shares
and the mobility estimates. For brevity’s sake we report only point estimates.

TABLE 3

Mobility Comparisons Between the U.S. (PSID) and Germany (GSOEP) by Household Type
for the Period 1991/92

Group Pop. Share M(0.2) M(0.4) M(0.7) M(1) M(1.5) M(2)

Panel A: PSID
1 0.09 1.004 1.022 1.078 1.184 1.585 2.729
2 0.10 1.005 1.019 1.061 1.133 1.350 1.789
3 0.24 1.000 1.007 1.037 1.091 1.270 1.683
4 0.57 1.003 1.012 1.041 1.092 1.278 1.813

Panel B: GSOEP
1 0.09 1.012 1.028 1.062 1.111 1.240 1.475
2 0.02 1.022 1.050 1.102 1.169 1.320 1.539
3 0.37 1.005 1.012 1.030 1.057 1.128 1.251
4 0.52 1.004 1.011 1.026 1.048 1.099 1.178

Panel C: M r M rPSID
g

GSOEP
g( ) > ( )

1 FALSE FALSE TRUE TRUE TRUE TRUE
2 FALSE FALSE FALSE FALSE TRUE TRUE
3 FALSE FALSE TRUE TRUE TRUE TRUE
4 FALSE TRUE TRUE TRUE TRUE TRUE

Notes: Group 1: single parent with no children; Group 2: single parent with children; Group 3:
Not single without children; Group 4: Not single with children.
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In both countries groups 1 and 2 are more mobile than groups 3 and 4. The
remaining rankings, however, are country specific. In Germany group 2 is more
mobile than group 1, while in the U.S. group 1 is more mobile than group 2 except
for the lowest value of r. Group 3 is more mobile than group 4 in Germany while
in the U.S. the opposite applies. The ranking of different household types therefore
does not depend substantially on the value for r for either country. One explana-
tion for the comparatively high mobility of single households is the fact that a
substantial proportion leave this household type category in the subsequent year.
In Germany, a quarter of single parents change type (the corresponding share for
the other groups is 5 percent), in the U.S. 12 percent of group 1 and 15 percent of
group 2 change type. The comparison between the U.S. and Germany for each
household type broadly reflects the economy-wide mobility ranking reported in
Table 2. For high values of r the U.S. dominates Germany for all household types,
but the ranking is reversed as r decreases.

5. Conclusions

We have derived axiomatically new mobility measures of upward structural
mobility which respect the notion of exchange mobility, and developed
methods of statistical inference. We have illustrated the usefulness of the
measure by considering the ongoing debate about mobility comparisons between
the U.S. and Germany. Our substantive empirical contribution is the insight that
the U.S. exhibits typically greater upward structural mobility, and hence the
proposed measure M(r) ranks the U.S. typically more mobile than Germany.
The empirical literature has employed measures which do not respect these
notions.

We conclude by the methodological observation that some researchers (see,
e.g., Ruiz-Castillo, 2004; Van Kerm, 2004) seek to decompose overall mobility into
a structural and exchange mobility component. When one wants more upward
(downward) structural mobility to influence the index positively (negatively) such
a decomposition should be based on a mobility index that satisfies both the EM
and USM axioms. Our measures are therefore prime candidates for such decom-
position exercises.

Appendix: Proofs

Proof of Lemma 1. The proof of this lemma follows Foster and Shorrocks’ (1991)
proof of their proposition 1. For completeness it is repeated here. We first establish
that the mobility measure needs to be separable, defined as follows.

SEP [Separability]: For all y y y y y y y y n
1
1

1
2

2
1

2
2

1
1

1
2

2
1

2
2, , , , , , ,′ ′ ′ ′ ∈ ++� and for all P ∈P :

M y y y y M y y y y M y y y y1
1

1
2

2
1

2
2

1
1

1
2

2
1

2
2

1
1

1
2

2
1

2
2, , , ( , , , ) ( , , ,( ) ≥ ⇒′ ′ ′ ′′ ′ ′ ′ ′) ( , , , )≥ M y y y y1

1
1
2

2
1

2
2

.

