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A B S T R A C T   

The determination of the optical band gap energy (Eg) is important for optimization of the generation of elec-
tron/hole pairs in semiconductor materials under illumination. For this purpose, the classical theory proposed by 
Kubelka and Munk (K-M) has been largely employed for the study of amorphous and polycrystalline materials. In 
this paper, the authors demonstrate, step by step, how to use the K-M function and apply it thoroughly to the 
determination of the Eg of TiO2 semiconductor powder (pressed at different thicknesses) from diffuse reflectance 
spectroscopy (DRS) measurements. For the sample thicknesses 1–4 mm, Eg values of 3.12–3.14 eV were obtained. 
With this work it is envisaged a clarification to the procedure of determination of the Eg from the K-M theory and 
DRS data, since some drawbacks, and misconceptions have been identified in the recent literature. In particular, 
the widely used practice of determining the Eg of a material directly from the K-M function is found to be 
inadequate.   

1. Introduction 

Semiconductor materials have received increasing attention in the 
photocatalysis field because of their ability to degrade various pollutants 
present in water or air through a sequence of redox reactions [1–5]. The 
photocatalytic ability of semiconductors is related to the excitation of 
electrons from the valence band to the conduction band caused by the 
absorption of a photon with an appropriate wavelength. The photoex-
cited electrons and holes are good reductant and powerful oxidant 
species, respectively [6–8]. In this scenario, the application of semi-
conductor materials for environmental remediation in large scale will 
depend, among other factors, on its activation in an effective way by 
solar radiation. In this sense, the scientific community has investigated 
different strategies that allow a more efficient absorption of visible light 
by wide-gap semiconductors, such as TiO2 [9–12]. 

Diffuse Reflectance Spectroscopy (DRS) with a UV–visible spectro-
photometer is a technique frequently employed to study the optical 
properties of solids. In this context, the classical Kubelka-Munk (K-M) 

model has been extensively employed to understand the light scattering 
from the surface of semiconductor powder materials [13,14]. Initially, 
Paul Kubelka and Franz Munk proposed a theoretical approach to study 
how the colour of a substrate is changed after the application of a paint 
layer with certain composition and thickness [15]. At present, the K-M 
model is commonly used to analyse DRS results and estimate the optical 
band gap energy (or simply the band gap) of semiconductor materials 
[16]. 

However, in a number of papers published recently, including some 
in prestigious journals in the field of Materials Science, some in-
consistencies have been detected when the subject matter is the K-M 
model and the so-called Tauc plot [17–19]. Specifically, the most serious 
problem consists in determining of the band gap energy directly from 
the plot of the Kubelka-Munk function versus incident photon energy 
[20–23]. From the authors of this manuscript point of view, these 
oversimplified or even incorrect interpretations may confuse the readers 
concerning the applicability and validity of the K-M model, which are 
discussed in detail in this work. 
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Therefore, the main objective of this work is to explain all the 
necessary steps to obtain the band gap from DRS data of a poly-
crystalline powder of the wide-gap semiconductor TiO2. Thus, with this 
work it is expected to help researchers who are starting their studies 
involving the determination of the band gap from DRS data and to 
clarify the procedure to those who could be confused due to the various 
drawbacks previously identified. 

2. Kubelka-Munk model 

Kubelka and Munk suggested that the absorption and scattering are 
first order phenomena [15]. The system in study consists of a substrate 
coated with a certain material of interest, which is illuminated with 
diffuse monochromatic radiation. Moreover, this system must have a 
disk form (cylindrical geometry) with a flat area A and a thickness L, so 
boundaries’ effect is neglected. The incident light has intensity I and the 
reflected portion has intensity J, which allows to define a dimensionless 
quantity, the reflectance: R = J/I. Naturally, R depends on L and the 
absorption and scattering properties of the medium (Appendix). 

When considering a sample with semi-infinite thickness (L→ ∞), K-M 
model implies: 

K
S
=
(1 − R)2

2R
, (1)  

where K and S are the K-M absorption and scattering coefficients 
respectively. Eq. (1) provides the correct definition of the Kubelka-Munk 
function (F(R)= K/S) [24]. It is important to emphasize that the Eq. (1) 
describes a particular case of the K-M model (L→∞), which correspond 
physically to a medium that reflects the same amount of light regardless 
of the substrate reflectance value. Murphy affirms that typically a 
thickness of 1–3 mm is required [25]. In concordance, Escobedo-Morales 
et al. state that, in practice, thicknesses >2 mm are sufficient to avoid 
any contribution from substrate [26]. 