Result 1. If a mobility measure is subgroup consistent and symmetric then it also
satisfies SEP.
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Proof. Suppose M y y y y M y y y y1
1

1
2

2
1

2
2

1
1

1
2

2
1

2
2, , , ( , , , )( ) ≥ ′ ′ . Then, by subgroup consis-

tency we must have that M y y M y y1
1

2
1

1
1

2
1, ( , )( ) ≥ ′ ′ .

(a) If M y y M y y1
1

2
1

1
1

2
1, ( , )( ) > ′ ′ , then immediately by subgroup consistency

M y y y y M y y y y( , , , ) ( , , , ).1
1

1
2

2
1

2
2

1
1

1
2

2
1

2
2′ ′ ′ ′ ′ ′>

(b) If M y y M y y1
1

2
1

1
1

2
1, ( , )( ) = ′ ′ , we cannot have that M y y y y( , , , )1

1
1
2

2
1

2
2′ ′ <

M y y y y( , , , )1
1

1
2

2
1

2
2′ ′ ′ ′ , because this would imply by subgroup consistency

that M y y y y y y M y y y y y y( , , , , , ) ( , , , , ,1
1

1
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1
1

2
1

2
2

2
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1
1

1
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1
1

2
1

2
2′ ′ ′ ′ ′ ′ ′ ′< 22

1), which contra-
dicts the anonymity of M(y1, y2). �

Returning to the proof of Lemma 1, let zi = [y1i, y2i]. Then, using Result 1, due
to the fact that, by definition, M(y1, y2) is not constant on D and a standard result
on separability (due to Gorman, 1968), structural mobility, subgroup consistent,
anonymous and continuous mobility measures can be written in the following
form for any integer n � 3:

M y y F y y y yn n i i
i

n
n

1 2 1 2
1

1 2
2, , , ,( ) = ( )⎛

⎝⎜
⎞
⎠⎟ ( ) ∈

=
++∑� � �φ for all

where �Fn
is continuous and increasing and �φn

is continuous.

Next, define φ φ φn n nt n t v( ) ≡ ( ) − ( )[ ]� � for t tn∈ ⇒ ( ) =++� �2 φ
1 1

1 1n
t v z

n
z n vn n n ii

n

n ii

n

nφ φ φ φ φ( ) + ( ) ⇒ ( ) = ( ) + ( )
= =∑ ∑� � �, . Define F u F u n vn n n( ) ≡ + ( )( )� �φ

for all u n∈ ( )++φ �2 , hence

� � � �F z F
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z n v F
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zn n ii

n

n n ii

n

n n n ii
φ φ φ φ( )( ) = ( ) + ( )( ) = ( )

= = =∑ ∑1 1 1

1 1 nn∑( ),
such that we can write subgroup consistent, anonymous and continuous mobility
measures as

M y y F
n

y y n y yn n i i
i

n

1 2 1 2
1

1 2

1
3, , ,( ) = ( )⎛

⎝⎜
⎞
⎠⎟ ≥ ( ) ∈

=
++∑φ for all and �22n ,

where Fn n:φ � �++( )→2 is continuous and increasing and φn : � �++ →
2 is

continuous.
Note that replication invariance allows us to choose the functions fn and Fn to

be independent of n, and extend the formula to the cases where n = 1 and n = 2.
This is shown next.

Take a particular 2-dimensional vector t and replicate it 4 times to obtain the
vector w. Denote the m = 4n (with n a positive integer) times replication of vector
t by w′. Define f ≡ f4 and F ≡ F4. By RISC.2, Fm(fm(t)) = M(w′) = M(w) = F(f (t))
for every t ∈ ++�2 , such that φ φm mt F F t( ) = ( )( )( )−1 .

Consequently, mobility for (y1, y2) with y1 and y2 of dimension m becomes

M y y F
m

z F
m

F F zm m ii

m

m m ii

m

1 2 1
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1 1
,( ) = ( )( ) = ( )( )( )( )=
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F F
m

F F zm m ii

m− −
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1

1 φ , which can be written as
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The solution to this Jensen equation (Aczél, 1966, p. 46) implies
Gm(u) = rmu + sm for some constants rm and sm, such that
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where F :φ � �++( )→2 is continuous and increasing and φ : � �++ →
2 is

continuous. �

Proof of Corollary 2. The proof follows directly from Lemma 1 and axioms EM,
USM, DISM and IDSM. �

Proof of Theorem 1. The following proof is a completed version12 of the proof of
theorem 1 in Tsui (1995). We first need two lemmas.