Due to the fact that K and S have the units of inverse length, F(R) is a 
dimensionless quantity. Therefore, F(R) multiplied by the photon energy 
(E), which appears frequently in the band gap determination from the 
DRS data, has, necessarily, the units of energy. Unfortunately, incorrect 
unit of F(R) × E has been identified [27] or the authors do not specify the 
respective unit [28–30], which is ambiguous. 

Finally, the reader could question whether the model where the light 
travels in only one direction is appropriate to represent the diffuse 
reflection phenomenon. In this sense, a detailed study that accounts for 
the angular dependence of diffused scattering light intensity by a me-
dium was published by Myrick et al. [31]. These authors showed that Eq. 
(1) applies also in three dimensions when L→∞, the scattering is 
isotropic and the medium is homogeneous. 

3. Absorption and scattering coefficients 

This section presents the dependence of the absorption (α) and 
scattering (s) coefficients of a semiconductor (or insulator) material as a 
function of the incident photon energy (E). In fact, α and s are intrinsic 
optical properties of the materials and represent the probabilities of light 
being absorbed and scattered, respectively, per unit path length [32]. 
The standard assumption is that the absorption occurs essentially in the 
material while the scattering is due to material’s inhomogeneity and, to 
the first approximation, may be considered as independent of the ab-
sorption. The theory of scattering by fluctuations of the dielectric con-
stant in a non-absorbing material has been developed by several authors 
and, while these theoretical considerations may differ in details, the 
main result is the following [33]. If the characteristic scale of the in-
homogeneities, d, is much smaller than the wavelength, d≪ λ, the 
scattering coefficient is proportional to the fourth power of the photon 
energy: 

s∝E4, (2a)  

which is the case known as the Rayleigh scattering. In the opposite case, 
λ≪d, a weaker dependence takes place: 

s∝E2. (2b) 

The spectral dependence of the absorption coefficients is specific for 
the type of investigated material. For semiconductors, the principal 
absorption mechanism is due to interband transitions and the absorption 
coefficient can be written in the following form [34]: 

α(E)∝
(
E − Eg

)p

E
, (3)  

where the exponent p depends on the band structure of the semi-
conductor material and Eg is an important parameter called the optical 
band gap energy and defined as the energy difference between the 
bottom of the conduction band and the top of the valence band. In 
particular, p = 1/2 for dipole-allowed transitions occurring at a direct 
band gap, while p = 2 for dipole-allowed transitions near an indirect gap 
where the participation of phonons is required.1 Besides that, there are 
also relevant cases of dipole-forbidden transitions (direct gap p = 3/2 
and indirect gap p = 3), where the dipolar transitions are suppressed 
because the involved orbitals have the same parity. In general, such 
processes are much less likely (weak light absorption or emission) and 
are sometimes called weakly allowed transitions. As a very instructive 
example, we recommend reading the work published by Malerba et al. 
[35], which discusses the contributions of different transition types to 
the total absorption coefficient of bulk and thin film Cu2O. 

Using a statistical analysis of light propagation in media, Yang and 
Kruse proposed a revision to K-M theory by taking into account the effect 
of scattering on the path length of light propagation [36]. In this case, 
the authors demonstrated that the K and S parameters depend on the 
illumination geometry and, consequently, do not represent physical 
properties of materials. Anyway, Eqs. 35 and 36 in Ref. [36] allow us to 
conclude that K and S depend on the intrinsic absorption α and scat-
tering s coefficients of the material such that: 

α
s
∝

K
S
. (4) 

In other words, it is not correct to interpret the K-M function (Eq. (1)) 
as the absorption coefficient [37]. Besides that, it is important to specify 
that the definition of F(R) involves the K-M coefficients (K and S) in 
order to avoid a possible confusion with the α and s coefficients [38–40]. 