Lemma 2. M y y M y y1 2 1 2, ,( ) ≥ ′ ′( ) if and only if, for all λ λ1 2, :∈ ++�
M y y M y yλ λ λ λ1 1 2 2 1 1 2 2, ,( ) ≥ ′ ′( ) .

Proof. Assume on the contrary that

M y y M y y M y y M y y1 2 1 2 1 1 2 2 1 1 2 2, , , , .( ) ≥ ≤( ) ′ ′( ) ( ) < >( ) ′ ′( )and λ λ λ λ

The function M(d1y1, d2y2) is a continuous function of d1 and δ2 ∈ ++� . By assump-
tion the image of the function contains positive and negative values. Since the
function is continuous, by the intermediate value theorem, there must exist
numbers g1 and γ 2 ∈ ++� such that M y y M y yγ γ γ γ1 1 2 2 1 1 2 2, ,( ) = ′ ′( ).

Using scale invariance twice,

M y y M y y M y y M y yλ λ γ γ λ λ γ γ1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2, , , , ,( ) = ( ) ′ ′( ) = ′ ′( )and

such that M y y M y yλ λ λ λ1 1 2 2 1 1 2 2, ,( ) = ′ ′( ) , a contradiction. �

Lemma 3. For all a a b b d d e e1 2 1 2 1 2 1 2, , , , , , , ∈ ++� and all λ λ1 2, ∈ ++� :

φ λ λ φ λ λ
φ φ

φ λ λ φ λ1 1 2 2 1 1 2 2

1 2 1 2

1 1 2 2a a b b
a a b b

d d, ,
, ,

,( ) − ( )
( ) − ( )

=
( ) − 11 1 2 2

1 2 1 2

e e
d d e e

,
, ,

.
λ

φ φ
( )

( ) − ( )(A2)

Proof. Consider eight elements of �++ : , , , , , ,a a b b d d e1 2 1 2 1 2 1 and e2 and define the
real number k such that:

φ φ φ φd d e e k a a b b1 2 1 2 1 2 1 2, , , , .( ) − ( ) = ( ) − ( )( )(A3)

Case 1: k is a rational number. Consider two natural numbers K and L, such
that |k| = K/L.

(a) If k = K/L, define n = K + L and rewrite equation (A3) as:

K
n

a a
L
n

e e
K
n

b b
L
n

d dφ φ φ φ1 2 1 2 1 2 1 2, , , , .( ) + ( ) = ( ) + ( )

Using ratio-scale invariance, this implies

12We are grateful to Thomas Demuynck for the proof of Lemma 3.
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K
n

a a
L
n

e e
K
n

b b
L
n

d dφ λ λ φ λ λ φ λ λ φ λ λ1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2, , , ,( ) + ( ) = ( ) + ( )).

Using the last two equations,

φ λ λ φ λ λ
φ λ λ φ λ λ

φ1 1 2 2 1 1 2 2

1 1 2 2 1 1 2 2

11a a b b
d d e e k

a, ,
, ,

,( ) − ( )
( ) − ( )

= = aa b b
d d e e

2 1 2

1 2 1 2

( ) − ( )
( ) − ( )

φ
φ φ

,
, ,

,

which after exchanging the numerator and denominator yields (A2).
(b) If k = -K/L, define n = K + L and derive from (A3) that

K
n

a a
L
n

d d
K
n

b b
L
n

e eφ φ φ φ1 2 1 2 1 2 1 2, , , , .( ) + ( ) = ( ) + ( )

Proceeding in the same way as under (a) allows us to show (A2).
Case 2: k is an irrational number.
(a) Suppose that f(a1, a2) - f(b1, b2) > 0.
(i) Suppose that k > 0. Consider two strictly positive arbitrary rational

numbers r1 and r2 such that r1 < k < r2. Consequently, using (A3),

r a a b b d d e e r a a b b1 1 2 1 2 1 2 1 2 2 1 2 1 2φ φ φ φ φ φ, , , , , ,( ) − ( )( ) < ( ) − ( ) < ( ) − ( ))( ).

Let r1 = K1/L1 and r2 = K2/L2. Defining n1 = K1 + L1 and n2 = K2 + L2, we derive
that

K
n

a a
L
n

e e
K
n

b b
L
n

d d1

1
1 2

1

1
1 2

1

1
1 2

1

1
1 2φ φ φ φ, , , , ,( ) + ( ) < ( ) + ( )

K
n

a a
L
n

e e
K
n

b b
L
n

d d2

2
1 2

2

2
1 2

2

2
1 2

2

2
1 2φ φ φ φ, , , , .( ) + ( ) > ( ) + ( )

Due to Lemma 2, these inequalities imply

K
n

a a
L
n

e e
K
n

b b
L
n

1

1
1 1 2 2

1

1
1 1 2 2

1

1
1 1 2 2

1

1
1φ λ λ φ λ λ φ λ λ φ λ, , ,( ) + ( ) < ( ) + dd d1 2 2, ,λ( )

K
n

a a
L
n

e e
K
n

b b
L
n

2

2
1 1 2 2

2

2
1 1 2 2

2

2
1 1 2 2

2

2
1φ λ λ φ λ λ φ λ λ φ λ, , ,( ) + ( ) > ( ) + dd d1 2 2, .λ( )

Rearranging these equations we have that

r
K
L

d d e e
a a b b1

1

1

1 1 2 2 1 1 2 2

1 1 2 2 1 1 2 2

= <
( ) − ( )
( ) − ( )

φ λ λ φ λ λ
φ λ λ φ λ λ

, ,
, ,

<< =K
L

r2

2
2.(A4)

We proceed now to show that
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φ λ λ φ λ λ
φ λ λ φ λ λ

1 1 2 2 1 1 2 2

1 1 2 2 1 1 2 2

d d e e
a a b b

k
, ,
, ,

.
( ) − ( )
( ) − ( )

=(A5)

Suppose this equality does not hold. In that case, there exists a rational
number ′ >r1 0 or a rational number ′ >r2 0 such that either

φ λ λ φ λ λ
φ λ λ φ λ λ

1 1 2 2 1 1 2 2

1 1 2 2 1 1 2 2
1

d d e e
a a b b

r k
, ,
, ,

,
( ) − ( )
( ) − ( )

< ′ < orr
φ λ λ φ λ λ
φ λ λ φ λ λ

1 1 2 2 1 1 2 2

1 1 2 2 1 1 2 2
2

d d e e
a a b b

r k
, ,
, ,

( ) − ( )
( ) − ( )

> ′ > ..(A6)

However, since the rational numbers leading to (A4) were arbitrarily chosen,
(A4) applies for ′r1 and ′r2 , such that we must have

′ <
( ) − ( )
( ) − ( )

< ′r
d d e e
a a b b

r1
1 1 2 2 1 1 2 2

1 1 2 2 1 1 2 2
2

φ λ λ φ λ λ
φ λ λ φ λ λ

, ,
, ,

,,

which contradicts (A6), such that (A5) must hold true. Combining (A5) with (A3)
proofs (A2).

(ii) Suppose that k < 0. Consider two strictly negative arbitrary rational
numbers r1 and r2 such that r1 < k < r2. Consequently, using (A3),

r a a b b d d e e r a a b b1 1 2 1 2 1 2 1 2 2 1 2 1 2φ φ φ φ φ φ, , , , , ,( ) − ( )( ) < ( ) − ( ) < ( ) − ( ))( ).

Let r1 = -K1/L1 and r2 = -K2/L2. Defining n1 = K1 + L1 and n2 = K2 + L2, we derive
that

K
n

a a
L
n

d d
K
n

b b
L
n

e e1

1
1 2

1

1
1 2

1

1
1 2

1

1
1 2φ φ φ φ, , , , ,( ) + ( ) > ( ) + ( )

K
n

a a
L
n

d d
K
n

b b
L
n

e e2

2
1 2

2

2
1 2

2

2
1 2

2

2
1 2φ φ φ φ, , , , .( ) + ( ) < ( ) + ( )

Repeating the same steps as in (i), it is easy to show that (A2) holds true.
(b) Suppose that f(a1, a2) - f(b1, b2) < 0.
(i) Suppose that k > 0. Consider two strictly positive arbitrary rational

numbers r1 and r2 such that r1 < k < r2. With r1 = K1/L1, r2 = K2/L2, n1 = K1 + L1 and
n2 = K2 + L2, compared to the proof in part (a), (i), all inequalities before inequality
(A4) switch sign, but (A4) remains true. One can further proceed as in (a), (i) to
show that (A2) holds true.