Once the diffuse reflectance is measured, Eq. (1) yields the ratio 
between the K-M absorption and scattering coefficients. Combining Eqs. 
(1)–(4) and taking into account the power-law energy dependence of the 
scattering coefficient as s∝Eq (where q = 2 or 4, according to Eq. (2)), it 
is possible to write: 

F(R)∝
(
E − Eg

)p/E
Eq . (5) 

In the vicinity of Eg, it is possible to approximate the relatively slowly 
varying factor Eq, in comparison to the α, by a constant. In other words, 
the scattering phenomenon has been neglected (s and S are being 
considered as constants). This allows us to write 

(F(R) × E)
1
p =A

(
E − Eg

)
, (6)  

1 We would like to highlight a recent work on the direct excitation (i.e., 
without phonon assistance) in silicon, an indirect band gap semiconductor, with 
an optical near-field. The authors even state that their results are important for 
progress in the development of alternative optical devices made of conventional 
silicon semiconductors [48]. 
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where A is a proportionality constant independent of the photon energy. 
For amorphous and polycrystalline materials, the density of states is 

non-zero inside the gap, with disorder-induced band tails, so the band 
gap width is not well defined. Band tail states are, in fact, electronic 
states present just above the valence band or right below the conduction 
band. In general, these states originate from thermal, structural, impu-
rity and/or compositional disorder [41]. So, for these materials, the 
common procedure is to use the so-called Tauc plot obtained by 
extrapolating the dependence Eq. (6) to zero (while the real absorption 
coefficient for those energies is still non-zero because of the band tails) 
[42]. That is, it is clear from Eq. (6) that the Eg must be obtained by 
extrapolating to zero a linear fit to a plot of (F(R) × E)1/p versus E. In 
general, the authors take the liberty of using the “Tauc plot” designation 
in other similar plots that also aim to obtain Eg by extrapolation. 

4. Application of K-M function and Tauc plot to determine the 
band gap energy 

The main goal of this section is to emphasize that the determination 
of Eg from the plot F(R) versus E is an inadequate procedure, although 
recently practiced by several authors [20–23]. The Eg of commercial 
TiO2 nanoparticles will be calculated from diffuse reflectance data 
analysed according to Eqs. (1) and (6). For this purpose, diffuse reflec-
tance spectroscopy (DRS) measurements were carried out using a Shi-
madzu 2501 PC spectrophotometer equipped with an integrating 
sphere. Barium Sulphate (BaSO4) was used as reference for the reflec-
tance spectra, which means that the value of R in Eq. (1) is actually taken 
to be the Rsample/RBaSO4 ratio. TiO2 nanoparticles, consisting of a mixture 
of anatase (80%) and rutile (20%) crystalline phases, were inserted into 
the circular cavity of the sample support and then compressed by a glass 
rod. To analyse the impact of thickness in obtaining F(R), different 
samples were compressed with 0.5, 1.0, 1.7, 2.0, 2.5 and 4.0 mm layer 
thickness. 

Particularly, it is interesting to determine whether the thickness of 
the material deposited on the support satisfies the condition utilized to 
obtain F(R), i.e., L tends to infinity. Physically, this means that an in-
crease in the thickness of the material does not cause a significant 
change in its reflectance or analogously in the F(R). Technically, it was 
verified if there are differences between the results of reflectance for the 
maximum sample thickness allowed by the support (the height of 

support cavity is equal to 4.0 mm) in comparison with thinner thick-
nesses (0.5, 1.0, 1.7, 2.0, 2.5 mm). Fig. 1a illustrates the reflectance 
results of the TiO2 samples as a function of the incident radiation 
wavelength (in the range 300–750 nm) obtained from DRS. 