(ii) Suppose that k < 0. Consider two strictly negative arbitrary rational
numbers r1 and r2 such that r1 < k < r2. With r1 = -K1/L1, r2 = -K2/L2, n1 = K1 + L1

and n2 = K2 + L2, one can proceed as in part (a), (ii), paying heed to the signs of the
first sets of inequalities, to show that (A2) holds true. �

Returning to the proof of the theorem, put the right hand side equal to the
number R(l1, l2). Fixing (b1, b2), the equation can be written as

φ λ λ φ λ λ λ λ φ φ
φ λ

1 1 2 2 1 1 2 2 1 2 1 2 1 2

1

a a b b R a a b b
a

, , , , ,( ) − ( ) = ( ) ( ) − ( )[ ]⇔
11 2 2 1 2 1 2 1 1 2 2 1 2 1 2, , , , , , .λ λ λ φ φ λ λ λ λ φa R a a b b R b b( ) = ( ) ( ) + ( ) − ( ) ( )
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With (b1, b2) fixed, put Q(l1, l2) = f(l1b1, l2b2) - R(l1, l2) f(b1, b2) and we get
f(l1a1, l2a2) = R(l1, l2) f(a1, a2) + Q(l1, l2). The solutions to this functional equa-
tion are, see Aczél et al. (1986):

φ φa a a ba a a a a r a r ar r
1 2 1 2 1 2 1 1 2 2

1 2, , ln ln ,( ) = + ( ) = − ( ) + ( )− and

where b > 0, r1 and r2 > 0, to incorporate USM. EM eliminates the logarithmic
measure. The values of a and b do not matter since F(.) is increasing. SI implies that
r1 = r2, such that we can write the mobility index as in the theorem. To see that

DISM (IDSM) requires that r > (<) 1, observe that the second derivative of
y
y

i

i

r
2

1

⎛
⎝⎜

⎞
⎠⎟

with respect to y2i is equal to

r r
y
y

ri

i

r

−( )⎛
⎝⎜

⎞
⎠⎟

> <( ) > <( )
−

1 0 12

1

2

if and only if .

We still need to prove the independence of the axioms. As usual, we
do this by proposing mobility measures that satisfy all axioms used, except
one. The second column of the following table formulates measures that
satisfy all axioms of the theorem, except the axiom indicated in the first
column.

AXIOM MEASURE

RISC.1 [Anonymity]
1 2

1
1n

y
y

i

i

r

i

n
i⎛

⎝⎜
⎞
⎠⎟=∑ with all ri > 0,

ri = 1 if
y
y

y
y

i

i

2

1

21

11

⎛
⎝⎜

⎞
⎠⎟
= ⎛
⎝⎜

⎞
⎠⎟

and ri � 1 otherwise.

RISC.2 [Rep. Invar.]
y
y

i

i

r

i

n 2

1
1

⎛
⎝⎜

⎞
⎠⎟=∑ with r > 0.

RISC.3 [Subgr. Con.]
1

1
2

11

1n
y

n
y

i

jj

n

r

i

n

=

=

∑
∑

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

with r > 0.

EM 1
2 11n

y yi ii

n
ln ln .( ) − ( )( )

=∑

USM
1 1

2
1n

y
y

i

i

r

i

n ⎛
⎝⎜

⎞
⎠⎟=∑ with r > 0.

RSI
1 2

1
1n

y
y

i

i
i

n
exp .⎛

⎝⎜
⎞
⎠⎟=∑

SI
1

2 11
2 1

n
y yi

r
i

r

i

n ( ) ( )−
=∑ with r1, r2 > 0.

�
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Proof of Theorem 2. Perform a transformation of all variables by putting
ŷ1i = exp[y1i] and ŷ2i = exp[y2i]. We are now in the positive domain, and TSI and AI
reduce to RSI and SI. Hence we can apply Theorem 1 in terms of the transformed
variables. Returning to the original variables, and putting c = r, completes the
proof of the theorem. �
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