Practically, for λ >430 nm all radiation is reflected by TiO2 
(R ≈ 100%), for which reason the powders appears white. On the other 
hand, for λ < 300 nm the incident photons have the energy sufficient for 
the electron/hole generation and, therefore, are almost completely 
absorbed by the material (the reflectance is very low). In fact, the slight 
differences observed in the spectra are more evident for the whole 
wavelength range shown in Fig. 1b. It is noted that the curves are very 
close to each other, except for the one corresponding to the sample of 
thickness equal to 0.5 mm, suggesting that the sample support reflec-
tance may have affected the spectrum of this sample. Furthermore, it is 
possible conclude that the wavelength correspondent to the band gap 
energy, or absorption edge, is most likely located between ∼420 nm or 
2.95 eV (beginning of absorption of radiation by sample, which R starts 
to decrease) and ∼320 nm or 3.88 eV (value from which almost all ra-
diation is absorbed, i.e., R ≈ 0). However, as discussed previously, in the 
vicinity of the absorption edges (320 and 420 nm), there is an influence 
of the band tails, which cannot be assessed by DRS measurements. From 
the data illustrated in Fig. 1, (F(R) × E)1/2 (Fig. 2a) and F(R) (Fig. 2b) 
were plotted as a function of the incident photon energy, considering the 
wavelength range between ∼320 and ∼420 nm. 

It is noteworthy to point out that the curves shown in Fig. 2a (Fig. 2b) 
present a more pronounced linearity in the range approximately be-
tween ∼3.2 and ∼3.8 eV (∼3.3 and ∼3.8 eV). The correct procedure 
consists in plotting the (F(R) × E)1/2 (and not F(R))versus E fitting the 
linear portion of this curve by a straight line, which the intercept divided 
by the slope (in modulus) provides the numerical value for Eg (Table 1). 
The uncertainties (calculated from the linear fit parameters) in Table 1 
were determined through error propagation calculations using the 
quotient rule. 

As it is well known, anatase-rutile binary systems perform better in 
photocatalytic processes in terms of efficiency, compared to the case 
when only one of these isolated components is used [43]. So, there is an 
extensive range of band gap values presented in the scientific literature 
for TiO2 resulting from the combination of rutile and anatase phases. 
Also, the optical properties, in general, show some variations depending 
on the experimental conditions used to synthesize the samples, chemical 

Fig. 1. DRS spectra of TiO2 samples pressed at different thicknesses and the sample support, plotted in wavelength range 300–750 nm (a) and 320–420 nm (b).  
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composition and degree of disorder [44]. Howsoever, the band gap 
values obtained from the linear fits to (F(R) × E)1/2 versus E are in 
reasonable agreement with those (3.18 eV) reported by Rodríguez et al. 
[45], unlike the values presented in the last column of Table 1. Addi-
tionally, it is important to note that the Eg obtained for 0.5 mm sample 
(3.05 eV) is slightly lower than the expected value for non-doped TiO2 
nanoparticles consisting of a mixture of anatase (80%) and rutile (20%) 
crystalline phases (3.19 eV) [46]. In fact, this thickness is not adequate 
to apply the K-M function (Eq. (1)), as explained in Section 2. This 
suggests that the Eg reported by Polat is probably incorrect because the 
K-M function was applied to analyse DRS measurements for a Cu2O film 
with a thickness of approximately 291 nm [47]. 

5. Conclusion 

This work is aimed to discuss the K-M model and apply it to the 
analysis of diffuse reflectance data for a medium in form of powder 
pressed at different thicknesses. Also, the necessary steps to interpret 
F(R) and its use for the determination of the band gap are presented and 
discussed in order to avoid any misunderstanding and inconsistencies. It 
is shown that, for a sample with a semi-infinite thickness, the F(R) is 
defined as the ratio between the K-M absorption (K) and scattering (S) 
coefficients. Since these two coefficients have the same dimensions, the 
K-M function is dimensionless. 

Tauc plots were performed for pressed TiO2 nanoparticles with 
varying layer thickness in order to study the dependence of this property 
in the experimental determination of the band gap value. It was 
concluded that a thickness of about 0.5 mm is not sufficient for the use of 
the F(R) in the investigated samples. Finally, the authors hope that this 
work can be useful to supress the various inconsistencies verified in 
recent works about the concepts involved in the application of the K-M 
model and Tauc plots. 

Declaration of competing interest 

The authors declare that they have no known competing financial 
interests or personal relationships that could have appeared to influence 
the work reported in this paper.  

Fig. 2. Curves corresponding to the DRS patterns showed in Fig. 2 using: (a) Eq. (6) considering an indirect gap (p = 2) and (b) Eq. (1).  

Table 1 
Indirect band gap values for TiO2 powder layers with varying thicknesses 
calculated from the linear fits to (F(R) × E)1/2 versus E(Fig. 2a, interval between 
3.2 and 3.8 eV) and F(R) versus E(Fig. 2b, interval between 3.3 and 3.8 eV).  

Thickness (mm) Eg(eV) from Fig. 2a  Eg (eV) from Fig. 2b  

0.5 3.05 ± 0.03 3.23 ± 0.03 
1.0 3.14 ± 0.02 3.33 ± 0.05 
1.7 3.14 ± 0.02 3.33 ± 0.05 
2.0 3.12 ± 0.02 3.32 ± 0.04 
2.5 3.11 ± 0.01 3.30 ± 0.03 
4.0 3.12 ± 0.01 3.31 ± 0.03  
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Appendix. Original derivation of the Kubelka-Munk function 

Kubelka and Munk proposed differential equations for the changes of incident light intensity going downward (i) and going upward (j) at any point 
x within the film material medium [15]. At this moment, it is pertinent to answer the following question: how to calculate the reflectance for a layer of 
thickness dx located at a distance x from the substrate, inside the material? For this, it is necessary to quantify the incident and reflected flux within dx 
(Fig A1).

Fig. A1. Material medium of thickness L over a substrate. The medium represents the semiconductor under study and the substrate refers to the sample support (an 
accessory utilized in DRS experiments of, consisting, in general, in a black metallic piece with a circular cavity to insert the sample).  

The infinitesimal variation of i (di) is due to the: (I) material absorption presented within the volume of thickness dx – in this case, i suffers a 
decrease (di < 0); (II) scattering of light going downward – di is also negative; and (III) scattering of light going upward – here, di is positive. After these 
considerations, the following equation is derived: 

di= − Kidx − Sidx + Sjdx, (A1)  

where K and S are the Kubelka-Munk absorption and scattering coefficients respectively; are positive and have units of inverse length. If the second 
and third members (in the right hand side of Eq. (A1)) are negligible, the Beer-Lambert equation is obtained. Similarly, the following equation for the 
change in light intensity going upward can be derived: 

dj= − Kjdx − Sjdx + Sidx. (A2) 

It is important to note that dx has different signs in Eqs. A1 and A2. Therefore, when considering the positive x axis oriented upwards, dx is negative 
in Eq. (A1) and the di term on the left side of this equation must be replaced by – di. To solve these differential equations, it is useful to sum the results 
Eq. (A1) divided by i (considering the correct signal) and Eq. (A2) divided by j, resulting in the Eq. (A3). 

dj
j
−

di
i
= − 2(K + S)dx + S

(
j
i
+

i
j

)

dx (A3) 

Using the logarithm function properties and defining the reflectance of layer dx as r = j/i (analogous to R = J/I), Eq. (A3) can be written as: 

d(ln r)= − 2(K + S)dx + S
(

r+
1
r

)

dx, (A4a)  

dr
r
= − 2(K + S)dx + S

(

r+
1
r

)

dx, (A4b)  

dr =
[

r2 − 2
(

K + S
S

)

r+ 1
]

Sdx, (A4c)  

dr
[

r2 − 2
(

K+S
S

)

r + 1
]= Sdx. (A4d) 

Defining K/S + 1 = a (constant for an optically homogeneous medium [36]) and integrating over the entire thickness of the sample, Eq. (A4d) can 
be written as: 

∫R

Rs

dr
r2 − 2ar + 1

= SL, (A5) 
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where R and Rs are the reflectance on the coating surface (i.e. of the sample itself) and the substrate (sample support), respectively. The integral from 
Eq. (A5) can be solved by the partial fractions method, yielding the following result: 

1
2
̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − 1

√ ln

[(
R − a −

̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − 1

√

R − a +
̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − 1

√

)(
Rs − a +

̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − 1

√

Rs − a −
̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − 1

√

)]

= SL. (A6) 

When considering a sample with semi-infinite thickness (L→∞), practically speaking, a layer that is sufficiently thick to “hinder” the substrate 
influence, Eq. (A6) implies: 

R − a +
̅̅̅̅̅̅̅̅̅̅̅̅̅
a2 − 1

√
= 0. (A7) 

Rearranging Eq. (A7), Eq. (A8) becomes: 

K
S
=
(1 − R)2

2R
≡ F(R), (A8)  

which is the K-M function, F(R). 
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